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Abstract

We study first-order optimization algorithms obtained by discretizing ordinary
differential equations (ODESs) corresponding to Nesterov’s accelerated gradient
methods (NAGs) and Polyak’s heavy-ball method. We consider three discretization
schemes: symplectic Euler (S), explicit Euler (E) and implicit Euler (I) schemes.
We show that the optimization algorithm generated by applying the symplectic
scheme to a high-resolution ODE proposed by |Shi et al.|[2018]] achieves the accel-
erated rate for minimizing both strongly convex functions and convex functions.
On the other hand, the resulting algorithm either fails to achieve acceleration or is
impractical when the scheme is implicit, the ODE is low-resolution, or the scheme
is explicit.

1 Introduction

In this paper, we consider unconstrained minimization problems:

min f(x), (1.1)

zER™

where f is a smooth convex function. The touchstone method in this setting is gradient descent (GD):

Tpy1 = T — sV f(xr), (1.2)

where x( is a given initial point and s > 0 is the step size. Whether there exist methods that improve
on GD while remaining within the framework of first-order optimization is a subtle and important
question.

Modern attempts to address this question date to |Polyak|[[1964,/1987|, who incorporated a momentum
term into the gradient step, yielding a method that is referred to as the heavy-ball method:

Yr+1 = Tk — sV f(2k), Tht1 = Yrt1 — (g — Tp—1), (1.3)

where a > 0 is a momentum coefficient. While the heavy-ball method provably attains a faster rate
of local convergence than GD near a minimum of f, it generally does not provide a guarantee of
acceleration globally [Polyakl, |1964].

The next major development in first-order methods is due to Nesterov, who introduced first-order
gradient methods that have a faster global convergence rate than GD [Nesterov, |1983}2013|]. For a
p-strongly convex objective f with L-Lipschitz gradients, Nesterov’s accelerated gradient method
(NAG-5C) involves the following pair of update equations:

1—/us
Yht1 = Tk — sV f(xr), Thp1 = Yep1 + ——— Wk+1 — Yk) - (1.4)

1+ /s
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If one sets s = 1/L, then NAG-SC enjoys a O ((1 — 3\ /M/L)k) convergence rate, improving on

the O ((1 —u/ L)k) convergence rate of GD. Nesterov also developed an accelerated algorithm
(NAG-C) targeting smooth convex functions that are not strongly convex:

k

Ykl = Tk — SV (Tr), Try1 = Yry1 + m(ykﬂ — Uk)- (1.5)

This algorithm has a O(L/k?) convergence rate, which is faster than GD’s O(L/k) rate.

While yielding optimal and effective algorithms, the design principle of Nesterov’s accelerated
gradient algorithms (NAG) is not transparent. Convergence proofs for NAG often use the estimate
sequence technique, which is inductive in nature and relies on series of algebraic tricks [Bubeck,
2015]]. In recent years progress has been made in the understanding of acceleration by moving to a
continuous-time formulation. In particular, |Su et al.|[2016] showed that as s — 0, NAG-C converges
to an ordinary differential equation (ODE) (Equation (2.2))); moreover, for this ODE, [Su et al.| [2016]]
derived a (continuous-time) convergence rate using a Lyapunov function, and further transformed
this Lyapunov function to a discrete version and thereby provided a new proof of the fact that
NAG-C enjoys a O(L/k?) rate.

Further progress in this vein has involved taking a variational point of view that derives ODEs from
an underlying Lagrangian rather than from a limiting argument [Wibisono et al., [2016]]. While this
approach captures many of the variations of Nesterov acceleration presented in the literature, it does
not distinguish between the heavy-ball dynamics and the NAG dynamics, and thus fails to distinguish
between local and global acceleration. More recently, [Shi et al.|[2018]] have returned to limiting
arguments with a more sophisticated methodology. They have derived high-resolution ODEs for the
heavy-ball method (Equation (2.4)), NAG-SC (Equation (2.3)) and NAG-C (Equation (2.6)). Notably,
the high-resolution ODEs for the heavy-ball dynamics and the accelerated dynamics are different.
Shi et al.[[2018]| also presented Lyapunov functions for these ODEs as well as the corresponding
algorithms, and showed that these Lyapunov functions can be used to derive the accelerated rates
of NAG-SC and NAG-C. A number of other papers have also contributed to the understanding of
acceleration by working in a continuous-time formulation [Krichene and Bartlett, [2017, |Krichene
et al.| |2015] [Diakonikolas and Orecchial, 2017, /Ghadimi and Lan| 2016} [Diakonikolas and Orecchial,
2017].

This emerging literature has thus provided a new level of understanding of design principles for
accelerated optimization. The design involves an interplay between continuous-time and discrete-time
dynamics. ODEs are obtained either variationally or via a limiting scheme, and various properties of
the ODEs are studied, including their convergence rate, topological aspects of their flow and their
behavior under perturbation. Lyapunov functions play a key role in such analyses, and also allow
aspects of the continuous-time analysis to be transferred to discrete time [see, e.g., [Wilson et al.,
2016].

And yet the literature has not yet provided a full exploration of the transition from continuous-time
ODEs to discrete-time algorithms. Indeed, this transition is a non-trivial one, as evidenced by the
decades of research on numerical methods for the discretization of ODEs, including most notably the
sophisticated arsenal of techniques referred to as “geometric numerical integration” that are used for
ODEs obtained from underlying variational principles [Hairer et al.,|2006]. Recent work has begun
to explore these issues; examples include the use of symplectic integrators by |Betancourt et al.| [2018]]
and the use of Runge-Kutta integration by Zhang et al.|[2018]]. However, these methods do not
always yield proofs that accelerated rates are retained in discrete time, and when they do they involve
implicit discretization, which is generally not practical except in the setting of quadratic objectives.

Thus we wish to address the following fundamental question:

Can we systematically and provably obtain new accelerated methods via the numerical discretization
of ordinary differential equations?

Our approach to this question is a dynamical systems framework based on Lyapunov theory. Our
main results are as follows:

1. In Section [3.1} we consider three simple numerical discretization schemes—symplectic Euler
(S), explicit Euler (E) and implicit Euler (I) schemes—to discretize the high-resolution ODE of
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Nesterov’s accelerated method for strongly convex functions. We show that the optimization
method generated by symplectic discretization achieves a O((1 — O(1)+/u/L)*) rate, thereby
attaining acceleration. In sharp contrast, the implicit scheme is not practical for implementation,
and the explicit scheme, while being simple, fails to achieve acceleration.

2. In Section [3.2] we apply these discretization schemes to the ODE for modeling the heavy-ball
method, which can be viewed as a low-resolution ODE that lacks a gradient-correction term [Shi
et al.,|2018]. In contrast to the previous two cases of high-resolution ODEs, the symplectic scheme
does not achieve acceleration for this low-resolution ODE. More broadly, in Appendix [D| we
present more examples of low-resolution ODEs where symplectic discretization does not lead to
acceleration.

3. Next, we apply the three simple Euler schemes to the high-resolution ODE of Nesterov’s acceler-
ated method for convex functions. Again, our Lyapunov analysis sheds light on the superiority of
the symplectic scheme over the other two schemes. This is the subject of Section ]

Taken together, the three findings have the implication that high-resolution ODEs and symplectic
schemes are critical to achieving acceleration using numerical discretization. More precisely, in
addition to allowing relatively simple implementations, symplectic schemes allow for a large step size
without a loss of stability, in a manner akin to (but better than) implicit schemes. In stark contrast,
in the setting of low-resolution ODEs, only the implicit schemes remain stable with a large step
size, due to the lack of gradient correction. Moreover, the choice of Lyapunov function is equally
essential to obtaining sharp convergence rates. This important fact is highlighted in Theorem[A.6]in
the Appendix, where we analyze GD by considering it as a discretization method for gradient flow
(the ODE counterpart of GD). Using the discrete version of the Lyapunov function proposed in|Su
et al.| [2016] instead of the classical one, we show that GD in fact minimizes the squared gradient
norm (choosing the best iterate so far) at a rate of O(L?/k?). Although this rate of convergence in
the problem of squared gradient norm minimization is known in the literature [Nesterov, 2012], the
Lyapunov function argument provides a systematic approach to obtaining this rate in this problem and
others. In particular, this example demonstrates the usefulness and flexibility of Lyapunov functions
as a mathematical tool for optimization problems.

2 Preliminaries

In this section, we introduce necessary notation, and review ODEs derived in previous work and three
classical numerical discretization schemes.

We mostly follow the notation of Nesterov| [2013|], with slight modifications tailored to the present
paper. Let 7} (R™) be the class of L-smooth convex functions defined on R™; that is, f € F} (R") if
fly) > f(x) +(Vf(x),y — ) for all ,y € R™ and its gradient is L-Lipschitz continuous in the

sense that

IVi(z) = VIl < Lz -yll,
where ||-|| denotes the standard Euclidean norm and L > 0 is the Lipschitz constant. The function class
F?%(R™) is the subclass of F1 (R™) such that each f has a Lipschitz-continuous Hessian. For p = 1,2,
let Sf; 1 (R™) denote the subclass of 77 (R™) such that each member f is p-strongly convex for some
0 <y < L. Thatis, f € S% | (R")if f € FL(R")and f(y) > f(2)+(Vf(2),y — z)+% |y — 2|
for all z,y € R™. Let 2* denote a minimizer of f(x).

