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Abstract

Dynamic mechanisms offer powerful techniques to improve on both revenue and
efficiency by linking sequential auctions using state information, but these tech-
niques rely on exact distributional information of the buyers’ valuations (present
and future), which limits their use in learning settings. In this paper, we consider
the problem of contextual auctions where the seller gradually learns a model of
the buyer’s valuation as a function of the context (e.g., item features) and seeks a
pricing policy that optimizes revenue. Building on the concept of a bank account
mechanism—a special class of dynamic mechanisms that is known to be revenue-
optimal—we develop a non-clairvoyant dynamic mechanism that is robust to both
estimation errors in the buyer’s value distribution and strategic behavior on the
part of the buyer. We then tailor its structure to achieve a policy with provably
low regret against a constant approximation of the optimal dynamic mechanism in
contextual auctions. Our result substantially improves on previous results that only
provide revenue guarantees against static benchmarks.

1 Introduction

As a fundamental problem in mechanism design, pricing in repeated auctions has been extensively
studied in recent years. This is partly motivated by the popularity of selling online ads via auctions,
an industry totalling annual revenue of hundreds of billions of dollars. Repeated auctions open up
the possibility of linking auctions across time using state information in order to enhance revenue
or welfare, but this introduces several challenges. To guarantee optimal outcomes, the process must
take into account the bidders’ incentives to possibly manipulate each individual auction as well as the
auction state across time. In practice, the seller must also rely on approximate models of the buyers’
preferences to effectively set auction parameters like reserve prices. These aspects of the problem
have so far been explored in two separate strands of the literature on repeated auctions, where items
arrive online and the allocation and payment decisions must be made as soon as an item arrives.

One strand, known as dynamic mechanism design, considers an environment in which the seller has
exact distributional information over the buyers’ values for the items, for the current stage and all
future stages, and designs revenue-maximizing dynamic mechanisms that adapt the auction state
based on the buyer’s historical bids [Thomas and Worrall, 1990, Bergemann and Véilimaki, 2010,
Ashlagi et al., 2016, Mirrokni et al., 2016a,b]. However, this clairvoyant framework relies on the
seller having an accurate forecast of the buyer’s valuation distributions in future auctions. To address
this concern, Mirrokni et al. [2018] propose non-clairvoyant dynamic mechanisms, which do not rely
on any information about the future (but do rely on an accurate forecast of the present). They show
that a non-clairvoyant dynamic mechanism can achieve a constant approximation to the revenue of
the optimal clairvoyant mechanism. The other strand of literature, known as robust price learning,
focuses on a setting where the buyer’s value distributions across stages are parameterized by some
common private factors that are unknown to the seller, and designs robust policies to learn from the

Submitted to 33rd Conference on Neural Information Processing Systems (NeurIPS 2019). Do not distribute.



38
39
40
41
42

43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62

63

64
65
66
67
68
69
70
71

72
73
74
75
76
77
78
79
80
81
82
83

84

85
86
87
88

buyer’s bids and set prices with good revenue performance [Amin et al., 2013, 2014, Medina and
Mohri, 2014, Golrezaei et al., 2018]. Although these results also take into account strategic buyer
behavior, they only provide guarantees against the revenue-optimal static benchmark, which does not
take advantage of auction state across time and whose revenue can be arbitrarily smaller than the
optimal dynamic benchmark [Papadimitriou et al., 2016].

In this work, we consider a scenario in which the designer can only make use of an estimate of the
buyer’s value distribution in the present auction stage, which connects dynamic mechanism design
with the problem of learning. Designing dynamic auctions in this setting is challenging for several
reasons. When the seller’s estimate of the distribution is not perfectly aligned with the buyer’s true
distribution, it is impossible for the seller to offer a dynamic mechanism that is exactly incentive-
compatible and also makes use of the prior on values. Furthermore, unlike static mechanisms in
which the auction for each item is independent of the buyer’s past reports, in a dynamic mechanism a
buyer’s misreport can potentially affect auctions for all future items. We overcome these obstacles and
provide a robust non-clairvoyant dynamic mechanism such that the extent of the buyers’ misreports
and the revenue loss can be related to and bounded by the estimation error. We then apply our
robust dynamic mechanism to the concrete problem of contextual auctions, where a buyer’s valuation
depends on the context that describes the item, but the relationship between the buyer’s valuation
and the context is unknown to the seller and must be estimated across auctions. The seller’s task is
to design a policy which adapts the auction mechanism based on the buyer’s historical bids, with
the objective of maximizing revenue. Previous results give no-regret policies against the optimal
static mechanism [Amin et al., 2014, Golrezaei et al., 2018], but as mentioned it is known that the
revenue gap between optimal static and dynamic mechanisms can be arbitrarily large [Papadimitriou
et al., 2016]. We tailor the structure of our robust non-clairvoyant dynamic mechanism to a learning
environment, leading to a no-regret policy against the strong benchmark of a constant approximation
of the optimal clairvoyant dynamic mechanism.

Related Work

We briefly discuss research in dynamic mechanism design that is closely related to the present work.
For a comprehensive review of the literature readers are encouraged to refer to [Bergemann and Said,
2011]. Our work builds upon the framework of bank account mechanisms developed by Mirrokni
et al. [2016a,b, 2018]. Based on the bank account mechanism, Mirrokni et al. [2018] design a non-
clairvoyant mechanism achieving 1/3 of the revenue of a clairvoyant mechanism which can make
use of present and future information on the distributions of item values. However, their mechanism
relies on exact distributional information, which makes it unsuitable in a learning environment where
value distributions are estimated. Our robust dynamic mechanism addresses this limitation.

Our work is closely related to dynamic pricing with learning; see [den Boer, 2015] for a recent
survey. The study of robust price learning with strategic buyers was initiated by Amin et al. [2013]
and Medina and Mohri [2014]. They design no-regret policies in a non-contextual environment
where the seller repeatedly interacts with a single buyer through posted price auctions, where the
buyer is less patient than the seller. Amin et al. [2013] show that no learning algorithm can achieve
sublinear revenue loss if the buyer is as patient as the seller. For learning in contextual auctions,
Amin et al. [2014] develop a no-regret policy in a setting without market noise. Recently, Golrezaei
et al. [2018] enrich the model by incorporating market noise and design a no-regret policy for cases
where the market noise is known exactly or adversarially selected from a set of distributions. All
these results are no-regret against the optimal static mechanism as a benchmark, whereas our policy
is no-regret against a constant-factor approximation of the optimal dynamic mechanism which has all
distributional information available in advance.

2 Preliminaries

In a dynamic auction a seller (he) sells a stream of T items that arrive online, based on bids placed
by strategic buyers. An item must be sold when it arrives. For the sake of simplicity we will focus
on the case of a single buyer (she) throughout this paper.' At the beginning of stage ¢ a new item
arrives and the buyer’s valuation v; € [0, a;| for the item is drawn independently from a distribution

'Our results can be extended to multi-buyer settings by using the techniques from Cai et al. [2012] and Mir-
rokni et al. [2018].
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F; with density f;. The distributions are not necessarily identical across stages. We assume that f; is
continuous and upper bounded by cy/a; where c; is a constant. The domain bounds a, are known to
the seller and may vary across stages to reflect the fact that item valuations may have different scales.’
As a special case of this framework, in a contextual auction the item at stage ¢ is represented by an
observable feature vector ¢; € R? with ||¢|l2 < 1. In line with the literature, we assume that the
feature vectors are drawn independently from a fixed distribution D with positive-definite covariance
matrix [Golrezaei et al., 2018]. The buyer’s preferences are encoded by a fixed vector o € R? and
the buyer’s valuation at stage ¢ takes the form v, = a;({o, {;) + &¢), where ¢, is a noise term with
cumulative distribution M;. The distribution M, and the feature vector {; are observed by the seller
but the buyer’s preference vector o remains private. We make the following technical assumption on
the sequence of a;:

Assumption 1. Forall t, Zt,<t ay < cq -t where ¢, is a constant.

Assumption 1 limits the portion of welfare and revenue that can arise in the first ¢ stages, for any ¢.
Its purpose is to rule out situations where a large fraction of revenue comes from the initial stages,
under which a large revenue loss may be inevitable since it is impossible for the seller to obtain a
good estimate of o from just the first few stages.

Once the buyer learns her valuation v; at stage ¢, she then submits a bid b; € [0, a¢] to the seller who
then decides whether to allocate the item (perhaps stochastically) and what payment to charge. We
write V' to denote the set of all possible sequences (b, ..., b;) of buyer bids for the first ¢ stages,
and similarly we write (AV)? to denote the set of all possible independent distributions over the
sequence of first ¢ bids. The seller’s distributional beliefs over the buyer’s values across stages are

denoted as F(1 ) = (Fl, Py, .. FT) Throughout the paper we will use the notation F(t/yt//) to
represent (Ft/, ceey F,y/), and 51m11ar1y for Fis 41y, v(s 47y, and by 41y A dynamic mechanism is
represented by sequences (z1,...,2r) and (p1, ..., pr) where x; and p; denote the allocation rule

and the payment rule at stage ¢, respectively. We refer to (x:, p;) as the stage mechanism at stage t.

