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A Solving the Variational Problem

In this section we derive the solution to the following variational problem,
1
fr 7argm1nEZ( Tr) — Yk +c// z,x' z') dx dx' . (26)
Using Dirac delta function, we can rewrite the objective function as,
fr —argmln— /f §(x — k) de — yi) +C// x, ' f@deds™ .  (@27)
For brevity, name the ob]ectlve functional J,

éKZ /f o(x — xk dm—yk +c// ww )dwme, (28)

If f* minimizes the J(f), it must be a stationary point of J. That is, J(f + e¢) = J(f), for any ¢ € F as
€ — 0. More precisely, it is necessary for f* to satisfy

Vo € F; ( J(f* +eh)._, = 0. (29)
We first construct J(f* + €@),
J(f* +ep) = KZ / [ + el (x)d(x — ax) da — yi)” (30)
+ of [ sl + @l +eol(e) deds’ (3D
or equivalently,
J(f* +ep) = %;(/X(f*(w)+e¢(w))5(w—wk>dw—yk)2 (32)

_|_
o

[ [ ute.ah(5 @)+ eo@) (1 @) +cota)) me> dwdz'.  (33)
Thus,

LI +e0) (34)

= KZ (/ ) +ep(x?))d(x® — ax) dz® — yi /¢ (x —ax)dz) (35

+ CLAu(w7w) o(x) (f*(x") + ep(ah)) + ¢(aﬂ)(f*(m)+e¢(:c)))dazdm*. (36)

Setting € = 0,

(%J(f* +€9)) _, %22(/){ f(x)(x® — xx) da® —yk)(/?(¢(w)6(w—wk) dx) (37)

k
+ ¢ /X/Xu(ac,mf)(ﬂm)f*(mf) + qb(mf)f*(m)) dee da' (38)

By the symmetry of u,

(G0 )y = g T2 £ - o0 de - ) | s@)ita — 2 ) 39)
Factoring out ¢,

+ 26// ma: )d:z:d:c (40)
d

(@J(f*+ed)))ezo - /qua(a,-)( %Zé(mfmk)(/Xf*(moys(@gm)df,yk) (41)

+ c/u(m,wT)f*(wT)me )dw. (42)
x
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In order for the above to be zero for V¢ € F, it is necessary that,

1
e Zé(m — x) (/ [ (@°)6(x® — @r) dx® — yi) + ¢ / u(z,z") f (@) de’ =0,  (43)
T x X
which further simplifies to,
1 * *
7o 2 0@ — ) (" (@n) —ue) + ¢ / u(@,z’) f*(a") da’ = 0. (44)
A x
We can equivalently express (44) by the following system of equations,
Ly d@—zi)re + ¢ [pu(z, ') f(z)de’ =0
r1 = f"(x1) — 0
: (45)
rx = [ (xK) - yK
We first focus on solving the first equation in f*,
%gﬂmfmk)rk + c/Xu(m,mT)f*(mT)me:O; (46)
later we can replace the resulted f* in other equations to obtain r’s. Let g(a, t) be a function such that,
/ u(z,z') g(af, t)da’ = 6(x —t). 47)
x
Such g is called the Green’s functwn of the linear operator L satisfying [Lf](x) = [, u LU f(xh) deet. 1
we multiply both sides of (47) by & >, 6(t — @x)r and then integrate w.r.t. t we obtaln
1
/ (? Zr;ﬁ(t — cck)/ u(z,z') gz, t) dwT) dt (48)
x k x
1
/X (? 3" rd(t - @)d(a — t)) dt . 49)
k
Rearranging the left hand side leads to,
1
T T T
/Xu(a:,:c )(RZ/XTké(t— w)g(a’, 1) dt) da (50)
k
1
/X (?Zrké(tfwk)d(mft)) dt. (51)
k
Using the sifting property of the delta function this simplifies to,
/ u(w,:l: Zrkg x wk dw = Zmé T — ) (52)
x
We can now use the above identity to eliminate - % > Tk0(x — 1) in (46) and thus obtain,
/ u(m,mf)(% Zrkg(mf,mk)) de’ + ¢ / u(z, ') f* (@) de’ =0, (53)
x & X
or equivalently
" mT)(% ;Tkg(mT,wk) + cf*(wT)) def =0. (54)
A sufficient (and also necessary, as u is assumed to have empty null space) for the above to hold is that,
. 1
f@)=-¢ ij rg(, ) - (55)
We can now eliminate f* in the system of equations (45) and obtain a system that only depends on 7’s,
= —og > Tkg(T1, k) — Y1
(56)
Tk = ——= > Teg(TK, TK) — YK