2.1 Approximating ODEs

In this section we list all of the ODEs that we will discretize in this paper. We refer readers to recent
papers by Su et al.| [2016], Wibisono et al.|[2016] and |Shi et al.|[2018]] for the rigorous derivations of
these ODEs. We begin with the simplest. Taking the step size s — 0 in Equation (I.2)), we obtain the
following ODE (gradient flow):

X =-Vf(X), @2.1)
with any initial X (0) = zo € R™.
Next, by taking s — 0 in Equation (I.3)),[Su et al| [2016] derived the low-resolution ODE of NAG-C:

X+ %X +Vf(X)=0, (2.2)
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with X (0) = zg and X (0) = 0. For strongly convex functions, by taking s — 0, one can derive the
following low-resolution ODE (see, for example, Wibisono et al.|[2016])

X +2/pX +VF(X)=0 (2.3)
that models both the heavy-ball method and NAG-SC. This ODE has the same initial conditions
as (2.2).

Recently, [Shi et al.|[2018]] proposed high-resolution ODEs for modeling acceleration methods. The

key ingredient in these ODEs is that the O(/s) terms are preserved in the ODEs. As a result, the
heavy-ball method and NAG-SC have different models as ODEs.

@IffesS i .(R™), the high-resolution ODE of the heavy-ball method (L.3) is

X +2/uX + (14 us)VF(X) =0, (2.4)
with X (0) = o and X (0) = —Q\{ivif%O). This ODE has essentially the same properties as its

low-resolution counterpart (2-3) due to the absence of V2 f(X)X.
(b) If f € 82 | (R™), the high-resolution ODE of NAG-sC (T4) is

X 42X +VsV2F(X)X + (14 Vus)VF(X) =0, (2.5)
with X (0) = o and X (0) = —2fF L),
(¢) If f € FZ(R™), the high-resolution ODE of NAG-C (L.3) is
3y/s

X+ %X + \/EVZf(X)X + (1 + 2t> ViX)=0 (2.6)

for t > 3/5/2, with X (3y/5/2) = z¢ and X (3\/5/2) = —/sV f(z0).
2.2 Discretization schemes

To discretize ODEs (Z.1)-(2.6), we replace X by 41 — @k, V by vg41 — vy and replace other terms
with approximations. Different discretization schemes correspond to different approximations.

e The most straightforward scheme is the explicit scheme, which uses the following approximation

rule:
Thy1 — T = \/SUp, VsV far)op = Vf(zri1) — V(z).
e Another discretization scheme is the implicit scheme, which uses the following approximation
rule:
Thy1 — Tk = \/SUk41, VSV f(xpy1)vkt1 = VI (2pi1) — VF(ag).
Note that compared with the explicit scheme, the implicit scheme is not practical because the
update of xj 1 requires knowing vy while the update of vy requires knowing ;.

e The last discretization scheme considered in this paper is the symplectic scheme, which uses the
following approximation rule.

Thpr — ok = Vo, VsV f(zra)or = V(i) — V().
Note this scheme is practical because the update of x4 only requires knowing vy.

We remark that for low-resolution ODEs, there is no V2 f () term, whereas for high-resolution ODEs,
we have this term and we use the difference of gradients to approximate this term. This additional
approximation term is critical to acceleration.

3 High-Resolution ODEs for Strongly Convex Functions

This section considers numerical discretization of the high-resolution ODEs of NAG-SC and the
heavy-ball method using the symplectic Euler, explicit Euler and implicit Euler scheme. In particular,
we compare rates of convergence towards the objective minimum of the three simple Euler schemes
and the two methods (NAG-SC and the heavy-ball method) in Section[3.T)and Section[3.2] respectively.
For both cases, the associated symplectic scheme is shown to exhibit surprisingly similarity to the
corresponding classical method.



159

160

161

162

163

164

165
166

167

168
169
170

171

172

173
174

175
176
177
178
179

181
182

3.1 NAG-sc

The high-resolution ODE (2.3)) of NAG-SC can be equivalently written in the phase space as

X=V, V==2yuV—sVf(X)V—(1+/us)VF(X), (€B))
with the initial conditions X (0) = x and V(0) = 72‘15;7\2%0). For any f € Si’L(]R”), Theorem 1

of |Shi et al.| [2018] shows that the solution X = X (¢) of the ODE (2.3) satisfies

o 2w =2t e
FX) - fat) < ST e,
for any step size 0 < s < 1/L. In particular, setting the step size to s = 1/L, we get

F(X) = f(a*) < 2L ||z — |2 e

In the phase space representation, NAG-SC is formulated as

L1 — Tk = V/SUp

2,/1s 1+ /s
— V= — \% -V - ———— sV ,
Ver T = 7 sk V(Vf(zern) = V() = 1= Vs VsV f(zgt1)
3.2)
with the initial condition vy = — Z‘ﬁ_vij%“) for any x¢. This method maintains the accelerated rate

of the ODE by recognizing

o) — sy < ezl
(1+ /u/L/12)"
(see Theorem 3 in|Shi et al.|[2018])) and the identification ¢ = k+/s.
Viewing NAG-SC as a numerical discretization of (2.3, one might wonder if any of the three

simple Euler schemes—symplectic Euler scheme, explicit Euler scheme, and implicit Euler scheme—
maintain the accelerated rate in discretizing the high-resolution ODE. For clarity, the update rules of

the three schemes are given as follows, each with the initial points zg and vy = _%ﬁvij%o).

Euler scheme of (3.1)): (S), (E) and (I) respectively

S {mk+1 —x = V/svg

U1 = Uk = —2y/15041 — V8 (VI (@re1) = V(2r) = V(1 + /us)V f(2g41).
) {xk+1 -z = +/sv

U1 — Vg = =230 — Vs (Vf(2r41) = VF(2r) — V(1 +/us)V f ().
) {xk+1 — T = \/gkarl

Vg1 — U = —2y/180k11 — V8 (Vf(2p11) = Vf(2k)) = V(1 + /us)V f (k1)

Among the three Euler schemes, the symplectic scheme is the closest to NAG-SC (3.2). More
precisely, NAG-SC differs from the symplectic scheme only in an additional factor of ﬁ in
the second line of (3.2). When the step size s is small, NAG-SC is, roughly speaking, a symplectic

method if we make use of ﬁ ~ 1. In relating to the literature, the connection between accelerated

methods and the symplectic schemes has been explored in Betancourt et al.| [2018]], which mainly
considers the leapfrog integrator, a second-order symplectic integrator. In contrast, the symplectic
Euler scheme studied in this paper is a first-order symplectic integrator.

Interestingly, the close resemblance between the two algorithms is found not only in their formulations,
but also in their convergence rates, which are both accelerated as shown by Theorem [B.T] and
Theorem [3.11

Note that the discrete Lyapunov function used in the proof of the symplectic Euler scheme of (3.I)) is

£ =7 Newl® +  [2yiener = 2%) + v+ VAV ()|
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The proof of Theorem[B.1]is deferred to Appendix [B.1] The following result is a useful consequence
of this theorem.

Theorem 3.1 (Discretization of NAG-SC ODE). For any f € S,i, . (R™), the following conclusions
hold:

(a) Taking step size s = 4/(9L), the symplectic Euler scheme of (3.1) satisfies

_ 5L lwo —a*|®

flae) = f(a*) < : (3.4
(1+3vD)"
(b) Taking step size s = u/(100L?), the explicit Euler scheme of (3.1)) satisfies
k
fw) = @) < 8LYao —a*|* (1 - ) (3.5)
(c) Taking step size s = 1/L, the implicit Euler scheme of (3.1) satisfies
13 ||z — 2*|?
flo) — fay < AT T 66)

iR

In addition, Theorem [3.1] shows that the implicit scheme also achieves acceleration. However, unlike
NAG-sC, the symplectic scheme, and the explicit scheme, the implicit scheme is generally not easy
to use in practice because it requires solving a nonlinear fixed-point equation when the objective is
not quadratic. On the other hand, the explicit scheme can only take a smaller step size O(u/L?),
which prevents this scheme from achieving acceleration.

3.2 The heavy-ball method
We turn to the heavy-ball method ODE (2.4)), whose phase space representation reads
X =V, V==2/uV — (1+ /us)Vf(X), (3.7

with the initial conditions X (0) = zo and V/(0) = —2{%\%) Theorem 2 in |Shi et al.| [2018]
shows that the solution X = X (¢) to this ODE satisfies

X(t)) — *
FEC(@®) - o) < T ,
for f € S;,L(R”) and any step size 0 < s < 1/L. In particular, taking s = 1/L gives

< Tl | o

TL |lwo — 2*|° v
< ———We 1.

fFX(#) = f=7) 5

Returning to the discrete regime, Polyak’s heavy-ball method uses the following update rule:

Tpy1 — T = \/SUk

2,/us 1+ /us
Vk+1 — Uk = 1 s ﬁvlﬁ-l 1 s s VsV f(ari1),

which attains a non-accelerated rate (see Theorem 4 of |Shi et al.|[2018)]]):

L 3Llm— |

floy) — f2*) <
' (1+1t)"

The three simple Euler schemes for numerically solving the ODE (2.4) are given as follows. Every

(3.8)

scheme starts with any arbitrary xg and vy = — Q\ﬁvij%“). As in the case of NAG-SC, the symplectic

scheme is the closest to the heavy-ball method.



