A Missing Proofs in Section 2

A.1 Proof of Lemma 2.1

Proof. Let Z € R™*™ be a random matrix. For each i, j € [n], define random variable Z; ; as

7= DAl i Al <
bJ n, otherwise.

For i, j € [n], by Markov’s inequality, we have
Prl|A; ;| = n] = Pr[|A; ;|7 > n?] S E[JA;;7]/n” = O(1/n”). 2
Notice that

BlA P = [ e fwis+ [ o e = o)

where f(x) is the probability density function of |A; ;|. Thus we have

/OC xf(z)dx < /OO xP nP~L . f(x)de = O(1/nP7Y).
Because E[|A, ;|] = 1, we have
/OOO zf(z)de = E[|A;;]] — /OO rf(r)dr >1—O0(1/nP~ 1), 3)

By Equation (3), we have
EZ,] - /On 2f(@)dz+n-PrAs,| > n] > /On of(@)dz > 1— O(1/nP=Y).
By Equation (2) and E[|A; ;|?] < O(1), we have
E[Z2,] = /On P2 f(2)dx + 12 Prl|Aey| > 1] < O(n?P) + O(n>?) = Om>P).
By the inequality of [31],

_e2 2
Pr[E[|Z|h] — | Z]l: > €E[|Z]1]/2] < exp (E[HZ||]/4>

2%, BlZ7)]
—€2(n? — O(n*7P))%/4
=P < 27 O(n>7) )
< e O

Thus with probability at least 1 — e=©™) || Z||; > (1 — ¢/2)E[||Z||1] > (1 — ¢)n® where the
last inequality follows by E[||Z]|; > n? — O(n*7?)] and 1/e = n°("). Since |Al1 > || Z]1, we
complete the proof. O

A.2 Proof of Lemma 2.2

Proof. Let Z € R™*! be a random matrix where Z; ; are i.i.d. random variables with probability
density function:

o) = { L Praa] S VO, it < w20

0, otherwise.

where f(z) is the probability density function of A, ;1. (Note that in the above equation, Pr[|A; ;| <
n'/2+1/(2p)] > (.) Now, we have Va > 0,

t
Pr ZajAj <a
=1

t
Vi€ [n],j € [t],|Ai ] <n/2TYE = Pr [N 075 <a
1 =1

1
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Now we look at the ¢-th row of Z;Zl a;Z;. We have

. . p\ 1/p
D oaiZil| = D aiZi;
j=1 j=1
oy pq 1/p
§ E ZOZ]‘ZL]'
=1 |
r 1/2 p 1/1’
t
<E Zafz“'
oy 1/p
<SE | |aZi,P
_j:1
‘ 1/p
< Z [l Zi 517]
j=1
1/p
< ZElZzyl
Otl/”) “4)

where the first inequality follows by Jensen’s inequality, the second inequality follows by Remark
3 of [32], the third inequality follows by ||z|2 < ||z||, for p < 2, the fourth inequality follows
by |a;| < 1, the fifth inequality follows by E[|Z, ;|P] = E[|A; ;[P | |A11] < n/2HY/EP] <
E[|A; ;|?] = O(1). For the second moment, we have

t
Y aiZiy| | =D E[afZ] + Y ElayauZ;Zig)
=1 =1 ik
t
=Y &FE[Z}] + ) ajanElZi ) E[Zi]
j=1 j#£k
t
<Y E[z}}]
j=1
nl/2+1/(2p)
=t 2/ 22 f(x)/ Pr [|Aw-| < n1/2+1/<2p)} dz
0
nl/2+1/(2p)
<2t/ Pr [| Ayl < n1/2+1/<2p>} (/2 1/ 20)y2p / o f(w)de
0
S O(tn27p), (5)

where the second inequality follows by independence of Z; ; and Z; ;.. The first inequality follows by
laj| < 1and E[Z; ;] = E[Z; ;] = 0. The third equality follows by the probability density function
of Z; ;. The second inequality follows by 2277 < (n'/2+1/(20))2=P when 0 < x < n!/2+1/(p),
The last inequality follows by E[|A;;|?] = O(1),p > 1 and Pr[|A; ;| < n!/?+1/@P] > 1 —
B[ A ]/ (/271 @) =1 — O(1/nP/2+1/2) > 1/2.
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For i € [n], define X; = | 22:1 «; Z; ;|. Then, by Bernstein’s inequality

t t
Pri> a;Z|| —E ||| a;Z| | =05t/
j=1 L j=1 L

= Pr [Z X;,—E ZXz] > O.5t1/pn]
=1 =1
“ e < 0.5 - 0.5%%/Pp? >
o [ —
= %P S E[X2] 4 $nl/2+1/(p) . 0.5¢1/rn
e(1)
S e—n .

The last inequality follows by Equation (5). According to Equation (4), with probability at least

_pem

1—e ,

t t
S a;Zi| <E||D a;Z| | +05tPn < O /Pn).
j=1 j=1

1 1

A.3 Proof of Lemma 2.3

Proof. Fori,j € [n], we have
Pr [|A”| > n1/2+1/(2p):| — Pr |:|Ai7j|p > np/2+1/2:| < E[|AgP] /nP/212 < O(1/nP/2+1/2),
For column j, by taking a union bound,
Prlj € H] = Pr [3i € [n], [Ag] > n!/2H/@0] < O(1/n?/271/2),
Thus, E[|H|] < O(n'~(P~1)/2), By applying Markov’s inequality, we complete the proof. O

A.4 Proof of Lemma 2.4

Proof. Forl € N>, define G; = {j | |Aj]l1 € (n- 2!, n-2!%1]}. We have

E[Gi] < Y Pr(lajlh 2n-21
j=1

=nPr [||A1||1 >n- 2l]

<nPr [nlfl/”HAal >n- 21}
=nPr [np71||A1||]’; >nP. 2“’}
<nE [PV ALE] /(n? - 27)
< O(n/2').