This is a linear system in 7 and can be expressed in vector/matrix form,

(cI+G)r=—cy. (57)
Thus,
r=—c(cl + G)fly, (58)
and finally using the definition of f* in (55) we obtain,
. 1 _
Fi@) = =97 =g, (I +G) 'y. (59)



B Equivalent Kernel Regression Problem

Given a positive definite kernel function g( ., . ). Recall that the solution of regularized kernel regression after ¢
rounds of self-distillation has the form,

fi(@) =go G'i_o(G + 1) 'y,. (60)

On the other hand, the solution to a standard kernel ridge regression on the same training data with a positive
definite kernel g has the form,

T .
(@) =gl (G +col) 'y, (61)
for which there are standard generalization bounds. We claim f;* can be equivalently written in this standard

form by a proper choice of g (as a function of g). As a result of that, we show the spectrum of the Gram matrix
G relates to that of G via,
1
m_o(Akte) 1 ’
>\t+1
k

A= ¢ (62)

Our strategy for tackling this problem is inspired by the proof technique in Corollary 6.7 of [3]. Let P be the
data-dependent linear operator defined as,

K
1
S
[Ph](@) £ ; h(zk)g (@, @) - (63)
Let H denote the Reproducing Kernel Hilbert Space associated with g and (., . )7 be the dot product in H. It
is easy to verify that P is a positive definite operator in this space, i.e. it satisfies (h, Ph) > Oforany h € H
due to,

K
(hy Phyw = (b, = > h@g( o) (64)
k=1
1 K
= 2 2 h(@e) (b gl @) (65)
k=1
h(xy)
1 K
= g2 h@) >0, (66)
k=1

where we used (h, g(.,x)) = h(x) due to the reproducing property of H. Since P is positive definite, there
exist eigenfunctions ¢; and eigenvalues \; > 0 that satisfy [P¢;](x) = A;j¢;(x). Plugging the definition of P
into this identity yields,

K
=3 bs(@r)g(@, mh) = Aoy (=). (67)
k=1

In particular, evaluating the latter identity at the points @ € U;_; {z,} gives - Zle oi(x)g(xp, T8) =
Aj¢j(xp) forp=1,..., K. Recalling that G is evaluation of +g( ., .) at pairs of points across Uf_, {@},

this identity be expressed equivalently as,
Go, =\jo;. (68)
This implies ¢; is an eigenvector of G with corresponding eigenvalue of \; for any j that G¢; # 0. Thus, by
sorting ¢; in non-increasing order of A;, and placing them for 7 = 1, ..., K into the matrix @ and the diagonal

matrix A respectively, we obtain,

=V , A=D. (69)

Since the eigenvectors of G'II!_(G + ¢;I) ™' are the same as those of G (adding a multiple of I or applying
matrix inversion do not change eigenvectors), and the eigenvectors of G as showed in (68) are ®, we can write,

Gl (G+caI) ' =@ "ATL_(A+ ) '®. (70)
On the other hand, using the same vector notation and recalling that g is the evaluation of % g(., o) at

k=1,..., K, we can express (67) as ¢7]ng = A;¢;(x). Expressing this simultaneously for j = 1,..., K
yields &g, = A¢,,, or equivalently

9, =2 Ao, (71)
where ¢, £ [p1(x), ..., dx(x)]. Plugging (70) and (71) with into (60) gives,
fi@®) = g.GT_o(G+al) 'y, (72)
= QIABPDTAT_o (A + i) ' By, (73)
= G AT (A+ D) Py, (74)



Suppose g is a positive definite kernel and let [PTh](z) £ £ S°%  h

P shares the same eigenfunction as those of P, but varies in its eigenvalues A >0, ie. [PTo;](x) = )\;f- @;(x).
Thus, by a similar argument, the solution of (61) can be written as,

