
Supplementary Materials

A Technical Proofs for TDC under Decreasing Stepsize

We present the proof of Theorem 1 in four subsections. Section A.1 provides the proof sketch.
Section A.2 contains the main part of the proof. Section A.3 includes all technical lemmas for the
convergence proof of fast time-scale iteration, and Section A.4 includes all the technical lemmas for
the convergence proof of the slow time-scale iteration.

A.1 Proof Sketch of Theorem 1

Proof Sketch of Theorem 1. The proof consists of four steps as we briefly describe here. The details
are provided in Appendix A.2.

Step 1. Formulate training and tracking error updates. In stead of investigating the convergence of
{θt} and {wt} directly, we substitute zt into the TDC update (1)-(2) and analyze the update of TDC
in terms of {θt} and tracking error {zt}.

Step 2. Derive preliminary bound on E ‖zt‖22. We decompose the mean square tracking error E ‖zt‖22
into an exponentially decaying term, a variance term, a bias term, and a slow drift term, and bound
each term individually. We obtain a preliminary upper bound on E ‖zt‖22 with order O(1/tσ−ν).

Step 3. Recursively refine bound on E ‖zt‖22. By recursively substituting the preliminary bound of
E ‖zt‖22 into the slow drift term, we obtain the refined decay rate E ‖zt‖22 = O(h(σ, ν)).

Step 4. Derive bound on E ‖θt − θ∗‖22. We decompose the training error E ‖θt − θ∗‖22 into an
exponentially decaying term, a variance term, a bias term, and a tracking error term, and bound each
term individually. We then recursively substitute the decay rate of E ‖zt‖22 and E ‖θt − θ∗‖22 into
the tracking error term to obtain an upper bound on the training error with order O(h(σ, ν)1−ε

′
).

Combining each term yields the final bound of E ‖θt − θ∗‖22 in (3).

A.2 Proof of Theorem 1

We provide the proof of Theorem 1 following four steps.

Step 1. Formulation of training error and tracking error update. We define the tracking error vector
zt = wt + C−1(b+Aθt). By substituting zt into (1)-(2), we can rewrite the update rule of TDC in
terms of θt and zt as follows:

θt+1 = ΠRθ (θt + αt(f1(θt, Ot) + g1(zt, Ot))) , (9)

zt+1 = ΠRw

(
zt + βt(f2(θt, Ot) + g2(zt, Ot))− C−1(b+Aθt)

)
+ C−1(b+Aθt+1), (10)

where

f1(θt, Ot) = (At −BtC−1A)θt + (bt −BtC−1b), g1(zt, Ot) = Btzt,

f2(θt, Ot) = (At − CtC−1A)θt + (bt − CtC−1b), g2(zt, Ot) = Ctzt,

with Ot = (st, at, rt, st+1) denoting the observation at time step t. We further define

f̄1(θt) = (A−BC−1A)θt + (b−BC−1b), ḡ1(zt) = Bzt, ḡ2(zt) = Czt.
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Step 2. Derive preliminary bound on E ‖zt‖22. We bound the recursion of the tracking error vector zt
in (10) as follows. For any t ≥ 0, we derive

‖zt+1‖22 =
∥∥ΠRw

(
zt + βt(f2(θt, Ot) + g2(zt, Ot))− C−1(b+Aθt)

)
+ C−1(b+Aθt+1)

∥∥2
2

=
∥∥ΠRw

(
zt + βt(f2(θt, Ot) + g2(zt, Ot))− C−1(b+Aθt)

)
+ ΠRw

(
C−1(b+Aθt+1)

)∥∥2
2

≤
∥∥zt + βt(f2(θt, Ot) + g2(zt, Ot)) + C−1A(θt+1 − θt)

∥∥2
2

= ‖zt‖22 + 2βt〈f2(θt, Ot), zt〉+ 2βt〈g2(zt, Ot), zt〉+ 2〈C−1A(θt+1 − θt), zt〉

+
∥∥βtf2(θt, Ot) + βtg2(zt, Ot) + C−1A(θt+1 − θt)

∥∥2
2

≤ ‖zt‖22 + 2βt〈ḡ2(zt), zt〉+ 2βt〈f2(θt, Ot), zt〉+ 2βt〈g2(zt, Ot)− ḡ2(zt), zt〉
+ 2〈C−1A(θt+1 − θt), zt〉

+ 3β2
t ‖f2(θt, Ot)‖22 + 3β2

t ‖g2(zt, Ot)‖22 + 3
∥∥C−1A(θt+1 − θt)

∥∥2
2

≤ ‖zt‖22 + 2βt〈Czt, zt〉+ 2βt〈f2(θt, Ot), zt〉+ 2βt〈g2(zt, Ot)− ḡ2(zt), zt〉
+ 2〈C−1A(θt+1 − θt), zt〉+ 3β2

t ‖f2(θt, Ot)‖22 + 3β2
t ‖g2(zt, Ot)‖22

+ 3α2
t

∥∥C−1∥∥2
2
‖A‖22 ‖f1(θt, Ot) + g1(zt, Ot)‖22

≤ (1− βt|λw|) ‖zt‖22 + 2βtζf2(θt, zt, Ot) + 2βtζg2(zt, Ot) + 2〈C−1A(θt+1 − θt), zt〉

+ 3β2
tK

2
f2 + 3β2

tK
2
g2 + 6α2

t

∥∥C−1∥∥2
2
‖A‖22 (K2

f1 +K2
g1),

where λmax(2C) ≤ λw < 0, ζf2(θt, zt, Ot) = 〈f2(θt, Ot), zt〉, ζg2(zt, Ot) = 〈g2(zt, Ot) −
ḡ2(zt), zt〉. Kf1 and Kg1 , Kf2 and Kg1 are positive constants, please refer to Lemma 12, 13,
2 and 6 for their definitions. Then, defining Kr1 =

∥∥C−1∥∥
2
‖A‖2 (Kf1 + Kg1) and taking the

expectation over Ft+1 (the filtration up to state st+1) on both sides, we have

E ‖zt+1‖22 ≤ (1− βt|λw|)E ‖zt‖22 + 2βtE[ζf2(θt, zt, Ot)] + 2βtE[ζg2(zt, Ot)]

+ 2E〈C−1A(θt+1 − θt), zt〉+ 3β2
tK

2
f2 + 3β2

tK
2
g2 + 6α2

tK
2
r1 . (11)

From the definition of βt, |βt| ≤ cβ for all t ≥ 0. If cβ |λw| < 1, then we have 0 < 1− βt|λw| < 1.
Telescoping the above inequality yields that

E ‖zt+1‖22 ≤

[
t∏
i=0

(1− βi|λw|)

]
‖z0‖22

+ 2

t∑
i=0

[
t∏

k=i+1

(1− βk|λw|)

]
βi[ζf2(θi, zi, Oi)]

+ 2

t∑
i=0

[
t∏

k=i+1

(1− βk|λw|)

]
βi[ζg2(zi, Oi)]

+ 2

t∑
i=0

[
t∏

k=i+1

(1− βk|λw|)

]
E〈C−1A(θi+1 − θi), zi〉

+ 3(K2
f2 +K2

g2)

t∑
i=0

[
t∏

k=i+1

(1− βk|λw|)

]
β2
i + 6K2

r1

t∑
i=0

[
t∏

k=i+1

(1− βk|λw|)

]
α2
i .

(12)
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Since 1− βi|λw| ≤ e−βi|λw| and using the fact that (1 + i)−ν ≥ (1 + i)−σ for all i ≥ 0, we have

E ‖zt+1‖22 ≤ e
−|λw|

∑t
i=0 βi ‖z0‖22 (13)

+ 2

t∑
i=0

e−|λw|
∑t
k=i+1 βkβiE[ζf2(θi, zi, Oi)] (14)

+ 2

t∑
i=0

e−|λw|
∑t
k=i+1 βkβiE[ζg2(zi, Oi)] (15)

+ 2

t∑
i=0

e−|λw|
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉 (16)

+ 3 max{1, c
2
α

c2β
}(K2

f2 +K2
g2 + 3K2

r1)

t∑
i=0

e−|λw|
∑t
k=i+1 βkβ2

i . (17)

The first term (13) captures how fast the tracking error vector zt converges to the neighborhood of
zero, the second term (14) and third term (15) are the accumulative bias term induced by the biased
gradient estimator f2(θt, Ot) and g2(zt, Ot) respectively, the forth term (16) is the accumulative error
caused by the slow drift, and the last term (17) is the accumulative variance. Combining Lemma 5,
Lemma 9, Lemma 10 and applying Lemma 1 to the above upper bound, we obtain

E ‖zt+1‖22

≤ e
−|λw|cβ

1−ν [(1+t)1−ν−1] ‖z0‖22 + 8(RwKf2 + 2RwKg2)
e|λw|cβ

|λw|
cβ

(1 + t)ν

+ 2cβ [Kr3 + Lg2,zKr2 ]τβ
e|λw|cβ

|λw|
e
−|λw|cβ

1−ν [(1+t)ν−(1+τβ)ν ]

+ 4(Kr3 + Lg2,zKr2)τβ
e|λw|cβ/2

|λw|
(e
−|λw|cβ
2(1−ν) [(t+1)1−ν−1]D11{τβ+1<id1} + βt−τβ )

+
4cα(1 + γ)ρmax

cβλcm
RθRw

2e|λw|cβ/2

|λw|

(
e
−|λw|cβ
2(1−ν) [(1+t)1−ν−1]D2 +

1

(1 + t)σ−ν

)
+ 3 max

{
1,
c2α
c2β

}
(K2

f2 +K2
g2 +K2

r1)
2cβe

|λw|cβ/2

|λw|
(e
−|λw|cβ
2(1−ν) [(t+1)1−ν−1]D3 + βt) (18)

Where, D3 = e(|λw|cβ/2)
∑id3
k=0 βk , with id3 = (

|λw|cβ
2ν )

1
1−ν , and τβ = min{i ∈ N|mρi ≤ βt}.

