Supplementary Materials

A Technical Proofs for TDC under Decreasing Stepsize

We present the proof of Theorem [I|in four subsections. Section provides the proof sketch.
Section[A.Z] contains the main part of the proof. Section[A.3]includes all technical lemmas for the
convergence proof of fast time-scale iteration, and Section[A.4]includes all the technical lemmas for
the convergence proof of the slow time-scale iteration.

A.1 Proof Sketch of Theorem 1]

Proof Sketch of Theorem|l| The proof consists of four steps as we briefly describe here. The details
are provided in Appendix [A.2]

Step 1. Formulate training and tracking error updates. In stead of investigating the convergence of
{6:} and {w;} directly, we substitute z; into the TDC update (I)-(2) and analyze the update of TDC
in terms of {6, } and tracking error {z;}.

Step 2. Derive preliminary bound on E || z; ||§ We decompose the mean square tracking error E || z; ||§
into an exponentially decaying term, a variance term, a bias term, and a slow drift term, and bound

each term individually. We obtain a preliminary upper bound on E || z; ||§ with order O(1/t77).

Step 3. Recursively refine bound on & || z; ||§ By recursively substituting the preliminary bound of
E ||z H; into the slow drift term, we obtain the refined decay rate E || z; H; = O(h(o,v)).

Step 4. Derive bound on E ||0; — 9*H; We decompose the training error E ||6; — 9*||§ into an
exponentially decaying term, a variance term, a bias term, and a tracking error term, and bound each

term individually. We then recursively substitute the decay rate of E [|z||5 and E ||, — 6* |2 into

the tracking error term to obtain an upper bound on the training error with order O(h(o, v)!~¢).

Combining each term yields the final bound of E ||0; — 6* ||§ in (@). O

A.2 Proof of Theorem /1]

We provide the proof of Theorem [I|following four steps.

Step 1. Formulation of training error and tracking error update. We define the tracking error vector
2 = wy + C~H(b+ A6,). By substituting z; into (I)-(2)), we can rewrite the update rule of TDC in
terms of 6; and z; as follows:

011 =g, (0, + a(f1(0:,00) + g1(21,01))) s 9)
Zt41 = HRw (Zt + 5t(f2(9t, Ot) + 92(Zt> Ot)) - C_l(b + Aet)) + C_l(b + A9t+1)7 (10)

where

f1(0:,04) = (Ay — B,C™' A)0; + (by — B,C™'D), 91(2¢, Ot) = Byzy,
f2(0:,04) = (Ay — CC 7P A)0; + (b, — CLC™'D), 92(2t, 0y) = Cyz,

with Oy = (s¢, at, r+, st+1) denoting the observation at time step ¢. We further define

f1(6)) = (A—BC1A)0; + (b— BC™'b), G1(2:) = Bz, Go(2) = C.
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Step 2. Derive preliminary bound on E ||z, Hg We bound the recursion of the tracking error vector z;
in (T0) as follows. For any ¢ > 0, we derive

Ize41 13 = [T, (20 + Be(fo(6, Of) + g2(21, 0r)) — O~ (b + A,)) + C (b + Aby1) |

= |Tr, (2t + Be(f2(01, Op) + g2(z:, 01)) — C™H(b + A8y)) + Mg, (C7H(b+ Abyy1)) Hj

< ||zt + Be(f2(0e, Op) + g2(zt, 0p)) + C P A(Br11 — 9t)||§

= ||zl + 2B:(f2(0¢, Or), z1) + 2B1(g2(2¢, Or), 21} + 2(C T A(Op 1 — 0r), )
+ [|Be f2(01, Or) + Brga (21, 01) + C 7 A(Or41 — et)H;

< [lzel3 +280(G2(2), 22) + 28,204, On). 20) + 28192 (21, O1) — Ga(21), 1)
+2(C A(O; 11 — 04), 24)
+ 382 (| f2(01, Ol + 382 [|g2 (22, O) |5 + 3||C A1 — 9t)||§

< lzll3 + 28:(Ct, 20) + 281 (F2(6r, O), 1) + 2B (g2(21, Op) — Ga (1), )
+2(CT ABe1 — 00), 2e) + 367 (| £2(00, On)lI3 + 387 [l 9221, O3
+ 302 [ IAI3 1161, 00) + g1 (21, O3

< (1= Beldwl) 1zl + 28:Cr, (0r, 21, Op) + 2By (20, O1) + 2(C T  A(Bryr — Or), 21)
+362K3, +382K2, + 602 || Al (K2, + K2,),

where >\max(20) S /\w < 07 sz (et,Zt,Ot) = <f2(0t70t)72t>’ ng(ztaot) = <92(Zt70t) _
G2(zt),2t). Ky, and K,,, Ky, and K, are positive constants, please refer to Lemma
and |§| for their definitions. Then, defining K, = [|C~* ||2 |All, (Kf, + Kj,) and taking the
expectation over F; (the filtration up to state s, 1) on both sides, we have

E|ze413 < (1= BelAaDE|zell3 + 2B:E[Cs, (B¢, 22, On)] + 28E[Cy, (20, Oy)]
+ 2B(CT A(fr41 — 64), 24) + 387 K7, + 38, K, + 6a; K . (11)

From the definition of 3;, |3;] < cg for all t > 0. If cg|A| < 1, then we have 0 < 1 — ;| A,,| < 1.
Telescoping the above inequality yields that

t
Elznls < (J]O —mw] EY
l_ot r t T
+23 | T (= Beldal) | Biler, (6:, 21, 04)]
=0 Lk=1i+1 i
+2) | I (= Brldul) | BilG (2 02)]
=0 Lk=i+1 i
t r t T
JFQZ ]___[ (1= Bl Al | E{CT A(8i11 — 65), 2i)
=0 Lk=i+1 i
t t t t
+3(K7, +K2)Y l I =Balrul)| B2 +6K2 > l I1 (16k|Aw)] a;.
1=0 Lk=i+1 =0 Lk=1+1

12)
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Since 1 — 3| A\w| < e~ Pil* vl and using the fact that (1 4-4)~" > (1 4-4)~¢ for all i > 0, we have

E [lzi41]3 < em eI Zim0 el |3 (13)
t
+ QZef‘Aw‘Ezz”lﬂkﬂiE[sz (03,2, 0i)] (14)
1=0
¢ t
+2) e el Xhaina B g R[C, (21, 0;)] (15)
=0
¢ t
+2) e Pl Rhaits SRR(CT A0 11 — 65), 2) (16)
=0
02 ! t
+ 3max{1, é (K7, + Kz, +3K2) > e el Xiein g2, (17)
i=0

The first term (T3) captures how fast the tracking error vector z; converges to the neighborhood of
zero, the second term (T4) and third term (T3) are the accumulative bias term induced by the biased
gradient estimator f2(6;, O;) and g2 (2, O;) respectively, the forth term (T6) is the accumulative error
caused by the slow drift, and the last term (I7)) is the accumulative variance. Combining Lemma 3]
Lemma 9] Lemma|[T0]and applying LemmaI|to the above upper bound, we obtain