The first inequality follows by the definition of ;. The second inequality follows since Vz €

R™, ||lz||; < n'~'/P||2||,. The third inequality follows by Markov’s inequality. The last inequality
follows since Vi, j € [n], E[|A; ;|P] = O(1).
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Let * € N> satisfy 2/ < er and 2"+ > er. We have

> l6iln21| = 3~ Bl 2

l=l* =~

<ZO (n/27) - n2+t = ZO (n?/2!P=1))

1=t* I=t*
= 0(n*/2""=D) = O(n®/(er)? ™)
= O(en?).

E Y. AL <E

Jill Azl >n2t”

By Markov’s inequality, with probability at least .999, 3= A |, 5o |41 < O(en?). Condi-
tioned on 3=, A | pa+ 18]1 < O(en?), forany S C [n] with [S| < n/r, we have

DoIA < ISl n2" + 3T (1A < en® + O(en?) = Ofen?).

JES JillAzlli>n2!”

The second inequality follows because |S| < n/r,2!" < er and Zj:HAjH1>n21* 1Al < O(en?).
- O

A.5 Proof of Lemma 2.5

Proof. Let M = n'/?t1/(2P) Let Z € R” be a random vector where Z; are i.i.d. random variables
with probability density function

| flz)/Pr]|lA < M] if0<z<M;
9(z) = 0 otherwise.

where f(z) is the probability density function of |A;|. Then Va > 0

Pri|Afly < a Vi€ [n],|Ad < M]=Pr{]|Z]ly <a.
Fori € [n], because E[|A;]] = 1, itholds that E[Z;] < 1. We have E[>""" ;| Z;] < n. For the second
moment, we have

M
Bz = [ a*f(a)/Prla] < Mda

M
< M2/ Pr[|A| < M]/O 2 f(2)da
< O(M*7P)
< 0(n*7)

where the second inequality follows by E[|A;[’] = O(1), and Pr[|A;] < M] > 1 —
E[|AL|P]/MP > 1/2.

Then by Bernstein’s inequality, we have

Pr ZZ E Z ; Zenl
=1
< —0.5€2n?
ex
= P\ B2 + 1M - en
o(1)
<e ™

Thus,

_pom

PrAlly < (T+e)n [ Vi€ [n], |Ai| < M]=Pr[|Z]i < (1+€e)n] 21—
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A.6 Proof of Lemma 2.10

Proof. Recall that (S1,S2,- -, St,1) is equivalent to (Sp,i). Let (Sp,7) be an (A*,q,t,1/2)-
good tuple which satisfies H N (U] 1 ) = (). Let C be the core of (S, ). Let (x1, 22, -, 2¢)
be the coefficients tuple corresponding to (S}, 4). Then we have that

1 t
W ZASjIj — A’L
Jj=1

1

_ |C|Z<A* +AS> — (AF + A)

1

IN

* 1 :
SRR EYTVIE=1 ) plees

1 j=1 1

t
1
= [ Aills + il ZASJ-%‘
=1

1

t
2
SHAiHl'i‘* Z ;T

Jj=
<ladh +0 (- Wn)
=&l +0 (ql/p/tl-”pn)

holds with probablhty atleast 1 — 277" The first equality follows using A = A* + A. The first
inequality follows using the triangle inequality. The second equality follows using the definition of
the core and the coefficients tuple (see Definition 2.7 and Definition 2.9). The second inequality
follows using Definition 2.7. The third inequality follows by Lemma 2.2 and the condition that

HN (U§:1 Sj) = 0.

Since the size of

(U;Zl Sj) ‘ = ¢t + 1, the total number of (A*,q,t,1/2)—good tuples is

upper bounded by n?+! < o, By taking a union bound, we complete the proof. O

A.7 Proof of Lemma 2.11

Proof. For j € [t], by symmetry of the choices of S; and 4, we have Pr[i € R4-(5; U {i})] <
k/(q + 1). Thus, by Markov’s inequality,

Pr{|{j € [t] | i € Ra~(S; U{i})}| > 0.5¢]
< E[{j € [t] | i € Ra-(S; U{i})}]/(0.5¢)
<2k/q.
Thus,
Pr{j € [t] | i € Ra-(S; U{i})} = 0.5¢] =1 - 2k/q.

A.8 Proof of Lemma 2.12
Proof. For Sy,Sq,--+,8; € ( )) with Zj 18] = qt, define
Ps, .55, ,5) = Pr [(S1,S2, -+, S, i) isan (A*, ¢, t,1/2)—good tuple |.

i€\ (Ui, S))
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Let set T" be defined as follows:
@ -
(S1,82,+,81) | 1,82+, S € <q> with Y "|S;| = qt
j=1

Let G be the set of all the (A*, ¢, t,1/2)—good tuples. Then, we have

(Sl,Sz,P-r,St)~T [{i e\ (U521S5) | (S1, 82, -+, S,i) € G} = (1 —4k/q)(n — qt)]

1
= m |{(Sl752,"' 7St) ‘ (51,327"' 7St) S TandP(Sl,S%.,,’St) >1 —4]€/q}’

"IV
T
(S1,S2,++,St)€T
P(S],SQ,"'7st)Zli4k/q

1
2 [l > Pisy,85,,80)
(81,52, .S )ET

P(s;,54,.--,5,)>1—4k/q

1
>1-2k/q— o > Pls, S0 50)
d (81,52, ,S¢)€T
P(sy,85, 85 <1—4k/q

>1-2k/q— (1—4k/q)

>2k/q.
The second inequality follows from Lemma 2.11
1 1
m Z P(S1:5’27---7St)+m Z P(SMSQ,...,St) Z 172]’(}/(]
(51,52, ,S1) €T (81,82, ,S¢)ET

Plsy,85,,8,)<1—4k/q P(sy,59. 55 >1—4k/q

B Hardness Result

An overview of the hardness result. Recall that we overcame the column subset selection lower
bound of [24], which shows for entrywise ¢;-low rank approximation that there are matrices for
which any subset of poly(k) columns spans at best a k(M) _approximation. Indeed, we came up
with a column subset of size poly(k(e~! + logn)) spanning a (1 + €)-approximation. To do this,
we assumed A = A* + A, where A* is an arbitrary rank-k matrix, and the entries are i.i.d. from a
distribution with E[|A; ;|] = 1 and E[|A; ;|?] = O(1) for any real number p strictly greater than 1.