Step 3. Recursively refine bound on E ‖zt‖22. By applying Lemma 11, we have

E ‖zt‖22 ≤ O
( log t

tν

)
+O(h(σ, ν)),

where

h(σ, ν) =

{
1
tν , σ > 1.5ν,

1
t2(σ−ν)−ε

. ν < σ ≤ 1.5ν,

where ε ∈ (0, σ − ν] can be any small constant.
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Step 4. Derive bound on E ‖θt − θ∗‖22. For the recursion of θt in (9), for any t ≥ 0,

‖θt+1 − θ∗‖22 = ‖ΠRθ (θt + αt(f1(θt, Ot) + g1(zt, Ot)))− θ∗‖22
= ‖ΠRθ (θt + αt(f1(θt, Ot) + g1(zt, Ot)))−ΠRθθ

∗‖22
≤ ‖θt − θ∗ + αt(f1(θt, Ot) + g1(zt, Ot))‖22
= ‖θt − θ∗‖22 + 2αt〈f1(θt, Ot), θt − θ∗〉+ 2αt〈g1(zt, Ot), θt − θ∗〉

+ α2
t ‖f1(θt, Ot) + g1(zt, Ot)‖22

≤ ‖θt − θ∗‖22 + 2αt〈f̄1(θt), θt − θ∗〉+ 2αt〈f1(θt, Ot)− f̄1(θt), θt − θ∗〉
+ 2αt〈g1(zt, Ot), θt − θ∗〉+ 2α2

t ‖f1(θt, Ot)‖22 + 2α2
t ‖g1(zt, Ot)‖22

≤ ‖θt − θ∗‖22 + 2αt〈(A>C−1A)(θt − θ∗), θt − θ∗〉+ 2αt〈f1(θt, Ot)− f̄1(θt), θt − θ∗〉
+ 2αt〈g1(zt, Ot), θt − θ∗〉+ 2α2

t ‖f1(θt, Ot)‖22 + 2α2
t ‖g1(zt, Ot)‖22

≤ (1− αt|λθ|) ‖θt − θ∗‖22 + 2αtζf1(θt, Ot) + 2αt〈Btzt, θt − θ∗〉 (19)

+ 2α2
t ‖f1(θt, Ot)‖22 + 2α2

t ‖g1(zt, Ot)‖22 ,

where 2λmax(A>C−1A) ≤ λθ < 0 and ζf1(θt, Ot) = 〈f1(θt, Ot)− f̄1(θt), θt − θ∗〉.
First consider the case when 0 < ν < σ < 1. Telescoping the above inequality and taking the
expectation over Ft+1 on both sides yield that

E ‖θt+1 − θ∗‖22 ≤

[
t∏
i=0

(1− αi|λθ|)

]
‖θ0 − θ∗‖22

+ 2

t∑
i=0

[
t∏

k=i+1

(1− αi|λθ|)

]
αiEζf1(θi, Oi)

+ 2

t∑
i=0

[
t∏

k=i+1

(1− αi|λθ|)

]
αiE〈Bizi, θi − θ∗〉

+ 2(K2
f1 +K2

g1)

t∑
i=0

[
t∏

k=i+1

(1− αi|λθ|)

]
α2
i . (20)

Then following steps that are similar to (14)-(17), we obtain

E ‖θt+1 − θ∗‖22 ≤ e
−|λθ|

∑t
i=0 αi ‖θ0 − θ∗‖22 (21)

+ 2

t∑
i=0

e−|λθ|
∑t
k=i+1 αkαiE[ζf1(θi, Oi)] (22)

+ 2

t∑
i=0

e−|λθ|
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] (23)

+ 2(K2
f1 +K2

g1)

t∑
i=0

e−|λθ|
∑t
k=i+1 αkα2

i . (24)

Similarly, the first term (21) captures how fast θt converges to the neighborhood of θ∗, the second
term (22) represents the accumulative bias induced by the biased gradient estimator f1(θt, Ot), the
third term (23) represents the accumulative error caused by imperfect tracking of wt, and the last term
(24) captures the accumulative variance. Combining Lemma 16, Lemma 18 and applying Lemma 1
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to the above upper bound, we obtain

E ‖θt+1 − θ∗‖22 ≤ e
−|λθ|cα

1−σ [(1+t)1−σ−1] ‖θ0 − θ∗‖22

+ 2cαLf1,θ(Kf1 +Kg1)τα
e|λθ|cα

|λθ|
e
−|λθ|cα

1−σ [(1+t)σ−(1+τσ)σ] + 16RθKf1

e|λθ|cα

|λθ|
cα

(1 + t)σ

+ 2Lf1,θ(Kf1 +Kg1)τα
2e|λθ|cα/2

|λθ|
(e
−|λθ|cα
2(1−σ) [(t+1)1−σ−1]D41{τα+1<iα} + αt−τα)

+ 2(K2
f1 +K2

g1)
2cαe

|λθ|cα/2

|λθ|
(e
−|λθ|cα
2(1−σ) [(t+1)1−σ−1]D4 + αt)

+O(
log t

tν
+ h(σ, ν))1−ε

′
, (25)

where ε′ ∈ (0, 0.5] can be any small constant, D4 = e(|λθ|cα/2)
∑id4
k=0 αk , id4 = ( |λθ|cα2σ )

1
1−σ and

τα = min{i ∈ N|mρi ≤ αt}.
If σ = 1, choosing the stepsize αt = 1

|λθ|(1+t) , starting from (19) and applying Lemma 12 and
Lemma 13, we have

‖θt+1 − θ∗‖22 ≤ (1− 1

1 + t
) ‖θt − θ∗‖22 +

2

|λθ|(1 + t)
ζf1(θt, Ot) +

2

|λθ|(1 + t)
〈Btzt, θt − θ∗〉

+
2

λ2θ(1 + t)2
(K2

f1 +K2
g1),

which further implies that

(1 + t) ‖θt+1 − θ∗‖22 − t ‖θt − θ
∗‖22

≤ 2

|λθ|
ζf1(θt, Ot) +

2

|λθ|
〈Btzt, θt − θ∗〉+

2(K2
f1

+K2
g1)

λ2θ

1

1 + t
. (26)

Applying (26) recursively and taking the expectation over Ft+1 on both sides yields that

E ‖θt+1 − θ∗‖22

≤ 2

|λθ|(1 + t)

t∑
i=0

Eζf1(θi, Oi) +
2

|λθ|(1 + t)

t∑
i=0

E〈Bizi, θi − θ∗〉+
2(K2

f1
+K2

g1)

λ2θ(1 + t)

t∑
i=0

1

1 + i
.

(27)

Then applying Lemma 19 and Lemma 21, we obtain

E ‖θt+1 − θ∗‖22 ≤
4Lf1,θ(Kf1 +Kg1)

λ2θ

τ2α
1 + t

+
16RθKf1

λ2θ(1 + t)
+

2Lf1,θ(Kf1 +Kg1)

|λθ|
τα log(1 + t)

1 + t

+
2(K2

f1
+K2

g1)

λ2θ

1 + log(1 + t)

1 + t
+O(

log t

tν
+ h(1, ν))1−ε

′
. (28)

A.3 Technical Lemmas for Convergence Proof of Fast Time-scale Iteration

Lemma 1. Let p < 0, 0 < q < 1, then for every integer t ≥ 0,

t∑
i=0

ep
∑t
k=i+1(1+k)

−q 1

(1 + i)2q
≤ 2e|p|/2

|p|

[
Dpe

p/2
∑t
k=0(1+k)

−q
+

1

(1 + t)q

]
,

where Dp = e|p|/2
∑ip
k=0(1+k)

−q
, with ip denoting a constant larger than (|p|/2q)1/(1−q).