206 Euler scheme of (3.7): (S), (E) and (I) respectively

Th1 — T = /U,
S)
V1 — Uk = —2y/pS0kt1 — V(1 + /us)Vf(@pt1).
Th1 — Tk = \/gvk:
(E)
Vg1 — Uk = —2y/psvg — V/s(1 + /ps)V f(zy).
@ Thy1 — Tk = \/gvk+1
Vg1 — Vg = —2\/[%1)164_1 — \/g(l + \/E)Vf(xkﬂ).

207 The theorem below characterizes the convergence rates of the three schemes. This theorem is extended
208 to general step sizes by Theorem[B.2)in Appendix [B.2]

209 Theorem 3.2 (Discretization of heavy-ball ODE). Forany f € S ,i 1 (R™), the following conclusions
210 hold:

211 (a) Taking step size s = u/(16L?), the symplectic Euler scheme of (3.7)) satisfies

o 3L —a*|®

flxe) — f(2") < (1+ﬁ)k

212 (b) Taking step size s = u/(36L?), the explicit Euler scheme of (3.7)) satisfies

* *|2 H k
J@w) = @) < 3LJao —a** (1 - 157) - (3.10)

(3.9)

213 (c) Taking step size s = 1/L, the implicit Euler scheme of (3.7) satisfies

_ 15 lao — a*|?

i k: .
4(1+3VE)

214 Taken together, (3.8) and Theorem [3.2]imply that neither the heavy-ball method nor the symplectic

215 scheme attains an accelerated rate. In contrast, the implicit scheme achieves acceleration as in the
216 NAG-SC case, but it is impractical except for quadratic objectives.

flx) — f(z¥) (3.11)

S

2

74 High-Resolution ODEs for Convex Functions

218 In this section, we turn to numerical discretization of the high-resolution ODE related to NAG-C.
219 All proofs are deferred to Appendix [C] This ODE in the phase space representation reads [Shi et al.}
220 [2018]] as follows:

. . 3 3
X =V, V:—;-V—\/EVQf(X)V— <1+f> V f(X), (4.1)
221 with X (31/s/2) = o and V(31/s/2) = —/sV f(x0). Theorem 5 of [Shi et al.|[2018]] shows that
222 Let f € Fi(R™). For any step size 0 < s < 1/L, the solution X = X (¢) of the high-resolution
223 ODE (2.6) satisfies

I

(44 3sL) ||lzg — 2*|?
t(2t + /)

. 12 + 9sL) ||zo — z*||?
f X)|® < ¢

W IV < g

224 forany t > tg = 1.5\/s. A caveat here is that it is unclear how to use a Lyapunov function to
225 prove convergence of the (simple) explicit, symplectic or implicit Euler scheme by direct numerical
226 discretization of the ODE (2.2). See Appendix [C.2]for more discussion on this point. Therefore, we
227 slightly modify the ODE to the following one:

f(X) = f@@7) <
: 4.2)

X=vV, V:—%V—\/ng(X)V— <1+3\t/§> Vf(X). “3)
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The only difference is in the third term on the right-hand side of the second equation, where we replace
(1 + df) Vf(X) by (1 + s\t/g) Vf(X). Now, we apply the three schemes on this (modified)
ODE in the phase space, including the original NAG-C, which all start with z¢ and vg = —/sV f(z0).
Euler scheme of (£.3): (S), (E) and (I) respectively

L1 — T = /sUp

® Ukl = Uk =~ i T — Ve (V@) = Vi) - Vs <Z I 4) Vf(@k+1)-
Tort — T = V50

B o= = Fo = VB ) = Vi) - 5 () i),
Thi1 — Tk = /SUkt1

o Ukl — Uk = kilvk+1 Vs (Vf(zrs1) — V (k) —f(iif) Vf(@pt1)-

Theorem 4.1. Let f € F; (R™). The following statements are true:
(a) For any step size 0 < s < 1/(3L), the symplectic Euler scheme of (4.3) (original NAG-C) satisfies

*|2 k|2

f(xk)_f(x*) < S(k+1)2 ’ 0<< W7

(4.4)

(b) Taking any step size 0 < s < 1/L, the implicit Euler scheme of (4.3)) satisfies

%2 |2
(3sL 4+ 2) ||xzg — x*|| min |V f(z )HQ < (3sL +2) ||zg — x*||

flaw) = f2%) = s(k+2)(k+3) = o<i<k s?(k +1)3

4.5)

Note that Theorem@ (a) is the same as Theorem 6 of |Shi et al.|[2018]]. The explicit Euler scheme
does not guarantee convergence; see the analysis in Appendix [C.T|

5 Discussion

In this paper, we have analyzed the convergence rates of three numerical discretization schemes—the
symplectic Euler scheme, explicit Euler scheme, and implicit Euler scheme—applied to ODEs that are
used for modeling Nesterov’s accelerated methods and Polyak’s heavy-ball method. The symplectic
scheme is shown to achieve accelerated rates for the high-resolution ODEs of NAG-SC and (slightly
modified) NAG-C [Shi et al., 2018|], whereas no acceleration rates are observed when the same
scheme is used to discretize the low-resolution counterparts [[Su et al., 2016]]. For comparison, the
explicit scheme only allows for a small step size in discretizing these ODEs in order to ensure stability,
thereby failing to achieve acceleration. Although the implicit scheme is proved to yield accelerated
methods no matter whether high-resolution or low-resolution ODEs are discretized, this scheme is
generally not practical except for a limited number of cases (for example, quadratic objectives).

We conclude this paper by presenting several directions for future work. This work suggests that
both symplectic schemes and high-resolution ODEs are crucial for numerical discretization to
achieve acceleration. It would be of interest to formalize and prove this assertion. For example,
does any higher-order symplectic scheme maintain acceleration for the high-resolution ODEs of
NAGs? What is the fundamental mechanism of the gradient correction in high-resolution ODE in
stabilizing symplectic discretization? Moreover, since the discretizations are applied to the modified
high-resolution ODE of NAG-C, it is tempting to perform a comparison study between the two
high-resolution ODE:s in terms of discretization properties. Finally, recognizing Nesterov’s method
(NAG-SC) is very similar to, but still different from, the corresponding symplectic scheme, one can
design new algorithms as interpolations of the two methods; it would be interesting to investigate the
convergence properties of these new algorithms.
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A Gradient Flow

A.1 Convergence rate of gradient flow

The following theorem is the continuous-time version of Theorem 2.1.15 in [2013].
Theorem A.1. Let f € S| ; (R"). The solution X = X (t) to the gradient flow (2.1) satisfies

IX —a2*[| < e™"" flzo — 27|

Proof. Taking the following Lyapunov function
%12
=X =",
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we calculate its time derivative as
d&é .
9 <X,X _ >
T o
=-2(Vf(X),X —z*)
< 2 X —a*|?.

Thus, we complete the proof. O

The theorem below is a continuous version of Theorem 2.1.14 in|[Nesterov|[2013]].
Theorem A.2. Let f € F}(R™). The solution X = X (¢) to the gradient flow (2.I) satisfies

(f(z0) = f(&*)) llwo — 2*|

X)— f(z* .
=0 )Sf(f(ﬂﬁo)—JC(I*))JrHIo—JU*H2

Proof. The time derivative of the distance function is
d .
SIx -t =2 <X,X - x>
= —2(Vf(X), X —a7)
<0.

We define a Lyapunov function as
&= f(X) = fla").
With the basic convex inequality for f € F} (R™), we have
FX) = f@) < (VFA(X), X = a") < VX [lzo — 27|
Furthermore, we obtain that the time derivative is

L = (V0 X) = IV < -

(f(X) = f@*)? _ &

o — 2| 2o — 2*||*

Hence, the convergence rate is

(£ (w0) = f(&*)) o —2*|*
t(f(wo) = f(@¥)) + [lwo — 2*||?

FX) = f@") <
O

The following theorem is based on the Lyapunov function for gradient flow (2:1)) in[Su et al][2016].
Theorem A.3. Let f € F1(R"). The solution X = X (¢) to the gradient flow (2.I) satisfies
[lzo — 2%
2t
win |7 (x| < 10—
0<u<t - 12 ’

f(X) = fa”) <

Proof. The Lyapunov function is
* ]' *
E=t(f(X) - f@")+5 X~z I

‘We calculate its time derivative as

= 100 — ) + (V0 X+ (X -0t X)
— F(X) = f(a*) = (VF(X), X —a*) =t [VFX)|I3
< VI
Thus, we complete the proof. O

11
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Remark A.1. From the view of Lyapunov function, Theorem is essentially different from
Theorem[A.2] When the Lyapunov function

£ = t(F(X) ~ F@) + 5 X — |

is used to take place of that

&= f(X) = fa"),
the same convergence rate for function value is not only obtained by the simple way of calculation,
but we can also capture an advanced faster speed of the squared gradient norm. From this view,
constructing Lyapunov function is a more powerful and advanced mathematical tool for optimization.

A.2 Explicit Euler scheme

The corresponding explicit-scheme version of Theorem [A.1]is just Theorem 2.1.15 in [Nesterov
[2013]]. We state it below.

Theorem A.4 (Theorem 2.1.15, Nesterov| [2013])). Let f € S;,L(R"). Taking any step size 0 < s <
2/ (p+ L), the iterates {x } ;- , generated by GD (I-2) satisfy

* |2 2.UL5 * |2
i = 21 < (1= 2552 g — 7|

In addition, if the step size is setto s = 2/(u + L), we get

2
| *2< L_:u *12
o= < (F52) hea =o'l

This proof is from [Nesterov| [2013]]. The only conceptual difference is that we use the Lyapunov
function

E(k) = |l — z*|%,
instead of the distance function r in Nesterov| [2013]].

