A Experimental Design

We run several experiments that involve calculating the activation regions intersecting a 1D or 2D
subset of input space. In order to compute these regions, we add neurons of the network one by one
from the first to last hidden layer, observing how each neuron cuts existing regions. Determining
whether a region is cut by a neuron involves identifying whether the corresponding linear function on
that region has zeros within the region. This can be solved easily by identifying whether all vertices
of the region have the same sign (region is not cut) or some two of the vertices have different signs
(region is cut). Thus, our procedure is to maintain a list of regions and the linear functions defined
on them, then for each newly added neuron identify on which regions its preactivation vanishes and
replace these regions by the resulting split regions. Note that this procedure also works in three
dimensions and higher, but becomes slower as the number of regions in higher dimensions grows like
the number of neurons to the dimension, as shown in Theorem 5.

Unless otherwise specified, all experiments involving training a network were performed using an
Adam optimizer, with learning rate 10~3 and batch size 128. Networks are, unless otherwise specified,
initialized with i.i.d. normal weights with variance 2/fan-in (for justification of this initialization
with ReLU networks, see [13, 15]) and i.i.d. normal biases with variance 10~5.

B Proofs of Various Lemmas

B.1 Statement and Proof of Lemma 1 for General Piecewise Linear Activations

We begin by formulating Lemma 1 for a general continuous piecewise linear function ¢ : R — R.
For such a ¢, there exists a non-negative integer 7' > 0, as well as

_00250 < 51 < -+ < gTa pOaQO?"'7pT7qTeR7 Wlthpl#pri-l fori:O,...,T—l

so that

o(t) = pit+qi, te€ (&, &iml
Definition 3. Let N be a network with input dimension n;, and non-linearity ¢. An activation
pattern for N assigns to each neuron an element of the alphabet {0, ..., T}:

A = {a,, zaneuronin N'} € {0, ... 7T}#neurons.

Fix 0, a vector of trainable parameters in N, and an activation pattern A. The activation region
corresponding to A, 0 is

R(A;0) :={z e R™ | z(z)—b, € (&.,u.+1), = aneuronin N},

where the pre-activation of a neuron z is z(x; ), its bias is b, and its post-activation is therefore

p(z(z;0) — b,). Finally, the activation regions of N at 0 is the collection of all non-empty activation

regions R(A,0).

We will prove the following generalization of Lemma 8.

Lemma 7 (Activation Regions are Convex). Let N be a network with non-linearity o, and let
A= {a;., zaneuronin N'y € {0,..., T}#neurons

be any activation pattern. Then, for any vector 6 of trainable parameters for N, the region R(A; 6)

is convex.

Proof. Write d for the depth of A/ and note that, by definition,

d
R(A0) = ﬂ m Ro(A;0), R.(A0) == {z e R" | 2(z) — b, € (4., Ea.41)}-
¢=1 neurons z
in layer ¢

We will show that R(A, 6) is convex by induction on d. For the base case, note that given s < t €
[—00, 0], for every w € R™» b € R

{1. c Rnin

w-zr—be(st)}

is convex. Hence, the intersection of any number of such sets is convex as well. Note that when
d =1, R,(A;0) is of this form every z proves the base case. For the inductive case, suppose we
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have shown the claim for some d > 1. For inputs z in the ﬂ;lzl ﬂpelirons F R (A;0), there exists,
in layer

for every neuron z in layer d + 1 a vector w, € R™ and a scalar b, € R so that
z(x) =w, -z —b.

Therefore,

d
N ) Re(A0) N R(A0) = {zeRa|w. -z —bE (Casbar1)}

¢=1 neurons z
in layer £

is the intersection of two convex sets and is therefore convex. Taking the intersection over all z in
layer d + 1 completes the proof. O

B.2 Proof of Lemma 2
We claim the following general fact. Suppose X is a topological space and f; : X — R are
continuous, j = 1,...,J. Then, on every connected component of X'\ |J; fj_l(O), the sign of f is

constant. Indeed, consider a connected component X,,. Since f; are never 0 on X, by construction,
we have f;(Xa) C (—o00,0) U (0, 00). But the image under a continuous map of a connected set is
connected. Hence, for each j f;(X,) C (—00,0) or f;(Xa) C (0,00), and the claim follows.