() = L AT (AT + col) ' @y, (75)

(xx)g' (x, x;). We assume the operator

Thus in order to have fT = f;, it is sufficient to have,
AT g(A+ D) = AT AT + )" (76)
Since the matrices above are all diagonal, this can be expressed equivalently as,

t+1 T
)‘Ic Ak

It (e + ci) - )\L +eo a7
Solving in A, yields,
1
T
No= 0w ey (78)
)\t+1

Note that this is a valid solution for /\L, i.e. it satisfies the requirement AL > 0. This is because wy 2
)\t+1

k
i (Ap+ci)
and is increasing when 0 < wy < 1.

always satisfies® 0 < wj, < 1 and that the function A} (wy) £ co ;1,1 is well-defined (wr # 0)
Yk

SThis is due to the conditions A > 0 (recall we assume G is full-rank) and ¢; > 0.



C Proofs

Proposition 1 The variational problem (9) has a solution of the form,
@) = go (I +G) 'y
See Appendix A for a proof.

Proposition 2 The following identity holds,

KZ _yk :?; C+dk

Proof

= % |V D(cI + D)"'Vy —y|?,

(79

(80)

(81)
(82)
(83)

(84)

which after exploiting rotation invariance property of ||.|| and the fact that the matrix of eigenvectors V' is a

rotation matrix, can be expressed as,
1 * 2
) —
e (f"(zx) — yr)

- % |V'D(cI + D) 'Vy - yH2

% |[VV'D(cI + D) 'Vy - vy’

L ID(er + D)2 — 2|

K

1 5 2
= f H(D(cI + D) - I)zH
_ 1 22
K Z +dk “k

1
o ? zk: C+dk

Proposition 3 Foranyt > 0, if ||z:|]| > VK efori =0,...,t, then,

lzell > a (k)| 2ol — mb(”)%

(k) =1~
where,
s (ro-— 1) +2(2ro — 1)
a(z) = (ro —1+x)?
2
b & Tt
(@) (ro—1+x)?
L I
0 B Ke 0 ' N dmin '
Proof We start from the identity we obtained in (17). By diving both sides of it by v/ K e we obtain,
L D(— Ve Ke g D)t LR
VEKe |ze—1|| — VK e vVKe

where,
dmin S Qi S dmax .

(85)
(86)
87)
(88)
(89)

(90)

on

|

92)

(93)

(94)

93)

(96)

o7



Note that the matrix D(‘”ivI + D)~ in the above identitiy is diagonal and its k’th entry can be

lz¢—1ll

at\/Ke

expressed as,
dy

[y

D(——————1I+ D) ")[kk] = = . (98)
zi—1|| - VKe 7‘“‘/7 ar
lze—1 lzt—1ll—VEK + d Tzt 1H . +1
VK e
Thus, as long as ||z¢—1]| > v K€ we can get the following upper and lower bounds,
1 arVKe _ 1
T < (D2 I+ D) kK € ©9)
dmin + 1 Hzt 1 ” —VKe dmax | q
lze_1ll lze—all
VK e VK e
Putting the above fact beside recurrence relation of z; in (96), we can bound \/% ||z as,
1 1
,4717}—1 <r < —x Tt-1, (100)
re—1—1 + mf’;*l +1
where we used short hand notation,
d
A max
£ e 101
" dmin ( )
1
re = l|z¢]) - (102)

vKe
Note that & is the condition number of the matrix G and by definition satisfies x > 1. To further simplify the
bounds, we use the inequality’,

1 ro—12+1(2r -1 r21

177”t—1§7’t—1(0 ) N(loz ) - T Ty2° (103)
| (ro—1+2) (ro—1+1)
ry_1—1
and®,

1 (ro — 1)% + K(2ro — 1) r2k
2 - . 104
L L LT a0

For brevity, we introduce,
(ro — )% + x(2r0 — 1)

S 105
a(z) (ro —1+x)? (109
2

Tox
b —_——— 106
(m) (7”0 -1+ 1’)2 ( )

Therefore, the bounds can be expressed more concisely as,

1 1

a(k)ri—1 —b(k) < 1 < G(E) re—1 — b(;) . (107)