Here we show an assumption on the moments is necessary, by showing if instead A were drawn
from a matrix of i.i.d. Cauchy random variables, for which the p-th moment is undefined or infinite
for all p > 1, then for any subset of n°(*) columns, it spans at best a 1.002 approximation. The input
matrix A = n®1-17 + A, where C' > 0 is a constant and we show that n*() columns need to be
chosen to obtain a 1.001-approximation, even for £ = 1. Note that this result is stronger than that in
[24] in that it rules out column subset selection even if one were to choose n°(!) columns; the result
in [24] requires at most poly (k) columns, which for & = 1, would just rule out O(1) columns. Our
main goal here is to show that a moment assumption on our distribution is necessary, and our result
also applies to a symmetric noise distribution which is i.i.d. on all entries, whereas the result of [24]
requires a specific deterministic pattern (namely, the identity matrix) on certain entries.

Our main theorem is given in Theorem B.20. The outline of the proof is as follows. We first
condition on the event that [|A||; < 229252 Inn, which is shown in Lemma B.2 and follows form
standard analysis of sums of absolute values of Cauchy random variables. Thus, it is sufficient
to show if we choose any subset S of r = n°1) columns, denoted by the submatrix Ag, then
minyegrxn [|[AsX — All1 > 42 .n? Inn, as indeed then min x cgrxn | AsX — All1 > 1.002[|Ally
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and we rule out a (1 + €)-approximation for € a sufficiently small constant. To this end, we instead

show for a fixed S, that minx cgrxn [[AsX — Afl1 > %0 . 52 Inn with probability 1 — 27",
and then apply a union bound over all S. To prove this for a single subset S, we argue that for every
“coefficient matrix” X, that ||[AsX — A||; > % -n?Inn.

We show in Lemma B.6, that with probability 1 — (1/n)®(™) over A, simultaneously for all X, if
X has a column X; with || X;||; > n¢ for a constant ¢ > 0, then [[AsX; — Aj|[1 > .9n®, which
is already too large to provide an O(1)-approximation. Note that we need such a high probability
bound to later union bound over all S. Lemma B.6 is in turn shown via a net argument on all X; (it
suffices to prove this for a single j € [n], since there are only n different j, so we can union bound
over all 7). The net bounds are given in Definition B.4 and Definition B.5, and the high probability
bound for a given coefficient vector X; is shown in Lemma B.3, where we use properties of the
Cauchy distribution. Thus, we can assume ||X;||; < n°forall j € [n]. We also show in Fact B.1,
conditioned on the fact that [|Al|; < 2222n2Inn, it holds that for any vector X, if | X;[|; < n®
and [1 —17X;| > 1— 1072, then ||[AsX — Alj; > |[AsX; — Aj|[1 > n®. The intuition here is
A =mn%1-1" + A for a large constant co, and X; does not have enough norm (|| X, < n) or
correlation with the vector 1 (|1 — 17 X;| > 1 — 1072°) to make ||AgX; — A;||1 small.

Given the above, we can assume both that || X;[|; < n®and |1 17 X;| < 1—1072° for all columns
j of our coefficient matrix X. We can also assume that || As X — A||; < 4n? Inn, as otherwise such
an X already satisfies || As X — Al > 401 . n2Inn and we are done. To analyze [|AsX — A, =
> [(AsX — App\s)ij| in Theorem B.20, we then split the sum over “large coordinates” (4, j)

for which |A; ;| > n'-9%92 and “small coordinates” (i, j) for which |A; ;| < 79999, and since we
seek to lower bound ||AsX — A\ s(l1, we drop the remaining coordinates (4, j). To handle large

coordinates, we observe that since the column span of Ag is only = n°!)-dimensional, as one
ranges over all vectors ¥ in its span of 1-norm, say, O(n? In n), there is only a small subset T', of size
at most n-999% of coordinates i € [n] for which we could ever have |y;| > n'-091. We show this in
Lemma B.9. This uses the property of vectors in low-dimensional subspaces, and has been exploited
in earlier works in the context of designing so-called subspace embeddings [2, 3]. We call T the “bad
region” for As. While the column span of Ag depends on Ag, it is independent of A\ 5, and thus
it is extremely unlikely that the large coordinate of Ag “match up” with the bad region of Ag. This is
captured in Lemma B.13, where we show that if [|As X — App\sll1 < 4n?Inn (as we said we could

- 1.996 2 s
assume above), then D, o coordinates i, | (A5 X — An\s)i,z] is at least ===2n” In n. Intuitively, the

heavy coordinates make up about 2n? Inn of the total mass of || Al|1, by tail bounds of the Cauchy

distribution, and for any set S of size n°(!), Ag fits at most a small portion of this, still leaving us
left with 12272 Inn in cost. Our goal is to show that [[AsX — Ap,\slli > 2L - n?Inn, so we
still have a way to go.

We next analyze Y coordinates i, | (45X — Apn)\s)i,5]- Via Bernstein’s inequality, in Lemma B.14
we argue that for any fixed vector y and random vector A ; of i.i.d. Cauchy entries, roughly half of the
contribution of coordinates to ||A;||; will come from coordinates j for which sign(y;) =sign(A;)
and |A;| < n999, giving us a contribution of roughly 9998n1nn to the cost. The situation we
will actually be in, when analyzing a column of AgX — A n)\s- is that of taking the sum of two

independent Cauchy vectors, shifted by a multiple of 1 7. We analyze this setting in Lemma B.16,
after first conditioning on certain level sets having typical behavior in Lemma B.15. This roughly
doubles the contribution, gives us roughly a contribution of @nQ Inn from coordinates j for
which (i, §) is a small coordinate and we look at coordinates ¢ on which the sum of two independent
Cauchy vectors have the same sign. Combined with the contribution from the heavy coordinates,
this gives us a cost of roughly 2922n% Inn, which still falls short of the 21 . n2 Inn total cost we
are aiming for. Finally, if we sum up two independent Cauchy vectors and look at the contribution
to the sum from coordinates which disagree in sign, due to the anti-concentration of the Cauchy
distribution we can still “gain a little bit of cost” since the values, although differing in sign, are
still likely not to be very close in magnitude. We formalize this in Lemma B.17. We combine all
of the costs from small coordinates in Lemma B.18, where we show we obtain a contribution of at
least 2025 Inn. This is enough, when combined with our earlier 22212 Inn contribution from

the heavy coordinates, to obtain an overall 47?1 - n2Inn lower bound on the cost, and conclude the
proof of our main theorem in Theorem B.20.
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In the remaining sections, we will present detailed proofs.