Non-Clairvoyant Dynamic Mechanism. In a non-clairvoyant environment, the seller obtains an
estimated distribution £} only at stage ¢ and not before, so the mechanism at stage ¢ can only depend
on F(l ¢~ The allocation function z; maps the history of bids b(; ;) and distribution F(1 ¢) to an
allocation probability, z; : V! x (AV)* — [0, 1]. The payment function p; maps the history of bids
b(1,+) and the distribution F(l,t) to a real-valued payment, p; : V¢ x (AV)? — R. In line with the
literature, we assume the buyer has a quasi-linear utility such that the buyer’s utility from bidding b,
at stage ¢ 1S uy (vt; b(1,6); F(Lt)) = V4 Ty (b(l o Fa, t)) — Pt (b(Lt); F(l,t)). In the contextual auction
setting the seller maintains a model & for the buyer’s preference vector estimated from prior bidding
behavior, and combines with a;, ¢, and noise model M, which can only be observed at the beginning
of stage t and not before, to compute F.

Utility-Maximizing Buyer. We assume that the buyer knows the true distributions F; ) in advance
so that she can reason about how the mechanism will evolve over time and compute a bidding
strategy that maximizes her utility. Specifically, we consider a buyer who aims to maximize her time

discounted utility ZtT/:t A=t . E[u,] at stage t where y € [0,1) is the discounting factor and the
expectation is taken with respect to F(1 7). We note that it is impossible to obtain a no-regret policy
when the buyer is as patient as the seller (the case of v = 1) [Amin et al., 2013].

Incentive Constraints. In a dynamic environment, the buyer’s best response at stage ¢ depends on
her strategy in the future stages. When the seller has perfect distributional information, the classic
notion of dynamic incentive-compatibility (DIC) requires that the buyer is incentivized to report
truthfully assuming that she plays optimally in the future [Mirrokni et al., 2018].> When the seller
only has approximate distributional information this is no longer possible to achieve, so we introduce
the notion of 7y 1)-approximate DIC, which requires that the buyer’s bid deviate from the truth by
at most 7); at stage ¢, assuming the buyer plays optimally in the future (note that optimally now no

longer means truthfully). Formally, at each stage ¢, there exists b; € [v; — 1, v¢ + 7¢] such that

by € argbmaxut (v b3 F(l,t)) + 7 Ue(baey: Farys Foar)) (n@1,)-DIC)

2For instance, in a dynamic auction for display advertising, the value of a video ad may be orders of
magnitude larger than the value of a text ad.
3Interested readers can refer to [Mirrokni et al., 2018] for discussions on the choice of DIC notions.
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for all v, b1 4—1), Frut1,7). and F(t+1,T)’ where Ut(b(1,t);F(1,T);F(1,T)) is the continuation
utility that the buyer obtains in the future: Urp (b(l,T)iF(l,T)§F(1,T)) = 0, and fort < T
Ut (b(l,t); F(I,T); F(l,T)) is defined as

By, yinFrps [Iglaxut-&-l (ver13 b0 01 Faerny) +7 - User (baesnys Foary F(LT))}-
t+1

Participation Constraints. We assume that the buyer weighs realized past utilities equally. There-
fore, ex-post individual rationality requires that for all F; 7 and for all v(; ),

T
Z Uy (vt; V(1,85 F(l}t)) > 0. (ex-post IR)
t=1

For convenience, we will use the phrase “for F(; 1)” to indicate the environment where the buyer’s
true distribution is F{; 7. For example, when we say that a mechanism is 7(;,7y-DIC for F{; 7y we
mean that it is 7)(; 7)-DIC when the buyer’s true distribution is F(; 7).

No-Regret Policy. Our task is to design a policy 7 that includes both a learning policy for o
and an associated dynamic mechanism policy to extract revenue. At the beginning of stage ¢, the

learning policy estimates F} using information ay 4y, ¢(1,+)> M(1,+), and b¢1 1y, while the dynamic
mechanism policy computes the stage mechanism (z;, p;) at stage ¢ using F(Lt) and by ;1. Let
Rev(r; F(1,7y) and Rev(B; F(1 1)) be the revenue of implementing policy 7 and mechanism B for

F1,1), respectively. Moreover, let B*(F(; 7)) denote the revenue-optimal clairvoyant dynamic
mechanism that knows F{; 7y in advance. The regret of policy 7 against a c-approximation of the

dynamic benchmark is defined as Regret™ (F(; 7)) = ¢ - Rev (B*(F(LT)); F(LT)) — Rev(m; F(1,1)).
Our objective is to design a policy with sublinear regret.*

3 Robust Non-clairvoyant Mechanism

The literature on dynamic mechanism design relies on the strong assumption that the seller has
perfect distributional information at each stage, F(LT) = F(1,1) [Ashlagi et al., 2016, Mirrokni
et al., 2016b,a, 2018]. However, in a learning setting like that of contextual auctions, the seller
can only obtain a sequence of estimated distributions by estimating o . In this section, we design a
non-clairvoyant mechanism that is robust to misspecifications in the value distribution in the sense
that the buyer is incentivized to place a bid within known bounds from its value, which ultimately
allows us to relate the mechanism revenue under the estimated and true value distributions. The
misspecifications handled by the mechanism are captured by the following assumption.

Assumption 2. For allt, let ¥; be the random variable that is drawn from Fy. We assume that the
buyer’s true valuation v; = Oy + a; - €; with ¢, € [—A, A]. Here ¥; and €, are not necessarily
independent and arbitrary correlation between vy and €; is allowed.

3.1 The Mechanism

Building on the %—approximation non-clairvoyant mechanism from Mirrokni et al. [2018], we design
our robust non-clairvoyant mechanism by mixing their mechanism with a random posted-price
auction. The mechanism is an instance of a bank account mechanism where the state information is

captured by a single scalar bal,.

Mechanism 1. The robust non-clairvoyant mechanism B (F (1,7), \) consists of a mixture of four
mechanisms: the give-for-free mechanism, the posted-price auction with extra fee, the Myerson’s
auction, and the random posted-price auction. The stage mechanism at stage t is parameterized by a
non-negative balance bal;. When the buyer submits a bid b;:

“Note that sublinear revenue loss is only meaningful if the available revenue to extract is itself at least linear,
which is the case when Zle ar = Q(T) since the revenue obtained by the optimal dynamic mechanism is
Q(3, a¢) in our setting. In fact, a static mechanism can already achieve Q(3_, a;) revenue by offering a posted
price pa; with p = 1/(2¢y) at stage ¢ which induces revenue at least pa;(1 — pcy) = a:/(4cy) from stage ¢t.
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Give-for-free Mechanism. Allocate the item no matter what the buyer’s bid is and increase the

balance by the buyer’s bid: ¢ = 1, p = 0, and baItG 1 = bal; + b;
Posted-price Auction with Extra Fee. Let fee,(bal;; F;) = min(3bal;, E [v¢]) and r¢(baly) be

the posted-price such that E, _ ¢ [(vt - Tt(balt)) q = fee; (baly; Ft) The mechanism charges the

v~ Fy

buyer fee;(baly; Ft) before the buyer learns her valuation and then runs a posted-price auction with
price 7¢(baly): o = 1{b; > ry(baly)} and pF’ = fee;(baly; F}) + r(baly) - 1{b; > r(baly)}, and
decrease the balance by fee;(baly; Fy): baléD 41 = bal; — fee(baly; Fy).

Myerson’s Auction. Let v} (F,) be Myerson’s optimal reserve price, i.e., rf(F,) = argmax, r -
(1 — Fy(r)) and run a posted-price auction with price r; (F}) without changing the balance: x}! =
1{b, > r; (Fy)}, pM = rf(Fy) - 1{by > r;(F})}, and bal}], = bal,.

Random Posted-price Auction. Let 7y be random reserve price drawn from [0, a;] uniformly and
run a posted-price auction with price 7y without changing the balance: xf = 1{b, > 7}, pF =
7 - 1{by > 7}, and balf; = bal,.

The robust non-clairvoyant mechanism at stage t is: xy = \ - vt + % [SUtG +af + M } Dy =

A-pft 4 152 [p€ + pF + pM], and bal; = A - ball* + 152 [balf +bat? +ba1tM].

The following central result gives a guarantee on the revenue performance of our robust non-
clairvoyant mechanism against a utility-maximizing buyer subject to an estimation error A.

Theorem 3.1. Rev(B(F1.1,\), Fur)) > ARev(B*(Fum), Fuy) — O (AT + \/§T)

At the optimal choice of A = A% the revenue loss is O (A%T ) The remainder of this section is
devoted to proving Theorem 3.1.