. A 1 1 : 9
Now since both 71 = —Z—= lzt—1]] and a(x) or a(-;) are non-negative, we can solve the recurrence’ and

obtain,

t
a(k) =1 re < at(l)ro —b(-) (108)

a(k) —1 = K K (l)—l

"This follows from concavity of

at(kc)ro — b(k)

in z as long as x — 1 > 0 (can be verified by observing that the

o1 t1
second derivative of the function is negative when x — 1 > 0 because x > 1 by definition). For any function
f(z) that is concave on the interval [z, Z], any line tangent to f forms an upper bound on f(z) over [z, Z]. In
particular, we use the tangent at the end point Z to construct our bound. In our setting, this point which happens
to be ro. The latter is because r; is a decreasing sequence (see beginning of Section 3.2) and thus its largest
values is at ¢t = 0.

8Similar to the earlier footnote, this follows from convexity of inxaslongasxz —1 > Osince k > 1

—= ==}
by definition. For any function f(z) that is convex on the 1nterva1 [x T|, any line tangent to f forms an lower
bound on f(z) over [z, Z]. In particular, we use the tangent at the end point Z to construct our bound, which as
the earlier footnote, translate into ro.

*More compactly, the problem can be stated as afri_1—b <r; < ari—1—>b, where « > 0 and af > 0. Let’s
focus on ¢ < ari—1 — b, as the other case follows by similar argument. Start from the base case 1 < arg — b.
Since > 0, we can multiply both sides by that and then add —b to both sides: ar; — b < org — b(a + 1).
On the other hand, looking at the recurrence r; < ari—1 — batt = 2 yields r2 < ar; —b. Combining
the two inequalities gives ro < a’ro — b(a + 1). By repeating this argument we obtain the general case

T4 <ar0—b(zj vad).



O

Proposition 4 Starting from ||y,|| > V K €, meaningful (non-collapsing solution) self-distillation is possible at
least for t rounds,
llyoll -1
ta YiEe (109)
K

Proof Recall that the assumption ||z;|| > v/ K ¢ translates into r; > 1. We now obtain a sufficient condition
for 4 > 1 by requiring a lower bound on 7 to be greater than one. For that purpose, we utilize the lower bound
we established in (108),

t
a'(k) —1
= —-b 110
re £ () — blr) G5 (10)
Setting the above to value 1 implies,
r—1
1—a(k)+b(r) lo e
o1 o g o8 aaty) _ e i) (111)
- log (a(k)) (B ()
log (]- - (1+HT701)2 )
Observe that,
1+ 25
log (1+L91) ro — 1
e 2 ; (112)
S K
log (1 - (1+E-1)2 )
70
Thus,
llzoll _ 4 llzoll _ lyoll _ ¢
t>r0_1: Ke = Ke = Ke (]13)
- K K K K '
d

Theorem 5 Suppose ||y,|| > VK eand t < H”yi\/% — L. Then for any pair of diagonals of D, namely d; and

dy, with the condition that dj, > d;, the following inequality holds.

lyol dui
Bualkk] [ vec 1T (114)
Bealg] — \ ol 4 doie

Proof We start with the definition of A; from (13) and proceed as,

Adkk] _ 1t a (115)
A T Tve

oY

Since the derivative of the r.h.s. above w.r.t. ¢; is non-negative as long as dy, > dj, it is non-decreasing in c;.
Therefore, we can get a lower bound on r.h.s. using a lower bound on c; (denoted by c;),

Cct

Ak, k] 1+
- > = . (116)
Adljidl T 14 g

Also, since the assumption ¢ < % — % guarantees non-collapse conditions ¢; > 0 and ||z:]| > vV K €, we

can apply (16) and have the following lower bound on c;

dmin Ke
¢ > —SminVEE
[2¢]] = Ve

Since the r.h.s. (117) is decreasing in ||z¢||, the smallest value for the r.h.s. is attained by the largest value of
|z¢]|- However, as ||z¢|| is decreasing in ¢ (see beginning of Section 3.2), its largest value is attained at ¢t = 0.
Putting these together we obtain,

dmin \ Ke

(117)