B.1 A Useful Fact

Fact B.1. Let ¢y > 0 be a sufficiently large constant. Let u = n® -1 € R" and A € R™**(d+1),
AL < 03 and if o € RY satisfies |1 — 1T a| > 1/n and ||o||y < ne, where 0 < ¢ <

i=1
co — 10 is a constant and ¢, > 3 is another constant depending on cy, c, then

lu—ulTa+ Ay — Agalls > n’.

Proof.
lu—ulTo+ Agypr — Argalls
> 11 —=17al- ull = A1l — 1A gal:
>[1-1Ta|-n-n°—n3—na;
>1—1Ta| -n-n% —ndte
> nCO+1_Cl _ n5+c
> nd.
The first inequality follows by the triangle inequality. The second inequality follows since u =

n® -1 € R and Zfl;l |A;|l; < n3. The third inequality follows since ||a; < n¢. The fourth

inequality follows since |1 — 1T | > 1/n° . The last inequality follows since co — c¢; > ¢+ 5. [

B.2 One-Sided Error Concentration Bound for a Random Cauchy Matrix

Lemma B.2 (Lower bound on the cost). If n is sufficiently large, then

4.0002

18l = 2202 1n] > 1- 01/ togtogn)

Pr [
AN{C(O’l)}an

Proof. Let A € R™*™ be a random matrix such that each entry is an i.i.d. C'(0,1) random Cauchy
variable. Let B = n?Inlnn. Let Z € R™*" and Vi, j € [n],

Z :{ |BAi,j| |Ai ;| < B

Otherwise

For fixed 4, j € [n], we have
E[Z; ] 2/3”“” dz + Pr|A; ;| > B]- B
iil — — i r iil = .
5J 7 Jo 1+1,2 2J

1 In(B? +1) + Pr[|A; ;| > B] - B
s

1
< —In(B*+1)+1
™

where the first inequality follows by the cumulative distribution function of a half Cauchy random
variable. We also have E[Z; ;] > 1 In(B? + 1). For the second moment, we have

2 (B g2
E[Z? ] = ;/O mderPrHAi,j\ > B] - B?

2 _
;(B —tan"' B) + Pr[|A, ;| > B] - B?

IN

2
-B+ B
T
<2B
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where the first inequality follows by the cumulative distribution function of a half Cauchy random
variable. By applying Bernstein’s inequality, we have

Pr{||Z]ly — E[||Z]1] > 0.0001 E[|| Z]}1]]
( 0.5-0.00012 E[|| Z]|1]? )
S eXp | — 1
n?-2B + 3B -0.0001 E[[|Z]|,]
< exp(—Q(lnn/Inlnn))
< O(1/1nn). (6)
The first inequality follows by the definition of Z and the second moment of Z; ;. The second
inequality follows from E[||Z||1] = ©(n?Inn) and B = ©(n? InInn). Notice that

Pr -||A||1 > 4'0002712 lnn}
= Pr -||A||1 5 20002 o | Vi, 4, | A j] < B- Pr[Vi, j,|A; ;| < B]

+ Pr [[|A]l; > 20002 1 | 34,4, |A: ;] > B| Pr[3i,4,|A: ;| > B
< Prfjan > 2% 02 100 i, Al < B| + PrEi4. Ayl > B
< Pr —||Z||1 > 4'07?02712 lnn] + Pr (3,4, |A: ;| > B]
< P 121 > 200 ]+ 178

< Pr[|Z|ly > 1.0001 E[|| Z|1]] +n*-1/B
< 0O(1/log(n)) + O(1/loglogn)
< O(1/loglogn)

The second inequality follows by the definition of Z. The third inequality follows by the union
bound and the cumulative distribution function of a half Cauchy random variable. The fourth in-
equality follows from E[||Z]|1] < n?(1/7 - In(B? + 1) + 1) < 4.0000001/7 - n? Inn when n is
sufficiently large. O

B.3 ‘“For Each” Guarantee

In the following Lemma, we show that, for each fixed coefficient vector ¢, if the entry of « is too
large, the fitting cost cannot be small.

Lemma B.3 (For each fixed «, the entry cannot be too large). Let ¢ > 0 be a sufficiently large
constant, n > d > 1, u € R"™ be any fixed vector and A € R™*4 pe q random matrix where
Vi € [n],j € [d], Ai; ~ C(0,1) independently. For any fixed o € R with ||a||; = n®,

P ,]_T A > 3 S>1-(1 @(n).
aoieDn Ll 1T+ Aally > ) > 1= (1/n)

Proof. Let c be a sufficiently large constant. Let o € R? with |||, = n°. Let u € R™ be any fixed
vector. Let A € R™"*4 be a random matrix where Vi € [n],j € [d], A; ; ~ C(0,1). Then Aa € R"
is a random vector with each entry drawn independently from C'(0, ||||1). Due to the probability
density function of standard Cauchy random variables,

Pr[|Aall; < n®] > Pr[||Aa+u-1"al; < n?].

It suffices to upper bound Pr[||Ac|; < n3]. If ¢ > 10, then due to the cumulative distribu-
tion function of Cauchy random variables, for a fixed i € [n], Pr[|(A«a);| < n®] < 1/n. Thus,
Pr[|Aall; < n?] < (1)". Thus,

P 1T LA 3 1— (1/m)".
AN{C(()T‘l)}nXd[”(u + )04”1 >n ] > ( /n)
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B.4 From “For Each” to “For All” via an ¢-Net

Definition B.4 (e-net for the ¢;-norm ball). Let A € R"*¢ have rank d, and let L = {y € R" | y =
Az, x € R} be the column space of A. An e-net of the {1-unit sphere S = {y | ||yl = 1,y €
L} C Lisaset N C 841 of points for which Wy € S, 3y’ € N for which ||y — /|| < e.