3.2 Analysis

We start by describing the incentive properties that B (F(I,T)7 ) satisfies for F(LT). First notice that
all four base mechanisms are variants of posted-price auctions, and therefore, all of them are stage-1C:

Vb, vt - x¢(bal,vy) — pe(bal, v) > vy - 2¢(bal, by) — pe(bal, by). (stage-IC)

In particular, all mechanisms except the posted-price auction with extra fee are stage-IR:
Yoy, v -z (ve) — pe(ve) >0 (stage-IR)

We emphasize that the posted-price auction with extra fee is different from a classic posted-price

auction: the posted-price auction with extra fee will charge the buyer an extra payment fee; (baly; Ft)
no matter what the buyer’s bid is, and therefore, it is not stage-IR. Moreover, each stage mechanism

is balance-independent (BI) with respect to the estimated distribution Ft: there exists a constant c;,
]EUf,NF}, [’Ut c Tt (bal, ’Ut) — pt(bal, ’Ut)] = Ct. (BI)

In particular, the give-for-free mechanism, the Myerson’s auction, and the random posted-price
auction are static and independent of the balance; as for the posted-price auction with extra fee, it

ensures that the buyer’s expected utility is always O for all bal, > 0 under Ey.

The combination of stage-IC and BI implies that the mechanism is DIC: since the mechanism
promises the buyer that all future stage mechanisms are BI, the buyer can infer that her action at the
current stage does not impact her expected utility in the future. Moreover, notice that the non-negative

balance bal always lower-bounds the buyer’s cumulative utility, and therefore, B (ﬁ‘(LT), A) is ex-post
IR under the estimated distributions ﬁ'(LT).

Proposition 3.1. B(]:_'(LT), A) is stage-IC, BI, DIC, and ex-post IR for ﬁ'(LT).

We next turn to the mechanism’s properties under the true distributions F(y ).
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3.2.1 Mismatch between F(LT) and F(; 1)

We first bound the revenue loss due to the mismatch between E| (1,7) and F(; 7). Observe that one can
interpret the estimation error under Assumption 2 as the buyer’s misreport: when the buyer reports
truthfully under F{; 1 this is equivalent to the case in which the buyer misreports by a magnitude at

most a; - A under F{(; 7). We develop a program for computing the revenue of our mechanism even
when the buyer misreports. For a non-clairvoyant mechanism B(F(LT), A), we consider a program
¢ (bal, F(LT); F(LT)) to keep track on the revenue of implementing B(F(l’T), A) when the buyer’s
true distribution is F(; 7). We define 17 (bal) = 0 and for t < T,

~ 1 . 1 . .
Yy_1(bal, Fy ry; Fary) = Egnor, [Sfeet(bal; )+ grf(Ft) Wy, > ri(F)}

1 1 Aoa
+ ¢t (bal + g’l); - gfeet(bal; Ft), F(LT); F(l,T)>:| (1)

where v} is the buyer’s reported bid that maximizes her continuation utility when her true value is v;.
Note that we omit the revenue r(bal;) obtained from the posted-price auction with extra fee and the
revenue from the random posted-price auction.

Proposition 3.2. Rev (B(F(LT), \); F(LT)> > (1= A)-%0(0, Fupyi Famy).

According to the revenue analysis in [Mirrokni et al., 2018], we can still obtain %-approximation of
the optimal revenue even when the revenue r;(bal;) is omitted.

Lemma 3.1. [Mirrokm' et al., 20]8] wo(o, F(l,T); F(l,T)) > % - Rev (B*(F(l)T)), F(l,T))-
The following lemma establishes a connection between the change of the balance and the change of

the revenue, when the seller’s distributional information is perfect.
Lemma 3.2. Forall0 <t <Tandd > 0,

Ye(bal + 0, Fq ry; Fa,ry) — 6 < (bal, iy pry; Fa,ry) < be(bal + 6, Foury; Foary)-

Applying Lemma 3.2, we can bound the revenue loss due to the mismatch between F{; 7y and PA‘(LT).

Lemma 3.3. (0, F(l,T)? F(l,T)) > 1o(0, Fiu,1y; Fa,1y) — O(AT).

3.2.2 The Buyer’s Misreport

Note that in a single-buyer environment, the properties stage-IC and ex-post IR do not depend on
the underlying distributions, and therefore, B(F(1 1), A) is also stage-IC and ex-post IR for F{; 7.
However, B(F(LT), A) is no longer BI for F(; 7y, which is the key property to ensure DIC. To
circumvent this difficulty, we generalize the definition of BI to approximate balance-independence.

Definition 3.1. A dynamic mechanism is 31 1)-BI for F(1 ) if Vt, there exists a constant c;:

Vbal Z O, ]E’UtNFt [’Ut . xt(baL ’Ut) — pt(bal, ’Ut)] S [Ct — %, C¢ + %] (ﬁ(l,T)'BI)

Since with the same stage mechanism, the difference between the expected utility under F, and F, is
at most Aay (Corollary A.1), B(F(1 1y, A) is B(1,r)-BI with 8; = 2Aa,.

Proposition 3.3. B(F(LT), A) is stage-IC, (1 1y-Bl with 3; = 2Aay, and ex-post IR for F(y ).

For a dynamic mechanism satisfying 3(;,7y-BI for F(; 1, the range of the expected utility is 3; in
the ¢-th stage. Therefore, no matter how the buyer misreports in the first (¢ — 1) stages, her expected
utility in the ¢-th stage can only fluctuate at most 3; if she reports truthfully at stage t. Combining
this with the fact that the stage mechanisms are stage-IC, we have

Lemma 3.4. For a dynamic mechanism that is stage-I1C and 3, 1\-BI for F(y 1), for any b, ;1) and
vy, the difference between the continuation utility of reporting any by € [0, a;] and the continuation
utility of reporting v, truthfully is bounded by th::t+1 fytlft - By
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As a result, once the mechanism posts a risk for misreporting, we are able to bound the magnitude of
the buyer’s misreport. This is the purpose of mixing in the random posted-price mechanism at each

2
stage t: it can be shown that a misreport with magnitude m; will cause the buyer a utility loss A - ;"T‘t

Lemma 3.5. B(E(, 1, ) is 11 ) -DIC with n, = \/ 2a ST at-tg,

Applying Lemma 3.2, we can show that B(F(; 1), A) is robust against the buyer’s misreport.
Lemma 3.6. ’4[10(0, F(l,T)§ F(l,T)) > ’(/J()((L ﬁ(l,T)? F(l,T)) -0 (\ / %T)

Finally, combining Proposition 3.2, Lemma 3.3 and Lemma 3.6, completes the proof of Theorem 3.1.

4 No-Regret Policy in Contextual Auctions

4.1 Learning Policy

Our learning policy is adapted from the contextual robust pricing policy proposed in [Golrezaei et al.,
2018]. Our learning policy partitions the entire time horizon into K = [log T'| phases where T is the
time horizon, such that the partition is specified by (¢; = 1,4s, -+ €k, lx+1 = T + 1), in which
{y = 2F=1. The k-th phase spans between the /j-th stage and the (¢;1 — 1)-th stage, and therefore,
the length of phase k is exactly /5. Note that the partition can be implemented even when 7 is not
known in advance. We use Ej, = {{, -+ ,fx+1 — 1} to refer to the stages in the k-th phase.

At the beginning of the k-th phase, we update the estimation of the buyer’s preference vector o using
the buyer’s bids from the (k — 1)-th phase, denoted by 6. To estimate &, we sample w; uniformly
from [0, 1] for ¢ € Ej_1, where Ey_1 = {t € Ex_1 | by —t > clog{} for some constant c. In
other words, we will only use the information from the stages that are at least ¢ log ¢; ahead of the end

of phase (k — 1). &, is set to be arg min| o<1 Lx—1(0), where Ly—1(0) = =3, 5 {l{bt >

a; - witlog (1 — My(wy — (0, ¢r))) + 1{by < a; - we} log (M (w, — (o, CQ))} . Note that when the

buyer reports truthfully, L1 (o) is exactly the negative of log-likelihood corresponding to o. We
do not change our estimation throughout the k-th phase and the next update happens at the beginning
of the (k + 1)-phase. As a result, based on the estimate &, we compute the estimated distribution in

phase k as Ft(vt) = M, (2—1 — (6, Ct>) for all t € E}.

We say a lie is a misreport from the buyer that results in 1{b; > a; - w;} # 1{vy > a; - w¢}. Let
Li_1= {t € Er_, | 1{b; > a; - wi} # 1{vy > a4 wt}} be the set of stages in which the buyer
lies. For a dynamic mechanism that is 7, 7)-DIC, we have v; — 1, < by < vy + 1. Hence, if
|as - wy — v¢| > 0, any misreport from the buyer does not result in a lie. Moreover, the buyer has an
additional motivation to misreport to change the seller’s estimation for the future phases. However,
fort € Ej_1, sucha gain is relatively small since the buyer discounts the future.