Proof. For detailed proof of Lemma 1 please refer to Theorem 4.3 in [7].

In order to bound the accumulated bias terms (14) and (15), we prove the following lemmas.
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Lemma 2. For any θ ∈ Rd such that ‖θ‖2 ≤ Rθ, ‖f2(θ,Oi)‖2 ≤ Kf2 for any i ≥ 0, where
Kf2 <∞ is a bounded positive constant indepedent of θ and w.

Proof. By the definition of f2(θ,Oi), and denoting λcm = min |λ(C)|, we obtain
||f2(θ,Oi)|| =

∥∥(Ai − CiC−1A)θ + (bi − CiC−1b)
∥∥
2

≤
∥∥(Ai − CiC−1A)θ

∥∥
2

+
∥∥(bi − CiC−1b)

∥∥
2

≤ (‖Ai‖2 + ‖Ci‖2
∥∥C−1∥∥

2
‖A‖2) ‖θ‖2 + ‖bi‖2 + ‖Ci‖2

∥∥C−1∥∥
2
‖b‖2

≤
[
(1 + γ)ρmax +

1

λcm
(1 + γ)ρmax

]
Rθ + ρmaxrmax +

1

λcm
ρmaxrmax

, Kf2 .

Lemma 3. For all θ ∈ Rd such that ‖θ‖2 ≤ Rθ and all z ∈ Rd such that ‖z‖2 ≤ Rw, for all
i ≥ 0, (a) ‖ζf2(θ, z, Oi)‖2 ≤ 4RwKf2 ; (b) |ζf2(θ1, z1, Oi)− ζf2(θ2, z2, Oi)| ≤ Lf2,θ ‖θ1 − θ2‖2 +
Lf2,z ‖z1 − z2‖2.

Proof. For (a), by the defination we have ‖ζf2(θ, z, Oi)‖2 = ‖〈f2(θt, Ot), zt〉‖2 ≤
‖f2(θ,Oi)‖2 ‖z‖2 ≤ 2RwKf2 .

For (b), we derive the bound as follows
|ζf2(θ1, z1, Oi)− ζf2(θ2, z2, Oi)| = |〈f2(θ1, Oi), z1〉 − 〈f2(θ2, Oi), z2〉|

≤ ‖z1‖2 ‖f2(θ1, Oi)− f2(θ2, Oi)‖2 + ‖f2(θ2, Oi)‖2 ‖z1 − z2‖2
≤ 2Rw

∥∥(At − CtC−1A)(θ1 − θ2)
∥∥
2

+ 2Kf2 ‖z1 − z2‖2

≤ 2Rw

[
(1 + γ)ρmax +

1

λcm
(1 + γ)ρmax

]
‖θ1 − θ2‖2 + 2Kf2 ‖z1 − z2‖2

≤ Lf2,θ ‖θ1 − θ2‖2 + Lf2,z ‖z1 − z2‖2 .

Lemma 4. Let Kr3 = [max{1, cα/cβ}Lf2,θ(Kf1 + Kg1) + Lf2,zKr2 ]. Then for i ≤ τβ ,
E[ζf2(θi, zi, Oi)] ≤ cβKr3τβ; and for i > τβ , E[ζf2(θi, zi, Oi)] ≤ 8RwKf2βi +Kr3τββi−τβ .

Proof. Note that for any i ≥ 0,
‖θi+1 − θi‖2 = ‖ΠRθ (θi + αi(f1(θi, Oi) + g1(zi, Oi)))−ΠRθθi‖2

≤ ‖θi + αi(f1(θi, Oi) + g1(zi, Oi))− θi‖2
≤ αi ‖f1(θi, Oi) + g1(zi, Oi)‖2
≤ αi(Kf1 +Kg1).

Furthermore,
‖zi+1 − zi‖2
=
∥∥ΠRw

(
zi + βi(f2(θi, Oi) + g2(zi, Oi))− C−1(b+Aθi)

)
+ C−1(b+Aθi+1)− zi

∥∥
2

=
∥∥ΠRw

(
zi + βi(f2(θi, Oi) + g2(zi, Oi))− C−1(b+Aθi)

)
+ C−1(b+Aθi)− zi + C−1A(θi+1 − θi)

∥∥
2

=
∥∥ΠRw

(
zi + βi(f2(θi, Oi) + g2(zi, Oi))− C−1(b+Aθi)

)
−ΠRw

[
zi − C−1(b+Aθi)

]
+ C−1A(θi+1 − θi)

∥∥
2

≤
∥∥ΠRw

(
zi + βi(f2(θi, Oi) + g2(zi, Oi))− C−1(b+Aθi)

)
−ΠRw

[
zi − C−1(b+Aθi)

]∥∥
2

+
∥∥C−1A(θi+1 − θi)

∥∥
2

≤
∥∥(zi + βi(f2(θi, Oi) + g2(zi, Oi))− C−1(b+Aθi)

)
−
[
zi − C−1(b+Aθi)

]∥∥
2

+
∥∥C−1A(θi+1 − θi)

∥∥
2

= βi ‖f2(θi, Oi) + g2(zi, Oi)‖2 +
∥∥C−1A(θi+1 − θi)

∥∥
2

≤ βi(Kf2 +Kg2) + αi
∥∥C−1∥∥

2
‖A‖2 (Kf1 +Kg1)

≤ βi(Kf2 +Kg2 + max{1, cα
cβ
} (1 + γ)ρmax

λcm
(Kf1 +Kg1))

= βiKr2 (29)
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where Kr2 , Kf2 +Kg2 + max{1, cαcβ }
(1+γ)ρmax

λcm
(Kf1 +Kg1). Applying the Lipschitz continuous

property in Lemma 3, it follows that
|ζf2(θi, zi, Oi)− ζf2(θi−τ , zi−τ , Oi)| ≤ Lf2,θ ‖θi − θi−τ‖2 + Lf2,z ‖zi − zi−τ‖2

≤ Lf2,θ(Kf1 +Kg1)

i−1∑
k=i−τ

αk + Lf2,zKr2

i−1∑
k=i−τ

βk.

The next step is to provide an upper bound for E[ζf2(θi−τ , zi−τ , Oi)]. We further define an indepen-
dent (θ′i−τ , z

′
i−τ ) and O′i = (s′i, a

′
i, r
′
i, s
′
i+1) that has the same marginal distribution as (θi−τ , zi−τ )

and Oi. It is clear that E[ζf2(θ′i−τ , z
′
i−τ , O

′
i)] = 0. Note that the following Markov chain holds

(θi−τ , zi−τ )→ si−τ → si → Oi.

Since ‖ζf2(θ, z, Oi)‖2 ≤ 4RwKf2 for all θ, z ∈ Rd, by Lemma 3, applying Lemma 10 in [3] yields

E[ζf2(θi−τ , zi−τ , Oi)] ≤ |E[ζf2(θi−τ , zi−τ , Oi)]− E[ζf2(θ′i−τ , z
′
i−τ , O

′
i)]| ≤ 8RwKf2mρ

τ .

Recall that τβ = min{i ≥ 0 : mρi ≤ βt}. For i ≤ τβ , it follows that

E[ζf2(θi, zi, Oi)] ≤ E[ζf2(θ0, z0, Oi)] + Lf2,θ(Kf1 +Kg1)

i−1∑
k=0

αk + Lf2,zKr2

i−1∑
k=0

βk

≤ Lf2,θ(Kf1 +Kg1)iα0 + Lf2,zKr2iβ0

≤ cβ [max{1, cα
cβ
}Lf2,θ(Kf1 +Kg1) + Lf2,zKr2 ]τβ

≤ cβKr3τβ .

For i > τβ , it follows that

E[ζf2(θi, zi, Oi)] ≤ E[ζf2(θi−τβ , zi−τβ , Oi)] + Lf2,θ(Kf1 +Kg1)

i−1∑
k=i−τβ

αk + Lf2,zKr2

i−1∑
k=i−τβ

βk

≤ 8RwKf2mρ
τβ + Lf2,θ(Kf1 +Kg1)τβαi−τβ + Lf2,zKr2τββi−τβ

≤ 8RwKf2βt + [max{1, cα
cβ
}Lf2,θ(Kf1 +Kg1) + Lf2,zKr2 ]τββi−τβ

= 8RwKf2βt +Kr3τββi−τβ .