The corresponding explicit version of Theorem [A.2]is Theorem 2.1.14 inNesterov| [2013]]. We also
state it as follows.

Theorem A.5 (Theorem 2.1.14, Nesterov [2013]). Let f € F; (R"). Taking any step size 0 < s <
2/L, the iterates {xy },. , generated by GD (I.2) satisfy

2(f(x0) — f(a*)) o — 2*|

flzg) — f(z¥) < . (A1)
) ) S e~ 2P + ko2 — L) (F (o) — F)
In addition, if the step size is setto s = 1/L, we get
o _ 2L |z — a*||?
flag) = f(a") £ ———F— (A.2)

k+4

Again, Nesterov| [2013] uses the Lyapunov function £ (k) instead of 7.
Finally, we show the corresponding discrete version of Theorem [A.3] highlighting the ODE-based
approach and the importance of Lyapunov functions in proofs.

Theorem A.6. Let f € F} (R"). Taking any step size 0 < s < 1/L, the iterates {x) } 2, generated
by GD (1.2) satisfy

o _ o — 22
flog) — f(z )S T oks
9 (A3)
min ||V f(z,)]® < _2ffwo —2*[|”
0<i<k YT 2k 1)(E+2)
In addition, if the step size is set s = 1/L, we have
L|lzg — 2|
flag) - o) < TR
(A4)

, o 2L ||zo — a*|?
N < ——-.

12
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To obtain this result, we use a Lyapunov function that is different from the standard analysis of
gradient descent, which uses the Lyapunov function £(k) £ f(z) — f(z*). This Lyapunov
function yields the O(L/k) convergence rate for the function value. For the squared gradient norm,
however, this Lyapunov function can only exploit the L-smoothness property that transforms the
function value to the gradient norm, giving the sub-optimal O(L?/k) rate, due to the absence

of gradient information in this function. Our proof uses a different Lyapunov function: £(k) =
ks (f (ax) = f(2) + § |lz — 2*]*.

Proof. The corresponding discrete Lyapunov function is constructed as below
1 2
Ek) = ks (f(z) = f(2) + 5 llaw — 27,

from which we get

E(k+1) — E(k)

=5 (f(xr) = f(@") + (K + 1)s (f (wrr1) — fan) + % (Thi1 — Tk, Thyr + o) — 227)
<s (flar) = f(@®) = (Vf(zr),zr —27)) + (k+ 1)s (Vf(@k), hr1 — k)
+ [M;)SL + H Zrt1 — 331c||2
1 k+1)sL 1
<o |5 - G ) + R o p?
2
<=5 b+ ) [V
Taking kg in the assumption completes the proof. O

Remark A.2. Same as the continuous ODE in Remark[A.T] from view of the discrete algorithm, we
can find the apunov function is a more powerful and advanced mathematical tool.

A.3 Implicit Euler scheme

Next, we consider the implicit Euler scheme of the gradient flow (2.1) as
Trt1 = Xk — SV f(Try1), (AS)

with any initial 2y € R"™. The corresponding implicit version of Theorem[A.T]is shown as below.
Theorem A.7. Let f € S EL . (R™), the iterates {1 }72, generated by implicit gradient descent (A.5)

satisfy
1
ek — 2" < ——— - [lwo — 2] (A.6)
(1+ ps)
In addition, if the step size s = 6/, where § > 0, we have
1
|lzg — || £ ———— ||lxo — x| - (A7)
(1+6)" |

Proof. The Lyapunov function is
E(k) = oy — 2.
Then, we calculate the iterate difference as
E(k+1) — E(k) = |apsr — 2*|° — [Jax — 27|
= (Tg41 — Tk, Thot1 + T — 227)
=25 (Vf(zk41), Thar — %) — 82 |V f (@rg1) ||
— (2us + p?s*) E(k + 1).

Hence, the proof is complete. O

IN
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ass  Next, we show the implicit version of Theorem[A2]as follows.

a0 Theorem A.8. Let f € F](R"). The iterates {x, }7° , generated by implicit gradient descent ([A-3))
391 satisfy

(14 Ls)* (f(wo) — f(@*)) |lzo — 2*” .
(14 Ls)? [lzo — 2*||* + ks (f(wo) — f(2¥))

se2  In addition, if the step size is set to s = 6/ L, we have

flay) = f(z7) < (A.8)

fla) - far) < Lo ==l

T 24k (&.3)

1
O+5+2
s3  Proof. Note that the distance function ||z, — z*||* decreases with the iteration number k as
|z = a*|* =l = 2*[|* = =28 (Vf(@rs1), @par — %) = 8 |V f (@) ||
<=5 (2 4s) IVfrnl?
<0.

aes  With the basic convex inequality for f € F} (R"), we have
Foee) — F@*) < (T f(@nsn) whsr — 0) < [V F @)l - lloo — 2]

395 Now, the Lyapunov function is defined as

E(k) = f(x) — fz").

36 Then we calculate the difference at the kth-iteration as
E(k+1) = &(k) = (f(xh1) — f(@7)) — (f(zx) — f(z7))

L
(Vf(@rs1), o1 — Tk) — 3 [

—s (145 I9f )P

Y

v

Y

—2Ls (1 + L;) E(k+1)

397 and

E(k+1) —&(k) = (f(xpt1) — f(27)) — (f(zx) — f(27))
(Vf(@rs1), Tps1 — Tk)
=5 ||Vf(95k+1)||2
. Sk
lzo — 2|5
' Ek+1) ' ER)E(k+1)
- E(k) |z — 2%
L s EWER+)
~— (14 Ls)? ||:Co—x*||2 )

IN

ses  Hence, the convergence rate is given as
(14 Ls)* (f(wo) — f(@*)) [lzo — 2*]*
(1+Ls)? [lzo — || + ks (f (z0) — f(a*))
399 O

flae) = fa7) <

s00  Finally, we present the implicit version of Theorem [A.3]

14
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Theorem A.9. Let f € F} (R"). The iterates {x, }7°, generated by implicit gradient descent (A.3))

satisfy
o2
Flan) — oty < 120 20
2 :1:*H2 (A.10)
. 2 0—
. < .
oin, IV@II” < Z w19
In addition, if the step size is set to s = 1/L, we have
— r* 2
Flag) - o) < AP0
(A.11)

, o 2L ||zo — a*|?
D|° < F— .
o2in VI @)™ = 5y

Proof. The Lyapunov function is
1
E(k) = ks (f(ar) = f(27) + 5 llzx — ||

Then, we calculate the iterate difference as
E(k+1)—E&(k)

= 5 (f(onen) = @)+ s (F(ran) = S) + 3 (i1 — @2+ — 20°)
< s(f(zrs1) = F(@) = (VI (@ht1), Thp1 — 7))

1
+ ks (Vf(Tr41) Thy1 — k) — 3 [E——

($k+1

f
f

1 1 2
< 52 = -
< -8 <2L$+k+ 2>||Vf(xk+1)||

82 2
< —E(k + DIV (e I”

Hence, the proof is complete. O

B Proofs for Section

Here, we first describe and prove Theorem [B.T|below. Then we complete the proof of Theorem [3.1]
by viewing it as a special case of Theorem B.1]

Theorem B.1 (Discretization of NAG-SC ODE — General). Forany f € S }L 1, (R™), the following
conclusions hold:

(a) Taking 0 < s < 4/(9L), the symplectic Euler scheme satisfies
f(zr) — f(2*)
< (sL (2+0+3VAs)) | 2 1+ VEs sL<1+rus>2> L |z — 2*)
= & - k
()

1+ /ps)? L 2 2(1 +2/ps) ®.D

(b) Taking 0 < s < 11/(100L?), the explicit Euler scheme satisfies

f(xe) — f(2%)
k
< (W .sL 4+ 2p + H;/ﬁ) L ||a':0 — J:*HQ (1 — \//E) . (B.2)

244,/1ns+2ps L

(c) Taking 0 < s < 1/L, the implicit Euler scheme satisfies

3— 2./ + us ou 1+ s\ Lo —a*|
— < Y - . - . .
Flon) = ) < (G E g 2y 2 B3

(H Vf)k

15
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416

417

418

B.1 Proof of Theorem [B.1]

(a) The Lyapunov function is constructed as

E(F) = lonl® + L [2viiais — o) + v + VAV ()|
(1+/ns)* s

+ 1+ us) (f(@e) = f(z7)) = Troyms 2 IV £ (i)

With the basic inequality for f € S} | (R™)

1
Fl@rer) = flaw) < (Vf(@ra)s @ —an) = 57 IV (@) = Vil
then the iterate difference can be calculated as

Sk +1) — E(k)

= D oesr — v v o) + (1 v/758) (Flosr) — flax)

(2vi(@pt2 — Trg1) + Vkp1 — vk + VS (Vf(2py1) — V(2k))
21 (Trg2 + Thgr — 227) + kg1 + vk
+ Vs (Vf(zrg1) + Vf(z)))

—~

4
+

N

L (197 - 19 Ga)F)
<~V el - 55 v "y (V) = V) )
+m IV f(2x1) = V(@)
3 T (Vo) = V1), T )
I (9 ) ) — s =l
O+ V) V5 (VS i) on) — 2 |9 f i) — VS )l
AU VERVEY f(ansn),

(1 + 2¢/118) V1 + 2y/0(@ps1 — %) + VsV f(2541))
1 O V) s IV )~ 5 (IV ) |2~ IV 7))
< =5 (lowa I + (L4 V725) (V fpsn), aesn — 7))
- (1 i ) (V3 (V@) (14 2/ s — ) + 5[V i) ]