Turning to Lemma 2, let N’ be a ReLU net with input dimension n;,, and fix a vector of
trainable parameters 6 for A/. The claim above shows that on every connected component of
R\ Uy eurons » H=(6) the functions z(x) — b, have a definite sign for all neurons z. Thus, every
connected component is contained in some activation region R (.A; #). Finally, by construction,

R(A0) c R™\ | H.(0)

and, by Lemma 1, R (A; 0) is convex and hence connected. Therefore it is equal to the connected
component we started with. ]

B.3 Proof of Lemma 3
Let A be a ReLU net, and fix a vector 6 of its trainable parameters. Let us first check that
#linear regions (N, 0) < #activation regions (N, 0) . (6)

We will use the following simple fact: if X, Y are subsets of a topological space 7', then X C Y
implies that every connected component of X is the subset of some connected component of Y.
Indeed, if X, is a connected component of X, then it is a connected subjset of Y and hence is
contained in a unique connected component of Y.

This fact shows that the cardinality of the set of connected components of Y is bounded above by the
cardinality of the set of connected components for X. Using Lemma 2, the inequality (6) therefore
reduces to showing that

By0) ¢ |J H.(0), H.(0) = {z e R™ | 2(z) = b.}. )

Fix any z in the complement of the right hand side. By definition, we have
|z(x) — b,| >0, V neurons z.

The functions z(z) are continuous. Hence, in a small neighborhood of z, the estimate in the previous
line holds in a small neighborhood of x. Thus, in an open neighborhood of x, the collection of
neurons that are on and off are constant. The inclusion (7) now follows by observing that if for all y
in an open neighborhood U of x € R™, the sets

Ay +(0) = {neurons z | £ (2(y;0) —b.) > 0}

are constant and

Ay o(0) := {neurons z | z(y;0) = b.} = 0,
then A restricted to U is given by a single linear function and hence has a continuous gradient
VN (-;6)on U.
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It remains to check that the closure of every linear region of A/ at § is the closure of the union of
some activation regions of A/ at #. Note that, except on a set of § € RP3™S with Lebesgue measure
0, both |, H.(0) and Bar(0) are co-dimension 1 piecewise linear submanifolds of R™» with finitely
many pieces. Thus, R™»\ | J, H.(0) is open and dense in R"»\Bx-(f). And now we appeal to a
general topological fact: if X C Y are subsets of a topological space T and X is open and dense
in Y, then the closure in T" of every connected component of Y is the closure of the union of some
connected components of X. Indeed, consider a connected component Y of Y. Then X NYj is open
and dense in Y. On the other hand, X N Y3 is the union of connected components of X, of X. Thus,
the closure of this union is the closure of X N Y, namely the closure of Y. O

B.4 Distinguishability of Activation Regions

In addition to being convex, activation regions for a ReLU net A/ generically correspond to different
linear functions:

Lemma 8 (Activation Regions are Distinguishable). Let N be a ReLU net, and let

A; = {aj., zaneuron in N'} € {—1,1}#newens 5 — 12
be two activation patterns with R(A;; 0) # (. Suppose also that, for every layer and each j = 1,2
there exists a neuron zj with a; ., = 1. Then, except on a measure zero set of 6 with respect to

Lebesgue measure in the parameter space R#P33% the eradient VN (x;0) is different for x in the
interiors of R (A;; 0).