2
EHZH-1||2
—[Awleg 1-v e|)‘w|cf3 c
< e DT 2 4 Q(RUK 4 2R Ky, ) P
S € ||20H2+ ( w fo + w 92) |)\w‘ (1+t)y
Awleg  —xgle v v
+ 25Ky + Lg2,sz]m‘e|A | e Tr (14 = (1475)"]
Awleg/2  —wle _
e B8 1 1 v_q
+ 4(Kpq +Lg27ZKT2)T67|)\w| (e720=» [(t+1) ]Dl]l{fr[3+1<id1} +Bt—rg)
4¢a (1 + ) prmax 2elrwles/2 , —1awleg [(146) =7 —1] 1
+deollt oms g 20000 e Dot L)
CoAem Al ST
2 2cgelrwles/2 —xwles 1-u_
+ 3maX {1, % (K.22 + ng + KEI)ﬁT(e 2(1—-v) [(t+1) 1]D3 + ﬁt) (18)

Where, D3 = e(rwles/2) 05 B with idy = (%)ﬁ and 75 = min{i € N|mp® < ;}.

Step 3. Recursively refine bound on E || z; Hg By applying Lemma we have

logt
Ellzl; < 055" ) + Oh(o,v)),
where
ho,v) = ti,,, o> 1.5v,
V)= W. 1/<O’§1.51/,

where € € (0,0 — v] can be any small constant.
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Step 4. Derive bound on E ||0; — 0* Hg For the recursion of ; in (9), for any ¢ > 0,

1041 — 013 = TR, (0: + cr(f1(0:, Or) + g1 (24, 01))) — 073

= Mg, (0 + ae(f1(0e,00) + 9120, 00))) — g, 073

<|0: — 0" + e (f1(61,0) + g1 (21, O0)) |3

= 110; — 6% |12 + 20, (f1 (01, O1), 0, — 6%) + 20, (g1 (21, O1), 0, — 0%)
+ a7 | f1(61,00) + g1 (20, On)

< 10 — 075 + 20 (f1(6s), 02 — 0%) + 204 (f1(6, Os) — f1(6y),6: — 6%)
+ 204 (g1 (21, Oy), 0, — 0%) + 207 || f1(61, O1) |3 + 207 [lg1 (21, O1) 5

< 110: — 07|15 + 200 ((ATCTA) (0 — 07),0, — 07) + 204 (f1(0:, Or) — fr(0:), 0, — 07)
+ 204 (g1 (20, Or), 0y — 07) + 207 || f1(0, On) |15 + 207 |91 (20, O

< (1= au|ho]) 16 — 0712 + 20:Cs, (Br, Op) + 20 (Bizt, 0; — 0%) (19)
+207 || f1(0r, On) |3 + 207 (|91 (20, O[3

where QAmaX(ATC_lA) < Ag < 0and Cfl (Gt, Ot) = <f1(9t; Ot) — fl (975), 9,5 — 9*>

First consider the case when 0 < v < ¢ < 1. Telescoping the above inequality and taking the
expectation over J; 1 on both sides yield that

t

Hu—mMmLM—W§

E 641 — 0%[|3 <

=0
t t
+2) [ IT a —ai>\9|)1 aiECy, (0;, 0;)
i=0 Lk=i4+1
t t
+2Z H (1 —ozi)\9|)1 OéiE<BZ‘Z7;,9i—(9*>
i=0 Lk=i4+1
t t
2K+ K2 [ 1T (1—ai|Ae)] a;. (20)
=0 Lk=i+1

Then following steps that are similar to (T4)-(T7), we obtain

E 041 — H*Hg < e Mol Xioei g, — 9*H§ e
t
+ 2 Z e~ 1Rl Zhmi o o;E[Cy, (0;,0;)] (22)
=0
i t
+2267‘>‘9|Zk:i+1 akaiEKBiZi,ai 79*>] 23)
=0
i t
+2(K3 +K7) Z e~ ol Zimiir g2 24)
1=0

Similarly, the first term (21)) captures how fast 6; converges to the neighborhood of 6*, the second
term (22)) represents the accumulative bias induced by the biased gradient estimator f; (6;, O;), the
third term (23) represents the accumulative error caused by imperfect tracking of w;, and the last term
([24) captures the accumulative variance. Combining Lemma|[T6 Lemma[I8and applying LemmalT]
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to the above upper bound, we obtain

>\|Ca la
E[|0p41 — 0%|f5 < e 70 (D77 =119, — %3

e|>‘9|C(v |)‘9‘Ca

+ 2l o (K + K)o € R (14T (147 ]+16R9Kflm(lj—7at)”
+2L¢ o(Ky, + Kgl)TaW(e St 1) "Dy 1ciny 0o
+2(K7, + Kﬁl)W(e a2 D -, | )

+ O(k;gyt ¥ h(o, ), (25)

id 1
where ¢’ € (0,0.5] can be any small constant, Dy = e(Polea/) it ok 4, = (%)ﬁ and
To = min{i € Njmp" < oy }.

If 0 = 1, choosing the stepsize o, = m, starting from (T9) and applying Lemma [12{ and
Lemma|[13] we have

1 9 2 2
Or = 0°|l3 + G (0. O) + s
T 0l ey e 0 00 Ay

2
— _(K? + K?
+)\3(1+t>2( f1+ 91)’

which further implies that

(1+1) |61 — 675 — ¢ [|6: — 073

6041 — 0713 < (1 — (Btzt, 0 — 0%)

2K} +K7) 1

0:,0 Bizt, 0, — 0" . 26
|)\|<f1( ty t) |)\|< t2t, Ut — >+ )\3 1+t ( )
Applying (26) recursively and taking the expectation over F; 1 on both sides yields that
* (|2
E |61 — 67
t t 2 2y t
2 2 2(K37 + K3)) 1
< ———— E 01707, + — E BlZ“QZ -0 + 1 g1 <.
= |)\9|(1+t); S (05, Or) |)\9|(1+t); < ) X2(1+1) ;I—H
27)

Then applying Lemma[I9)and Lemma 2T} we obtain
ALy o(Ky +K,y,) 75 | 16ReKy 2Ly 0(Ky + Ky)) Talog(1+1t)

E[6i+1 — %[5 <

A2 L+t A2(1+1) Ao 1+t
Q(K?I + Kgl) 1+ log(1l+¢) logt ,
9] h(1, )¢, 28
%2 oy T O Hh(Ly) (28)

A.3 Technical Lemmas for Convergence Proof of Fast Time-scale Iteration

Lemma 1. Letp < 0, 0 < g < 1, then for every integer t > 0,
t 2
Y St 1 Ll TS S BNIERS S B
(1+i)2 = |p| : (1+1)

i=0
where D,, = elPl/? SR ik i,, denoting a constant larger than (|p|/2q)"/ (=9,
Proof. For detailed proof of Lemma|I|please refer to Theorem 4.3 in [[7]. O