[33] proved an upper bound on the size of an e-net.

Lemma B.5 (See, e.g., the ball B on page 2068 of [33]). Let A € R"*? have rank d, and let
L={yeR"|y= Az,z € R?} be the column space of A. For ¢ € (0,1), an e-net (Definition B.4)
N of the {1-unit sphere S¥=' = {y | ||ly|l1 = 1,y € L} C L exists. Furthermore, the size of N is at
most (3/¢)?.

Lemma B.6 (For all possible «, the entry cannot be too large). Letn > 1,d = n°M. Let u =
n -1 € R" denote a fixed vector where cq is a constant. Let A € R"*¢ be a random matrix
where Vi € [n],j € [d],A;; ~ C(0,1) independently. Let c > 0 be a sufficiently large constant.
Conditioned on || A||y < n®, with probability at least 1—(1/n)®™ for all o € R* with |||y > n¢,
we have ||(u- 1" + A)all; > 0.9n3.

Proof. Due to Lemma B.5, there is aset N C {a € R? | ||a; = n¢} C R? with |[N| < 20(dlogn)

such that Va € R? with |||, = n°, 3o/ € N such that [|a — o/||; < 1/n¢ where ¢ > ¢ + 100 is
a constant. By applying Lemma B.3 and union bounding over all the points in N, with probability

atleast 1— (1/n)"-|N| > 1—(1/n)"-27°"" = 1—(1/n)®™ Yo/ € N, |[(u-1T + A)e/||; > nd.
Voo € R? with |||y = n¢, we can find o € N such that [|oe —o/||; < 1/n¢". Lety = o — a’. Then,
(17 + Aalls

= (- 17+ A)(&" + )]s

> [l(u- 1T+ A)a[ly = (w17 + Ayl

>~ Vw17 + Al

>n® = vn(llu- 172+ |A]2)7]l2

> nd — nc0+50/nc’

> 0.9n°.

The first equality follows from o = o’ ++. The first inequality follows by the triangle inequality. The
second inequality follows by the relaxation from the ¢; norm to the ¢ norm. The third inequality
follows from the operator norm and the triangle inequality. The fourth inequality follows using

[Allz < AL < 03, Jullz < not |ly]lz < [J7]l1 < (1/n)¢". The last inequality follows since
c > co + 100.

For o € R™ with ||a|l; > n, let o’ = a/||a||1 - n°. Then

[(w-17 +A)aly > ||(u-17 + A)d/||; > 0.9n°.

B.5 Bounding the Cost from the Large-Entry Part via “Bad” Regions

In this section, we will use the concept of well-conditioned basis in our analysis.

Definition B.7 (Well-conditioned basis [33]). Let A € R"*™ have rank d. Let p € [1,00), and let
| - ||q be the dual norm of || - ||, i-e., 1/p+1/q = 1. IfU € R"*4 satisfies

LUy < a,
2. ¥z € RY |l2llq < BIU|lp,
then U is an («, 8, p) well-conditioned basis for the column space of A.

The following theorem gives an existence result of a well-conditioned basis.
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Theorem B.8 (¢; well-conditioned basis [33]). Let A € R"*"™ have rank d. There exists U € R"*¢
such that U is a (d, 1, 1) well-conditioned basis for the column space of A.

In the following lemma, we consider vectors from low-dimensional subspaces. For a coordinate, if
there is a vector from the subspace for which this entry is large, but the norm of the vector is small,
then this kind of coordinate is pretty “rare”. More formally,

Lemma B.9. Given a matrix U € R™" for a sufficiently large n > 1, let r = n°1). Let S =

{yly = Uz, z € R"}. Let the set T denote {i € [n] | Iy € S, |y;| > n'% and ||y||; < 8n?Inn}.
Then we have

|T| < n0.99999.

Proof. Due to Theorem B.8, let U € R"*" be the (r, 1,1) well-conditioned basis of the column
space of U. If i € T, then 3z € R” such that |(Uz);| > n'%%%! and ||Uz||; < 8n?Inn. Thus, we
have

RO < (U] < [V lloe < 1074 [Uall < |7 - 80 T

The first inequality follows using n':090! < |(Uz);|. The second inequality follows by Holder’s
inequality. The third inequality follows by the second property of the well-conditioned basis. The

fourth inequality follows using ||Uz||; < 8n? Inn. Thus, we have
||(]z||1 > nl.OOOl/n2+o(1) > 1/n0.999970(1).
Notice that 37, [|U”[|; = ||U||y < r. Thus,
IT| < r/(1/n09999—0(1)) = 0.9999+0(1) < ,0.99999
O

Definition B.10 (Bad region). Given a matrix U € R™ ", we say B({U) = {i € [n] | Jy €
colspan(U) C R s.t. y; > nt0%% and ||y||; < 8n?Inn} is a bad region for U.

Next we state a lower and an upper bound on the probability that a Cauchy random variable is in a
certain range,

Claim B.11. Let X ~ C(0,1) be a standard Cauchy random variable. Then for any x > 1549,

2 In(1.001 1.999 In(1.001
2 W00 o piix) e (2 1.0010]) > 1999 . (100
™ X ™ X

Proof. When z > 1549, 2 . w > 2. (tan™!(1.001z) — tan~!(z)) > 1929 w. O
We build a level set for the “large” noise values, and we show the bad region cannot cover much of
the large noise. The reason is that the bad region is small, and for each row, there is always some
large noise.

Lemma B.12. Given a matrix U € R™ " with n sufficiently large, let r = n°Y), and consider
a random matrix A € R™("=") with A, ; ~ C(0,1) independently. Let Ly = {(i,j) | (i,j) €

[n] x [n — 7], |As | € (1.001%,1.001+1]}. With probability at least 1 — 1/2"°"" for all t €
(1.00021nn 1.99991nn) NN
In1.001 ° In1.001 ’

|L: \ (B(U) x [n—7])| > n(n—r)-1.998 - In(1.001) /(7 - 1.001").