> — . (118)
[zoll = VK
Using the r.h.s. of the above as ¢; and applying it to (116) yields,
llzoll dmin
Ak k) e 1T (119)
i ] = l=zoll dimin
Ay [.77.7] \/?0—6 -1+ di,



Notice that both sides of the inequality are positive; A+ based on its definition in (13) and r.h.s. by the fact that

||zo|| > V K €. Therefore, we can instantiate the above inequality at each distillation step ¢, fori = 0,...,t —1,
and multiply them to obtain,

lIzoll dmin
AR — T )t (120)
OAG ) T M el i)
’ \/Ki
or equivalently,
lzoll _ 1 4 doin
Btfl[k,k] > (\/Ks d] t (121)
Bt—l[j,j] - HZOH 1+ mm :
(]
eorem uppose ||Yql|| > €. en the sparsity index Sp,_, (wheret = —%= — = is number o,
Th 6 S oll > VK e. Then th ity index Sp,_, (wh Avol — L is number of

guaranteed self-distillation steps before solution collapse) “decreases” in ¢, i.e. lower € yields higher sparsity.
Furthermore at the limit ¢ — 0, the sparsity index has the form,
dmin

hm Sp,_, =e
e—0

1
Tr1) | (122)

. 1
mmke{l,Q,m,Kfl}(ﬁf

Proof We first show that the sparsity index is decreasing in €. We start from the definition of the sparsity index
SB,_, in (24) which we repeat below,

lyoll 1
llyoll _ + dmin \ «VEe F
S8y = ke{1 émnK—l} Hy{jllE ddk- (123)
o vice ~ 1t aly
For brevity, we define base and exponent as,
m+ l’!)ll’)
b & — %k (124)
m+ dk+1
p & 2 (125)
s |yoll
m = -1, 126
VEe (120
so that,
Sp, () = V. (127)
The derivative is thus,
d
&Sgkl (128)
dSB,_, dm
= 1 129
dm de (129)
bm dm
= (bp(p— + P 1og(b))) (I) (130)
bm 1
= b"(pb +pm log(8)) (= 5-(m+1) (131)
1 1
= w(—2 P 4 og(h)) (— —(m+1 (132)
(m+ mm m+ dmin K g( )) ( 26( ))
bp m m 1
= — + log(b — m+1 133
o~ a0 () 1)
Q41
b” 1 1 1
= + log(b — m+1 134
K (1+ mm 1+ _dmin g( )) ( 26( )) ( )
magy41
d .
v 1 1 L+ 1
= - + log(——& ——(m+1 (135)
. (1+ h 1y 817 g ) (=5 (m+1)
k+1 k+1
bp 1 dmin 1 dmin 1
= ——— +log(1+ — — log(1 + — —(m+1)).(136
" (1+ﬁ; T L+ mas B0t a7 g+ 1) 039

10



We now focus on the first parentheses. Define the function e(z) £ 1 + log(z). Thus we can write the contents
in the first parentheses more compactly,

dmin dmin

1 1

+ log(1 + - — log(1 + 137
1T o gL+ 70 T g( mdk+1) (137)

mdy magq

dmin dmin

= 1+ —)—e(l4+ ——). 138
e( -l-mdk) e( +mdk+1) (138)
However, €'(z) = 12 , thus when = > 1 the function €’(z) is positive. Consequently, when z > 1 e(x) is

increasing. In fact, since both d"““ and d““" are positive, the arguments of e satsify the condition of being

greater that 1 and thus e is mcreasmg On the other hand, since dj1 > d it follows that 1+ mm(;" > 1+ = 3::1 s

and thus by leveraging the fact that e is increasing we obtain e(1 4- 2= "‘”‘ ) >e(l+ - "‘"‘ ) Finally by plugging
the definition of e we obtain,

dmin 1 dmin
———— +log(1 + > +log(l+ ——). 139
T Tlos(L ) > log(1 4 T (139)

mdy, mak+1

It is now easy to determine the sign of =S as shown below,

d
&SBi—l (140)
bP 1 dmin 1 dmin 1
= — (17mln +10g(1+md ) — 1 din _log(1+md )) (_i(m‘kl))(]‘“)
N Tt F T mani N L
positive negative

positive

By showing that % 2:5B,_; < 0 we just proved Sp,_, is decreasing in e.