In order to bound the accumulated bias terms (14) and (T3], we prove the following lemmas.
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Lemma 2. For any 6 € R? such that ||0||, < R, ||f2(0,0:)|l, < Ky, for any i > 0, where
Ky, < oo is a bounded positive constant indepedent of 0 and w.
Proof. By the definition of f5(6, O;), and denoting A.,, = min |\(C')|, we obtain
1 f2(0,09)[| = [|(A; — C;C~"A)0 + (b; — C'iC'_lb)H2
< (= G A0, + b - i)
< (14illy + 1€l |7, 1Al 1611, + Hbally + 1€l [|C ], 191,

IN

1
(1 + PY)pmax + (]- + ’Y)pmax RG + pmaxrmax + Tpmaxrmax

1
)\C’m
£ Ky,.
O
Lemma 3. For all 0 € R? such that ||0||, < Ry and all = € R such that ||z||, < Ry, for all
P> OH(a) ||sz?0 2, 0 )”2 < 4R, KfQ’ (b) |Cf2(913217 ) Cf2(02722a 1)| < Lf2-,9 Hgl - 92”2 +
Ly, . ||z1 — 22 2

Proof. For (a), by the defination we have |[(z,(0,2,0:)|l, = [(f2(0:,0¢),20)|l, <
[ £2(0, 00l 2]l < 2R Ky, .

For (b), we derive the bound as follows
€12 (01, 21, 0i) = Cf, (02, 22, 05)| = [{f2(01, O1), z1) — (f2(02, 0i), 22) |
< lzally [1f2(01, O) — f2(02, 0) |y + || f2(02, 00|l [|21 — 22,
< 2Ry ||(Ar — C,CTA) (01 — 02) |, + 2K, [l21 — 22,
< 2Ry [(147)pmax + 3
S Lpyoll0r —02lly, + Ly, 2 20 — 22, -
O

.- Then for i < 73,

Lemma 4. Let K,, = [max{l,co/cg}Ly, o(Ks + Kg) + Ly, . K,
S 8 K 251 + K’rgTﬁBz 3"

E[(f, (0, 2i, 0;)] < cgKy 73, and for i > 13, E[(y, (0;, 2, 0;)]

Proof. Note that for any ¢ > 0,
[0i+1 — bill, = (LR, (65 + i (f1(0:, O:) + g1(21, 0:))) — 1L, 0ill,
< |16; + i (f1(0i, O:) + 91(2i, Oz)) — bil,
< i |[f1(0:, 04) + g1(2i, O4) |l
< ai(Kfl + Kgl)‘

Furthermore,

[2i41 — 2ill

= g, (2 + Bi(f2(0:, 0i) + g2(2i, 0:) — O (b+ AG;)) + C™ (b + A1) — 2,

= Mgy (2 + Bi(f2(0:, 0:) + ga(24,05)) — C (b + AG;)) + C (b + AG,) — 2 + C A(Bi41 —

= Mgy, (2 + Bi(£2(0:,0:) + ga(24,05)) — C (b + A;)) — g, [z — C™ (b + A6;)] + C A0, 11 — 0
< Mg, (=i + Bilf2(0:, 00) + g2(2:,00)) = O~ (b + A6y)) = TIg,, [z = C~ (b + 40,)]

+ et A - 69,

< ||(zi + Bi(f2(04, 0i) + g2(2i, 0:)) — C™H(b+ A8;)) — [2; — C7 (b + A)]
= Bi || f2(0i, O;) + g2(2:, 04) ||, + |’C71A(9i+1 - gi)HQ

< Bi(Kp, + Kgy) 4 o | C7H|, [|Ally (K, + Kg,)

} (1 + ’Y)pmax
Aem

= Bi K., (29)

[
(Kfl + Kgl))

Ca
< Bi(Ky, + K4, + max{1, .

17

1
~— (L +79)pmax | |61 — Oal, + 2Ky, [[21 —

+ |‘C_1A(9i+1 - ei)Hg

22,

6.
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where K, £ Ky, + K4, + max{1, &= %(K #, + K, ). Applying the Lipschitz continuous
property in Lemma 3] it follows that

|Cf2 (0i,2i,0i) — Cfg( iy Zier, O0)] < Ly, 0 16; — 91‘_7—H2 + Ly, . |z — Zi_TH2

i—1 i—1
< Lf279(Kf1 + K{h) Z ag + LfQ,ZKTz Z B
k=i—T k=i—T
The next step is to provide an upper bound for E[¢y, (0i—+, zi—r, O;)]. We further define an indepen-
dent (¢;__,2/_.)and O = (51, a;, 7"17 5741 ) that has the same marginal distribution as (6;_, z;_-)
and O;. It is clear that E[C (05, 2z;__,0;)] = 0. Note that the following Markov chain holds

(Oi—7,2i—7) = 8i—r — 5 = O;.
Since ||(y, (6, 2,0;)||, < 4R, Ky, forall 0, z € R?, by Lemma applying Lemma 10 in [3] yields

E[sz(ei—ﬁzi—TvOz)] < ‘E[sz( imrs Zier, O7)] — [sz( i—1 Fi—T ;)H <8R ,Kyfmp".
Recall that 75 = min{i > 0 : mp’ < 3;}. Fori < 74, it follows that

E[sz(eiﬁzivoi)] < E[Cf2(90730’0 )] +Lg0 Kfl + K, Zak + Ly, - K, Zﬁk
< sz (K.fl + Kgl)iao + sz ZKT‘2ZBO
< Cﬁ[maX{l }sz, (Kfl + Kgl) + sz ZKTZ]TB
< cgK,,T3.

For ¢ > 7, it follows that

E[sz (977 Ziy Ol)] < ]E[sz (ei—TBin—T;a?Oi)] =+ Lf2,9(Kf1 =+ Kgl) Z ok + Lf27ZK7"2 Z Bk

k‘:i*Tﬁ k:i*‘l‘ﬁ

<8Ry, Ky,mp™ + Ly, 9(Kf1 + Ko, )T8Qi—rs + Ly 2K, T3Bi -
< 8Rwa26t [maX{l }sz (Kfl + K!Jl) + szyzKrz}Tﬂﬁi—Tﬂ

= 8Rwa2ﬁt + KTISTBﬂi_TB'

O
Lemma 5. Fix0 < v <1, andlet B, = cg/(1 +t)”. Then
t
Z 6>\w Ztk:iJrl Pr /BZ]E[C,}CQ (017 Zis Ol)]
i=0
e AwCs  Aweg . . e~ Awes c
< csK,. T [(1+8)Y = (1+75)"] SR, K cE %
B L S (T
—)\ng/Q —Aweg —v
+ 2KTST/3 Y (e20=2) S _1]D11{Tﬁ+1<id1} + Be—rs),
Where Dl = cﬂ maXiE[O,idl]{e_(Aw/Z) EZ:O Bk} and idl — (/\—261;j ) 1iu .
Proof. Applying Lemma] it follows that
t
Yot Eheia B BE(C, (05,2, 01)]
i=0
T3 t
< caKyyms S M Dhe BB L 8RBy Y M Dhein g,
i=0 i=Tp+1
t
+ K, 75 Z e Dk=itr B Bi—rsBi- (30)
i=1g+1
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For the first term in (30), we have