Proof. Fix an activation pattern A for a depth d ReL.U network N with R(A;6) # 0. Fix x €
R (A; ) . We will use the following well-known formula:

d
VN<'7’"9) = Z 1{'yopenatm} wa(yj)a
paths i=1
where the sum is over all paths in the computational graph of A/, a path is open at x if every neuron z

in v satisfies z(z) — b, > 0, and wﬁf ) is the weight on the edge of « between layers j — 1 and j.
If there exist two different, non-empty activation regions corresponding to activation patterns A4 for
which there is at least one open path through the network on which VN (-; 6) has the same value on ,
then there exists a, € {£1} and a non-empty collection I' of paths so that

d
Zan,ngj) = 0. (8)

vel =1

The zero set of any such polynomial (since I' # ) is a co-dimension 1 variety in R#WVeights Since
there are only finitely many (in fact 2#P2th%) such polynomials, the set of & for which (8) can occur
has measure 0 with respect to the Lebesgue measure on R#"eights a5 claimed. [

C Statement and Proof of a Generalization of Theorem 5

We begin by stating a generalization of Theorem 5 to what we term partial activation regions. Let us
write

1, t>0
sgn(t) =<0, t=0.
-1, t<O0

Definition 4 (Partial Activation Regions). Let N be a ReLU net with input dimension ny,. Fix a
non-negative integer k. A k-partial activation pattern for N is an assignment to each neuron of a
sign of —1,0, 1, with exactly k neurons being assigned a 0:

A := {a,, zaneuronin N'} € {—1,0,1}#rewens - il | q, =0} = k.
Fix 0, a vector of trainable parameters in N, and a k-partial activation pattern A. The k-partial
activation region corresponding to A, 0 is

R(A;0) :={z e R"™ | sgn(z(z;0) —b,) =a,, zaneuronin N},

where the pre-activation of a neuron z is z(x;0), its bias is b,, its post-activation is therefore
max{0, z(x; 0) — b, }. Finally, the activation regions of N at 0 is the collection of all non-empty
activation regions R (A, 6).
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The same argument as the proof of Lemma 7 yields the following result:

Lemma 9. Let N be a ReLU net. Fix a non-negative integer r and let A be a r-partial activation
pattern for N'. For every vector 0 of trainable parameters for N, the r-partial activation region

R (A; 0) is convex.
We will prove the following generalization of Theorem 5.
Theorem 10. Let N be a feed-forward ReLU network with no tied weights, input dimension n;, and

output dimension 1. Suppose that the weights and biases N is random and satisfies:

1. The distribution of all weights has a density with respect to Lebesgue measure on R#Weights,

2. Every collection of biases has a density with respect to Lebesgue measure conditional on
the values of all weights and other biases (for identically zero biases, see Appendix D).

3. There exists Cgraq > 0 s0 that for every neuron z and each m > 1, we have

sup E[[[Vz(2)|™] < Cgraa-
zE€R™in

4. There exists Chias > 0 so that for any neurons z1, . . . , zx, the conditional distribution of the
biases py. ... ., of these neurons given all the other weights and biases in N satisfies

k
sup  py, by, (b1 ) < O
bi,...,biER '

Fixr € {0,...,nin}. Then, there exists 6o, T > 0 depending on Cgrad, Chias With the following
property. Suppose that 6 > dy. Then, for all cubes C with side length 9, we have

vol(C) ®

#neurons
2 ;

E [#r — partial activation regions of A in C] < (Igtneurons)™in -y ourons > nig
- #neurons < Ny, '

Here, the average is with respect to the distribution of weights and biases in N'.

Proof. Fix a ReLU net A/ with input dimension n;,, and a non-negative integer r. Since the number of
distinct r-partial activation patterns in A\ is at most (#“C‘;mns) g#neurons—r Theorem 5 only requires
proof when #neurons > ny,. For this, for any vector of trainable parameters 6 define

X (0) = U () H=(0) N () H(6)°
collections I of k zel z¢1
distinct neurons in
In words, X i, is the collection of inputs x € R™» for which there exist exactly £ neurons z so that
x solves z(z) = b,. We record for later use the following fact.

Lemma 11. With probability 1 over the space of 0’s, for any v € X xr i, there exists € > 0 (depending
on x and 0) so that the set X i, intersected with the ¢ ball B, (x) coincides with a hyperplane of
dimension n;, — k.