Proof. Let N = n - (n — r). Then according to Claim B.11, Vt € (1‘1(310%31”, 1'3193%})‘11") NN,
E(|Ls]) > N -1.999 - In(1.001) /(7 - 1.001%) > n®(). For a fixed ¢, by a Chernoff bound, with
probability at least 1 — 1/2"°" | |L,| > N - 1.9989 - In(1.001)/(r - 1.001t). Due to Lemma B.9,
IB(U) x [n—7r]| <nb99999(n —r) = N/n0090L Dye to the Chernoff bound, with probability at
least 1 — 1/27°" [ |L, N (B(U) x [n — r])| < N/n®00001 .2 0001 - In(1.001) /(7 - 1.001%). Thus,
with probability at least 1 — 1/2"°" | |L, \ (B(U) x [n —r])| > N -1.998 - In(1.001) /(7 - 1.001¢).

By taking a union bound over all t € ( 1'1?10?%2)“1", 1'3193%})“1”) N N, we complete the proof. O
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Lemma B.13 (The cost of the large noise part). Letn > 1 be sufficiently large, and let r = n°™).
Given amatrix U € R™", and a random matrix A € R™("=") with A; ; ~ C(0,1) independently,
let T = {(i,7) € [n] x [n— 7] | |A; ;] > nt2} [f||A|l1 < 4n?Inn, then with probability at
least 1 — 1/2”@<1),f0r all X € R™" either

1.996

Z |(UX — A)i7j| > Tl2 1117’7,7

(i,5)eT

or
[UX — Ally > 4n®Inn

Proof.

> IUX = Ayl

(i,4)€Z
> > |(UX = Al

(4,7)€T\B(U)

Yoo l@gl= Y0 UX)yl (7

(4,7)€T\B(U) (,7)€I\B(U)

v

Let N = n(n — r). By a Chernoff bound and the cumulative distribution function of a Cauchy
random variable, with probability at least 1 — 1/27°" |Z| < 1.1- N/n-0002 1f 3(i, j) € T\ B(U)
which has |(UX); ;| > n'09, then according to the definition of B(U), |[UX|}; > [[(UX);]1 >
8n?Inn. Due to the triangle inequality, [UX — Al > [|[UX]1 — |Al1 > 4n®lnn. IfV(4,5) €
T\ B(U) we have |(UX); ;| < n900 then

> UX)igl 1T -0t <11 N/nf00, (8)
(i-1)€T\B(U)

o(1)

Due to Lemma B.12, with probability at least 1 — 1/2™

> (Al

(4,7)€T\B(U)

> > 1.001* - N -1.998 - In(1.001) /(= - 1.001%)

te(MPRRT™ M e NN

1.
> 19T N, ©)

e
We plug (8) and (9) into (7), from which we have
1.996
S IUX = Ayl > n?Inn.
(i.))eT m

B.6 Cost from the Sign-Agreement Part of the Small-Entry Part
We use —y to fit A (we think of Aga = Afa — y, and want to minimize || — y — A||1). If the sign
of y; is the same as the sign of A ;, then both coordinate values will collectively contribute.

Lemma B.14 (The contribution from A; when A; and y; have the same sign). Suppose we are
given a vector y € R™ and a random vector A € R™ with A; ~ C(0, 1) independently. Then with

e(1)

probability at least 1 — 1/2™ ",

Z \Aj|>wnlnn
T

J : sign(y;)=sign(A;) and |A;|<n0-9999
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Proof. For j € [n], define the random variable

g A; 0< A < 0999
7710 otherwise

Then, we have

0.9998 - 0.9998
Pr Z |Aj|>Tn1nn =Pr ZZj>Tnlnn

j : sign(y;)=sign(A; ;) and |A;|<n0.9999 Jj=1

Let B = n%9999 For j € [n],

1 (B 2
E[Z]== dz = —1In(B%2+1).
[; 7r/0 1—|—aj2x 2 n(B"+1)
Also,
1 (B 22 B —tan" (B
E[Zf]:f/ T o= BB g
™)y 142 m

By Bernstein’s inequality,

Pr |E Zn:Zj —Xn:Zj>10*5E znzzj
j=1 j=1 j=1

0.5- (10°E [, ZJ})Q

<exp|— )
S ElZ2] + 4B 107 B [, 7]
10-1192112( B2 2
< exp <_ 5 1(3 n lnr (B?+1)/(47%) )
nB+ 3B -10"5nIn(B? 4 1)/(2)
(1)
<e ™ .

The last inequality follows since B = n%99%?, Thus, we have

Pr |37, <0.9998/x - nlun| < Pr | Z; < 0.99999n1n(B? +1)/(2m) | <e .
j=1 j=1

O

Lemma B.15 (Bound on level sets of a Cauchy vector). Suppose we are given a random vector
y € R™ with y; ~ C(0,1) chosen independently. Let

Ly ={ic[n]| —y € (1.001%,1.001°"]} and L; = {i € [n] | y; € (1.001%,1.001""*]}.