T8 T8
Z 6>\w ZZ:iJrl B 51 < maX{e*)\wﬁi} Z e>\w S Br Bz

‘ 120 ‘
=0 =0

T8
_ e*/\wcﬁ Z e)\w(Tt+1*Ti)6i

=0

Trg+1
< 67)\“’0‘3/ e)\w(TtJrlfs)ds
0

—A yCB
< e e/\w(Tt+1—TTB+1)

7/\11)

—AweC _
<€ BeMwﬁzE:WJ/u+m v
=T

e dues L (14
= T 2], 31)
—\w

where T, = S"1_) Bx. For the second term in (30), we have

t t
By Z ew Shmita Br B; < max{e—kwﬁi }Bt Z ew >hmit1 Br B;
i=rp+1 =0 i=rp+1
t
<e Mo, Z ero(Te =T g,
i=Tg+1

Tiq1
S e*)\w(;ﬁﬂt/ eAw(Tt+178)ds
Trg+1

e*Ang

B (1 _ e/\w(Tt+1—T7—B+1))
“

e Awes cs
< —_—
T = (T4t

(32)

For the third term in (30), we have

t t
Z M Dh—it Bk,@iim B; < max {e(>\w/2) kit Br Bizrs} Z ePw/2) Xhmiin Br B;

i€[Tg+1,¢]

i=1g+1 i=7g+1
26_)\“’Cﬁ/2
< Aw/2) Zhmis1 Br g, ) 33
_ie[TH;in,t]{e Bivrs} —Aw (33)

To bound (33)), we define y; = ePu/2) Ximisr Br fBi—r,, and then we have

M _ e—(}\w/2)6i+1 1— # .
s 2414 —13

If i > iq4, and 75 + 1 > 44, then % > 1foralli € [rg + 1,¢]. Thus

(Aw/2)22=i+1ﬁk . =0, . 34
ie[rgi’i,q{e Bi-ry} = B (34
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If 74 + 1 < iq,, then

max {B(Aw/Q) S hmit1 B ﬂi—m}
iE[TB+1,t]

< max e(Aw/2) > h—is1 B V4 max e(Aw/2) S h—ig1 Bk L
- i€[‘r,3+1,idl]{ 6 B} i€liq, +1, t]{ 5 ﬁ}
< e()\w/Q) ZZ:O B max {e*()‘w/Q) Zk:o ﬁkﬂi—T } + 615 -

- i€lra+1,ia,] # s

< ePuw/D o B max {e= O /2) = 0Ok B} 4 By _ -
1€[0,4q, ]
Aweg

< e2-v) [(t+1)1_yil]D1 + ﬁt—m.

Combining (34) and (33) and substituting into (33), we have

(35)

t

2 )‘U!CB/Z Awe —v_
Z M T Bkﬂi—rf;ﬂi < f(ewi) [(e+0)! 1]D1]l{rﬁ+1<z‘ﬁ} + Bt—ry).  (36)
i=T5+1 w

Finally, (36), (32), and (33) imply that

t
Z 6)\w EZ:i+1 Br ﬂzE[Ch (017 Zi, Ol)]

i=0
—AwCs  Ayeg y .
< [Casz (Kfl +K91) + Cﬁsz ZKTQ]TB et (7= (T (37
—Awcp c *)\wCﬁ/Q —Aweg v
’8 2(1—v t+1
+ 4R, Kfz “Aw (1 —|—t) + QKTBTBfw( a-=v) I ) ]D11{73+1<id1} + ﬂt—TB).
(38)
O
Lemma 6. For any z € R? such that ||z||, < Ry, |l92(2, 0|, < K, for any i > 0.
Proof. By the definition of go(z, O;), we obtain
922, Oi)lly = IC:zilly, < MICilla l12illy < 2R < K,
O
Lemma 7. For all z € R® such that ||z||, < Ry, we have for all i > 0, (1) ||{g,(2,0:), <

4R, Kg,; (2) |Cg2(Z1,Oi) - ng(z%oi” < Ly, .- |21 — 22||2-

Proof. For (1), by the defination of (g4 (2,0;), we have ||§g2(zi,01v)|\2 =
g2z, 00) — gaz0)- 21, < (lg2(6:, 00l + g (6:) ]

)zilly, < 4R,Kg,. For (2), we

derive the bound as follows.

|Cga (21, 0i) — (go (22, 0)]

= [(92(21, 0:) — g2(21), 21) + (92(22, O;) — G2(22), 22)|

< |lz1lly [192(21, 03) — G2(21) — g2(22, Oi) + g2(22) |5 + [|g2(22, Os) — G2(22)]l5 |21 — 22|,

= [[21lly [(Cs = C) (21 — 22) ||y + llg2(22, O:) — g2(22) |5 |21 — 22]l,

< 2Ry ([|Cilly + ICl2) [[21 = 22y + 2K, [l21 — 22|,

< ARy |21 — 22y + 2K, (|21 — 225

< Ly, .z |lz1 — 225

O

Lemma 8. For i < 73, E[(y,(2i,0;)] < cgLg, .Ky,73; and for i > 13, E[(g,(2i,0;)] <
SRngQBt + ng,zKrzTBBi—Tg-
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Proof. Applying the Lipschitz continuous property of (,, (z, O;) and the inequality (29) in Lemma 4]
it follows that
i—1
1Cga (26 0i) = Cg (2, Oi)| < Ly 2 |20 = 2irlly < Ly 2By > B
k=i—T1
Then we need to provide an upper bound for E[(g, (z;—-, O;)]. We further define an independent

z;_, and Oj = (s}, aj, 7}, s;, ;) which have the same marginal distribution as z; _, and O;. Using

Lemma [7]and following the steps similar to those in Lemmafd] we obtain
E[ng (Zifﬂ Ol)] < |E[<gz (zi*’rv Ol)] - E[sz (27/2777 O;)” < 8RwK92mpT'
For ¢ < 7, it follows that

i—1
]E[ng (Zi7 Oz)] < E[ng (an Oz)] + ng,zKrg Zﬁk < ng,zKrgiBO < Cﬂng,zKrzTﬁ-
k=0
For ¢ > 7, it follows that
i—1
E[ggz (zi’ Ol)} < E[ng (Zi_7ﬁ70i)] + ng,ZKT'z Z Bk
k‘:i—‘f‘5

<8Ry Kg,mp™ + Ly, - Ky, 738i—r,
S SRngg ﬁt + ng,ZKTQTﬂﬁi—Tﬁ .