2
Vs
T+ v (Vf(zre1) = VI(@r), vi)
‘ 11:2\\7% (Vf(@rg1) = V(zr), V(@ps))

S
2
1 [k = okl + 0+ ) s IV F )P
+ 2(1 + /s)Vs (V f(@ri1), Vb1 — vi)]

1 /14 /us s 2
_2< 2 _HQ\%)HW@,CH)—W(MM

16



419

420

421

422

423

424
425

(1+/ns)? s 2 2
e 3 (19l = IV 7)),

Noting the following two inequalities
[lonss = vil® + (L + Vi) s IV @) I

+ 2(1+ Vus)Vs (Vf(@h41), vrr1 — vr)]
= ok — vk + (L VES) VAV S| <0,

1
4

and

5 (U V39) [V3 OV F i), (14 2y788) v — i) + 9 )
— (M) W),
—Vs (Vf(rs1) = VI(ar) = Vs(1+ Vis)V f(2r41))

+5 |V f(@rrn)|]
(1+ i) s

= Y ((VF@ren) = Vi @e), V@) + Viss [V e)[1)

we see that the iterate difference is
E(k+1)—E(k)

< — Vs [llonaa I + (14 Vi) (9 (ar1), s —27) = 2195 @) )]

_W (VF(wrs1) = VI(xr), mrss — o)
+m (T f (1), VF (@rs1) — V()
<_;(1+£ﬂw__1+SV%S>HVf@%+Q——Vf@%NE
S (19~ 190

< VS o l* 4+ (U4 Vi) ((VF @) @ = o) = 5 IV @) |
W (V(@rs1) — VF(@r), Thgs — o)

1 1 1+ ps)? 1+ /us

= ¢ BV LEVIS) 19 fain) - Vi)l
2 \1+2,/us 1+2,/us Ls

Furthermore, taking the basic inequality for f € S i L (R™)

1
(Vf(@rs1) = VI(2r), Thy1 — ox) > 7 IV f(@rs1) — V),
the iterate difference can be calculated as
E(k+1)—E&(k)

< — Vs [llowsal” + (14 Vi) ((9F @rrn)sweis = 27) = 5 194 @) ) |

Stsm (7o) ¥ s

2(1+2,/5)

Next, we consider how to set the step size s. First, when the step size satisfies s < 1/L, we
have

Ek+1)—Ek)

17
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427

428

429

430

431

432

433

434

435

(b)

< — VI v | + (L4 Vi) (VS @rin)sansn = a%) = 5 IV S @en)I)

Noting the basic inequality for f € S ;IL . (R™)

Flawst) = @) <V (@nsa),ones — %) = 52 [V F )
the iterate difference can be obtained as
E(k+1)—E(k)
< =V [(f(ars1) = F(@)) + Jorga|® + g ok — 2*|”
+ Vits (Fan) = f@) = S IV @) IP)] -
Furthermore, using the Cauchy-Schwarz inequality
12V (@11 — 2*) + vg + VYV f ()|
= [|l2v/z(zs — ) + (1 + 2y/as) vk + V5V £ () ||
<3 (4pflan —a*|P + (1+ 2/55)° onl* + s IV £ @)l

and the following basic inequality for f € S i L (R™)

3s (14 /ms)?* s
T IV ()| - Troyms 3 IV £ ()|

s ) ps? 2
< > (f(zg) — f(x¥)) — m IV f(zr)”,

the Lyapunov function satisfies
£ < (1 Vi + 50 (o) = ) + (14335 + )
gl = I+ g (S = @) = S IV @)

Therefore, when s < 4/(9L), the iterate difference for the Lyapunov function satisfies
Ek+1)— Ek) < ——Vgse(k +1).

Hence, the proof is complete.

The Lyapunov function is
£(k) = 7 Ioell® + (1 + Vi) (fox) — F(a)
+ i HZ\/ﬁ(xk —z) v + \/EVf(a:k)Hz.
With the basic inequality for f € S} ; (R")
f@rer) = flan) S (VF(@r), Tpgr — a) + % lzn — @il

we can calculate the iterate difference

Ek+1)—E(k)

= 3 (ke = vk vis o) + (L4 Vi) (i) — ()
VIR — 8) + vig vV (V@) — V()

2y (Tgr + T — 22%) + vpgr + vk + VS(V f(2rg1) + VI (k)

18



1 1
< 5 (Vg1 — Uk, Ug) + 1 [vk+1 — Uk||2
L
+ (1 + /us) <<Vf(l‘k),93k-+1 — o) + 7 |Zrs1 — $k||2>

2
10+ VAT )

Vi Nl = 3 (Vi) = VF(on), 2 — )
% |2v/s0, + V5 (V f(@r1) = V() + V5 (1+ Vi) V()|

LEVIRE oy | s (14 ) (9 () — )

S (L VSV F (), 2k — ) + v + V5V £ (1))

U vis)sh

L \2@) IVl + % (1+ i) s |V f )|

Using the Cauchy-Schwartz inequality
[2vEsuk + V5 (V f (@r41) — Vi (@r) +v/5 (1 + /s) V()|
< 12us ok |* + 35 |V f (@re1) = V(@) |I” + 35 (L+ V/13)* [V f (o) 17,

436

the iterate difference for the Lyapunov function can be calculated as

Elk+1) — E(k)
< — 5 ([0l + (1 V) (7). — %)+ 5 [V )P

(¥ (@rss) = VI@n), onss = o0) + 0 [V @) — VS o)

437

1
2
+ <3us + W) g2 + {(1 + is): — ;] 5 |V F ()l

438 Furthermore, combined with the basic inequality for f € S ;lL L (R™),
{ IV f(@ri1) = VI @i)l* < LAV f (@) = Vi (@r), o — zx)
IV f(@o)l” < LV f(ay),zp — 2*),
the iterate difference for the Lyapunov function can be calculated as
Ek+1)—E(k)
AT oS
(el + (0 + /i) (T () = ) + 5 IV F@)]?)

439

<5
~ (;L _ 34) IV f(2xe1) — V()]
- (V2 s - ALY

IV f ()]

—[“ﬁ(;“@—(}m)mmn

440 Simple calculation tells us when the step size satisfies s < 11/(100L?), we have

E(k+1)—E(k)
VIS s

(ol + (1 + Vi5S) (9 )i = 2%) + 5 95 @) )

STy

441 Furthermore, taking the Cauchy-Schwartz inequality

19



2y (zg1 — %) + vp + \/gvf(fl”k)H2
<3 (4M lzx — 2*)1? + JJok)|? + 5 ||Vf($k)||2) ,

442 we can obtain the final estimate for the iterate difference

Ek+1)—Ek) < — \/?E(k:).

443 Hence, the proof is complete.

444 (c) The Lyapunov function is
1 *
E(k) =4 lorll® + (1 + v/as) (f (xx) = f(a))
1
+ 7 ll2vAer —a*) + v+ VEV )|

445 With the Cauchy-Schwartz inequality

2

12v/E (2 — 2%) + v + VsV f () |
<3 (4pllon —a** + ol + 5 [V S @I |

446 and the basic inequality for f € S i . (R™)

flapir) — flar) < (Vf(@ry1), Thar — )
f@®) = far) + (V(@re), 2" — Tog1) + g lzrs1 — x*||2

(Vf(xri1) — VF(@r), oepr — ax) > pllzgp —z]® >0,

447 we can calculate the iterate difference
Ek+1)—E(k)
1

= 7 Wkt = Vb Ut + o) + (L4 V/18) (f (1) — f (k)

7 (VR 2) + ks — vk + VA (T (a001) — VS (2))

2V (T + xp — 227) + o1 + v + V5 (Vi (zhg1) + V(1))

1

3 (kg1 — Ok, Veg1) + (14 /18) (Vf(Trs1), Thg1 — Tk)

—% (L4 Vus)VsV f(@rs1), 2v/B(Tpg1 — ) + Vps1 + VSV [ (@p41))
~ ok =l = 5 [+ y78) VY ()|
V75 ([orsal + (14 ViS) (Vf @rsn)swirs — 7) + 5 (VS @ri) )

(Vi) ~ V). i — m) — 5 [V P
< \//ﬁé‘(k +1).