‘We now focus on the limit case e — 0. First note due to the identity m = \/K% — 1 we have the following
identity,

ol lwoll 1
NYoll 1+ mm VK e K
lim min VEe " Tdy (142)
e—0ke{1,2,...,Kk—1} | 1wl | 4 dmin
VKe dpi1
Km
= lim min () . (143)
m—00 ke{1,2,....K—1} \ m + Zmin

Further, since pointwise minimum of continuous functions is also a continuous function, we can move the limit
inside the minimum,

A=
3

m+ xnln
m e fin i e (144)
m—00 ke{1,2,..,K—1} \ mn + Jmin
k1
dmi 1m
m 4 Gpin \ <
- min  lim | —— (145)
ke{1,2,..., K—-1}m—oo \ m + dmm
k1
Amin _ 4min
. _dk kg1
= min e K (146)
ke{1,2,....K—1}
d. .
: dmin (- L)
== min e k k+1 (147)
ke{1,2,....K—1}
dmm min (L -1
— e ke{1,2,...,k-1}(q a7 7 (148)

where in (146) we used the identity limg_, o0 f(a:)g<z) = eliMe—oo (f(@*l) (g(z)) and in (148) we used the

dmin . . . . . :
fact that e~ * is monotonically increasing in = (because % > 0).

d
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D More on Experiments

D.1 Setup Details

We used Adam optimizer with learning rates of 0.001 and 0.0001 for CIFAR-10 and CIFAR-100, respectively.
They are trained up to 64000 steps with batch size equal to 16 and 64 for CIFAR-10 and CIFAR-100, respectively.
In all the experiments, we slightly regularize the training by weight decay regularization added to the fitting loss
with its coefficient set to 0.0001 and 0.00005 for CIFAR-10 and CIFAR-100, respectively. Training and test is
performed on the standard (50000 train-10000 test) split of the CIFAR dataset. Most of the experiments are
conducted using Resnet-50 [12] and CIFAR-10 and CIFAR-100 datasets [18]. However, we briefly validate our
results on VGG-16 [30] too.

D.2 /5 Loss on Neural Network Predictions

Figure 4 shows the full results on CIFAR-10 and Resnet-50. The train and test accuracies have already been
discussed in the main paper and are copied here to facilitate comparison. However, in this subsection, we
demonstrated the loss of the trained model at all steps with respect to the original ground truth data too. This
may help establish an intuition on how self-distillation is regularizing the training on the original data. Looking
at the train loss we can see it first drops as the regularization is amplified and then increases while the model
under-fits. This, again, suggests that the mechanism that self-distillation employs for regularization is different
from early stopping. For CIFAR-100 the results in Figure 5 show a similar trend.

5.0.96
>.0.815 [9
3 9'0.94
©0.810 50.92
3 50.90
£ 0.805 2088
+0.800 £ 0.86
9] ©0.84
= 0.795 5082
0 1 2 3 4 5 0 1 2 3 4 5
step step
, 0.060 » 0.038
@
8 0.055 ©80.036
~ 0.050 ~N0.034
-
= 0.045 £0.032
i ©
80.040 £o.030
0.035 0.028
0 1 2 3 4 5 0 1 2 3 4 5
step step

Figure 4: Self distillation results with /5 loss of neural network predictions for Resnet-50 and
CIFAR-10

20.95
>0.485 0.
& 0.480 ©0.90
50.475 30.85
50.470 S 080
8 0.465 ® 9
+ 0.460 £0.75
$0.455 ©0.70
= 0.450 5065
0 2 4 6 8 0 2 4 6 8

o
=
o
a
|
o
o
S
=3
=)

test L2 loss
ocooo0O0O0O0

0115 , 0:0070
0110 a 0.0065
10100 0.0055
.0095 < 0.0050
.0090 '©0.0045
.0085 +0.0040
06 2 4 6 8

step step

Figure 5: Self distillation results with /5 loss of neural network predictions for Resnet-50 and
CIFAR-100