Lemma9. Fix0 < v <1, andlet By = cg/(1 +t)”. Then

¢
Z e Dimit1 Br BiE[Cg, (2i, O5)]
=0

e‘chﬁexf”ff (40" =0470)"] L8R, Ky, — P
7)\1,; v 7>\w (1 +t)y

e—)\w(,‘g

< cﬁng,ZKrzTB

—Aweg/2 Awe _
e B wep 1—v
+ 2Lg2»ZKr2TBT(62(1_V) [(tJrl) 1]D11{7—5+1<id1} —+ ﬂt_TB).

w

1

where D1 = cg maxie[o’idl]{e*()‘w/m o Be)andig, = (A_ch; )T,

Proof. Applying Lemmalg] it follows that

t
Z etw >hmis1 Bk BiE[CgQ (Zi7 Oz)]
=0
38 ¢
S Cﬂng,zK7-2T[3 Z e)\w Zi::i+1 Bk/Bz + SRng2ﬁt Z e)\w Zz:i+1 ,Bkﬁl

i=0 i=p+1

t
Aw SF_. .
+ Ly, - Kr,7p Z et Dkt ﬁkﬁi—mﬁi-
i:‘l’g—‘rl

Following steps similar to those in (30)-(37), we have the desired result. O
Lemma 10. For given 0 <v <o <1, let 5y = cg/(1 +t)” and o, = co/(1 +t)°. Then

t
Z 6)\“’ ZZ:HA BkE<071A(9i+1 - 91)7 Zz>

i=0
2Ca(1 + ’Y)pmax 2eAwes/2 dwep [(14t)1 77 =1] 1
< ————Ry(K K 7( 201-v) D 7),
— CﬂAcm ( fl + 91) 7)\11) € 2 + (1 +t)07u
where Dy = maxic(o i, {e~ /2 Eico B dos} and g, = (S52) T,
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Proof. Applying Lemmas[T3]and[12] it follows that

t
Z 6)\“’ ZZ:’“rl BkE<C_1A(9i+1 — 01), Zz>
=0

t
<Y Thmt SE (||, 1Al 161 — 6illy [12ill,]
=0

t
< 2|07V, IAlly Ru(K g, + Kqy) 3 X Shavn S

1=0
t
2(1 max t %
< WA Dnax (1, 4 1, ) 0 M T 5,2
/\cm i—0 Bz
2¢a (1 4+ ) pmax X ¢ 1 ! ¢
< @ Rw K K ( 111/2) Zk:i+1 ﬁk - - (>‘1U/2) Zk:i+1 Bk i
ST Rl + Ky e AP ’
2004(1 + 7)pmax 2eMwes/2 Awep [(A4+t)t =7 —1) 1
< ——F——R,(K K 7( 2(1-v) D 7) 39
= CB/\cm U( At 91) W € 2+ (1+t)a—u (39

Based on (39), we follow similar steps in Theroem 4.3 [[7]] and obtain the following upper bound

t . 7/\wC[-;/2
Z P/ Theia Br g, < 26#, (40)
1=0 v
and
max {eOw/ D Tho s Ly o omishlom™p, L gy
iE[O,t] (1 +Z')G'7V - (]_ +t)07y?
i . —2(oc—v)\ =+
where Dy = max;efo,i,, {e” /2 Zi=o Ot e and i, = ( %\(wcﬂ Rt -

Lemma 11. Suppose (I8) holds. If o > 3v, we have

t
Yo et Bk AE(CT A1 — 0,), ) = O <1> 7

tv
=0

amdifv <o < %I/, we have

t
> et Zheirr S R(CT A(Oi41 — 0:), 25) = O <t2( 1 > ;

o—v)—¢
=0

where € is any constant in (0,0 — V).

Proof. If o > 2v, (I0) implies that

t
¢ 1
E Aw 2o p—ir1 Br -1 0 ) = -
2 e k=it ]E<C A(01+1 074), ZrL> @ ((1 t)”) .

If 0 < 2v, it follows that E Hzt||§ = O(3%+). Hence there exists a constant 0 < C' < co and T > 0
such that

E|jz| <4R?,  forall0 <t <T, (42)

C
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Then, substituting @2) and (@3) into (T6), we have

t
> et Tkt RE(CT A (B 41 — 0:), 24) (44)
i=0
¢ t
_ E X 2
<||CTHI, ANl (By, + Kg,) Y | ere Zheiva ey [E ||z (45)
i=0
(14 7)pmax = Aw S0F B 2 : Aw S8 8 2
< Ai(Kfl +Kgl)(ze R Fai\/E ||zil5 + Z et Zheit kai\/]EHZin)
cm i=0 i=T+1
(46)
ca(l+7)p d ¢ 1
< Ca max ¢ z- K (2R Aw D1 By~
- CB)\cm ( i * 91) w;e 51(1 +i)(a_l/)
: 1
)\w Zt=i Bk .
+C;T:+Ie - 51(1”)1.5(07”))' (47)

Here, we follow similar steps in (31)) and (33)-(36) to get

T

Z e Dh=ita ﬁkﬁ; < XT: et Shmis1 Br Bi < e e eklw_cf [(1+)Y=(1+T)"]
=0 Ao T & =T :
and
: —AwCp/2 wC .
Z et D ﬂkﬂi ; ! < 2e ’ (6 2/\(1—5) [(1+0)* *1]D + ;)7
=T 1 (1+i)t:5e—v) = —Aw (1+¢)15(—»)

i i _3(o—v 1
where D = maXie[O,id]{e_()\w/Q) 2 k=0 Br W} and 1q = (i(Tﬁ)) 1—v,

It follows that
i . 1
Y Pu i B B(CT A — 0,),21) = O (,515(ou)) '
i=0

If %hu < o < 2v, we have E ||zt||§ =0 (M%V)) Then, by following the similar steps in (@2)-@7),
we have

t
¢ 1
Y et Kheini P B(CT A0 41 — 0), 1) = O <tl75(a—u)> 7
=0

and E||z|2 = O (;775=)- Then we repeat the steps @2)-@7) for a total number N =
[—logy(2 — =% )] of times, we have

t
t 1 1
sz =i 1/6 . -1 . —H: A - —
S et B P B(CT A0 1 — 05), 1) 0<t(22N)(UV)> 0((1+t)y>.

=0

Since (2 —27V)(0 —v) > v, we have E ||z ]|5 = O(X%&L) + O(3).

tv

if v < o < 3v, then we repeat steps [@2)-(@7) for a total number N = [log,(2=%)] of times, we
ave

t
Yot R B B(CT A(fi41 — 0:), 2) = O ((1 + t)21(0—v)—€> '

=0
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A.4 Technical Lemmas for Convergence Proof of Slow Time-scale Iteration

In this subsection, we obtain the following properties for the slow time-scale.

Lemma 12. For any 0 € R? such that ||0]|, < Ry, ||f1(0,0:)|, < Ky, for any i > 0, where
Ky, < oo is a bounded constant indepedent of 0 and w.