Let B(F(l,T),/\(LK)) be a mechanism generalized from B(F(LT),/\) such that for ¢ € FEj,
B(F(LT), A(1,k)) offers the random posted-price auction with probability A, instead of .

Lemmad.l. In B(Zf'(LT), A(1,K))> the additional misreport at stage t € Ey is O( . Moreover,

|Ly| = O (log€k + > ieh Z—f) with probability 1 — éik.

#)
VAR-63

Given this upper bound on | L[, the following lemma bounds the estimation error of &.
Lemma 4.2 (Proposition 7.1 [Golrezaei et al., 2018]). With probability 1 — i, the estimation error

) L L Tog(frn_1-d
Sor phase k is A, = || — o|| = O (d~ ‘z:,ll‘ +4/ Og(e:,ll )).

4.2 Dynamic Mechanism Policy

We develop a hybrid non-clairvoyant mechanism to reduce the number of lies by reducing the
magnitude of misreports. To do so, observe that the buyer has no incentive to misreport in order
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to affect future stage mechanisms when the latter are static. However, as previously mentioned,
offering a purely static mechanism may forego a large amount of revenue [Papadimitriou et al., 2016].
Motivated by this insight, our hybrid mechanism contains both dynamic stages dependent on the
history and static stages independent of the history. We adapt B(]:_'(LT), A(1,k)) to obtain a hybrid

non-clairvoyant mechanism Bhyb”d(ﬁ‘(lj), A(1,K)»w, T), which is parameterized by w € (0,1) and
a function 7 : Z, — R, that maps the phase number to a real number. The stage mechanism at stage
t is parameterized by a;, two balances bal; and sbal;, and an additional parameter swy.

We provide a high level description of our mechanism in this section while a detailed description
is deferred to Appendix. Let EY = {t € Ej, | a; < ¢}. Intuitively, the hybrid non-clairvoyant
mechanism runs different stage mechanisms conditioned on whether ¢ € E}’ or not: the stage
mechanism is dynamic for ¢ ¢ E}’ and the stage mechanism is static for ¢ € E}’ with high probability.

More precisely, for t ¢ E}’, the stage mechanisms are exactly the same as B (F (1,7 A\(1,K)) and in
particular, the posted-price auction with extra fee only uses the balance from bal;. For ¢t € E{’, the
give-for-free mechanism and the Myerson’s auction remain the same. We use sw; to keep track of the
summation of expected valuations, i.e., swy = % Yoveps vt By, o, [Vr] W swy < 7(K), we turn
the posted-price auction with extra fee into a give-for-free mechanism, but we increase the balance
sbal instead of bal; otherwise, we run the posted-price auction with extra fee, except that it only uses
the balance from sbal and it will in addition deposit the buyer’s utility to sbal.

For t € EY and sw, < 7(k), the stage mechanism is static since it in fact runs a give-for-free
2(1=\g)

mechanism with probability and a Myerson’s auction with probability 1*3/\’“ , both of which

are independent of the history. For ¢ € EY and sw;, > 7(k), by choosing 7 properly, we show that
with high probability, even if the buyer plays strategically, 3sbal; > E, _ s [v¢], which implies that
min (BSbalt, E,, .z [vt]> = E,, .z, [vt] so that the posted-price would be 0. Therefore, with high
probability, the hybrid posted-price auction with extra fee is a give-for-free mechanism with fee

E,, .z, [vi], which is static and independent of bal; and sbal;. To formally prove these statements,

we exploit the fact that the dynamics of sbal, forms a martingale for stage ¢ with sw; > 7(k).

Lemma 4.3. With 7(k) = Q (é%(Hw)\/log Oy + ﬁ—:ﬂ@ for all k, we have

o 1 .
Rev(B™Y ' (Fy 1y, A1,k w0, 7), Fam) = gReV(B (Fam), Fam) — Z (T(k) + Ak - Lk)
k

and with probability at least 1 — i deh, X< O (Ellf‘“).

at

4.3 The Final Policy

Learning Policy: At the start of phase k, estimate 6 = argmin|s|<1 Lr—1(0).

Dynamic Mechanism Policy: Bhyb”d(}:—‘(LT), A1,K)s %, 7): at phase k

o )\, = é,:é and 7(k) = c*éé;

e Compute the distributional information Ft for t € E}, according to the estimation &7;

Figure 1: Robust Non-clairvoyant Dynamic Contextual Auction Policy

We are now ready to combine our learning policy and dynamic mechanism policy to obtain our
no-regret policy for contextual auctions in a non-clairvoyant environment (Figure 1). For our hybrid

_1 5
non-clairvoyant mechanism, we will set w = %, Ax = £, °, and 7(k) = "¢ © with a large enough
1
constant ¢*. In particular, the estimation error for &, is A, = O(¢,, *) under our policy.

Theorem 4.1. The T'-stage regret of the robust non-clairvoyant dynamic contextual auction policy is
O(T%) against %—approximation of the optimal clairvoyant dynamic mechanism.
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Appendix

A Helper Lemmas

Lemma A.1. In a single buyer setting, every stage IC and IR mechanism (x,p) can be represented
by a mixture of posted-price auctions such that the probability density to offer a posted price r is

1) = 452,

Proof. We show that such a mixture of posted price auctions preserve the allocation rule and payment
rule. By the celebrated Myerson’s lemma [Myerson, 1981], a mechanism is IC if and only if the
dz(r)

allocation rule is monotonically non-decreasing, i.e., = =0 for all valid r. Therefore, the density

function of posted prices f(r) is well-defined. Moreover, for a buyer with bid b, his allocation

probability is fob f(rydr = ; d”;—(:)dr = x(r), which implies that the allocation probability is

preserved. Moreover, Myerson’s lemma [Myerson, 1981] demonstrated that the payment rule is
uniquely determined by the allocation rule: p(b) = fob r- dfi—(:)dr, which is exactly the payment
collected from our mixture of posted price auctions for valuation v.

Lemma A.2. Forv € [0 — A, 0 + A] and any stage IC and IR mechanism (x, p), we have
u(v) — A <u(d) <ulv)+ A
where u(v) = z(v) - v — p(v).
Proof. Since (x,p) is a stage IC and IR mechanism, by Lemma A.l, we can equivalently offer a

_ dx(r)
dr

Therefore, we can express the utility of the buyer for valuation v; as | dg;—(:)(fu —r)Tdr. We first
show the first inequality:

mixture of posted price auctions such that the probability density to post a price r is f(r)

IN

(0 —r)tdr + A

z(v)-v—pv) = / da;(:) (v—r)tdr
< / dﬂ;Eﬂr) (0+ A —7r)tdr
/dx(r)

dr
=z(0) -0 —p(d)+ A

where the first equality follows that (x, p) is stage-IC and Lemma A.1. By a similar argument, we
can prove the second inequality. O

The following is a corollary of Lemma A.2, which demonstrates that the difference of expected utility
due to the mismatch of distributional information can be related to the estimation error.

Corollary A.1. For F(y ) and F(l,T) satisfying Assumption 2, and for any stage IC and IR mecha-
nism (x, p), we have

]EUtNFt ['LL(’Ut)] - Aat S E g ['LL(’Ut)] S EvtNFt ['U/('Ut)] + Aat.

ve~Fy
The following lemma demonstrates that the difference of expected welfare due to the mismatch of
distributional information can be related to the estimation error.

Lemma A.3. For F(| 1) and F (1,1) satisfying Assumption 2, and for any stage IC and IR mechanism
(x,p), we have

Ev or[2e(vr) - ve] = (cp + D)Aar < E, g [2(0r) - 0] < By [ (ve) - ve] + (cp + 1) Aay

Proof. Since (z,p) is an stage IC and IR mechanism, by Lemma A.1, we can equivalently offer a

mixture of posted price auctions such that the probability density to post a price r is f(r) = d”;(;) .

Denote the distribution that ¢; follows as G;.

10
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We first show the first inequality:

EvtNFt [xt(vt) ' Ut] = Evt~ﬁt7€t~gt [xt(vt + Gt&t) . (Ut + etat)]
dxy(r
- / (;ﬁ ) ’ Evtwﬁt,etNGt [1{vs + erar > 1} - (vr + €ray)]dr
dx(r)
< o By, M0+ Aar > 1} - (v + Aay)ldr
dZEt(’I”)
< o ‘B, 5, [1{v: + Aas > r} - (v¢ + Aay)]dr
< dw{;ﬁr) E,, g, 1o+ Ay > 1} v)dr + A,
dxs(r)
= I ‘B, 5, [1{v: > r} v+ 1{r — Aay < vy <7} -v]dr + Aay
d T
=E,, g [ze(ve) - ve] +/ zi(r) ‘ {/ vy - fe(vg)dvg| dr + Aay
' ! dr r—Aay
<E, .5 [z¢(ve) - ve] + (cf +1)Aay ?)

where the last inequality follows that v; < a; and f;(v;) < Z—’: By a similar argument, we can prove
the second inequality. O

B Omitted Proofs in Section 3

B.1 Proof of Lemma 3.2

Proof. For ease of presentation, let ¢;(bal) = ¢ (bal, F(; 7y, F(1,1)) and fee; (bal) = fee;(bal, F}).
We use a backward induction from ¢t = 7" to t = 0 to show that for all ¢ and bal > 0, the inequalities
in the statement hold.