4

448 Hence, the proof is complete.

IN

IN

49 B.2 Proof of Theorem3.2]

450 Here, we first describe and prove Theorem below. Then we complete the proof of Theorem 3.2]
451 by viewing it as a special case of Theorem

452 Theorem B.2 (Discretization of heavy-ball ODE — General). Forany f € S ;1L . (R™), the following
453 conclusions hold:
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454 (a) Taking 0 < s < uu/(16L?), the symplectic Euler scheme satisfies

w12
flar) = f@7) < <(3+8M+8MS)SL+2M+1+\//E> Lliwo == |L. (B.4)
(%)

(1+ /s)2 L 2

455 (b) Taking 0 < s < pu/(36L?), the explicit Euler scheme satisfies
far) = f(z7)

3sL o 1+ /s e, vBs\"
< (e + o+ 5 o (1- 55 @9

456 (c) Taking 0 < s < 1/L, the implicit Euler scheme satisfies
3sL o 1+ Ww) L|lzo — z*|?
1) — f(x* . B.6
flog) = f(z¥) < <(1+\ﬁ) 5 (B.6)

K
(1)

457 Proof of Theorem[B.2]

458 (a) The Lyapunov function is
1 1 N N
ek) = lor|1* + 71 12Vl —2%) + vl (L+ /is) (f () = f(a)).
459 With the Cauchy-Schwartz inequality

[2v/Az =) + ol < 2 (el = 217 + )
460 and the basic inequality for f € S le L(R™)

f@rt1) = f(or) <V (@rt1)s Thgr — k)
@) 2 f@ien) + (V@R 2t = o) + 5 lzwe =2,
461 then we can calculate the iterative difference

Elk+1) — E(k)

Vk41 = Uk, Vi1 + k) + (14 /18) (f (zr41) — f(2r))

—~

2v(@rt1 — zk) + V1 — Ui, 2/ (@011 + T — 227) + Vg + 0k)

=~ =

IN
+ ol ..Jx\»—t

»J;M—w\»ﬂ

—~

Ot = Ok V) + (L4 V/738) (Vf () w1 — )
(2V/i(wrs - m + ket — 00, 2VA(@R1 — ) + Vi)
loksr = vell® = 3 I2v/AEis1 — 6) + vpsr — el
< f[nvmn (14 Vi) (Vf i) g — )|

< =i [Joen | + (L4 VAS) (f@) = £@) + 5 llown — 27

<V f E(k+1).
462 Hence, the proof is complete.
463 (b) The Lyapunov function is

£() = 7 lonl + 7 12y/Cex — 2°) + vl + (L V3S) (f(aw) — F(a)
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464 With the Cauchy-Schwartz inequality
2yiawr — @) + vl < 2 (4o = 1 + ol
465 and the basic inequality for f € S, ; (R™)
L
Fl@rsr) = flaw) < (Vf(zn), thp1 = 2k) + 5 ll@rs = i|”
f@") = fensr) + (VI (@r1), 27 — 2pga) + % lz* — 2,

466 then we calculate the iterative difference

Ek+1) — E(k)

= 2 (et — v, v + ) + (L VES) () — Fo)

J& 2V(Tre1 — k) + Vg1 — Vs 20/ (k1 + T — 227) + Vg1 + k)
< 5 (et — v, v + (14 V) (9 (@), o — i)

ISRV

% (2\/ﬁ(xk+1 — ) + Uk — ks 2@k — ) + vg)
4 lonsn = ol + 5 12VAass = a) + v — o
< — v (ol + (14 V/3s) (V fan) 2 — 7))
AL e % o 9 )+ 19 )l
s—ﬂ(nvkn + fla) - f(x*>+5||mk—x*||)
v (nvkﬁ V) 1o >2>

1+ 3s 2
+s (m AR )> ol + 22 19 £ @l
467 Since u < L, then the step size s < u/(36L?) satisfies it. Hence, the proof is complete.
468 (c) The Lyapunov function is constructed as

£ =  Ioel + 5 12y/Awers — %) + ol + (14 y78) (i) — F(a)).
469 With Cauchy-Schwartz inequality
12vA(rs1 = %) + ol = [2y/Aw, = %) + (1 + 2/ @)
<2 (4 flzw — 217 + (1 +2v/5)° Joel?)

470 and the basic inequality for f € S, ; (R™)
1
Flawsr) = flan) < (VF(@pa) @ —an) = 57 IV (@) = V()]

f@*) > f(@p1) + (VI (@pt1), 05 — Tp1) + g 2% — @]
471 then we calculate the iterative difference

Ek+1)—Ek)
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472
473

474

475

476

477

478

(Vk+1 — Vg, Vg1 + vg) + (1 + \//E) (f(zrs1) — flzr))

1 *
1 (2y/(Trr2 = Thy1) + Vkp1 — Uk, 20/(Thp2 + Thp1 — 227) + Ugy1 + vg)

N)M—l —+ qk\r—\

1 2
(Vk41 — Uk, Uk1) — 1 lves+1 — vel|

(1 ) (T ) s — 20) ~ VI ) - 9 )
43 (V5 (1 VIR V1), 2Rz = 2°) + v
VA V) )|

< — i (o |* + (U4 /355) (V f@rs), ps1 = 27))

7@ (VI (@ps1), (14 2¢/p8)0p1 — vg)

- < +2\L//E) IV f (1) — V()] — i |vk+1 — vr + \/gvf(l’kﬂ)H?

< VI [l 4 (4 V) (i) = )+ o = ]

N (5.5 i) - $0) - 2819 ]

Since pu < L, then the step size s < u1/(16L?) satisfies it. Hence, the proof is complete with
some basic calculations.

C Technical Analysis and Proofs for Section 4]

C.1 Technical details for numerical scheme of ODE (@.3)

Proof of Theorem[d.1](b) The Lyapunov function is constructed as

E(K) = s (k+2) (k+8) (Flx) — (") 1205 — %) + (k+ DV5 (g +VaV 7 ()|
With the basic inequality for f € F}1 (R™)

{f(karl) — fler) < (VF(@rt1), g1 — T)
f@pgr) = f(2) <AV f(Trg1), Trgr — 27,

we can calculate the iterative difference as

Ek+1) - E(k)
=s(k+2)(k+3) (f(zr1) = f(2r)) + s (2k + 6) (f(z41) — f(27))

L ot — ) — VB 1) (00 VAV H )

+1)
2

+Vs(k +2) (vps1 + VsV f(@rs1))
2wk +ap — 207) + Vs(k +1) (v + VsV f(x))

+ Vs(k+2) (ves1 + VsV (i)
=s(k+2)(k+3) (f(@rt1) = f(@r)) + 5 (2k + 6) (f (2p41) — f(27))
—(s (k+3) V[f(2r41),
2xpq1 — 2) +Vs(k +2) (g1 + VsV f(zrs1)))

82 2 2
2 k3 IV @)
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[ V)

S

< =5 (b 43) Bk + 1) VS (@)1

479 Hence, the proof is complete with some basic calculations.

ss0  Technical analysis of explicit Euler of ODE (4.3) The Lyapunov function is

E(k) = 5 (k —2) (k1) (Flax) — @) + 5 [12ax — ) + (k — )5 (v + VAV ()|

481 Then we calculate the iterative difference as

E(k+1)—E(k)
=s(k—1)(k+2) (f(zes1) — f(2x)) + 28k (f(zr) — f(2"))

+%<2(1k+1 — xp) + sk (Vg1 + VsV f(2141))

—Vs(k—1) (vp + VsV f(z1)),
2(Tpg1 + xk — 22%) + sk (Vg1 + VSV f(@p41))
+ Vs(k —1) (vk + VsV f(xr)))

=s(k—1)(k+2) (f(xes1) — f(2x)) + 28k (f(zr) — f(2"))

— <s (k+2)Vf(zk),2(zr — %) + Vs(k —1) (vk + \/EVf(xk)»

2
s
+ B 2P V).
482 o If we take the following basic inequality for f € F} (R")

L

{f(ﬂckﬂ) = flar) < (Vf(zk), o1 = 2) + 5 lJ2eer — o
flzr) = f(2%) <V f(zn),zr — %),

483 we can obtain the following estimate

Ek+1) - E(k)

82 2 82 2
< B (k= 1) (k4 2) ol — s () — F(a) =5 (b +2) (k= 4) |97 @)

484 which cannot guarantee the right-hand side of the inequality non-positive.

485 o If we take the following basic inequality for f € F} (R")

{f(xm) — F) < (V) onn —a) — 5z IVFrn) = V()
Flaw) — F(a*) < (V) me— ),
486 we can obtain the following estimate

E(k+1) — E(k)

< Ls(k—;)(k+2)

( (Vf(@re1) = VI(or), 2ry1 — o)
- op 195 n) = VG|t

82
—As (f(zx) = f(@7) = 5 (k+2) (k —4) IV £ (),

487 which cannot guarantee the right-hand side of the inequality non-positive.
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C.2 Technical details for standard numerical schemes

ss9  Standard Euler discretization of ODE (1)), with initial 2o and vg = —+/sV f(z), are shown as
490 below. Euler scheme of {.I): (S), (E) and (I) respectively

Tht1 — T = V/Svp
)

488

3Uk41 Vs (Vf(zgs1) — Vi(xr) — Vs (;llf: I g) VI@rs)-

e e

Tpp1 — T = \/SUk
E v
© { o= VB (V) = 1) - 5 (22 ) 9

Ukl = Ok = =

Th41 — T = \/gvkﬂ
@ 3 2k +5
s = vk = o5 (V(an) — V() V5 <2k * 2) Vi (ees).

Technical analysis of symplectic scheme of ODE {.1I) The Lyapunov function is

(k) = (b + 1) (k5 ) (7o) = g 2o = 27) 4 (54 DVE (o + VAV S}

491

Then we calculate the iterative difference as
Ek+1) — E(k)
=50 (k4 ) (anen) = S+ 5 (264 1 ) (lonsn) ~ 1)
(vk + VsV f(xr))
(Ukt1 + VsV f(2r41))
2(@hi2 + Thgr — 227) + Vs(k + 1) (v + VsV f(2r))
+ Vs(k+2) (vk41 + VsV f(2r41)))
= s+ 1) (k4 ) (lanen) = Faw) + 5 (264 7 ) (lonsn) - 1)

— <S (k + 3) Vf(zkt1), 2(Ik+2 — l‘*) + \/g(k + 2) (Uk+1 + \/EVf($k+1))>

492

45 @orsz = o) = Volk+ 1)
+2)

(04 2) sl

Now we hope to utilize the basic inequality for f € F} (R™) to make the right side of equality no
more than zero. Taking the following inequalities

{f(xkﬂ) ~ f(an) <V (Eran)s T — 2

493
494

0 = 5 V7 @ken) = Vi)
f@rs1) = f(@) <V (@rt1), o1 — 27)
we can obtain the iterative difference is
E(k+1)—E(k)
2
<3G~ 1) - 5 (k4 5) (3643 ) VAP

_ﬁ (k+1) (k; + 3) IV f(zr41) — Vf(n)])?