Proof. By the definition of f1(6, O;), and denoting A, = min |\(C)|, we obtain
Hfl(G,Ol)H = ||(Al — BlO_IA)H + (bz — Bic_lb)Hz
< ||(Ai = BiCTtA)|, + || (b: — B:C D),
< (14illy + 1Billo [C7], I-All) 101l + 11illy + [1Billy |C7H], N1l

1 1
(1 4+ 7)pmax + )\7’7(1 + '7)p12nax + PmaxTmax + TVPilameax

< Ky,

O
Lemma 13. For any z € R such that |||, < 2R, ||91(2, 0))|l, < K, for anyi > 0.
Proof. By the definition of gi(z,0;), we obtain ||gi(2¢, O¢)|ly = ||Beztlly < [|Bello [|2¢lls <
29 pmax L. O
Lemma 14. For all € R? such that ||0||, < Rg, we have for all i > 0, (a) ||Cr, (0, 0;)|, <

ARg Ky, 5 (b) [C, (01, 0i) — Cpy (02, 0i)| < Ly, 9 |61 — 2],

Proof. For (a), following steps similar in (@, we have H fl (9) H2 < Ky, . Then by the defination we
have

1,0, 001, < (ILf1(8, 00l + [ F1(O)[|) (N0l + [167]],) < 4Ro K,

For (b), we derive the bound as follows

€, (61, 0:) = Gy (02, 03)

= [(f1(61 = F(61), 0:), 01 — 0%) = (f1(02,0:) — f1(f2), 02 — 6")]

<161 = 0%[|y || f1(61, 00) = fr(61) — f1(B2, 0i) + f1(02) ||, + || f1(62, 0s) — f1(62) |, 161 — 62]l,
<161 = 0% |ly (I1f1(61,05) = f1(02,09)lly + || f1(61) — F1(62)||,) + || f1(62, 05) — f1(62)]], 161 — =l
< 2Ry(||(As — B:«CTIA) (61 — 62)]|, + || (A — BCTTA)(61 — 62)||,) + 2K, [|61 — 62],

< ARo(1+ 1)+ 1= 1pmas) 61 = Bally + 267, 21— 2,
< Ly o |00 — 62]] -

L]
Lemma 15. Fori < 7o, E[Cf, (0;,0;)] < caLy, o(Ky, + Ky, )Ta; and fori > 7o, E[Cp, (0;,0;)] <
8Re Ky o + Lfl,g(Kfl + Kgl)Taai—Ta'

Proof. Applying the Lipschitz continuous property of (,, (z, O;) and the inequality (29) in Lemma
it follows that

1—1
‘Cfl(01707) - Cfl(oi—T?Oi)| < Lfl,G(Kfl +K91) ||01 - 0i—7‘|2 < Lf1,9(Kf1 +I(gl) Z Q.

k=i—T

Then, we need to provide an upper bound for E[(f, (6;—~, O;)]. We further define an independent
0;_, and O; = (s}, a;, 7}, s; ), which have the same marginal distributions as ;. and O;. Using
LemmalEl and following the steps similar to those in Lemma[d] we have

E[Cr, (0iry Oi)] < [E[Cs, (0i—r, Oi)] = BICs, (05—, O] < 8Rg Ky, mpT.
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If 7 < 7, it follows that
i—1
E[(y, (6:,0:)] < E[C, (80, 00)] + Ly, o(Ky, + Kg,) Y an < Ly, o(Kp, + Ky, )i
k=0
< oLy 0(Kp + Ky, )T

If ¢ > 7, it follows that

i—1
E[(fl (025 01)] < E[Cfl (07;_-,—@,02‘)] + the(Kfl + Kgl) Z Qg

k=i—Tq
< 8R9Kf1mp7°‘ + the(Kfl + Kgl)Taai*Ta
< 8RoKy a; + Lflﬁ(Kfl + Kg1)7-a0‘i*‘ra'

O
Lemma 16. Fix0 < 0 < 1, and let 01 = ¢, /(1 +t)°. Then
¢
D et i ki R[C, (05, 0,)]
i=0
—XgcCa § —AgCa
(& Agca o o e C
< e, L K K, )7 1o (D)7 =+7)] L g K, — "%
e f1,9( s+ 91)7— W € + 65 f1 W (1+t)a
2e~20Ca/2  rjea -0
+ Lflyg(Kfl + Kgl)TaT(e’zu_a) [(t+1) 1]D41{7a+1<ia} + atim)’
n— _ iy ) PV I
where Tn = Zk:é g, D4 = Cq maxie[o’i%]{e (Xo/2) ko k} and id, = (>\92Ca ) -0,
Proof. Applying Lemma T3] it follows that
t
> e Tt @ B[y, (0, 04)]
i=0
Ta t
< CO‘thg(Kfl + Kgl )Ta Z 6)\6 ZE:H& akai + 8R9Kf1 673 Z 6/\6 Zk:H—l akai
1=0 i=To+1
t
+ L o(Kp 4 Ko )Ta Y €X 2= ™, q. (48)
i=To+1
Following steps similar to those in Lemmal[5} we obtain:
Ta —Apca .
ZB)‘w S hmit1 Oy < e 61{9—: [(14+8)7 = (1+75)7] (49)
, —Xo
=0
« e Zok=it1 Yk oy < 2 (50)
tz:‘raJrl _/\9 (1 _|_t)0'
t
. 2e—NoCa /2 Xgca o
Z e kit Mgy < - Y (62(19*") (41" 1]D4]1{‘ra+1<ia} +ai_7,), (51
1=Ta+1 o
which yields the desired result. O
Lemma 17. For0 < o <1,¢q >0, ¢ = 7357 and 0 <2 <1, 0 <y < 1. IfEHthg =
O(tet 1 LYo and E||0, — 0%|3 = O(*%&L + L)Y for a, b > 0, then we have

t
Z Mo bt o, B[(B;zi,0; — 0%)] = O(

1=0

logt n 1 )045(w+y)
tv tv '
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IE||z|5 = OB + 5t=)" E |6, — 0*])3 = O(X% + ts=)Y, then we have

Ze“zk o B (B, 0, - 0] = 081 4 L)

tv t2(o—v)—e

Proof. Consider the first case. Without loss of generality, we assume that there exist constant
0 < (Cq1,Cy < 00, T > 0 such that

E|z|5 <4R2  forall0 <t <T,
logt + 1\
E |22 < 03(%) forall ¢ > T,
and

E|6; —6*|5 < R2  forall0 <t <T,

logt + 1\¥

B0, — 6% §C§( ) forallt > T.

tl/
Then, it follows that
i
> e Zh=is1 %%, B[(B;z, 0; — 07)]
i=0
¢ t
<3 20 Therir ok, B[ Byl ENG; — 02
i=0

t

¢ 2 2
< 3 M e avay |Byll, E 202y EN6: — 6]

[=)