For the base case, it is true since for all bal > 0, i) (bal) = 0. Assume the induction hypothesis
is true for all ¢ > ¢. Then for ¢ — 1, first notice that by the computation of fee;(bal), we have
feey(bal + ) = feey(bal) 4 6" with 0 < §’ < 34. Therefore, we first have

1 1 1 1
wt,l(bal + 5) = E’Ut"’Ft [Bfeet(bal + (5) + g’l’:(Ft) . 1{’Ut > T:(Ft)} + wt (bal + ) + g’l}t — gfeet(bal + (S)):|

1 1 1 1
>Ey~F, [3feet(bal) + =rf(Fy) - H{v > rf (Fy)} + oy (bal + §Ut - 3feet(ba1))}

3
= 1—1(bal)

where the inequality follows § — %fee,(bal + §) > — 1fee;(bal) and the induction hypothesis. We
also have

(1 1 1 1
Yi—1(bal+8) =E,,~F, gfeet(bal +9)+ grf(Ft) vy > rf(F)} + ¢y (bal + 6 + Ut~ gfeet(bal + 6))]

1 1 1 1 1 1
= E’Ut"’Ft gfeet(bal) + g’l";k(Ft) . 1{’Ut > ’I":(Ft)} + 55' + 1/Jt (bal + ) + g’Ut — gfeet(bal) — 3(5/):|

(1 1 1 1 1 1
S ]E’Ut’\‘Ft gfeet(bal) —+ gT;;(Ft) . 1{’Ut Z T:(Ft)} —+ 55/ —+ ’l][}t (bal —+ g?}t — gfeet(bal)) + 5 — 36/:|

1 1
— wt,l(bal) + 55/ + (6 — 55/)
= 1;_1(bal) + 0.
where the inequality uses the fact that § — %5' > 0 and follows the induction hypothesis. O
B.2 Proof of Lemma 3.3
Proof. For ease of presentation, let ¢;(bal) = 4y (bal, 13'(17T); F(LT)) and 0;(bal) =
Ye(bal, F(1,1y; F(1,1)). We proceed by a backward induction from ¢ = 7" to ¢ = 0 to show that for

11



412 all ¢,
¢+ (bal) > 0, (bal) — cf+ A Z ap.
t'=t+1

413 The base case for t = T is clearly true since ¢ (bal) = O (bal) = 0. Assume it is true for all ¢’ > ¢
414 and we consider for stage ¢t — 1.

#15  First, if we use 7} (F}) as the reserve price for F}, then by Lemma A.3 and Corollary A.1, we have

E,, i, [ri (F) - o 2 i (F)Y] 2 B, g [rf (F) - Hop = 7} (F))]
2 By, [ry (Fy) - Hoe 2 ri(F)} — (¢ +2)Aar. (3)

416 where the first inequality follows that r} (Ft) is the Myerson’s reserve for F}. As for the spend, recall
417 that fee;(bal; F}) = min(3bal, E,, ., [v¢]), and thus, we have

fee(bal; F}) — Aay < feey(bal; Ft) < feey(bal; F}) + Aay 4

418 Therefore, combining (4) and Lemma 3.2, we have
1 1 . 1 1 2
0, | bal + §(vt + €ay) — gfeet(bal; Fy) | >0, | bal + gvt - gfeet(bal; F) | - gAat (5)
s19  for |e;] < A. Henceforth, we have
1 - 1, - PR 1 1 A
¢t_1(bal) = Evtmﬁ} {3feet(bal; Ft) + g’/‘t (Ft) . 1{11,5 > Tt (Ft)} + ¢t (bal + gvt — gfeet(bal; Ft)>:|

1 1 1
Z EUtNFt {3feet(bal; Ft) =+ gT:(Ft) . 1{7]16 Z ’I":(Ft)}:| — (ng —+ 1)Aat
1 1 .
+ Ev ~Ft |:9t (bal + gvt — gfeet(bal; Ft)>:| Cf —|— A Z ag
1 1, "
> By, ~F, [3feet(bal; )+ 37 (Fy) - 1{ve > 7} (Ft)}}
1 1
+ EvtNFt |:9t (bal + gvt — gfeet(bal; Ft)>:| Cf —|— A Z Ay

=0;_1(bal) — cf + YA Z Qg

t'=t

420 where the first inequality follows (3), (4), and the induction hypothesis, and the second inequality
421 follows (5). O

422 B.3 Proof of Lemma 3.4

423 Proof. We consider a fixed combination of b(; ;) and v;. Let (X, Pt/) be a random variable

424 representing the stage mechanism at stage ¢'. Let (X7F7, PPY T) y—¢q be the sequence of
425 stage mechanisms corresponding to the optimal play for stages between ¢ and (7' — 1) and let

426 (X Truthful PTT”thf “l) be the sequence of stage mechanisms corresponding to playing
t'=t+1

27 truthfully for stages between ¢ and (T — 1).
428 By playing truthfully for all stages between ¢ and T, the buyer’s utility is

T
Truth ful t—t Truth ful Truth ful
ut ! = ]E(XTruthful PTruthful) Y : ]E’Ut/ NFt’ |:’Utl : th f (’Ut’) - Pt/ f (’Ut,)i| .
t=t4+1 t—tr1

12
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As for the optimal play, the buyer’s utility is at most

T
utOPT - E(Xt(?PTvP,?PT)T [ Z 7t e Evt’NFt' {ml?x {vt’ ’ XQPT(b) - Pt(’)PT(b)} ﬂ

I’ —
PEA =t +1

T

=Exgrrporm)r [ D A B, fo X0 (0 - Pt@PT(W)H '
! s

where the second equality is due to the fact that the mechanism is stage-IC for F{; 7. Since the

mechanism is 3, 7)-BI, we have

Ui(boy; Fary; Fary) <uffT

T
’
< u?ruthful + Z 'Yt —t ﬁt’
t'=t+1

T
< Ui(ba,e—1y,ves Fayrys Fary) + Z Y By
t=t+1

B.4 Proof of Lemma 3.5

Proof. By Lemma 3.4, for a buyer who discounts the future with discounting factor +, the expected

gain in the future by misreporting at round ¢ is at most ZZ: i1 ’yt/’t B . However, in the random
posted-price mechanism at round ¢, the utility loss of a buyer with true valuation v; from overbidding

in a magnitude of my is
vet+my b 2
— Ut m
/ db = —*.

a¢ 2(1t
o
By a similar calculation, the utility loss of a buyer with true valuation v; from underbidding in a

2
magnitude of m; is also 5:t. Thus, we have

m?2 T 2a T
—t < Z ’Yt _tﬂt' = my < Tt : Z Yt By

Zat
t=t+1 t=t+1
O
B.5 Proof of Lemma 3.6
Proof. For ease of presentation, let ¢;(bal) = ql)t(baLF(LT);F(LT)) and 0y(bal) =

1/)1t1(b31» F(LT); F(1,T))- We proceed by a backward induction from ¢t = T to ¢ = 0 to show that for
all ¢,
1 5 =
de(bal) > 0y(bal) — (er + 3) tl;I(Aaﬂ + 1)
The base case for ¢t = T is clearly true since ¢r(bal) = HT_(bal) = 0. Assume it is true for all ¢’ > ¢
and we consider for stage ¢t — 1. First, recall that

1 ~ 1 - - 1 1 .
¢r—1(bal) = E,, o p, {3feet(bal; F) + grf(Ft) vy > rf(F)} + ¢ (bal + gvg — gfeet(bal; Ft)ﬂ

1 1 ) 1
=E, 5. [3feet(bal; )+ grf(Ft) Wy, > ri(F)} + ¢ <ba1 + 3

where in the last equality, v; is the valuation drawn from Fy and v} is the reported bid given the buyer’s
true valuation is vy + €;a; with |e;| < A;. Therefore, we have v} € [v; — Aay — 1y, ve + Aay + Nl
By Lemma A.3 and Corollary A.1,
E [rf (By) - 1{v} > rf (Fy)}] > E, g [ri(Fy) - 1{v; > i (B} = (cf +2)(Aay +my).
(6)

1 ~
’U; — gfeet(bal; Ft)):l

v~ Ft et

13



450 As for the spend, by Lemma 3.2 and the fact that fee; (bal; F‘t) < fee¢(bal; Fy) + Aay we first have

1 1 . 1 1 2 1
0, (bal + gvg — gfeet(bal; Ft)> > 6, (bal + 30~ gfeet(bal; Ft)> — gAat — 3 7

451 Henceforth, we have
1 - 1 * [ T / * [ T 1 / 1 r
¢¢—1(bal) =E,,~r, gfeet(bal; )+ 37 (Fy) - 1{v; > rf(Fy)} + ¢4 | bal + 30~ gfeet(bal; E)

Bfeet(bal; F) + %r:(ﬁ’t) S1{v, > rf(ﬁ‘t)}} — (lcf + 1)(Aay 4 n)

= v~y

3
1, 1 . 1 5 <
+ EvtNﬁ‘t |:9t (bal + gvg — gfeet(bal; Ft)>:| — (gc‘f + g) Z (Aat’ + nt/)
t'=t+1
1 A i
Z E’UtNﬁt {3feet(bal; Ft) + gT’t (Ft) . 1{'Ut 2 T (Ft)}:|
11 1 5«
+ ]E,UtNF”‘t |:9t (bal + g?}t — gfeet(bal; Ft)>:| — (ng + g) tlZ:t(Aat, + ’]7t/)
1 5
= Ht,l(bal) — (ng + g) ;(Aat/ + nt/)

452 where the first inequality follows (6) and the induction hypothesis, and the second inequality follows
453 (7).