2 (k4 1) (k; ; g) (V F@r11), VF(@rs1) — V(@)

495
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w2 (k4 5) (k43 ) IV @

S

<5 Ulo) - 5N = (K 3) (k=5 — Lotk 1)) IV

496 Since there exists a non-negative term, J (f(xx41) — f(2*)), we cannot guarantee the right-hand

497 side of inequality is non-positive. Hence, the convergence cannot be proved by the above description.
498 Technical analysis of explicit scheme of ODE (@.I) The Lyapunov function is
1 1 2
(k) =5 (6 =2) (K= 3 ) (Flon) = £ 260 = %)+ (b = DB (o + V3V )

499 Then we calculate the iterative difference as

Ek+1)— E(k)
= sh=0) (kb 3 ) anen) = S+ 5 (2= 3 ) (o) = 1)
+% (2(@p41 — ) + Vsk (Vps1 + VSV f(@r41))
sk — 1) (v + VAV ()
2(Tpg1 + xk — 22%) + sk (V1 + VSV f(@p41))
+ Vs(k—1) (vk + VsV f(zx)))
= s =) (ko 3 ) (lawen) = fGa) + 5 (2= 3 ) (o) = 1)

_ <s (k T ;) V (), 2(zk — %) + V/s(k — 1) (v + JEVf(xk))>

82

hot L 2 v ?
+3 (k4 5) 195G,

500 o If we take the following basic inequality for f € F} (R")

{ﬂxm) — f(on) < (VH (@), zan = ma) + 5w — o
Flon) = @) < (9 (o) — )

501 we can obtain the following estimate

e+ -0 < 2 0= (k4 3 ) P

5s 52 1 5 2
- — —f@)—=(k+=)[k—= >
s 7o) - 1) =5 (k4 5) (6= 3) 19501,
502 which cannot guarantee the right-hand side of the inequality non-positive.
503 o If we take the following basic inequality for f € F} (R")

{fm“) ~ F) <V Fran) zin — ) — 5z VT @) = V)
Flew) = £(*) < (9 (), - %),

504 we can obtain the following estimate
E(k+1)—E(k)
< Ls(k—1)(2k+1)
- 4

( (V F@nss) — Vi (oa)s 2o — o)

~ % IV f (ki) — Vf<fck>ll2)
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505

506

507

508
509

510

511
512

514

515
516

517

518

S

o8 N 2 1
—5 flaw) = f@) =5 (k+5 ) (k=5 ) IV,
2 2 2
which cannot guarantee the right-hand side of the inequality non-positive.

Technical analysis of implicit scheme of ODE {.I) The Lyapunov function is
3
£ =5 (c+2) (k+ 3 ) (o) = )
1
+ 3 12k = 2%) 4+ (k + DV (0 + VI @)

Then we can calculate the iterative difference as
E(k+1)—E&(k)
— s+ (k+ 2) (aw) S +5 (24 3) (o) - £

+% (2(wpy1 — x1) — +1) (v + VsV f(ay))
+2) (Vi1 + VSV (i),
2w+ ap — 207) + Vs(k + 1) (v + VsV f(an))
+ Vs(k +2) (vpg1 + V5V (1))
= s(42) (64 5) (o) = flan) 45 (2643 ) (Flawen) = 7))

_ <s (k n 3) Vf(@es1), 2(@pp1 — ) + Vs(k +2) (vp41 + \/EVf(ka+1))>

(4 2) sl

Now we hope to utlize the basic inequality for f € F; (R") to make the right side of equality no
more than zero. Taking the following inequalities

{f(karl) = flzr) < AVf(@kt1), Ths1 — Tk)
f(@rg) — f(@) <(Vf(@rg1), Ty — 27)

we can obtain

E(k+1) ~ () < T (Flon) — @) — 5 (k+ j) (3k+ ) IV s

Although the negative term concludes the multiplier 2, we cannot guarantee the right-hand side
non-positive

D Low-Resolution ODEs

D.1 Low-resolution ODE for strongly convex functions

In this subsection, we discuss the numerical discretization of (2.3). We rewrite this ODE in a
phase-space representation

X=V

. ) (D.1)

V= 2V - Vf(X)
with X (0) = zo and V(0) = 0. We have the following theorem:
Theorem D.1. Let f € S ; .(R™). The solution X = X (¢) to low-resolution ODE (2.3) satisfies

2
< 3L ||xg — z*|| e_#.

5 D.2)
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5

9 Proof. The Lyapunov function is

s = i\lelz n inz\/ﬁ(x —a*) + X|? + f(X) - f(a).

520 Using the Cauchy-Schwartz inequality

n

J2V(X = 2%) + X2 < 2 (4l X - 2*[2 + [ X]2),
s21  and the basic inequality for f € 8;1», L(R™)

f@™) = f(X) +(VF(X), 2" —x) + g 1 — |,

522 we calculate the time derivative

%=;< —2\/pX = Vf(X >+% 2/ (X x*)+X,—Vf(X)>+<vf(X),X>
= Vi (IXIP + (V7). X ~ %))
< Vi (IXIP + 700 = ) + 51X —a*]?)
<-Ve
s2a  Hence, the proof is complete. O

524 We now analyze the standard Euler discretization of the low-resolution ODE (2.3). All of the
s25 following three Euler schemes take the same initial zy and vy = 0.

s26  Euler Scheme of ODE (2.3): (S), (E) and (I) respectively

S) {Jfk-s-l — Tk = \/gvk

V1 — Vg = — 2410541 — VSV f(Tr11).
(E) {»’Uk-s-l — T = \/Evk

Vi1 — Vg = —2y/psvg — sV f(xg).
M {$k+1 — Tk = \/gvkﬂ

Vg1 — Uk = —2¢/1150k 41 — VSV f(Tr11).

527 Theorem D.2 (Discretization of Low-Resolution ODE — General). Forany f € S le (R™), the
s2¢ following conclusions hold:

529 (a) Taking 0 < s < uu/(16L?), the symplectic Euler scheme satisfies
fxy) = f(27) < M (D.3)
(1)
530 (b) Taking0 < s < u/(25L?), the explicit Euler scheme satisfies
flx) — f(a") < W <1 - Vf)k (D.4)
531 (c) Taking 0 < s < 1/L, the implicit Euler scheme satisfies
lan) - f(o) < bz ==L (D5)

72(1+F)
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532 Proof. (a) The Lyapunov function is
E(K) = 1 ol + 127w — a%) +uell® + Flax) — fa).
533 With the Cauchy-Schwartz inequality
2yiaer - a*) + vl < 2 (4o = 21 + logl*)
534 and the basic inequality for f € S i, L (R™)

f@rgr) = flan) < (VF(@p41), Trgr — 23)
{f(x*) 2 f(@r1) + (VI (@r41), 2" = Tpqr) + g lksr — 27,
535 we calculate the iterave difference
Ek+1)—E(k)

Ukl — Uk, U1 + V) + f(@pt1) — k)

—~

2vu(@rt1 — zk) + V1 — Ui, 2/ (@011 + T — 227) + Vg + 0k)

= =

IN
4+ Nl 4

Vkt1 — Uk, Vkt1) + (VI (Th1), Torr — Tk)

—~

V(g1 — Tk) + V1 — Uk, 20/0(Th1 — TF) + V1)

=N

1
= lvess = vel|* — 1 I2VA(@hrs = 2k) + Oppr — ve||?
< — i (ol + (VF@rrn) i — )
2 * M * 12
< =i (ol + f@ien) = f@) + & llzwss —2*]1?)
< Y ek 4 1),
4
536 Hence, the proof is complete.

537 (b) The Lyapunov function is
1 2 1 2 *

E(8) = 7 luell® + § 12viCen — )+ well® + (o) — (o).

538 With the Cauchy-Schwartz inequality
2y, — ) +vl> < 2 (4 llow — 27 + i)
539 and the basic inequality for f € S i L (R™)
L
Fl@rrr) = flzr) < AVF(@r), 2rrr = 2) + 5 o = i
@) > f@) + (VH@ren),a* = o) + 5 o =2l

540 we calculate the iterave difference

Ek+1) — E(k)

1
=1 (k41 — Uk, Vkt1 + k) + f(@rg1) — f(zk)
1 *
7 2VE(Ere = 20) + ks = v, 2V/A(Z 1 + T = 227) + Vg + Ok)
1 L )
< 5 et = Oy vk) + (VI (2R), Trer — @) + 5 @wss — ]
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541
542

543

544

545

546

547
548

549

+% 2y/(Tr41 — T) + Vk1 — Uk, 20/ (T — 2F) + k)
7 Mo — ol 4 5 2/An — ) + v — v
< — s (Ilonll® + (9 f (), mx — 27
2 ol + 2 2y + V@) P+ S )
e N R (S R T Ry P
Y (houl? + LI A@OI) + 5 (20 5 ) Bonl? + 5 10 @01

2

Since p < L, the step size s < pu/(25L2) satisfies it. Hence, the proof is complete after
some basic calculations.