T
< Ao Eimivr @ g0 [B |z A/E[)| 65 — 6|
< Ypmax( D€ ai\/E [[zi[l5\/ E[|6; — 6*]|5]
=0
t
£ T [ 52y Ell6, - 67)2)

i=T+1

t

T t 0.5(x+
S'Ypmax(szROZ€A92k=i+lakai+CICQ Z oo Thois Ok <logz+1) ( y)>

i=0 i=T+1 "
TN ete (1407 (14T)7)
< 2’7pmawaR0 (2RwR0 2 el-<
—Ag
—20Ca/2 ca 1—0 2O(Z11
Lo (eE5l00 71D (M)O 2 ”)))
_)\9 tv
Here we follow similar steps in (3T) and (33)-(36) to obtain
7)\960‘ Agca o o
Z Ao Zk it+1 ak < e 1975 [(1+t) _(1+T) ]
— _)\9 7
and
t i : —20Ca/2 Cor 1—o .
Z o Ziziﬂakai(lgg’)a“”y) < &(e;(\f’_”)[(lth) -Up 4 (logt7+1>o 5(ac+y)>7
) id —Xo tv
1=T4+1
where 0 < D < oo is a constant depend on x and y.
The proof for the second case follows similarly. O
Lemma18. For0 < 3v <o <1, zf]E||th2—(’)( L)+ O(%), then
¢ logt 1\1-¢
Ze/\e Li=ii ko, RB[(B;z;, 0; — 0%)] = O( ?ﬁrgf + tj) ;

=0
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andfor0 <v <o < 3v < LifE||z]; = O(%%&t) + O(z5257=), then

log L\
Zeker«:wl"‘kaiEﬁBizivei_9*>] :(’)( og + ) )
i=0 v t2(o—v)—e

where € can be any constant in (0,0.5].

Proof. Consider the first case. First, E |0, — 0* ||§ < 4R? = O(1), applying Lemmawe immedi-
ately have

(52)

logt l>0~5

¢
Z PRYD ) S o E[(Bizi, 0 — 0%)] = O( v + tv

i=0

Then it follows that E ||6,41 — 0*[|5 = O('%81)%5, Then again applying Lemmas nand (52), we
obtain

t
. loct  130.75
> Mo Xhminr *kqB[(Biz;, 0; — 0%)] = O( (1)5 + t7) : (53)
i=0
Hence, following the steps in (33)) for a total number N = [log, ()] of times, we have
t 1
t 1 t 1\l 3%
> M Xhein M R[( Bz, 0; — 6%)] = O( (ng tT/) a
i=0
logt 1\1-¢
oftt )
tv + tv
The proof for the second case follows similarly. O
Lemma 19. Let o = ﬁ Then
t
2L o(Ky, + K, S8Ry K
> 50,00 < 2L0UEL T Ba o SRR 4 g oy, 4 Ky a1+ ),
i=0
Proof. Applying Lemma (T3)), it follows that
t Ta t
> B (0:,00) =Y EC (05,00 + > Ep, (6:,04)
i=0 i=0 i=Tat1
Ly Q(Kf + K, ) SRy Ky (t—Ta)
< 1, 1 g1 . 1 o 1
= o Tall+7a) + =20 5
+ Ly o(Kp + Ky, )T, Z Qi—7q
1=To+1
2Lf1 Q(Kfl +K91) 2 8R9Kf1 & 1
’ L K K
< Y Tat g T LnoEn+ glmg Y
2L K¢ + K S8RoK
< f“e(_f 91)73 + _9/\ Dy Ly o(Kp, + K, o In(1 + 1)
0 0
O

Lemma 20. Suppose 0 < z < 1,0 <y < 1. IfE|z|} = O(tet Lz, E||6; — 6|3 =
(’)(h;—%t + %)Y, then we have

(= )
1+tZE Biz;, 0 >]:O<kﬁt+tu)05 +y

IfE ||Zt||2 = (’)(logt W> and E |0, — 0*||2 = O(IOgt W)y’ then we have

logt 1 0.5(z+y)
1+tZE (Bizi, 0; — >]_O( = +t2<0*u)76) .
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Proof. Consider the first case. Similarly to the proof in (T7), without loss of generality, we can
assume there exist constants 0 < C, Cy < oo and T" > 0 such that

E|lz|3 < 4R, forall0 <t <T,

logt 1\«
ng +t7) forallt > T,

E el < C3(
and

E||f, — 6" < R2  forall0 <t <T,

|6, — 6% < cf(logt + i)y forallt > T.

tl/

Then, it follows that

t

T ZE[(B-zi,Gi —0")]

1

t

Zmnmn 1El6; - 6°]2)

t

= S Bl VE 2y R0 - 071

=0

<wmaxlit( CVE L=l VBl - 07l RO RICIER)

= T+1
t .
< 'ypmaxl i 7 (2RwR9(1 + T) + C1Cq § : (logziu—kl)()B( +y))

i=T+1
t

1 1\ 0.-5(z+y)
<fypmaxl+t(2Rng(1+T)+C’102(1ogt+1)0'5(”y) 3 (;) )

1+7T logt + 1\ 0.-5(z+y)
< Y Pmas (2R Ry it +D(%) )

i=T+1

where 0 < D < oo is a constant dependent on x and y. The proof for the second case follows
similarly. O

Lemma 21. Suppose 0 < v < 2, ifE ||zt||§ = (’)(hﬁt =), then

t

o nflogt  1N1=€
1+t;E[<Bizi,9¢*9 >]*O( t” +t7> ;

1

and suppose 2 < v < 1, ifE ||Zt||2 = O(

)+O(t2(1 v)— e) then

t ’
1 N logt 1 1—e
1+¢ Z]EKBZZMGZ -0 >] = O( v + t2(1—l/)—6) 5

where €' can be any constant in (0, 0.5].

Proof. We proof this lemma by following similar steps in the proof of Lemma [T8] O
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B Proof of Theorem
From (I2) and use the fact that 3, = /3 for all ¢ > 0, we have

2 2
Ellze41lla < (1 - |)‘w|ﬂ)l+t 120l

+28 (1= PulB®) ™ Cr (6i, 21, 04)]

=0

+28) (1= [AulB) G (20, 04)]

=0

t
+2) (1= Ay|B) E(CT A(Biy1 — 6:), i)

i=0
t t
+3(KF, + K7,)B° Y (1= [hlB) 7+ 30 B2K2 D (1= hlB) ™ (54)
i=0 i=0
By slightly modifying the proof of Lemma] Lemma[8]and Lemma[I0] we have
]E[sz(GZ?Z“OZH S B(8R’wa2 +KT3TB)7 (55)
and
E[ng(ziaOi)] < B(SRWKQQ +Lg27ZKTzTﬁ)’ (56)
and

t

Z(l _ |/\w‘ﬁ)t_iE<O_1A(9i+1 _ 907 Zi> < 2(1 + ’Y)pmaXRw(Kgl + Kfl)

(57)