454  Moreover, notice that we have

T
;Ut :Z 4a)t\A. Z A —tq, = /Zlfzt:\/a

t t=t+1

T
S DD SRR TE N SN S
t t t'=t+1 t v t
[ 4A
§ W’CQT.

455 where the first inequality follows the Cauchy-Schwarz inequality and the last inequality is due to
456 Assumption 1. O

T
E Y tay

t'=t+1

57 C  Proof of Lemma 4.1

458 Sketch: Recall that in a contextual auction, the buyer’s true valuation is v; = a+({o, ;) + €;) where
459 a4 1s the intrinsic value of the item, (; is the contextual vector, and € is a random variable following
460 the market noise distribution M;. Notice that M;(w; — (o, {;)) is the probability of the event that
a1 (0,Ct)+er = Z—i < wy, which is equivalent to v; < a; - wy. As a result, assuming the buyer reports

a6z truthfully, £;_1 (o) is exactly the negative of log-likelihood corresponding to o.

463 Under truthful reporting, we have 1{b; > a; - w;} = 1{v; > a; - w}. For a 1y 1)-DIC robust
464 dynamic mechanism, we have vy — n; < by < vy + 1. As aresult, if |a; - w; — v¢| > 1, then any
465 misreport from the buyer does not result in a lie. Therefore, a lie occurs only if the true valuation
a6 Uy € [ag - wy — Ny, ap - wy + n¢]. By a martingale argument on the sequence of lies, we can obtain

467 that the total number of lies caused by the dynamic mechanism within phase k is O (Zt chy, ﬂ) .

at
468 Moreover, the buyer has an additional motivation to misreport to change the seller’s estimation for the

469 future phases. However, for ¢ € Ej_1, the gain from changing the mechanism for the future phases
470 via changing the seller’s estimation is relatively small, since the buyer discounts the future.

14
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Proof. First, since the mechanism is 7(;,7)-DIC, the misreport within phase k at stage ¢ is bounded by
1¢. We next bound the additional misreport for changing the estimation for the next phase. Note that

the utility gain starting from phase % is at most ) ", - o vt/_t - ag. Under Assumption 1, ay < ¢, - t'.
Therefore, we have for t € EA’k,l,

L —t

v —t 2 Ca
Z T Ay ScCa S 5
= T— “ T &

Recall that at round ¢, our robust dynamic mechanism is mixed with a random posted price auction
with price uniformly drawn from [0, a;] with probability A. Therefore, the additional misreport 17

fort € Ej_1 is at most

A\ ’2< Cq —m QCa at \/7
" oa, T (1726 R | VRN R paT eo— 1— (1—7)- 2

where the last inequality is due to a; < ¢, -t < ¢q - lk.

To bound the number of lies, for t € Ek—l, Let L(j) be the number of lies for the first j stages in

Ej_1 and EL(j) be the expected number of lies from stage (¢z_1 + 7). Recall that since we sample
wy uniformly from [0, 1] and notice that a lie occurs only if

= — My < ap - wy < Vg My,

which happens with probability at most 2¢y - "*+m’ . Therefore,

EL(j) < 2¢; - (”t \Fj €2>

witht ={,_1 +jand ¢ = \fﬁ; Notice that E[L(j) — L(j — 1) — EL(j)] = 0, which implies that

L(j) - J _o EL(j’) forms a martingale. Henceforth, by multiplicative Azuma’s inequality (see

Lemma 10 [Koufogiannakis and Young, 2014]) and denoting ¢ = |Ek_1 |, we have
-1 5
-/ -/
Pr[L(¢) > 2(1 +6) Z()EL(] )] <exp | -5 Z EL(j")
] =

By setting § = 2log ¢,/ ( Zf;lo EL(j")), with probability at least 1 — é, we have

1
L(t) =0 1og£k+z<’7f ey W) =0 logﬁk—&-znt
Ak -

tEE) teEy

D Hybrid Non-clairvoyant Mechanism

We  adapt B(]:_'(LT), Aq, K)) to obtain a hybrid non-clairvoyant —mechanism
Bhyb”d(ﬁ(l);p), A1,k w,T), which is parameterized by a real number w € (0,1) and a
function 7 : Z — R that maps the phase number to a real number. The stage mechanism at stage ¢
is parameterized by two non-negative balances bal; and sbal;, and an additional parameter sw;. In
particular, swy; is reset to 0 at the beginning of each phase, i.e., for t = .

For the give-for-free mechanism, the Myerson’s auction, and the random posted-price auction, their
allocation rules, payment rules, and the update rule for bal remain the same, while they keep sw and
sbal the same, i.e., sw;11 = sw; and sbal;; = sbal;. We replace the posted-price auction with
extra fee by a hybrid posted-price auction with extra fee.

Definition D.1 (Hybrid Posted-price Auction with Extra Fee). Fort € Ey, let EY = {t | a; < {%/}.
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o Ift ¢ EY: let fee! (bal; F;) = min <3balt, E, .z, [vt]> and ry(bal;) be the posted-price
such that
[(Ut - Tt(balt))+:| = fee?(balt; Ft)

v~ Fy

The mechanism charges the buyer feei7 (baly; Ft) before the buyer learns her valuation and
then run a posted-price auction with price ry(baly)

Z‘f = 1{bt > ’I“t(balt)},

pH = feel(baly; Fy) + ry(baly) - 1{b; > ry(bal,)}
and update the balances: balfil = bal, — fee?(baly; F}), sbalﬁH = shaly, and swil | =
SW¢.

e otherwise, if t € E: we first update swit | = sw, + E,, .z vl

— if swy > 7(k), let fee (sbaly; F}) = min (3sbalt,EvtNE [vt]> and r¢(sbal;) be the
posted-price such that

{(vt —ry (sbalt))w = fee! (sbaly; F})

v~ Fy

The mechanism charges the buyer fee (sbaly; Ft) before the buyer learns her valuation
and then run a posted-price auction with price ry(sbal;)

! = 1{b; > ry(sbal;)},
pll = fee} (sbaly; F}) + r¢(sbaly) - 1{b; > ry(shal,)}

and update the balances: balfH = bal; and
sbalfl | = sbal, — feef (sbaly; F}) + 1{b; > ry(sbal,)} - (by — r4(sbal;));

— otherwise: allocate the item no matter what the buyer’s bid is. Moreover, increase the
balance sbal; by the buyer’s bid:

et =1, pff=o,

bal/ , =bal;,  sball, =sbal, + b,.

We prove Lemma 4.3 in this section. Lemma 4.3 states that by choosing 7 (k) properly: (1) the revenue
loss from running a hybrid non-clairvoyant mechanism against the non-clairvoyant mechanism is
small; (2) the number of lies is small. The proof of the first property based on a new revenue
tracking program that separates the revenue contribution related to bal (from stages ¢ ¢ E’) and the
revenue contribution related to sbal (from stages ¢ € E}’). The argument for the revenue from stages
t & By simply follows the argument of %—approximation of the non-clairvoyant mechanism, while
the argument for the revenue from stages t € £}’ exploits the martingale property of sbal and the
factthat E, _z [v¢] is exactly the maximum extra fee we can charge in the posted-price auction with
extra fee (Section D.2). We then combine the martingale natural of sbal and techniques in robust
non-clairvoyant mechanism to show the number of lies is small (Section D.3).