Proof. We begin with the following observation. Let ' be a ReLLU net, fix a vector # of trainable
parameters, and consider a neuron z in AV. The function z — z(z;6) is continuous and piecewise
linear with a finite number of regions R on which z(x, 6) is some fixed linear function. On each such
R, the gradient Vz is constant. If that constant is non-zero, then H,(#) N R is either empty if b,
does not belong to the range of z on R or is a co-dimension 1 hyperplane if it does. In contrast, if
Vz =0onR, then z is constant and H,(#) N'R is empty unless b, is precisely equal to the value
of z on R. Thus, given any choice of weights in A/ and for all but a finite number of biases, the set
H () coincides with co-dimension one hyperplane in each linear region R for the function z(+; 9)
that it intersects.

Now let us fix all the weights (but not biases) in A/ and a collection z1, . . ., 2, of k distinct neurons
in A/ arranged so that £(z1) < --- < £(z) where £(2) denotes the layer of A/ to which z belongs.
Suppose z belongs to H(0) for j = 1,...,k but not to H(¢) for any neuron z notin {zy,..., zx }.
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By construction, the function z; (- ; #) is linear in a neighborhood of «. Therefore, by the observation
above, near x, for all but a finite collection of choices of bias b,, for z1, H., (#) coincides with a
co-dimension 1 hyperplane. Let us define a new network obtained by restricting AV to this hyperplane
(and keeping all the weights from N fixed). Repeating the preceding argument applied to the neuron
29 in this new network, we find again that, except for a finite number of values for the bias b,,, near
x the set H,,(0) N H,, (0) is also a co-dimension 1 hyperplane inside H, . Proceeding in this way
shows that for any fixed collection of weights for NV, there are only finitely many choices of biases
for which the conclusion the present Lemma fails to hold. Thus, in particular, the conclusion holds
on a set of probability 1 with respect to any distribution on R#Par2ms that has a density relative to
Lebesgue measure. O

Repeating the proof Theorem 6 in [14] with the sets §Z replaced by S, (which only makes the proof
simpler since Proposition 9 in [14] is not needed) shows that, under the assumptions of Theorem 5,
there exists 7" > 0 so that for any bounded S C R™

E [volp,, —k(Xn kN S)] < Tk #neurons
vol,,, () - k ’

We will use the volume bounds in (10) to prove Theorem 5 by an essentially combinatorial argument,
which we now explain. Fix a closed cube C C R"» with sidelength § > 0 and define

(10)

Cj := dimension k skeleton of C, k=0,...,Nin.

So for example, Cy is the 2™ vertices of C, Cy,,, is C itself, and C,,,, 1 is the set of 2n;, co-dimension
MNin

1 faces of C. In general, Cy, consists of ( A )2”‘“"C linear pieces with dimension &, each with volume
§%. Hence,

k
For any vector 6§ of trainable parameters for A define

Vk(e) = XN,k(H)ﬂCk.

The collections V() are useful for the following reason.

voly, (Cr) = ("“’) onin—k gk (11)

Lemma 12. With probability 1 with respect to 0, for every k, the set Vy,(0) has dimension 0 (i.e. is a
collection of discrete points) and

#{r — partial activation regions R (A;0) with R (A4;0)NC # 0} < E (k> P VA
r
k=r
(12)
where #V; is the number of points in V.