Lemma 5. Fix 0 < ν < 1, and let βt = cβ/(1 + t)ν . Then
t∑
i=0

eλw
∑t
k=i+1 βkβiE[ζf2(θi, zi, Oi)]

≤ cβKr3τβ
e−λwcβ

−λw
e
λwcβ
1−ν [(1+t)ν−(1+τβ)ν ] + 8RwKf2

e−λwcβ

−λw
cβ

(1 + t)ν

+ 2Kr3τβ
e−λwcβ/2

−λw
(e
−λwcβ
2(1−ν) [(t+1)1−ν−1]D11{τβ+1<id1} + βt−τβ ),

where D1 = cβ maxi∈[0,id1 ]{e
−(λw/2)

∑i
k=0 βk} and id1 = ( −2νλwcβ

)
1

1−ν .

Proof. Applying Lemma 4, it follows that
t∑
i=0

eλw
∑t
k=i+1 βkβiE[ζf2(θi, zi, Oi)]

≤ cβKr3τβ

τβ∑
i=0

eλw
∑t
k=i+1 βkβi + 8RwKf2βt

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi

+Kr3τβ

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi−τββi. (30)
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For the first term in (30), we have

τβ∑
i=0

eλw
∑t
k=i+1 βkβi ≤ max

i≥0
{e−λwβi}

τβ∑
i=0

eλw
∑t
k=i βkβi

= e−λwcβ
τβ∑
i=0

eλw(Tt+1−Ti)βi

≤ e−λwcβ
∫ Tτβ+1

0

eλw(Tt+1−s)ds

≤ e−λwcβ

−λw
eλw(Tt+1−Tτβ+1)

≤ e−λwcβ

−λw
e
λwcβ

∑t
k=τβ

1/(1+k)−ν

=
e−λwcβ

−λw
e
λwcβ
1−ν [(1+t)ν−(1+τβ)ν ], (31)

where Tn =
∑n−1
k=0 βk. For the second term in (30), we have

βt

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi ≤ max

i≥0
{e−λwβi}βt

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi

≤ e−λwcββt
t∑

i=τβ+1

eλw(Tt+1−Ti)βi

≤ e−λwcββt
∫ Tt+1

Tτβ+1

eλw(Tt+1−s)ds

=
e−λwcβ

−λw
βt

(
1− eλw(Tt+1−Tτβ+1)

)
≤ e−λwcβ

−λw
cβ

(1 + t)ν
. (32)

For the third term in (30), we have

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi−τββi ≤ max

i∈[τβ+1,t]
{e(λw/2)

∑t
k=i+1 βkβi−τβ}

t∑
i=τβ+1

e(λw/2)
∑t
k=i+1 βkβi

≤ max
i∈[τβ+1,t]

{e(λw/2)
∑t
k=i+1 βkβi−τβ}

2e−λwcβ/2

−λw
. (33)

To bound (33), we define yi = e(λw/2)
∑t
k=i+1 βkβi−τβ , and then we have

yi+1

yi
= e−(λw/2)βi+1

(
1− 1

2 + i− τβ

)ν
.

If i ≥ id1 and τβ + 1 > id1 , then yi+1

yi
≥ 1 for all i ∈ [τβ + 1, t]. Thus

max
i∈[τβ+1,t]

{e(λw/2)
∑t
k=i+1 βkβi−τβ} = βt−τβ . (34)
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If τβ + 1 < id1 , then

max
i∈[τβ+1,t]

{e(λw/2)
∑t
k=i+1 βkβi−τβ}

≤ max
i∈[τβ+1,id1 ]

{e(λw/2)
∑t
k=i+1 βkβi−τβ}+ max

i∈[id1+1,t]
{e(λw/2)

∑t
k=i+1 βkβi−τβ}

≤ e(λw/2)
∑t
k=0 βk max

i∈[τβ+1,id1 ]
{e−(λw/2)

∑i
k=0 βkβi−τβ}+ βt−τβ

≤ e(λw/2)
∑t
k=0 βk max

i∈[0,id1 ]
{e−(λw/2)

∑i
k=0 βkβ0}+ βt−τβ

≤ e
λwcβ
2(1−ν) [(t+1)1−ν−1]D1 + βt−τβ . (35)

Combining (34) and (35) and substituting into (33), we have

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi−τββi ≤

2e−λwcβ/2

−λw
(e

λwcβ
2(1−ν) [(t+1)1−ν−1]D11{τβ+1<iβ} + βt−τβ ). (36)

Finally, (36), (32), and (35) imply that

t∑
i=0

eλw
∑t
k=i+1 βkβiE[ζf2(θi, zi, Oi)]

≤ [cαLf2,θ(Kf1 +Kg1) + cβLf2,zKr2 ]τβ
e−λwcβ

−λw
e
λwcβ
1−ν [(1+t)ν−(1+τβ)ν ] (37)

+ 4RwKf2

e−λwcβ

−λw
cβ

(1 + t)ν
+ 2Kr3τβ

e−λwcβ/2

−λw
(e
−λwcβ
2(1−ν) [(t+1)1−ν−1]D11{τβ+1<id1} + βt−τβ ).

(38)

Lemma 6. For any z ∈ Rd such that ‖z‖2 ≤ Rw, ‖g2(z,Oi)‖2 ≤ Kg2 for any i ≥ 0.

Proof. By the definition of g2(z,Ot), we obtain

‖g2(z,Oi)‖2 = ‖Cizi‖2 ≤ ‖Ci‖2 ‖zi‖2 ≤ 2Rw ≤ Kg2 .

Lemma 7. For all z ∈ Rd such that ‖z‖2 ≤ Rw, we have for all i ≥ 0, (1) ‖ζg2(z,Oi)‖2 ≤
4RwKg2 ; (2) |ζg2(z1, Oi)− ζg2(z2, Oi)| ≤ Lg2,z ‖z1 − z2‖2.

Proof. For (1), by the defination of ζg2(z,Oi), we have ‖ζg2(zi, Oi)‖2 =
‖〈g2(zt, Ot)− ḡ2(zt), zt〉‖2 ≤ (‖g2(θi, Oi)‖2 + ‖ḡ2(θi)‖2) ‖zi‖2 ≤ 4RwKg2 . For (2), we
derive the bound as follows.

|ζg2(z1, Oi)− ζg2(z2, Oi)|
= |〈g2(z1, Oi)− ḡ2(z1), z1〉+ 〈g2(z2, Oi)− ḡ2(z2), z2〉|
≤ ‖z1‖2 ‖g2(z1, Oi)− ḡ2(z1)− g2(z2, Oi) + ḡ2(z2)‖2 + ‖g2(z2, Oi)− ḡ2(z2)‖2 ‖z1 − z2‖2
= ‖z1‖2 ‖(Ci − C)(z1 − z2)‖2 + ‖g2(z2, Oi)− ḡ2(z2)‖2 ‖z1 − z2‖2
≤ 2Rw(‖Ci‖2 + ‖C‖2) ‖z1 − z2‖2 + 2Kg2 ‖z1 − z2‖2
≤ 4Rw ‖z1 − z2‖2 + 2Kg2 ‖z1 − z2‖2
≤ Lg2,z ‖z1 − z2‖2 .

Lemma 8. For i ≤ τβ , E[ζg2(zi, Oi)] ≤ cβLg2,zKr2τβ; and for i > τβ , E[ζg2(zi, Oi)] ≤
8RwKg2βt + Lg2,zKr2τββi−τβ .
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Proof. Applying the Lipschitz continuous property of ζg2(z,Oi) and the inequality (29) in Lemma 4,
it follows that

|ζg2(zi, Oi)− ζg2(zi−τ , Oi)| ≤ Lg2,z ‖zi − zi−τ‖2 ≤ Lg2,zKr2

i−1∑
k=i−τ

βk.

Then we need to provide an upper bound for E[ζg2(zi−τ , Oi)]. We further define an independent
z′i−τ and O′i = (s′i, a

′
i, r
′
i, s
′
i+1) which have the same marginal distribution as zi−τ and Oi. Using

Lemma 7 and following the steps similar to those in Lemma 4, we obtain

E[ζg2(zi−τ , Oi)] ≤ |E[ζg2(zi−τ , Oi)]− E[ζf2(z′i−τ , O
′
i)]| ≤ 8RwKg2mρ

τ .

For i ≤ τβ , it follows that

E[ζg2(zi, Oi)] ≤ E[ζg2(z0, Oi)] + Lg2,zKr2

i−1∑
k=0

βk ≤ Lg2,zKr2iβ0 ≤ cβLg2,zKr2τβ .

For i > τβ , it follows that

E[ζg2(zi, Oi)] ≤ E[ζg2(zi−τβ , Oi)] + Lg2,zKr2

i−1∑
k=i−τβ

βk

≤ 8RwKg2mρ
τβ + Lg2,zKr2τββi−τβ

≤ 8RwKg2βt + Lg2,zKr2τββi−τβ .