D.1 Bank Account Property

We generalize the definition of BI to accommodate the introduction of sbal;:

e The mechanism ensures that the expected utility is balance independent if the buyer reports
truthfully:
E 0 [’Ut - Tt (balt, sbalt, SWy, Ut) — Dt (balt, sbalt, SWy, ’Ut)] (SBI)

v~ Fy

is a non-negative constant independent of bal; and sbal,.
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e A balance update rule never uses more than the total balance from bal; and sbal;, and never
deposits more than the buyer’s utility into bal; and sbal; in total:

balt+1 Z 0, sbalt+1 Z 0

balt+1 + sbalt“ < balt + sbalt + bt . xt(balt, sbalt, SWi, bt) — ptB (balt, sbalt, SW¢, bt)
(sBU)

Notice that we allow dependence on sw; in sBI. This is because sw; is a global parameter such that it
is the same at stage ¢ for all possible historical bids in the past.

Lemma D.1. The hybrid non-clairvoyant mechanism Bhyb”d(}:—‘(LT), A1,K), w, T) is stage-IC, sBI
and sBU for F(l,T). Therefore, Bhyb”d(ﬁ’(lj), A(1,K), W, T) is 11, 1)-DIC with 1, = 0 and ex-post
IRfor F(l,T)'

Proof. Since all mechanisms are variants of leave-it-or-take-it mechanisms, the mixture of them is
clearly stage-IC. For sBU, notice that we only decrease bal and sbal in the posted price auction,

and moreover, by the construction of r;(bal, sbal;; F}), it is at most bal; (sbal;) when bal; (sbal;)
is deducted. Furthermore, it is straightforward to verify that the sum of the deposit to bal and
sbal is at most the buyer’s utility at stage ¢. Therefore, the mechanism is sBU. To demonstrate the
mechanism is sBI, notice that when a; > ¢4 or sw, > 7(k), the buyer’s expected utility is exactly

E, gl +0+E, _z[(ve—1% (F})] for all bal, and sbal,; otherwise, the buyer’s expected utility

is2E, g [l +E, g [(00 — 17 (F})] for all bal, and sbal,. Thus, the mechanism is sBIL.

Since the mechanism is sBI, the buyer’s historical reports have no impact on her future expected
utilities, assuming she reports truthfully in the future. Combining with the fact that the mechanism is
stage-IC for every stage, the mechanism is 7, 7)-DIC with ¢, 7y = (0,...,0). Moreover, by the
balance update property sBU, the nonnegative bal, + sbal; always lower bounds the buyer’s utility
provided truthful reporting. Thus, the mechanism is ex-post IR. O

D.2 Revenue Tracking Program

We develop a program to compute the revenue obtained from the hybrid non-clairvoyant mechanism.
For convenience, let fee? (bal; F}) = 0 for t € EY (in which fee? (bal; £}) is not defined). Moreover,
for stage ¢ such that t € EY and sw; < 7(k) (in which fee (sbal; F}) and 7 (sbal) are not defined),
let feef (sbal; £) = 74 (sbal) = 0.

Definition D.2. For a hybrid non-clairvoyant mechanism Bhyb”d(ﬁ’ (1,7 A\(1,K), W, T), we consider
revenue tracking programs ¢ (bal, ﬁ'(LT); F1,1y) and 1; (sbal, F(LT); F1,1y) to keep track on the
revenue of implementing Bhyb”d(ﬁ(l,n, A(1,K),Ws T) when the buyer’s true distribution is Fa,m.
We define 14 (bal) = 3 (sbal) = 0 and for t < T,

S 1 . 1 . .
wi’fl(bal,F(LT); F(I,T)) = ]E’UtNFt [3fee?(bal, Ft) + gT:(Ft) . 1{1}2 Z T:(Ft>}

1 1 P
+ 'll)g (bal + g’l); - gfee?(bal, Ft)aF(l,T); F(LT)):| (8)

where v, is the buyer’s reported bid that maximizes her continuation utility when the buyer’s true
valuation is v;.

Moreover, fort ¢ EY, ¢7_,(sbal, 13'(17T); Fi,ry) = 1 (shal, F(17T); F(1,1)); otherwise,
Wi_y(sbal, Fu ry; Famy)
1 ~ 1 . N
=FEy,~F, gfeef(sbal; Ey) + ¢y (sbal + 3 (v{ — feej (shal; F}) — rt(sbal)),F(LT); F(LT)>]
9)

where v}, is the reported bid when the buyer’s true valuation is vy.
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s61  Notice that we separate the revenue tracking for bal and sbal. Moreover, the revenue obtained
se2 from the Myerson’s auction are counted in ?. Similar to the revenue tracking program for the
563 non-clairvoyant mechanism (1), we record the revenue from each stage ¢ while omitting the possible
se+ revenue 7 (bal) or r;(sbal) from the posted-price auction with extra fee.

s65 Proposition D.1. Rev (Bhyb”d(ﬁ(LT), A(1,K), W, T); F(1,T)) > (0, ﬁ(l,Tﬁ Fam) +
se6 15 (0, F(l,T); Fa,ry) — OT).
567 Revenue Performance with Perfect Distributional Information We first compare the revenue

s68 obtained by the hybrid non-clairvoyant mechanism and the non-clairvoyant mechanism, when the

se9  seller’s distributional information is perfect, i.e., F(LT) = F(4,7. Notice that the definition of zbf ®)
570 is exactly the same as v, for the non-clairvoyant mechanism (1). However, the difference is that for

571 stage ¢ in which a; < £, feei’(bal; Ft) = 0 in the hybrid non-clairvoyant mechanism. Following an
572 argument similar to the proof of Lemma 3.2, we have the following lemma:

573 Lemma D.2. For any F(LT), we have forall0 <t < T,
¥y (bal + 6, 1 r); Fa,ry) — 6 < 7 (bal, Fia ry; Fary) < by (bal + 6, Fry; Flary).

s74 Therefore, all our results for the robust non-clairvoyant mechanism (Section 3) works for the rev-
575 enue obtained from 1?. We then compute the revenue obtain from ¥ when the seller has perfect
s76  distributional information.

577 Lemma D.3. 1/)8(0, F(l,T); F(l,T)) > 1/10(0, F(l,T); F(l,T)) — % Zk ZtEE,‘: EUt,NFt [Ut]~

578 Proof. For simplicity, let ¢;(bal) = 1?(bal, Fury; F(1,T)) and 6;(bal) = ¢ (bal, Fu,ry; F(1,T))-
579 We prove by a backward induction from ¢ = 7" to ¢t = 0 to show that for all ¢ and bal > 0,

¢t (bal) 2 0t (bal) — % Z Z ]EUt/NFt/ [Ut'}'

k t'eBEY.t'>t

sso  The base case is true for ¢ = T since ¢r(bal) = fp(bal) = 0 for all bal > 0. Assume the
st induction hypothesis is true for ¢’ > t and we consider stage t — 1. For ¢t € Ey, if t ¢ E¥, we have

ss2  feel(bal; F}) = fee,(bal; F}). Therefore, we have

1 1 1 1
¢1—1(bal) =Ey,~r, [Sfeei’(bal; F)+ grf(Ft) {ve > (FL)} + ¢ (bal + gvt — gfeef(balg Ft))]

1 1 1 1
=Ey,~F, [3feet(bal; F)+ grf(Ft) vy > i (F)} + o <ba1 + §Ut — §feet(ba1; FQ)]

= 9t,1(bal) + ]E’UtNFt |:¢t <ba1 + %’Ut — %feet(bal; Ft)> — 9t (bal + %Ut — %feet(bal; Ft)>:|

> atfl(ba'l) - % Z Z E'Ut”"Ft’ [vt/]

k tEEY />t

ss3  where the inequality follows the induction hypothesis. On the other hand, if ¢ € E}’, we have
ss4  fee’(bal; F}) = 0. As a result, we have

1 1 1 1
$i_1(bal) = Ey, o, [Sfeelg(bal; F) + gri(F) - Hoe > (F)} + 6 (bal +3v - gfeef(bal; Ft)ﬂ
1 1
>E,~r, {37"2‘(Ft) v > ri(F)}+ ¢ (bal + Ut~ fee;(bal; Ft)ﬂ
= 9t,1(ba1) — %feet(bal; Ft)
1 1 1 1
+ EUtNFt |:¢t <ba,1 + gvt — gfeet(bal; Ft)) — Gt (bal + g’Ut — gfeet(bal; Ft)>:|

> Qt,l(bal) — % Z Z E’UthFtl [vt/]

k teBY >t
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where the first inequality follows Lemma D.2 and the second inequality uses the induction hypothesis
and the fact that fee; (bal; F}) < E,, ~F, [v¢].

Let E¥ = {t € E¥ | sw; < 7(k)}. Let t*(k) = max EY and consider a sequence y; for t € EY

such that ~
;= { %Zt’eEk,t’St By np, [vv] t: € Ly
Yer (k) A
Henceforth, the key observation is that the sequence {sbal; — y; }+¢ By forms a martingale with
bounded difference a; at stage t: for t € E}’, we have

1 1
Ey,~F,[sbaliy1 — sbaly] = E,, wr, [sbal; + gvt —shaly] = g]EUtNFt, [v¢]
and fort € B\ E‘,‘;’ we have

1
E,,~F,[sbaliy1 — sbaly] = E,, ~r, [sbalt + 3 (vt — feej (shalg; Fy) — 74 (sbalt)) — sbalt} =0

where the last equality follows the fact that E, _ 7 [(vt — rt(sbalt))q = fee (sbaly; I:}) from the
construction of the hybrid non-clairvoyant mechanism.