(c) The Lyapunov function is
1 1 N N
E(k) = 7 Ioull® + 3 I2v7Cerss —2%) + ogll® + flan) = (o).
With the Cauchy-Schwartz inequality
I2y/Fi@rss — o) + ol = [2y/A(e — @) + (1 + 278 v
<2 (4pflan — 2| + (1 + 2y/7)° o)

and the basic inequality for f € S, ; (R™)

Flwis) = @) <V F@rnn) zion —a0) — 5 19 fnnn) = V)|

f(@*) > f(@p41) + (Vf(@t1), 27 — Tpp1) + g 2% — 2pra |,
we calculate the iterave difference

Ek+1)— E(k)

= i (Vkg1 — Uk, Vg1 + V) + f(@pg1) — far)
+i V(g2 — Tr41) + V1 — Ok 20/0(Tht2 + T — 227) + Vg1 + vg)
< 2 (ohn - )= s — vl
=3 k+1 — Uk, Vk+1 4 Vk+1 — Vk
(V@) zs = ) = o7 [V @) = V@l
(VA H ), 2 sz ) i) — & VAT Sni)]
< =i (lowsa I + (9 f (@s1), 241 — 27))
(9 ), (14 2/)ns — )
o IV ) = V@I = 5 [[onss — o+ VAV F )|
< —Vus [||Uk+12 + i (f(@p+1) — f(27)) + % [@p41 — x*z}

1 [V (i) — £ — 25 1V 1) 7]

Since p < L, the step size s < u/(16L?) satisfies it. Hence, the proof is complete after
some basic calculations.

O
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sso  Corollary D.3 (Discretization of NAG-SC low-resolution ODE). Forany f € S }L . (R™), the follow-
551 ing conclusions hold:

552 (a) Taking step size Os = u/(16L?) , the symplectic Euler scheme satisfies
N 3L ||lzo — 2*|°
flax) = f(a*) < ”Oiﬂ‘,‘@ (D.6)
2(1+ 5z)
563 (b) Taking step size s = u/(16L?), the explicit Euler scheme satisfies
lan) - (o) < 2z () (D.7)
g = 2 a0L) - ‘
554 (c) Taking step size s = 1/L, the implicit Euler scheme satisfies
3L ||zo — z*?
o) — fla) < S0 =2 08

201+ 1vE)"

555 Remark D.1. Compared with Theorem [D.2](a) — (c), just the Euler scheme of the low-resolution
ss6  ODE (2.3)), both the explicit scheme and the symplectic scheme can retain the convergence rate from
557 the continuous version of Theorem when the step size s is of the order O(u/L?). Although
ss8  the explicit scheme is weaker than the symplectic scheme, it can preserve the rate to the same order
ss9  as the symplectic scheme. However, if the step size satisfies s = O(u/L?), the algorithm cannot
s60 provide acceleration. There is no limitation on the step size s for the implicit Euler scheme, but in
s61  general it is not practical for non-quadratic objective functions.

s62  D.2 Low-resolution ODE for convex functions

ses  In this subsection, we discuss the numerical discretization of (2.2). We rewrite it in a phase-space
564 representation:

X=V
3 (D.9)

V= —SV - VI(X), ’

se5s  with X (0) = xp and V(0) = 0.
ses Theorem D.4. Let f € Fi(R™). The solution X = X (t) to the low-resolution ODE (2:2) satisfies

< 2z — a*||?

JX) = flat) < S0

D.10
_ AL 0P A0

. 2
min V(X ()] 7

567 Theorem|[D.4]is combined with Theorem 3 [Su et al| [2016] and a further analysis about gradient norm
s68 minimization in|Shi et al.|[2018]]. The Lyapunov function is constructed in|Su et al.|[2016] as

E=1¢? (f(X)—f(x*))+%||2(X—x*)+tXH2. (D.11)

s69 D.2.1 Symplectic Euler scheme

s70  First, we utilize the symplectic Euler scheme with the initial 2y and vy = 0, as shown as following:

Thy1 — Tk = \/gvk
(D.12)

3
k1 T Uk = Ty Ukl VsV f(2ps1).
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st Technical analysis of symplectic scheme (D:12) The Lyapunov function is

E(R) = ( + 1% (@) — F@) + 5 2w — ) + (6 Dvau
s72 Then we can calculate the iterate difference as
Ek+1)—E&(k)
= (k+1)%s (f(zrs1) — f(=

) k) + 2k +3)s (f(zp41) — f(27))
+% (2(@py1 — x) + (k+2

)
)Vsvrir — (k + 1)v/sup,
2why1 +xp — 22%) + (K + 2)V/svp11 + (k4 1)v/s01,)

= (k+1)%s (f(zrs1) = flzx)) + (2k +3)s (f(zr41) — f(2¥))

—((k+1)sVf(zr+1), 2(zp42 — %) + (k + 2)V/s0341)
SO 122 (9 o)

573 We hope to utilize the basic inequality for f € F} (R™) to make the right-hand-side of the equality
574 no more than zero. Based on the following inequalities:

F(@is) = @) < F@nnn) zisn — 2) = 2 1V Fnnn) = Vo)

* * 1
F@rsr) = f(@®) < (Vf(@p1), @psr —27) = o7 IV f(zr)]1?
575 we obtain the following estimate:
(k + 1)s

E(k+1)—E(k) < %(k +1)%5 |V f (@) [I* + 5 (f (@rsa) = F(27)) — IV f (@) I,

s76 from which we cannot guarantee that the right-hand-side of the inequality is nonposmve.

s77 D.2.2  Explicit Euler scheme
578 Now, we turn to the explicit Euler scheme with the initial xy and vy = 0, as
Tpt1 — T = V/Svg

3 (D.13)
Vg1 — Vg = *%Uk — sV f(xy).

s79  Technical analysis of explicit scheme (D-13) Now, the Lyapunov function is

* 1 * 2
E(k) = (k = 2)(k = 1)s (f(zx) = f(27)) + 5 [2(zx — ) + (k= DVsur||”
580 Then we can calculate the iterate difference as

Ek+1) — £(k)

= (k — Dks (f(zr41) — fzx) + 2(k — 1)s (f (zx) — f(z7))
+= <2(xk+1 — ) + kVsvp g1 — (k= 1)/svg,
2xpp1 + o — 227) + kyv/svpgr + (k= 1)Vsog)
(k= Dks (f(xrs1) = f(@r)) +2(k = 1)s (f(zx) — f(z7))

. 1
+ (=ksV f(zy), 2(zp — %) + (k — 1)V/svp,) + 5]{}282 IV ()| -
581 o If we take the following basic inequality for f € F} (R™)
L
F@rsr) = flaw) S (VF(@r), zper = ar) + 5 loer — oy

Flan) = 1) < (9 few),on — %) = 57 IV F@)I?,
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598

we obtain the following estimate:

k(k —1)Ls

E(k+1)—&(k) < a1 — il

ks 2 k282 2
=25 (flzx) = f(2")) = 7 IVF@o)l” + —= IV fzi)7,

from which we cannot guarantee that the right-hand-side of the inequality is nonpositive.
o If we take the following basic inequality for f € F} (R")

Fl) = Few) < (VF ) onn — o) — 5 195 @) - Vi)

flan) = F@") <(Vf(ar),zp —27) - i IV £ (i)ll*
we obtain the following estimate:
Ek+1)—E&(k)
< (= ks (V7o) = Vi) =) - 57 IV o) = 9]

ks 2 k282 2
=25 (flaw) = f(@7) = 7 IV f@i)ll” + == IVF @)l

from which we still cannot guarantee that the right-hand-side of the inequality is nonpositive.

D.2.3 Implicit scheme

Finally, we analyze the implicit Euler scheme with the initial 2y and vy = 0:

Thy1 — T = /SUk41
3 (D.14)
Ukl = Uk = = Ukl — VsV f(@kt1)

Technical analysis of implicit scheme (D.14) We construct the Lyapunov function as
1
E(k) = (k+1)(k+2)s (f(zx) = (") + 5 [[2(wx —2") + (k + 1)v/sor”
Then we can calculate the iterate difference as
E(k+1)—E(k)
= (k+1)(k+2)s (f(zrr1) — flan) +2(k + 2)s (f (@r41) — f(27))

+% (2(zr11 — x1) + (b + 2)Vs0R11 — (k + 1)V/suy,
2(@hs1 + a — 22%) + (k + 2)Vsvpg1 + (k+ 1)v/svg)
= (k+1)(k +2)s (f(zr+1) = flax) +2(k + 2)s (f (r41) — f(27))

—((k+1)sV f(rt1),2(zpq1 — %) + (k 4+ 2)V/svp41)
— (k4 122 [V S ()

Now, we hope to utilize the basic inequality for f € F} (R™) to make the right side of equality no
more than zero. Based on the following inequalities:

f@ri1) = fog) <V (@kt1)s Thg1 — k)
f@ry1) — f(@7) < (Vf(@pr1), g1 — 27) — % IV f(zrsn)]?
we obtain:
E(k+1)—E(k) <2s(f(xp41) — f(2¥)) — @ IV f(@ren) ] — %(k“F 1)s? |V f (x|

Although the negative term includes the multiplier k£ and k2, we cannot guarantee that the right-hand-
side of the inequality is nonpositive.

Here, in contrast to the subtle discrete construction in|Su et al.|[2016]], we point out that the standard
numerical discretization of low-resolution ODE (2.2 cannot maintain the convergence rate from the
continuous-time ODE, due the presence of numerical error.
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