Lemma 9. Fix 0 < ν < 1, and let βt = cβ/(1 + t)ν . Then
t∑
i=0

eλw
∑t
k=i+1 βkβiE[ζg2(zi, Oi)]

≤ cβLg2,zKr2τβ
e−λwcβ

−λw
e
λwcβ
1−ν [(1+t)ν−(1+τβ)ν ] + 8RwKg2

e−λwcβ

−λw
cβ

(1 + t)ν

+ 2Lg2,zKr2τβ
e−λwcβ/2

−λw
(e

λwcβ
2(1−ν) [(t+1)1−ν−1]D11{τβ+1<id1} + βt−τβ ).

where D1 = cβ maxi∈[0,id1 ]{e
−(λw/2)

∑i
k=0 βk} and id1 = ( −2νλwcβ

)
1

1−ν .

Proof. Applying Lemma 8, it follows that
t∑
i=0

eλw
∑t
k=i+1 βkβiE[ζg2(zi, Oi)]

≤ cβLg2,zKr2τβ

τβ∑
i=0

eλw
∑t
k=i+1 βkβi + 8RwKg2βt

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi

+ Lg2,zKr2τβ

t∑
i=τβ+1

eλw
∑t
k=i+1 βkβi−τββi.

Following steps similar to those in (30)-(37), we have the desired result.

Lemma 10. For given 0 < ν < σ < 1, let βt = cβ/(1 + t)ν and αt = cα/(1 + t)σ . Then
t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉

≤ 2cα(1 + γ)ρmax

cβλcm
Rw(Kf1 +Kg1)

2e−λwcβ/2

−λw

(
e
λwcβ
2(1−ν) [(1+t)

1−ν−1]D2 +
1

(1 + t)σ−ν

)
,

where D2 = maxi∈[0,id2 ]{e
−(λw/2)

∑i
k=0 βk 1

(1+i)σ−ν } and id2 = (−2(σ−ν)λwcβ
)

1
1−ν .
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Proof. Applying Lemmas 13 and 12, it follows that

t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉

≤
t∑
i=0

eλw
∑t
k=i+1 βkE

[∥∥C−1∥∥
2
‖A‖2 ‖θi+1 − θi‖2 ‖zi‖2

]
≤ 2

∥∥C−1∥∥
2
‖A‖2Rw(Kf1 +Kg1)

t∑
i=0

eλw
∑t
k=i+1 βkαi

≤ 2(1 + γ)ρmax

λcm
Rw(Kf1 +Kg1)

t∑
i=0

eλw
∑t
k=i+1 βkβi

αi
βi

≤ 2cα(1 + γ)ρmax

cβλcm
Rw(Kf1 +Kg1) max

i∈[0,t]
{e(λw/2)

∑t
k=i+1 βk

1

(1 + i)σ−ν
}

t∑
i=0

e(λw/2)
∑t
k=i+1 βkβi

≤ 2cα(1 + γ)ρmax

cβλcm
Rw(Kf1 +Kg1)

2e−λwcβ/2

−λw

(
e
λwcβ
2(1−ν) [(1+t)

1−ν−1]D2 +
1

(1 + t)σ−ν

)
. (39)

Based on (39), we follow similar steps in Theroem 4.3 [7] and obtain the following upper bound

t∑
i=0

e(λw/2)
∑t
k=i+1 βkβi ≤

2e−λwCβ/2

−λw
, (40)

and

max
i∈[0,t]

{e(λw/2)
∑t
k=i+1 βk

1

(1 + i)σ−ν
} ≤ e

λwcβ
2(1−ν) [(1+t)

1−ν−1]D2 +
1

(1 + t)σ−ν
, (41)

where D2 = maxi∈[0,id2 ]{e
−(λw/2)

∑i
k=0 βk 1

(1+i)σ−ν } and id2 = (−2(σ−ν)λwcβ
)

1
1−ν .

Lemma 11. Suppose (18) holds. If σ > 3
2ν, we have

t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉 = O

(
1

tν

)
,

amd if ν < σ ≤ 3
2ν, we have

t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉 = O

(
1

t2(σ−ν)−ε

)
,

where ε is any constant in (0, σ − ν].

Proof. If σ ≥ 2ν, (10) implies that

t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉 = O

(
1

(1 + t)ν

)
.

If σ ≤ 2ν, it follows that E ‖zt‖22 = O( 1
tσ−ν ). Hence there exists a constant 0 < C <∞ and T > 0

such that

E ‖zt‖22 ≤ 4R2
w for all 0 ≤ t ≤ T, (42)

E ‖zt‖22 ≤
C

(1 + t)(σ−ν)
for all t > T. (43)
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Then, substituting (42) and (43) into (16), we have

t∑
i=0

eλw
∑t
k=i+1 βkE〈C−1A(θi+1 − θi), zi〉 (44)

≤
∥∥C−1∥∥

2
‖A‖2 (Kf1 +Kg1)

t∑
i=0

eλw
∑t
k=i+1 βkαi

√
E ‖zi‖22 (45)

≤ (1 + γ)ρmax

λcm
(Kf1 +Kg1)

( T∑
i=0

eλw
∑t
k=i+1 βkαi

√
E ‖zi‖22 +

t∑
i=T+1

eλw
∑t
k=i+1 βkαi

√
E ‖zi‖22

)
(46)

≤ cα(1 + γ)ρmax

cβλcm
(Kf1 +Kg1)

(
2Rw

T∑
i=0

eλw
∑t
k=i+1 βkβi

1

(1 + i)(σ−ν)

+ C

t∑
i=T+1

eλw
∑t
k=i+1 βkβi

1

(1 + i)1.5(σ−ν)

)
. (47)

Here, we follow similar steps in (31) and (33)-(36) to get

T∑
i=0

eλw
∑t
k=i+1 βkβi

1

(1 + i)(σ−ν)
≤

T∑
i=0

eλw
∑t
k=i+1 βkβi ≤

e−λwcβ

−λw
e
λwcβ
1−ν [(1+t)ν−(1+T )ν ],

and
t∑

i=T+1

eλw
∑t
k=i+1 βkβi

1

(1 + i)1.5(σ−ν)
≤ 2e−λwCβ/2

−λw

(
e
λwcβ
2(1−ν) [(1+t)

1−ν−1]D +
1

(1 + t)1.5(σ−ν)

)
,

where D = maxi∈[0,id]{e−(λw/2)
∑i
k=0 βk 1

(1+i)1.5(σ−ν)
} and id = (−3(σ−ν)λwcβ

)
1

1−ν .

It follows that
t∑
i=0

eλw
∑t
k=i+1 βkαiE〈C−1A(θi+1 − θi), zi〉 = O

(
1

t1.5(σ−ν)

)
.

If 3
2ν < σ ≤ 2ν, we have E ‖zt‖22 = O

(
1

t1.5(σ−ν)

)
. Then, by following the similar steps in (42)-(47),

we have
t∑
i=0

eλw
∑t
k=i+1 βkαiE〈C−1A(θi+1 − θi), zi〉 = O

(
1

t1.75(σ−ν)

)
,

and E ‖zt‖22 = O
(

1
t1.75(σ−ν)

)
. Then we repeat the steps (42)-(47) for a total number N =

d− log2(2− ν
σ−ν )e of times, we have

t∑
i=0

eλw
∑t
k=i+1 βkαiE〈C−1A(θi+1 − θi), zi〉 = O

(
1

t(2−2−N )(σ−ν)

)
= O

(
1

(1 + t)ν

)
.

Since (2− 2−N )(σ − ν) > ν, we have E ‖zt‖22 = O( log t
tν ) +O( 1

tν ).

If ν < σ ≤ 3
2ν, then we repeat steps (42)-(47) for a total number N = dlog2(σ−νε )e of times, we

have
t∑
i=0

eλw
∑t
k=i+1 βkαiE〈C−1A(θi+1 − θi), zi〉 = O

(
1

(1 + t)2(σ−ν)−ε

)
.
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A.4 Technical Lemmas for Convergence Proof of Slow Time-scale Iteration

In this subsection, we obtain the following properties for the slow time-scale.
Lemma 12. For any θ ∈ Rd such that ‖θ‖2 ≤ Rθ, ‖f1(θ,Oi)‖2 ≤ Kf1 for any i ≥ 0, where
Kf1 <∞ is a bounded constant indepedent of θ and w.

Proof. By the definition of f1(θ,Oi), and denoting λcm = min |λ(C)|, we obtain

||f1(θ,Oi)|| =
∥∥(Ai −BiC−1A)θ + (bi −BiC−1b)

∥∥
2

≤
∥∥(Ai −BiC−1A)θ

∥∥
2

+
∥∥(bi −BiC−1b)

∥∥
2

≤ (‖Ai‖2 + ‖Bi‖2
∥∥C−1∥∥

2
‖A‖2) ‖θ‖2 + ‖bi‖2 + ‖Bi‖2

∥∥C−1∥∥
2
‖b‖2

≤
[
(1 + γ)ρmax +

1

λcm
γ(1 + γ)ρ2max

]
+ ρmaxrmax +

1

λcm
γρ2maxrmax

≤ Kf1 .