D.3 Self-distillation on Hard Labels

One might wonder how self-distillation would perform if we replace the neural network (soft) predictions with
hard labels. In other words, the teacher’s predictions are turned into one-hot-vector via argmax and they are
treated like a dataset with augmented labels. Of-course, since the model is already over-parameterized and
trained close to interpolation regime only a small fraction of labels will change. Figures 6 and 7 show the results
of self distillation using cross entropy loss on labels predicted by the teacher model. Surprisingly, self-distillation
improves the performance here too. This observation may be related to learning under noisy dataset and calls for
more future work on this interesting case.
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Figure 6: Self distillation results with cross entropy loss on hard labels for Resnet-50 and CIFAR-10
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Figure 7: Self distillation results with cross entropy loss on hard labels for Resnet-50 and CIFAR-100

D.4 Self-Distillation versus Early Stopping.

By looking at the fall of the training accuracy over self-distillation round, one may wonder if early stopping (in
the sense of choosing a larger error tolerance e for training) would lead to similar test performance. However, in
Section 3.4 we discussed that self-distillation and early stopping have different regularization effects. Here we
try to verify that. Specifically, we record the training loss value at the end of each self-distillation round. We
then train a batch of models from scratch until each batch converges to one of the recorded loss values. If the
regularization induced by early stopping was the same as self-distillation, then we should have seen similar test
performance between a self-distilled model that achieves a specific loss value on the original training labels, and
a model that stops training as soon as it reaches the same level of error. However, Figure 8§ verifies that these two
have different regularization effects.

~fe— early stopping  —@- self distillation ~fe- early stopping  —@- self distillation
0.820
_ 0815 0815
© 0.810 % 0.810
e e
=1 5 0.805
g 0.805 § 0.800
©
= 0.800 = g;gg
4 .
20.795 £0.785
0.790 0 1 2 3 4 5 0.780 0 1 2 3 4 5
step step

Figure 8: Self-distillation compared to early stopping for Resnet50 and CIFAR-10 using /5 and cross
entropy loss, respectively.

Self-Distillation on Other Networks. Figure 9 shows the performance of > distillation on CIFAR-100
using VGG network. This result aims to show that the theory and empirical findings are not dependent to a
specific structure and apply to architectures beyond Resnet.
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Figure 9: Self-distillation with ¢5 loss using VGG16 Network on CIFAR-100.
E Mathematica Code To Reproduce Illustrative Example

X (Table[i, {i, -5, 5}1/5 + 1)/2;
y = Sin[x*2*xPi] +

RandomVariate[NormalDistribution[0, 0.5], Length[x]]
ListPlot[y]

(* UNCOMMENT IF YOU WISH TO USE EXACT SAME RANDOM SAMPLES IN THE PAPER x)
(x y = {0.38476636465198066 ",

1.2333967683416893‘, 1.33232242218057‘,

0.6920159488889518‘, —0.29756145531871736, —0.24189291901377769*, \
—0.7964485769175675‘, —0.9616480167034174‘, —0.49672509509916934°, \
—0.3469066003991437‘, 0.5589512650600734‘}; *)

(k*x*x**x PLOT GREEN’S FUNCTION gO(X,T) FOR OPERATOR d~4/dx"™4 sxx*xx*xx*)

g0 = 1/6xMax[{(T — X)"3, 0}] — 1/6xTx(1 — X)*(T"2 — 2«X + X"2);
ContourPlot[g0, {X, 0, 1}, {T, 0, 1}]
Plot3D[g0, {X, 0, 1}, {T, 0, 1}]

(*xxxx COMPUTE g AND G %)

G = Table[
g0 /. X — ((i/5 + 1)/2) /. T — ((i/5 + 1)/2), {i, —5, 5}, {i, -5,
515
g = Transpose[{Table[g0 /. T —> ((j/5 + 1)/2), {j, —5, 5}1}];

(#**** PLOT GROUND—TRUTH FUNCTION (ORANGE) AND OVERFIT FUNCTION \
(BLUE) s*%x%x)
FNoReg = (Transpose[g].Inverse[
G + 0.0000000001xIdentityMatrix[Length[x]]].Transpose[{y}])[I[1,
111;
pts = Table[{x[[i]], y[[i]]}, {i, 1, Length[x]}];
Show[{ListPlot[pts], Plot[{FNoReg, Sin[X*2xPil}, {X, 0, 1}1}]