With probability at least 1 — 1/2”@<1),f0r all t € ({2329 0.99990nn) N,

11n1.001

in(|L;|,|L|) > 0. Lo
min(|L; |, |L;|) > 0.999n ~ 1001t

Proof. Fori € [n],t > {21349 according to Claim B.11, Prly; € (1.001%,1.001°+1]] > 0.9995 /7 -
1n(1.0001)/1.001%. Thus, E[|L}|] = E[L;[] = n - 0.9995/x - In(1.0001)/1.001¢. Since ¢ <

09999101 1.001* < 9999 we have E[|L{|] = E[|L; [] > n®(1). By applying a Chernoff bound,

e(1)

Pr[|Lf| > 0.999n /7 - In(1.0001)/1.001"] > 1 — 1/2"
Similarly, we have
o(1)

Pr[|L; | > 0.999n/7 - In(1.0001)/1.001] > 1 —1/2"" ",

By taking a union bound over all the L;” and L; , we complete the proof. O
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Lemma B.16 (The contribution from y; when A; and y; have the same sign). Letu =n-1 € R"
where n € R is an arbitrary real number. Let y € R™ be a random vector with y; ~ C(0,f3)
independently for some 3 > 0. Let A € R™ be a random vector with A; ~ C(0, 1) independently.

o(1)

With probability at least 1 — 1/2™ ",
0.997
> ((uty)il 2 - ——nln

i : sign((u+y),)=sign(A;) and |A;|<n0-9999

Proof. Forallt € ({21383 099911 ) O N, define

Ly ={i€[n]| —wi € (B-1.001%,8-1.001"" ]} and L] = {i € [n] | y; € (8-1.001%, 3 - 1.001"T']}.
Define

G = {i € [n] | sign((u +y);) = sign(A;) and |A;] < n°999},
Then Vi € [n], Pr[i € G] > 0.5 — 1/n%9999 > 0.4999999999. Due to Lemma B.15,

11In1.001
i - + .- o(1)
min(|L; |, |L;|) > 0.999n — 1000 >n°.
(1)

By a Chernoff bound and a union bound, with probability at least 1 — 1/2" ' V¢ €
( In 1549 0.99991nn) AN
In1.001°  In1.001 J

min(|Ly NG|, |Lf NGI)

11n1.001
>0.499n - — .
= 0499 - =0T

(10)

Then we have

Z (w4 y)4

i€eG
> > Yoot Y -yl

te(msor Smroors)ON \ieLf ieG i€L; ieG

11n1.001

> 0.499n - ————— .2.1.001%-
= 2 " 001t B

te(inst 2 N

0.997
>3- nlnn
v

The second inequality follows by Equation (10) and the triangle inequality, i.e., Va,b,c € R, |a +
c|+1b—c| > |a+Dbl.

B.7 Cost from the Sign-Disagreement Part of the Small-Entry Part

Lemma B.17. Given a vector y € R™ and a random vector A € R™ with A; ~ C(0, 1) indepen-
o(1)

dently, with probability at least 1 — 1/2"™ 7,
Z lys + Ay| > ?nlnn.

i : sign(y;)#sign(A;) and |A;|<n0-9999

Proof. Fort € [0, 2:999910n) O N define
Ly = {i € [n] | sign(y:) # sign(As), |Ai| € (4%, 451, [A] & [lyal — 4%, |ys| + 47}
Vo > 1,y > 0, we have

P X 4z|,| X -
P [X| € (@ dal. 1X| ¢ [y — .+ a]

>  Pr [|X] € (3xz,4z]]
X~C(0,1)

_2 (tan~!(4z) — tan"*(3x))

m
L0 In()
™ X
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Thus, Vi € [n],t € [0, %)QN,

. 0.05 In(4)
Prli € L] > —
Thus, Vt € [0, 22999Inn) A N E[|L,]] > 0.05n/7 - In(4)/4" > n®1). By a Chernoff bound and
a union bound, with probability at least 1 — 1/2“9 Vvt e [0, 09999y AN, |L,| > 0.04n /7 -
In(4)/4%. Thus, we have, with probability at least 1 — 1/ on®"

Z lyi + Al

i @ sign(y;)#sign(A;) and |A;[<n0-9999

> > | L] - 4

tE[O, 0.99119]941nn )ﬂN

> " nlan.
T

B.8 Overall Cost of the Small-Entry Part

Lemma B.18 (For each). Letu = 1-1 € R" where ) € R is an arbitrary real number. Let oo € R?
where |lafl; > 1 — 1072, Let A € R™*D and V(i 5) € [n] x [d+1],A; ; ~ C(0,1) are i.i.d.

standard Cauchy random variables. Then with probability at least 1 — 1/ 2”9(1),

2.025
Z |(U + Ad+1 — (’LL]_—r + A[d])a)J‘ 2 - nlnn.

G 2| <0099

Proof. Let G1 = {j € [n] | [Ajari] < n®9sign((u(l — 1Ta) — Aya);) =
sign(Ag11);) 1, G2 = {7 € [n] | [Ajae| < 0% sign((u(l — 1Ta) — Aga);) #
sign(Ag11);)}. Notice that Ajga is a random vector with each entry independently drawn from

C(0, ||]]1)- Then with probability at least 1 — 1/2“9(1)
|(u+ Aarr = (ul” + Ag)a);|

JEM] A a41|<n0-9999

Z l(u(l—1Ta)— Aga+ Agy1)jl

JEN], A, dt1]<n0-9999

= Z \(u(l - 1TO() — A[d]a + Ad-‘,—l)j| + Z |(u(1 — 1Toz) - A[d]a + Ad+1)j|

JjE€G1 JEG2
= D | =1"e) = Aga); |+ Y [(Aara)il + Y (w1l —1Ta) = Aga + Agia)y|

JjEG1 JjEG: JEGQ

0.997 0.9998 0.03
>lalh - —— nlnn+ nlnn+ —nlnn
T T

2.025

> nlnn
0

The first inequality follows by Lemma B.16, Lemma B.14 and Lemma B.17. The second inequality
follows by ||a/|; > 1 — 10720, O

Lemma B.19 (For all). Let ¢ > 0,co > 0 be two arbitrary constants. Let u = n-1 € R"
where ) € R satisfies |n| < n°. Consider a random matrix A € R™ Y with d = n°Y) and
V(i,5) € [n] x [d+1],A;; ~ C(0,1) are i.i.d. standard Cauchy random variables. Conditioned

on |Ally < n3, with probability at least 1 — 1/2”9(1),V0z € R with1 — 10720 < |la||; < n®,

2.024
Z [(u+ Agyr — (ul" + Ag))a);| > - nlnn

JEN] 1A a41|<n0-9999
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Proof. Let N be a set of points:

N={aeR*|1-10"% < |alj; <n°and 3¢ € Z%, such that o = g/n T 1000}
Since d = n°(M), we have |N| < (n2etc0+2000)d — on”" By ] emma B.18 and a union bound,
with probability at least 1 — 1/2"8(1) N> 1 - 1/2”6(1), Vo € N, we have

2.025
nlnn.