Lemma 13. For any z ∈ Rd such that ‖z‖2 ≤ 2Rw, ‖g1(z,Oi)‖2 ≤ Kg1 for any i ≥ 0.

Proof. By the definition of g1(z,Oi), we obtain ‖g1(zt, Ot)‖2 = ‖Btzt‖2 ≤ ‖Bt‖2 ‖zt‖2 ≤
2γρmaxRw.

Lemma 14. For all θ ∈ Rd such that ‖θ‖2 ≤ Rθ, we have for all i ≥ 0, (a) ‖ζf1(θ,Oi)‖2 ≤
4RθKf1 ; (b) |ζf2(θ1, Oi)− ζf2(θ2, Oi)| ≤ Lf1,θ ‖θ1 − θ2‖2.

Proof. For (a), following steps similar in (12), we have
∥∥f̄1(θ)

∥∥
2
≤ Kf1 . Then by the defination we

have

‖ζf1(θ,Oi)‖2 ≤ (‖f1(θ,Oi)‖2 +
∥∥f̄1(θ)

∥∥
2
)(‖θ‖2 + ‖θ∗‖2) ≤ 4RθKf1 .

For (b), we derive the bound as follows

|ζf1(θ1, Oi)− ζf1(θ2, Oi)|
= |〈f1(θ1 − f̄(θ1), Oi), θ1 − θ∗〉 − 〈f1(θ2, Oi)− f̄1(θ2), θ2 − θ∗〉|
≤ ‖θ1 − θ∗‖2

∥∥f1(θ1, Oi)− f̄1(θ1)− f1(θ2, Oi) + f̄1(θ2)
∥∥
2

+
∥∥f1(θ2, Oi)− f̄1(θ2)

∥∥
2
‖θ1 − θ2‖2

≤ ‖θ1 − θ∗‖2 (‖f1(θ1, Oi)− f1(θ2, Oi)‖2 +
∥∥f̄1(θ1)− f̄1(θ2)

∥∥
2
) +

∥∥f1(θ2, Oi)− f̄1(θ2)
∥∥
2
‖θ1 − θ2‖2

≤ 2Rθ(
∥∥(At −BtC−1A)(θ1 − θ2)

∥∥
2

+
∥∥(A−BC−1A)(θ1 − θ2)

∥∥
2
) + 2Kf1 ‖θ1 − θ2‖2

≤ 4Rθ(1 + γ)ρmax(1 +
1

λcm
γρmax) ‖θ1 − θ2‖2 + 2Kf1 ‖z1 − z2‖2

≤ Lf1,θ ‖θ1 − θ2‖2 .

Lemma 15. For i ≤ τα, E[ζf1(θi, Oi)] ≤ cαLf1,θ(Kf1 +Kg1)τα; and for i > τα, E[ζf1(θi, Oi)] ≤
8RθKf1αt + Lf1,θ(Kf1 +Kg1)τααi−τα .

Proof. Applying the Lipschitz continuous property of ζg2(z,Oi) and the inequality (29) in Lemma 4,
it follows that

|ζf1(θi, Oi)− ζf1(θi−τ , Oi)| ≤ Lf1,θ(Kf1 +Kg1) ‖θi − θi−τ‖2 ≤ Lf1,θ(Kf1 +Kg1)

i−1∑
k=i−τ

αk.

Then, we need to provide an upper bound for E[ζf1(θi−τ , Oi)]. We further define an independent
θ′i−τ and O′i = (s′i, a

′
i, r
′
i, s
′
i+1), which have the same marginal distributions as θi−τ and Oi. Using

Lemma 14 and following the steps similar to those in Lemma 4, we have

E[ζf1(θi−τ , Oi)] ≤ |E[ζf1(θi−τ , Oi)]− E[ζf1(θ′i−τ , O
′
i)]| ≤ 8RθKf1mρ

τ .
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If i ≤ τα, it follows that

E[ζf1(θi, Oi)] ≤ E[ζf1(θ0, Oi)] + Lf1,θ(Kf1 +Kg1)

i−1∑
k=0

αk ≤ Lf1,θ(Kf1 +Kg1)iα0

≤ cαLf1,θ(Kf1 +Kg1)τα.

If i > τα, it follows that

E[ζf1(θi, Oi)] ≤ E[ζf1(θi−τα , Oi)] + Lf1,θ(Kf1 +Kg1)

i−1∑
k=i−τα

αk

≤ 8RθKf1mρ
τα + Lf1,θ(Kf1 +Kg1)τααi−τα

≤ 8RθKf1αt + Lf1,θ(Kf1 +Kg1)τααi−τα .

Lemma 16. Fix 0 < σ < 1, and let σt = cα/(1 + t)σ . Then

t∑
i=0

eλθ
∑t
k=i+1 αkαiE[ζf1(θi, Oi)]

≤ cαLf1,θ(Kf1 +Kg1)τα
e−λθcα

−λθ
e
λθcα
1−σ [(1+t)σ−(1+τσ)σ ] + 8RθKf1

e−λθcα

−λθ
cα

(1 + t)σ

+ Lf1,θ(Kf1 +Kg1)τα
2e−λθcα/2

−λθ
(e

λθcα
2(1−σ) [(t+1)1−σ−1]D41{τα+1<iα} + αt−τα),

where Tn =
∑n−1
k=0 αk, D4 = cα maxi∈[0,id4 ]{e

−(λθ/2)
∑i
k=0 αk} and id4 = ( −2σλθcα

)
1

1−σ .

Proof. Applying Lemma 15, it follows that

t∑
i=0

eλθ
∑t
k=i+1 αkαiE[ζf1(θi, Oi)]

≤ cαLf1,θ(Kf1 +Kg1)τα

τα∑
i=0

eλθ
∑t
k=i+1 αkαi + 8RθKf1αt

t∑
i=τα+1

eλθ
∑t
k=i+1 αkαi

+ Lf1,θ(Kf1 +Kg1)τα

t∑
i=τα+1

eλθ
∑t
k=i+1 αkαi−τβαi. (48)

Following steps similar to those in Lemma 5, we obtain:
τα∑
i=0

eλw
∑t
k=i+1 αkαi ≤

e−λθcα

−λθ
e
λθcα
1−σ [(1+t)σ−(1+τσ)σ] (49)

αt

t∑
i=τα+1

eλθ
∑t
k=i+1 αkαi ≤

e−λθcα

−λθ
cα

(1 + t)σ
(50)

t∑
i=τα+1

eλθ
∑t
k=i+1 αkαi−τααi ≤

2e−λθcα/2

−λθ
(e

λθcα
2(1−σ) [(t+1)1−σ−1]D41{τα+1<iα} + αt−τα), (51)

which yields the desired result.

Lemma 17. For 0 < σ < 1, cα > 0, αt = cα
(1+t)σ , and 0 < x < 1, 0 < y < 1. If E ‖zt‖22 =

O( log t
tν + 1

tν )x and E ‖θt − θ∗‖22 = O( log t
tν + 1

tν )y for a, b > 0, then we have

t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

tν

)0.5(x+y)
.
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If E ‖zt‖22 = O( log t
tν + 1

t2(σ−ν)−ε
)x, E ‖θt − θ∗‖22 = O( log t

tν + 1
t2(σ−ν)−ε

)y , then we have
t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

t2(σ−ν)−ε

)0.5(x+y)
.

Proof. Consider the first case. Without loss of generality, we assume that there exist constant
0 < C1, C2 <∞, T > 0 such that

E ‖zt‖22 ≤ 4R2
w for all 0 ≤ t ≤ T,

E ‖zt‖22 ≤ C
2
1

( log t+ 1

tν

)x
for all t > T,

and

E ‖θt − θ∗‖22 ≤ R
2
θ for all 0 ≤ t ≤ T,

E ‖θt − θ∗‖22 ≤ C
2
2

( log t+ 1

tν

)y
for all t > T.