Proof. The statement that generically Vi () has dimension 0 follows since, by construction, Cj has
dimension k and, with probability 1, X s x(6) coincides locally with a co-dimension k hyperplane
(see Lemma 11) in general position. To prove (12) note that any non-empty, bounded, convex
polytope has at least one vertex on its boundary. Thus, with probability 1,

R(AHONC#D = 3Fk=0,...,mn st IR(A0) NV #£0,
where OR (A; 6) is the boundary of the r-partial activation region R (A; 6) . Indeed, if an r-partial
activation region R (A; 0) intersects C, then R (\A; 6) N C is a non-empty, bounded, convex polytope.
It must therefore have a vertex on its boundary. This vertex is either in the interior of C (and hence
belongs to V,,, ) or is the intersection of some co-dimension & part of the boundary of R (A4;6),
which belongs with probability 1 to X ar .1, with some r + k—dimensional face of the boundary of
C (and hence belongs to Vi.,). Thus, with probability 1,
#{r-partial activation regions R (A;0) with R (A4;0)NC # 0} < Z Te#Vr,
k=r

where T}, is the maximum over all v € V;, of the number of r-partial activation regions whose
boundary contains v. To complete the proof, it remains to check that, with probability 1 over 6,

Yv € Vg #{r — partial regions R (A;0) |v € OR (A;0)} < (i) ok=r,
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To see this, note that, by definition of X/ 1, in a sufficiently small neighborhood U of any v € V4,
all but k& neurons have pre-activations satisfying either z(x) > b, or z(x) < b, for all z € U. Thus,
there are at most (f) 2F=" different 7-partial activation patterns .A whose 7-partial activation region
R (A; 0) can intersect U. O

To proceed with the proof of Theorem 5, we need the following observation.

Lemma 13. Fix k=0, ..., niy,. For all but a measure 0 set of vectors 0 of trainable parameters for
N there exists € > 0 (depending on 0) so that the balls B.(v) of radius € centered at v € V}, are
disjoint and

Vol —k (Xnk N Bo(v)) = €™ Fw,. 4,

where wy, is the volume of unit ball in R”.

Proof. With probability 1 over 8, each V), by Lemma 12, is a discrete collection of points. Hence,
we may choose ¢ > 0 sufficiently small so that the balls B, (v) are disjoint. Moreover, by Lemma 11,
in a sufficiently small neighborhood of v € V, the set Xy 5, coincides with a (ni, — k)-dimensional
hyperplane passing through v. The (n;, — k)—dimensional volume of this hyperplane in B.(v) is
the volume of an (n;, — k)—dimensional ball of radius &, which equals e™»~*w,, ;. completing
the proof. O

Foreach k =0, ..., n;,, denote by
Cre = {z e R |dist(z,Ck) < €}

the - thickening of C. Then Lemma 13 implies that for all but a measure 0 set of § € R#Params,
there exists € > 0 so that
VO, —k (Xark N Ce)

gNin— k’wnin _k

> #Vy.

Indeed, for any 6 in a full measure set, Lemma 13 guarantees the existence of an € > 0 so that the €
balls B.(v) are contained in Cy, . and are disjoint. Hence,

VOl — 1 (XN e NCre) > E 1 R
vEV)

Note that
. vol,. (C
hm MNin ( kﬁf)
e—0 6nin_kwnin_k

= VOlk (Ck) .

Thus, taking € — 0, we have

E[#Vk] < E [lim volg (Xark N Ck)g)] -

e=0  ghin—hy,
By Fatou’s Lemma and (10) there exists 7" > 0 such that

VOl —k (X N Ch )
Eninikwninfk

E[#V:] < limE

e—0

IN

Tk <#nezrons> VOlk (Ck)

Combining this with (11) and (12), we find
E [#{r — partial activation regions R (A; 0) with R (A;0) N C # 0}]

is bounded above by
A (Min\ (#neurons\ (k\ pron ks ok e rex (Min ) (#neurons X
2RI TR (SN L 29N oT
2 () () (e omr < e () (o
k=r k=r
Nin 2 (#neurons
—r Nin Min
< 2oy 3 () G,
k=r k
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where in the last line we’ve assumed § > 1/7" and in the first inequality we used that

k
k k k :
< =2k < omm,
() =2 ()=>=2

Observe that
(#ne}imns) _ (#neurons)! - (n — k)! < (#neurons)"™™ (nin — k)! < (#neurons)™™
(") nin! - (#neurons — k)l — Nin! (#neurons)"»* ~ Nin! .