> |(ut A1 = (ul + Ag)a);| >

je[n],lAj,d+1‘<’ﬂO'9999

Due to the construction of A/, we have Var € R? with 1 — 1072° < |la||; < n¢, 3o’ € A such that
o — |l oo < 1/mcteot1000 T et v = o — o/. Then

> [+ Aagr — (1T + Apg)a)]
JEM],|Aj a41]|<n0-9999
= > (a4 Bgr = (1T + Agg) (@’ +7)),]
je[n]y‘Aj,d+1|<n0‘9999
> > [(u+ Agyr — (ulT + Apg)a’);] - > (1™ + Apg)y);
JE[n]| A, aq1|<n0-9999 FEM]I A, ay1]<n0-9999
= Z [(u+ A1 — (1" + Apg)a’);| = [[(ul” + Al
FE[N],| A ap1|<n0-9999
2.02 )
> 0 5nlnn7 1/n°%
2.024
> 0 nlnn

The first equality follows from oo = o/ +. The first inequality follows by the triangle inequality. The
third inequality follows from ||y||; < 1/ncte+800 |41 7|} < n%+1O ||All; < nd and Vo' € N,

St dun - (a7 + Ag)a)yl > 2,

JE[n],|A a1 <n0-9999

B.9 Main result

Theorem B.20 (Formal version of Theorem 1.2). Let n > 0 be sufficiently large. Let A =1n-1 -
1T + A € R™" be a random matrix where 1) = n for some sufficiently large constant co, and
Vi,j € [n],Ai; ~ C(0,1) are i.i.d. standard Cauchy random variables. Let r = n°Y). Then with
probability at least 1 — O(1/loglogn), VS C [n] with |S| = r,

min [|AsX — All; > 1.002[|A|;
XeR'I‘Xn

Proof. We first argue that for a fixed set S, conditioned on ||Al|; < 10012 Inn, with probability at
o(1)

least1 —1/2" ",

min [|AsX — All; > 1.002]|Al;.
XeRTXn

Then we can take a union bound over the at most n” = 27" possible choices of S. It suffices to
show for a fixed set S, min y cgrxn || AsX — Al|1 is not small.

Without loss of generality, let S = [r], and we want to argue the cost

min [[AgX — AHI > min HASX[n]\S — A[n}\SHl > 1.002||A||1.
XERrxn XERrxn

Due to Lemma B.2, with probability at least 1 — O(1/loglogn), ||All; < 4.0002/7 - n? Inn. Now,
we can condition on ||Al|; < 4.0002/7 - n? Inn.
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Consider j € [n] \ S. Due to Lemma B.6, with probability at least 1 — (1/n)®() for all X; € R"
with || X;||1 > n® for some constant ¢ > 0, we have

1AsX; = Ajll = [1(n-1-17 +[As A DX =171 > 0.9n%.

By taking a union bound over all j € [n] \ S, with probability at least 1 — (1/n)®() for all
X e R with 35 € [n] \ S, || Xj][1 > n°, we have

|AsX — Ally > 0.9n3.

Thus, we only need to consider the case Vj € [n] \ S, | X;|l1 < n°. Notice that we condition on
|All1 < 4.0002/7-n?Inn. By Fact B.1, we have thatif || X;|j; <n¢and |1 -1TX;| > 110720,
then ||A5X — Alll > HAsz — AjHl > n3.

Thus, we only need to consider the case Vj € [n] \ S, [|X;[1 < n% |1 —17X;| < 1-—10"2.
VX € R with Vj € [n]\ S, || X;]l1 <nf [1-1TX;] <1-1072%if | As X(ups — Appslh <
4n?Inn, then

[As Xips — Apps |
= 117 +Ag)Xpps — (117 + Apps)lh

: 2 (7117 + Ag)Xppns =0+ 1-17) = Apis)igl
i€[n],j€[n]\S,|A;, ;| >nl-0002
' 2 (7117 + Ag)Xpups = (7-1- 17 + Appis))igl

i€[n],j€[N]\S,|A;,;|<n0-9999

1.996 ] T

> " Inn + Z (11" +Ag)Xpps — (- 1-17 + Apps))iyl

i€[n],j€[n]\S,|A;, ;| <n0-9999
~ 1.996 n*lnn + Z Z (117 4+ Ag)X; —n-1— A
= ™ n S I n i

JEM]\S i€[n],|A;,;|<n0-9999

1.996 2.024
-n“lnn + Z - nlnn
J€M\S

1. 2.02
> 996~n21nn+£n21nn
s T
4.01
2—0~n21nn
T

holds with probability at least 1 —1/ 2n°(1) The first equality follows by the definition of A. The first
inequality follows by the partition by |A; ;|. Notice that [1 Ag] has rank at most 7+1 = n°(1). Then,
due to Lemma B.13, and the condition [|AsX\s — App sl < 4n?Inn, the second inequality
holds with probability at least 1 — 1/ 27°“ The second equality follows by grouping the cost by
each column. The third inequality holds with probability at least 1 — 1/ gn by Lemma B.19, and
a union bound over all the columns in [n] \ S. The fourth inequality follows by n —r = n —n°() >
(1 —107199)p,

Thus, conditioned on ||Al|; < 4.0002/7 - n? Inn, with probability at least 1 — 1/2”9(1>7 we have
miny egrxn [|[AsX — A1 > £22.n? In n. By taking a union bound over all the (') = 2n”" choices
of S, we have that conditioned on [|A|; < 4229252 In . with probability at least 171/2"6(1) VS C
AsX — All; > 22 . n2Inn. Since 4.01/4.0002 > 1.002,

[n] with |S| =Tr = n0(1)7 minXeR‘r'Xn

min [|AsX — All1 > 1.002]|All;.
XeRrxn

Since [|[Al; < 2229252 Inp happens with probability at least 1 — O(1/loglogn), this completes
the proof. O
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