(**%** PARAMETERS k%)
MaxIter = 10;
eps = 0.045;

(#*%%x SUBROUTINES k%)
Loss[G_, yin_, c_] := Modulel
{t = (G.Inverse[cxIdentityMatrix[Length[yin]] + G] —
IdentityMatrix[Length[x]]).yin},
Total[Flatten[t]"2]/Length[yin]
1;

FindRootsC[f_, c_] := Modulel
{Sol = Quiet[Solve[f == 0, c]], Sel},
Sel = Select]
c /. Sol, (Abs[Im[#]] < 0.00000001) && # > 0.00000001 &]
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1;

(kokkkk MAIN skokokskok)

(* Initialization x)

y0 = Transpose[{y}];

ycur = yo,;

B = IdentityMatrix[Length[x]];
FunctionSequence = {};
ASequence = {};

BSequence = {};

(* Self-Distllation Loop *)
For[i = 1;, i < MaxIter, i++,
Print["Iteration ", il;
Print["Norm[y]=", Norm[ycur]];
L = Loss[G, ycur, c];
RootsC = FindRootsC[L — eps, c];
Switch [Length[RootsC], 0, (Print["No Root"]; Break[];), 1,
Print["Found Unique Root c=", RootsC[[1]] ];1;
(* Now that root is unique x*)
RootC = RootsC[[1]];
Print["Achieved Loss Value ", Loss[G, ycur, RootC]];
U = G.Inverse[G + RootCxIdentityMatrix[Length[ycur]]];
A = DiagonalMatrix[Eigenvalues[U]];
f (Transpose[g].Inverse[
G + RootCxIdentityMatrix[Length[ycur]]].ycur)[[1, 111;
B = B.A;
ycur = U.ycur;

FunctionSequence = Append[FunctionSequence, f];
ASequence = Append[ASequence, Diagonal[Al];
BSequence = Append[BSequence, Diagonal[B]];

1

If[i == MaxIter, Print["Max Iterations Reached!"]]

Plot[FunctionSequence, {X, 0, 1}]

BarChart[ASequence, ChartStyle — "DarkRainbow", AspectRatio — 0.2,
ImageSize —> Full]

BarChart[BSequence, ChartStyle — "DarkRainbow", AspectRatio — 0.2,
ImageSize —> Full]
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F Python Implementation

Implementing self-distillation is quite straight forward provided with merely a customized loss that replaces
the ground-truth labels with teacher predictions. Here, we provide a Tensorflow implementation of the self-
distillation loss function:

O 001N B W=

def self_distillation_loss(labels, logits, model, reg_coef,
teacher=None, data=None):
if teacher is Nomne:
main_loss = tf.reduce_mean(tf.squared_difference(
labels, tf.nn.softmax(logits)))
else:
main_loss = tf.reduce_mean(tf.squared_difference(
tf.nn.softmax (teacher (data)), tf.nn.softmax(logits)))
reg_loss = reg_coef*tf.add_n([tf.nn.12_loss(w) for w
in model.trainable_weights])
total_loss = main_loss + reg_loss
return total_loss

The following snippet also demonstrates how one can use the above loss function to train a neural network using
self-distillation.

O 001NN W —

def self_distillation_train(model, train_dataset, optimizer,
reg_coef , epochs, teacher=None):
for epoch in range (epochs):
for iter, (x_batch_train,
y_batch_train) in enumerate(train_dataset):
with tf.GradientTape () as tape:
logits = model(x_batch_train, training=True)
loss_value =
self_distillation_loss(y_batch_train, logits, model,
reg_coef, teacher, x_batch_train)
grads = tape.gradient(loss_value, model.trainable_weights)
optimizer.apply_gradients (
zip(grads, model.trainable_weights))
return model

teacher = None
reg_coef=le-4
epochs=30

for step in range(distillation_steps):
model = get_resnet_model ()
optimizer = keras.optimizers.Adam(learning_rate=learning_rate)
model = self_distillation_train(
model, train_dataset, optimizer, reg_coef, epochs, teacher)
teacher = model
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