Lemma D4. If (k) > 4,/c, - E%(Hw)\/log Uy, forany t € E¥ \ E¥ Pr [sbalt < Yee (k) — 6] <

2
exp (7 4(/;;?) .
Proof. Notice that y;+(;) > 7(k) and by Azuma’s inequality, we have for any ¢ € E} \ Ev,

52 52
Pr sbalt < Ypx (k) — 1) < exXxp| =5 S exp (w>
[ v =] QZteE;; af deg )"

where the second inequality follows that

D tepe Ot 2¢q¢
> af < () == < ()7 T =20, 4
ey 1o
tEEg c
where the second inequality follows Assumption 1. O

Lemma D.5. If (k) > 4,/c, - £ ") \/Tog Ty, we have

1 -
¥6(0, Fu,ry; Fayry) = §Z Z Ey,~r,[ve] — T(k) | — O(T®).

k \teEy

Proof. For convenience, let ¢;(sbal) = 17 (sbal, F(1 1y; F(1,1)). Recall that ¢;_; (sbal) = ¢;(sbal)
ift € B, and t ¢ EY’. Moreover, recall that sw, is set to 0 at stage ¢, for all £ and when ¢ € E}, and
swy < 7(k), we in fact offer a give-for-free mechanism in the hybrid posted-price auction. Therefore,

the mechanism does not accrue any revenue from stages with ¢ € E}.
Plugging in § = 7(k) — %Z‘,‘C’ in Lemma D.4, we have
2
1 1 (1(k) = 34%) 1
Pr [sbal, < —€7| < Pr|sbaly <y —7(k) + 50| < L 3R )<
r{s al, 3,6}_ r[s aly < Y= (i) T()+3k}_exp< 4Ca€;1€+w <7

where the first inequality is due to y;- () > 7(k). Applying the union bound, we have
[w 1 w 1

Pr |:3t < E]:) \Ek 7Sbalt < 3€k}:| S ?
k
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Therefore, with probability at least (1 — %), forallt € EY \ E,“;, 3sbal; > £¢ > ay > Ey,~r, [ve],
which implies that feej(sbal;; F;) = E,,~p,[v;]. Thus, combining with the fact that y;- () <
(k) + £ for all k, we have for the revenue obtained from % feef (sbal;; F}) is at least

1.1 1 w
(1 - F) g Z E’UtNFt [Ut] - yt*(k) = g Z EUtNFt [Ut] - T(k) - O(gk)
k teBy teEy
We conclude the proof of the lemma by taking the summation over all the phases. O

Combining Lemma D.3 and D.5, we can conclude that

1 w
Corollary D.1. By setting 7(k) = 4,/cq - El'j(H )\/log Lk, we have

50, Frys Fary) + 950, Fa s Fary) > %0(0, Fa oy Fary) — O (T%(Hw)) :

Therefore, the revenue loss of the hybrid non-clairvoyant mechanism against the optimal clairvoyant
mechanism is sublinear in T’ when w € (0,1).

D.3 Analysis on the Misreport

We analyze the buyer’s misreport in this section. By the discussion in Section 4.1, we focus
on Ej, instead of Ej. We first provide a naive bound for the property of 7 7)-DIC in Ey, for

Bhyb”d(F(LT)v A(1,K), W, T).
Proposition D.2. In Bhyb”d(ls’(l,;p), A(1,K), W, T), fort € Ey,, we have

ar Ay, ,
Mt §4\/ t)\k . Z ~ —tay

tEE, t'>t

and moreover,

Z &.g
m = 1= )M k-

tGEk

Proof. By Lemma 3.5, we have

da, A ,
N < at i Z Y tay

t'=t+1
da; Ay / ,
= < SV Z Y tay + Z Y tay
k t'e By, t' >t t/2£k+1
4a; A\, Ca
2k t—t,,
< < 3 Z v ey + e
k t'eEy,t' >t k+1
atAkJ ’_
<m <4 |- > At tay
Ak
tEE />t

Combining with the argument similar to the proof of Lemma 3.6, we can conclude that

Z i.g
e = 1_7))% k-

fGEk
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For convenience, let E,‘: = EY N E), and let
w — {t e BY | next(t) > 6logy /., i}

where next(t) = min ({¢’ >t | t' € B \ B¢} U {li41}) — t'. Intuitively, next(t) is the distance
between stage ¢ and the first future stage not in £}’. Henceforth, A% is a set of stages in which the
first future stage not in £ is at least 6log; /., £); far away. By Lemma D.4, with probability at least

(1- é), the mechanism we offer in EY is static, which implies that the buyer has little incentive to

misreport for stages in A} since she discounts the future. We formalize this intuition in Lemma D.6.
For convenience, let

114w A
TAk,)\k(kj) =4./c, - ﬁ%(H )\/logék + 5¢q ﬁ g + 605 10%1/7 U
=) Ak
Lemma D.6. In Bhyb”d(ﬁ'(l);p), A(1,K), W, T), if T(k) > T80k (K then with probability at least
1

(1- é),for allt € AY, . <O <m) and moreover,

X 1
Ve, (0 Fontnn -3 Flensn-1)) 2 3 SOE, gl —1(k) | —O).

teEY

Proof. First, plugging § = 7(k) — 5caq /O—Aﬁ Ly — 643 logy ., Ui, — %E;’ into Lemma D.4, then

conditioned on the assumption that the buyer reports truthfully according to F(LT), we have

[ Ag 1
P 1 [ —.A— w e
rlsbat<5ca A=) L + 645 ogl/wﬁk—l—?’ék

Ak w 1 w
< Pr[sbaly < i) — | T(K) = 5¢a = = 66 1ogy /O — S0

2
< (5 62" Viog i — 1) 1
< exp | - e <@

Applying a union bound, we have

A 1
3t € AY, sbal, < 5cq m lp + 607 logy . U, + §€75

conditioned on the assumption that the buyer reports truthfully according to F( 1,1)- If the buyer
misreports under F(; ), then by Proposition D.2 and Assumption 1, we have

Pr <

1
Oy,

w w 1 w
Pr [Elt € Ay, sbaly <60} logy /., lx + 3£k] < o

By the definition of AY, fort’ € {t +1,t+6 logl/7 Ek} , the mechanism at stage ¢’ is the same if
sbaly > %K}j which implies that 3sbaly > ay > va 7 [v¢]. Moreover, notice that at stage t', since
ay < {5, the decrement of sbal is at most £¢. Therefore, we have

1

O

As a result, for a buyer who misreports at stage t € A%, she can only earn benefit from stages at least
6log; /., {1 away in the future. Thus, the amount of misreport 1, must satisfy

m / c 1
A - —£ < E t—ty, < — 7% — - ).
" 2a, = T (L=7)?2-6 me=0 VL 02

t'>t+6 logl/w L

1
Pr [Elt cAY It <t < t+610g1/,yﬁk, sbal; < 364 <
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For the revenue guarantee in phase k, notice that our analysis demonstrates that once sw; > 7(k) >
7882k (k) for some ¢, even the buyer misreports, with probability at least (1 — i), sbaly > 20¢
forall ¢ > t and ¢’ € EY. Therefore, the mechanism can obtain revenue %Evtw Iy [v4:] for these
stages. O

We are now ready to bound the estimation error of our learning policy (Section 4.1) in our robust
hybrid non-clairvoyant bank account mechanism B"v*rid( F; (1,7 A(1,K) > W5 7).

Lemma D.7. If (k) > 72 (k) and N\, > é;g, then with probability at least (1 — %)
Bhybm‘d(F(LT)7 A(1,K),W, T) is 1(1,1)-DIC for F(y y such that
Ui A (pl—w
— <0 .
> L<o()
tekby

Proof. First of all, fort € AY, by Lemma D.6, we have

Nt 1
R S ey
tear M peAw Vi - b

where the inequality is due to a; > 1. As fort € E‘,‘;’ \ A¥%, we simply apply the bound Z—i < 1 since
1t < a;. Moreover, by the definition of A%, for t € E,‘;’ there are at most |Ey \ EY/| - 6 logy /., Ck
stages not in A%. In addition, by Assumption 1, we have |Ey \ E¥| = O(f,”*). Therefore, we have

n fw w A —w
Z ;t§|Ek \Ak|:O(£11< )
te B\ AY ‘
Finally, for stages in Ej \ E¥, we have | B3 \ E¢| = O(¢17%), and therefore,
n N Al A e
ST BBl =0 ().
téEk\E;: ¢

We conclude the proof of the lemma by summing over all three cases. O
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