Then, it follows that
t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉]

≤
t∑
i=0

eλθ
∑t
k=i+1 αkαi

√
E[‖Bizi‖22]

√
E[‖θi − θ∗‖22]

≤
t∑
i=0

eλθ
∑t
k=i+1 αkαi ‖Bi‖2

√
E ‖zi‖22

√
E[‖θi − θ∗‖22]

≤ γρmax

( T∑
i=0

eλθ
∑t
k=i+1 αkαi

√
E ‖zi‖22

√
E[‖θi − θ∗‖22]

+

t∑
i=T+1

eλθ
∑t
k=i+1 αkαi

√
E ‖zi‖22

√
E[‖θi − θ∗‖22]

)

≤ γρmax

(
2RwRθ

T∑
i=0

eλθ
∑t
k=i+1 αkαi + C1C2

t∑
i=T+1

eλθ
∑t
k=i+1 αkαi

( log i+ 1

iν

)0.5(x+y))
≤ 2γρmaxRwRθ

(
2RwRθ

e−λθcα

−λθ
e
λθcα
1−σ [(1+t)σ−(1+T )σ ]

+ C1C2
2e−λθCα/2

−λθ

(
e
λθcα

2(1−σ) [(1+t)
1−σ−1]D +

( log t+ 1

tν

)0.5(x+y)))
Here we follow similar steps in (31) and (33)-(36) to obtain

T∑
i=0

eλθ
∑t
k=i+1 αkαi ≤

e−λθcα

−λθ
e
λθcα
1−σ [(1+t)σ−(1+T )σ],

and
t∑

i=T+1

eλθ
∑t
k=i+1 αkαi

( log i

iν

)0.5(x+y)
≤ 2e−λθCα/2

−λθ

(
e
λθcα

2(1−σ) [(1+t)
1−σ−1]D +

( log t+ 1

tν

)0.5(x+y))
,

where 0 < D <∞ is a constant depend on x and y.

The proof for the second case follows similarly.

Lemma 18. For 0 < 3
2ν < σ < 1, if E ‖zt‖22 = O( log t

tν ) +O( 1
tν ), then

t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

tν

)1−ε′
,
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and for 0 < ν < σ ≤ 3
2ν < 1, if E ‖zt‖22 = O( log t

tν ) +O( 1
t2(σ−ν)−ε

), then
t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

t2(σ−ν)−ε

)1−ε′
,

where ε′ can be any constant in (0, 0.5].

Proof. Consider the first case. First, E ‖θt − θ∗‖22 ≤ 4R2
θ = O(1), applying Lemma 17 we immedi-

ately have
t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

tν

)0.5
. (52)

Then it follows that E ‖θt+1 − θ∗‖22 = O( log t
tν )0.5. Then again applying Lemmas 17 and (52), we

obtain
t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

tν

)0.75
. (53)

Hence, following the steps in (53) for a total number N = dlog2( 1
1−ε′ )e of times, we have

t∑
i=0

eλθ
∑t
k=i+1 αkαiE[〈Bizi, θi − θ∗〉] = O

( log t

tν
+

1

tν

)1− 1

2N

= O
( log t

tν
+

1

tν

)1−ε′
.

The proof for the second case follows similarly.

Lemma 19. Let αt = 1
−λθ(1+t) . Then

t∑
i=0

Eζf1(θi, Oi) ≤
2Lf1,θ(Kf1 +Kg1)

−λθ
τ2α +

8RθKf1

−λθ
+ Lf1,θ(Kf1 +Kg1)τα ln(1 + t).

Proof. Applying Lemma (15), it follows that
t∑
i=0

Eζf1(θi, Oi) =

τα∑
i=0

Eζf1(θi, Oi) +

t∑
i=τα+1

Eζf1(θi, Oi)

≤ Lf1,θ(Kf1 +Kg1)

−λθ
τα(1 + τα) +

8RθKf1(t− τα)

−λθ(1 + t)

+ Lf1,θ(Kf1 +Kg1)τα

t∑
i=τα+1

αi−τα

≤ 2Lf1,θ(Kf1 +Kg1)

−λθ
τ2α +

8RθKf1

−λθ
+ Lf1,θ(Kf1 +Kg1)τα

t−τα∑
i=1

1

1 + i

≤ 2Lf1,θ(Kf1 +Kg1)

−λθ
τ2α +

8RθKf1

−λθ
+ Lf1,θ(Kf1 +Kg1)τα ln(1 + t)

Lemma 20. Suppose 0 < x < 1, 0 < y ≤ 1. If E ‖zt‖22 = O( log t
tν + 1

tν )x, E ‖θt − θ∗‖22 =

O( log t
tν + 1

tν )y , then we have

1

1 + t

t∑
i=0

E[〈Bizi, θi − θ∗〉] = O
( log t

tν
+

1

tν

)0.5(x+y)
.

If E ‖zt‖22 = O( log t
tν + 1

t2(σ−ν)−ε
)x and E ‖θt − θ∗‖22 = O( log t

tν + 1
t2(σ−ν)−ε

)y , then we have

1

1 + t

t∑
i=0

E[〈Bizi, θi − θ∗〉] = O
( log t

tν
+

1

t2(σ−ν)−ε

)0.5(x+y)
.
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Proof. Consider the first case. Similarly to the proof in (17), without loss of generality, we can
assume there exist constants 0 < C1, C2 <∞ and T > 0 such that

E ‖zt‖22 ≤ 4R2
w for all 0 ≤ t ≤ T,

E ‖zt‖22 ≤ C
2
1

( log t

tν
+

1

tν

)x
for all t > T,

and

E ‖θt − θ∗‖22 ≤ R
2
θ for all 0 ≤ t ≤ T,

E ‖θt − θ∗‖22 ≤ C22
( log t

tν
+

1

tν

)y
for all t > T.

Then, it follows that

1

1 + t

t∑
i=0

E[〈Bizi, θi − θ∗〉]

≤ 1

1 + t

t∑
i=0

√
E[‖Bizi‖22]

√
E[‖θi − θ∗‖22]

≤ 1

1 + t

t∑
i=0

‖Bi‖2
√
E ‖zi‖22

√
E[‖θi − θ∗‖22]

≤ γρmax
1

1 + t

( T∑
i=0

√
E ‖zi‖22

√
E[‖θi − θ∗‖22] +

t∑
i=T+1

√
E ‖zi‖22

√
E[‖θi − θ∗‖22]

)

≤ γρmax
1

1 + t

(
2RwRθ(1 + T ) + C1C2

t∑
i=T+1

( log i+ 1

iν

)0.5(x+y))

≤ γρmax
1

1 + t

(
2RwRθ(1 + T ) + C1C2(log t+ 1)0.5(x+y)

t∑
i=T+1

( 1

iν

)0.5(x+y))
≤ γρmax

(
2RwRθ

1 + T

1 + t
+D

( log t+ 1

tν

)0.5(x+y))
,

where 0 < D < ∞ is a constant dependent on x and y. The proof for the second case follows
similarly.

Lemma 21. Suppose 0 < ν < 2
3 , if E ‖zt‖22 = O( log t

tν + 1
tν ), then

1

1 + t

t∑
i=0

E[〈Bizi, θi − θ∗〉] = O
( log t

tν
+

1

tν

)1−ε′
,

and suppose 2
3 ≤ ν < 1, if E ‖zt‖22 = O( log t

tν ) +O( 1
t2(1−ν)−ε

), then

1

1 + t

t∑
i=0

E[〈Bizi, θi − θ∗〉] = O
( log t

tν
+

1

t2(1−ν)−ε

)1−ε′
,

where ε′ can be any constant in (0, 0.5].

Proof. We proof this lemma by following similar steps in the proof of Lemma 18.
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B Proof of Theorem 2

From (12) and use the fact that βt = β for all t > 0, we have

E ‖zt+1‖22 ≤ (1− |λw|β)1+t ‖z0‖22

+ 2β

t∑
i=0

(1− |λw|β)t−i[ζf2(θi, zi, Oi)]

+ 2β

t∑
i=0

(1− |λw|β)t−i[ζg2(zi, Oi)]

+ 2

t∑
i=0

(1− |λw|β)t−iE〈C−1A(θi+1 − θi), zi〉

+ 3(K2
f2 +K2

g2)β2
t∑
i=0

(1− |λw|β)t−i + 3η2β2K2
r1

t∑
i=0

(1− |λw|β)t−i. (54)

By slightly modifying the proof of Lemma 4, Lemma 8 and Lemma 10, we have

E[ζf2(θi, zi, Oi)] ≤ β(8RwKf2 +Kr3τβ), (55)

and

E[ζg2(zi, Oi)] ≤ β(8RwKg2 + Lg2,zKr2τβ), (56)

and
t∑
i=0

(1− |λw|β)t−iE〈C−1A(θi+1 − θi), zi〉 ≤
2(1 + γ)ρmaxRw(Kg1 +Kf1)

cβ |λw|λcm
η (57)

Substituting (55), (56) and (57) into (54), and use the fact that τβ < log 1
ρ

m
ρ + ln−1( 1

ρ ) ln( 1
β ), we

have

E ‖zt+1‖22 ≤ (1− |λw|β)1+t ‖z0‖22

+
2(Kr3 + Lg2,zKr2)

|λw|

(
log 1

ρ

m

ρ
+ ln−1(

1

ρ
) ln(

1

β
)
)
β

+
[16Rw(Kf2 +Kg2) + 3(K2

f2
+K2

g2) + 3η2K2
r1 ]

|λw|
β

+
2(1 + γ)ρmaxRw(Kg1 +Kf1)

|λw|λcm
η. (58)

Let

C5 =
2(Kr3 + Lg2,zKr2)

|λw|

(
log 1

ρ

m

ρ
+ ln−1(

1

ρ
)
)

+
[16Rw(Kf2 +Kg2) + 3(K2

f2
+K2

g2) + 3K2
r1 ]

|λw|
(59)

and

C6 =
2(1 + γ)ρmaxRw(Kg1 +Kf1)

|λw|λcm
(60)

then we have

E ‖zt‖22 ≤ (1− |λw|β)t ‖z0‖22 + C5 max{β, ln(
1

β
)β}+ C6η.