=0 gl Aw|Aem
Substituting (33), (56) and (37) into (34), and use the fact that 75 < log1 2 + ln_l(%) ln(%), we
have
E|lze41ll3 < (1= [AulB) (|20l
2(K,, + Ly, - K;,) ( m 1,1 1
’ logs = + 10~} (=) In(5) ) 8
[Awl o p p. B
4 [16Rw<Kf2 + ng) + 3(KJ%2 + K§2) + 3772[(31]5
| Awl
2(1 max{tw K K
o 204 ) PP (K, + fl)n. (58)
‘Awp\cm
Let
_Q(KTs +L927ZKT2) m -1 1
Co == (g Q)
N [16Rw(Ky, + Kg,) + 3(K7, + K,) + 3K}, ] (59)
| Awl
and
2(1 max R (Kg, + K,
|)\w|)\cm
then we have
1
Elzcll; < (1= [AulB) ll20]l3 + C5 max{B, In(5)8} + Con.
n 5 IMmax n 1 2
LetT — |'1 [Co ih{f(glvl_l(/\ﬁjlf;})/uzi)uz]] Then
E ||z < 4R2, forall0 <t < T, (61)
1
Zello < 5 maxi /3, In(—= + Cgn, orallt > 0.
E ||z < 2C; B.In(5)8} +C forallt > 0 (62)
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Consider the recursion of ¢;. From (20) and use the fact that o, = ¢, for all ¢t > 0, we have
* * 12
E |01 — 0715 < (1 - |)\0|0l)1+t 160 — 671l

+ 20 Z(l — |Aola) 'E[(s, (0;, 0;)] (63)
1=0
t
+ 2 Z(l — [ Xola) " "E(B;zi, 0; — 0%) (64)
1=0

t
+2(K3, 4+ Kz )a? > (1 —[Agla) .
i=0
By slightly modifying the proof of Lemma|T3] we have
ElCr (0i, 00)] < a8Ro Ky, + Ly, o(Ky, + Ky, )7a)- (65)

Substitute (61) and (62) into (64), we have

t
20) (1 [Ng|a)' "E(B;z;, 0; — 07)
=0
t

T
< 407 pmaxRo [2sz (1= Polo)' ™" + (25 max{8, (5 L)Y+ Com™ 32 (1= [Agla)* ]
i=T+1

— (1= [Ag|a) ™!
Aol (1 — [Xgla)T

(1— ola)t + W(m max{ 6, In B)B} L Con)0

(66)

Substitute (65) and (66) into (63) and (64) and using the fact that 7, < log1 = + In~'(% 5) In(L) we
)
have

< 8’7pmaxR9R

E |01 — 67[5 < (1—[Xola) " 165 — 673
2Lf1 (Kf1+Kgl) m 1,1 1
.6 logs — +In" " (—)In(—))«
o ogy = () In()
ZCa(gRgKfl +K%1 JrKgl)
o
|Aal
4’YpmaxR9

+ ———(2C5 max{ g, In(
Aol

6)»3} + Cen)°®

1— (1= [Agla)™
[Aal(1 = [Ag]e)”

+ 8YpmaxRo R (1 — |Agla)t.

Let

2Ly 0(Ky + Kgl)(10g1 m —l—ln_l(l)) + 2(8Rg K, +KJ%1 + K§1)
2Y] vop p Aol

Cy = ; (67)

and

’)/pmaxRO 2

03:32( Y )05, (68)

and

o 'YpmaxRO 2
Cy= 16(7|)\0| ) Cs, (69)

then we have

1
E 041 — 0715 < (1= Aola) *(][6o 9*H§+Cl)+02max{avln(*)a}

+ (Csmax{, 1n< )8} + Can)®®  (70)

|

(1—[Xgla)TH?!

where C' = 8ypmaxRo Ry —I/\el(l Mola)TF1

30



C Proof of Theorem

We define vector z; = [0 ,w/]T and 2* = [0*7,07]T, convex set X = {z|30 22 <
RZ% and Z?idﬂ z? < R2} and the projection operator Il x (z) = argmin,,...c x ||z — 2'||2. We
also define
At Bt bt
G, = y = ’
! { nA: 0By } g [ nbe
and

A B b
GZ[??A HB]’ g:[nb]'

Then, we can rewrite the update of (I)-(2)
Ty = Hx (20 + i (Grae + g1)). (71)

We define h(z¢,O;) = Gyt + g; and h(x;) = Gay + g. Then, for the recursion of z; in (7T)), for
any ¢ > 0, we have

lwse1 — x*||§ = |[IIx (@ + ah(zy, Oy)) — x*Hg
= |x (2 + ceh(e, Oy)) — Tx (z*)]I3
<z — &* + iz, O3
= [lwe — 2|1 + 20 (A(zs, Or), 24 — ™) + aF ||h(we, O[5
= |lz — 2* |13 + 204 (h(@e), 21 — &%) + 20 (h(wr, Or) — h(wy), w0 — 2%) + of | h(ze, On)l3
= (1= ag|Ao]) [z — 2*)13 + 204Cn (@, Op) + o [|h(ze, Oy) |3, (72)

where \; = Anax (G + G 1), and A, < 0 as shown in [17]. Then, consider the update in any block
s > 0. Taking expectation on both sides conditional on the filtration F5_; up to block s — 1 and
telescoping (71)) yield that

Ellzs — @[5 [Fomr] < (1= Jag|Ae)”™ l2s1 — 2"

Ts
+ 205 Z(l — | X)) TECh (w405 O,y )]
1=1
T, _ ,
+al Z(l — s X )T [P,y Or,y )| - (73)
=1

Following similar steps in the proof for Theorem|[I] we have the following results:

(a) There exist constant C; and C such that [|G¢||, , |G|, < Cq and ||g¢| |9l < Cy.

(b) For all i > 0, ||h(z;, 0;)|l, < Ky, where K}, = Ca/R3 + R2, + C,.

(c) Forall i > 0, |[¢n (i, O5) |y < 4Kp\/R2 + R2.

(d) For all i« > 0 and z,2" € X, |[(h(x,0;) — Cu(a’,0)|ly < Ly ||l — 2’|y, where L, =
4CG\/R2 + R2 + 2K,

(e) Forall i > 0, E[¢,(7,0;)] < as(8Kp\/RE + R2, + Ly Kp 7o)

Then, substituting (e) into , we obtain

N . 2 1
Efllzs — 2 ||§ | Fs—1] < (1+ as)‘x)TS lzs—1 —x ||§ T [A |a5(8Kh \/ RZ + RZ, + LpnKnTa,) + [A ‘astzr
T T

Recall that 7, < logs % + lnfl(%) ln(o%s). Then, we have
1
Efljzs — x*Hg [Fomr] < (14 ashe)™ [Jas1 — x*Hg +C7 maX{as,ln(a—)ash (74

S
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where

2 1

Cr =

>

Since max{as, In(5-)as} < €5-1/(4C7) and (1 + a A;)" < 1/4, we have

1
a

x|

" 1
Ellles — o I3 1Fu-1] < st
After S = [log,(€ep/€)] blocks we have
E0s — 0"l <E|lws — 2[5 <e.

The total iteration complexity is Zle T, = O(Llog ).

32

1
(8Kn\/ R + R2, + Ly, K log, % + LLKp, ln_l(;) + 5 K7).

(75)