Hence, using that

Min 2
Z (’I’Lkl:n> _ (2n1n> S 477fin7
h—0 TNin

E [#{activation regions R (A;6) with R (A;6) N C # 0}] is bounded above by

(T#neurons)"™

2r’flin!

vol (C) .

D Zero Bias

The reader may notice that, as stated, Theorem 5 does not apply for networks with zero biases, as is
commonly the case at initialization. While zero biases clearly do not persist during normal training
past initialization, it is interesting to consider how many activation regions occur in this case. No
finite value of constant Cl;,s in Theorem 5 satisfies Condition 4; does this mean that the number of
activation regions goes to infinity? The answer is no:

Proposition 14. Suppose that N is a deep ReLU net with any bias distribution, and let N be the
same network with all biases set to 0. Then, the total number of activation regions (over all of input
space) for N is no more than that for N.

A key point in the proof is the scale equivariance of ReLU networks with zero bias.

Lemma 15. Let N be a ReLU network with biases set identically to zero. Then,

(a) N is equivariant under positive constant multiplication: N (cx) = cN (z) for each ¢ > 0.

(b) For every activation region R of N, and every point x in R, all points cx are also in R for
¢ > 0 (this implies that R is a convex cone).

Proof. Note that each neuron of the network computes a function of the form z(xy,...,2,) =
ReLU(>""" | w;x;). Note that:

z(exy, ..., cxy) = ReLU <cZwixi> =c-ReLU (Z w,:cz> =cz2(X1,. 0y Tin)-
i=1 i=1

Thus, each neuron is equivariant under multiplication by positive constants ¢, and thus the overall
network must be as well, proving (a). Note also that the activation patterns of ReL.Us for z and cz
must also be identical, implying that  and cz lie in the same linear region. This proves (b).

Wee now turn to the proof of Proposition 14. We proceed by defining an injective mapping from
regions of N to regions of NV For each linear region R of N{®, pick a point 2z € R. By the
Lemma, cx g € R foreach ¢ > 0. Let NV, 1"7‘; be the network obtained from N by dividing all biases by

¢, and observe that A (cx) = 1"7‘5(3:), with the same activation pattern between the two networks.
But by picking c sufficiently large, A’ f}a; becomes arbitrarily close to N3'*. We conclude that for

some sufficiently large cr, N3 (crzr) and N'(crrr) have the same pattern of activations, so the
regions of A/ in which crzr lies must be distinct for all distinct R. Thus, the number of regions of
N must be at least as large as the number of regions of V3%, as desired. O
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An informal argument suggests that Proposition 14 is relatively weak. As a consequence of Lemma
15(b), for any zero-bias net N3 and any closed surface S containing the origin, S must intersect
every linear region of N3'* (since such regions are convex cones with apices at the origin). Taking
S to be the unit hypercube in n;, dimensions, the total number of activation regions of N is no
more than the sum of the numbers of activation regions intersecting each of its 2n;, facets, each of
dimension (n;, — 1). We expect from Theorem 5 that the number of activation regions intersecting

each facet is like (#neurons)""‘_l. Thus, the total number of activation regions of N%® should

grow no faster than ny, (#neurons)™™ ', instead of the n;, (#neurons)™™ directly implied by

Proposition 14.

Lemma 15 implies that networks with small bias are almost scale equivariant. Figure 7 shows the
activation regions for a network initialized with very small biases (i.i.d. normal with variance 10~%).
Part (a) displays regions intersecting a plane through the origin, indicating that, outside of a small
radius around the origin, all regions are infinite and are approximated by cones. Thus, ReLU networks
near initialization are almost scale equivariant except for sample points very close to the origin, a
simple but potentially useful property that has not been widely recognized. During training, biases
grow and the radius grows within which finite regions occur. Note that, as shown in part (b) of the
figure, a plane not containing the origin does not reveal this structure, as such a plane can have finite
intersection with many regions that are in fact infinite.
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