Let T = d ln[C5 max{β,ln( 1
β )β}/‖z0‖

2
2]

− ln(1−|λw|β) e. Then

E ‖zt‖22 ≤ 4R2
w for all 0 ≤ t ≤ T, (61)

E ‖zt‖22 ≤ 2C5 max{β, ln(
1

β
)β}+ C6η, for all t > 0. (62)
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Consider the recursion of θt. From (20) and use the fact that αt = cαα for all t > 0, we have

E ‖θt+1 − θ∗‖22 ≤ (1− |λθ|α)1+t ‖θ0 − θ∗‖22

+ 2α

t∑
i=0

(1− |λθ|α)t−iE[ζf1(θi, Oi)] (63)

+ 2α

t∑
i=0

(1− |λθ|α)t−iE〈Bizi, θi − θ∗〉 (64)

+ 2(K2
f1 +K2

g1)α2
t∑
i=0

(1− |λθ|α)t−i.

By slightly modifying the proof of Lemma 15, we have
E[ζf1(θi, Oi)] ≤ α(8RθKf1 + Lf1,θ(Kf1 +Kg1)τα). (65)

Substitute (61) and (62) into (64), we have

2α

t∑
i=0

(1− |λθ|α)t−iE〈Bizi, θi − θ∗〉

≤ 4αγρmaxRθ

[
2Rw

T∑
i=0

(1− |λθ|α)t−i + (2C5 max{β, ln(
1

β
)β}+ C6η)0.5

t∑
i=T+1

(1− |λθ|α)t−i
]

≤ 8γρmaxRθRw
1− (1− |λθ|α)T+1

|λθ|(1− |λθ|α)T
(1− |λθ|α)t +

4γρmaxRθ
|λθ|

(2C5 max{β, ln(
1

β
)β}+ C6η)0.5

(66)

Substitute (65) and (66) into (63) and (64) and using the fact that τα < log 1
ρ

m
ρ + ln−1( 1

ρ ) ln( 1
α ) we

have
E ‖θt+1 − θ∗‖22 ≤ (1− |λθ|α)1+t ‖θ0 − θ∗‖22

+
2Lf1,θ(Kf1 +Kg1)

|λθ|
(log 1

ρ

m

ρ
+ ln−1(

1

ρ
) ln(

1

α
))α

+
2cα(8RθKf1 +K2

f1
+K2

g1)

|λθ|
α

+
4γρmaxRθ
|λθ|

(2C5 max{β, ln(
1

β
)β}+ C6η)0.5

+ 8γρmaxRθRw
1− (1− |λθ|α)T+1

|λθ|(1− |λθ|α)T
(1− |λθ|α)t.

Let

C2 =
2Lf1,θ(Kf1 +Kg1)

|λθ|
(log 1

ρ

m

ρ
+ ln−1(

1

ρ
)) +

2(8RθKf1 +K2
f1

+K2
g1)

|λθ|
, (67)

and

C3 = 32
(γρmaxRθ
|λθ|

)2
C5, (68)

and

C4 = 16
(γρmaxRθ
|λθ|

)2
C6, (69)

then we have

E ‖θt+1 − θ∗‖22 ≤ (1− |λθ|α)1+t(‖θ0 − θ∗‖22 + C1) + C2 max{α, ln(
1

α
)α}

+ (C3 max{β, ln(
1

β
)β}+ C4η)0.5 (70)

where C1 = 8γρmaxRθRw
1−(1−|λθ|α)T+1

|λθ|(1−|λθ|α)T+1 .
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C Proof of Theorem 3

We define vector xt = [θ>t , w
>
t ]> and x∗ = [θ∗>, 0>]>, convex set X = {x|

∑d
i=1 x

2
i ≤

R2
θ and

∑2d
i=d+1 x

2
i ≤ R2

w} and the projection operator ΠX(x) = argminx′:x′∈X ||x − x′||2. We
also define

Gt =

[
At Bt
ηAt ηBt

]
, gt =

[
bt
ηbt

]
,

and

G =

[
A B
ηA ηB

]
, g =

[
b
ηb

]
.

Then, we can rewrite the update of (1)-(2)

xt+1 = ΠX(xt + αt(Gtxt + gt)). (71)

We define h(xt, Ot) = Gtxt + gt and h̄(xt) = Gxt + g. Then, for the recursion of xt in (71), for
any t > 0, we have

‖xt+1 − x∗‖22 = ‖ΠX(xt + αth(xt, Ot))− x∗‖22
= ‖ΠX(xt + αth(xt, Ot))−ΠX(x∗)‖22
≤ ‖xt − x∗ + αth(xt, Ot)‖22
= ‖xt − x∗‖22 + 2αt〈h(xt, Ot), xt − x∗〉+ α2

t ‖h(xt, Ot)‖22
= ‖xt − x∗‖22 + 2αt〈h̄(xt), xt − x∗〉+ 2αt〈h(xt, Ot)− h̄(xt), xt − x∗〉+ α2

t ‖h(xt, Ot)‖22
= (1− αt|λx|) ‖xt − x∗‖22 + 2αtζh(xt, Ot) + α2

t ‖h(xt, Ot)‖22 , (72)

where λx = λmax(G+G>), and λx < 0 as shown in [17]. Then, consider the update in any block
s > 0. Taking expectation on both sides conditional on the filtration Fs−1 up to block s − 1 and
telescoping (71) yield that

E[‖xs − x∗‖22 |Fs−1] ≤ (1− |αs|λx)Ts ‖xs−1 − x∗‖22

+ 2αs

Ts∑
i=1

(1− αs|λx|)Ts−iE[ζh(xts−1+i, Ots−1+i)]

+ α2
s

Ts∑
i=1

(1− αs|λx|)Ts−i
∥∥h(xts−1+i, Ots−1+i)

∥∥2
2
. (73)

Following similar steps in the proof for Theorem 1, we have the following results:

(a) There exist constant CG and Cg such that ‖Gt‖2 , ‖G‖2 ≤ CG and ‖gt‖2 , ‖g‖2 ≤ Cg .

(b) For all i > 0, ‖h(xi, Oi)‖2 ≤ Kh, where Kh = CG
√
R2
θ +R2

w + Cg .

(c) For all i > 0, ‖ζh(xi, Oi)‖2 ≤ 4Kh

√
R2
θ +R2

w.

(d) For all i > 0 and x, x′ ∈ X , ‖ζh(x,Oi)− ζh(x′, Oi)‖2 ≤ Lh ‖x− x′‖2, where Lh =

4CG
√
R2
θ +R2

w + 2Kh.

(e) For all i > 0, E[ζh(xi, Oi)] ≤ αs(8Kh

√
R2
θ +R2

w + LhKhταs).

Then, substituting (e) into (73), we obtain

E[‖xs − x∗‖22 |Fs−1] ≤ (1 + αsλx)Ts ‖xs−1 − x∗‖22 +
2

|λx|
αs(8Kh

√
R2
θ +R2

w + LhKhταs) +
1

|λx|
αsK

2
h.

Recall that ταs ≤ log 1
ρ

m
ρ + ln−1( 1

ρ ) ln( 1
αs

). Then, we have

E[‖xs − x∗‖22 |Fs−1] ≤ (1 + αsλx)Ts ‖xs−1 − x∗‖22 + C7 max{αs, ln(
1

αs
)αs}, (74)
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where

C7 =
2

|λx|
(8Kh

√
R2
θ +R2

w + LhKh log 1
ρ

m

ρ
+ LhKh ln−1(

1

ρ
) +

1

2
K2
h). (75)

Since max{αs, ln( 1
αs

)αs} ≤ εs−1/(4C7) and (1 + αsλx)Ts ≤ 1/4, we have

E[‖xs − x∗‖22 |Fs−1] ≤ 1

2
εs−1.

After S = dlog2(ε0/ε)e blocks we have

E ‖θS − θ∗‖22 ≤ E ‖xS − x∗‖22 ≤ ε.

The total iteration complexity is
∑S
s=1 Ts = O( 1

ε log 1
ε ).
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