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Appendices

A Model-based Policy Optimization with Performance Guarantees

In this appendix, we provide proofs for bounds presented in the main paper.

We begin with a standard bound on model-based policy optimization, with bounded policy change ¢
and model error €,,.

Theorem A.1 (MBPO performance bound). Let the expected total variation between two transition
distributions is bounded at each timestep by max; Es.~,, ,[Drv(p(s'[s,a)|[p(s'|s,a))] < €, and
the policy divergences are bounded as maxs Dy (mp(a|s)||m(als)) < €r. Then the returns are
bounded as:

2YTmax(€m + 26x)  Armaxer

1-72  (1-9

nlx] = ilr] -

Proof. Let mp denote the data collecting policy. As-is we can use Lemma B.3 to bound the returns,
but it will require bounded model error under the new policy 7. Thus, we need to introduce 7p by
adding and subtracting n[7p], to get:

nlr] —ilr] = nlx] — nlrp] +nlrp] — Ar]

We can bound L, and Ls both using Lemma B.3.

For L1, we apply Lemma B.3 using § = €, (no model error because both terms are under the true
model), and obtain:
2rmaxVer  2Tmaxén

(1—79)? 1—vy

For L, we apply Lemma B.3 using = €, + ¢, and obtain:

Ly >

L2 Z _2rmax7(6m ;" 671') _ 2Tmax67r
(1=7) 1—v
Adding these two bounds together yields the desired result. O

Next, we describe bounds for branched rollouts. We define a branched rollout as a rollout which
begins under some policy and dynamics (either true or learned), and at some point in time switches to
rolling out under a new policy and dynamics for k steps. The point at which the branch is selected
is weighted exponentially in time — that is, the probability of a branch point ¢ being selected is
proportional to .

We first present the simpler bound where the model error is bounded under the new policy, which we
label as €,,/. This bound is difficult to apply in practice as supervised learning will typically control
model error under the dataset collected by the previous policy.

Theorem A.2. Let the expected total variation between two the learned model is bounded at each
timestep under the expectation of m by maxy FEgr, [Drv(p(s'|s,a)||p(s'|s,a))] < €, and the
policy divergences are bounded as maxs Dy (wp(als)||n(als)) < €. Then under a branched
rollouts scheme with a branch length of k, the returns are bounded as:

k+1 k
branch Y €x YV €n k
nim 277 ™ _2Tm'x + + (Eml)
G m] = 2 | T oy T T

Proof. As in the proof for Theorem A.1, the proof for this theorem requires adding and subtracting
the correct reference quantity and applying the corresponding returns bound (Lemma B.4).

The choice of reference quantity is a branched rollout which executes the old policy mp under the
true dynamics until the branch point, then executes the new policy 7 under the true dynamics for k
steps. We denote the returns under this scheme as n™?°™. We can split the returns as follows:

11



416

417
418
419

420
421

422

423

424
425

426
427
428
429

430
431

432
433
434

435

437

438
439

440

441

7)[,”] _ T)branch _ T)[W] _ 7)‘n'D,‘n' + 7]7"D,‘ﬂ' 7 nbranch

Ly Lo

We can bound both terms L; and Ly using Lemma B.4.

L accounts for the error from executing the old policy instead of the current policy. This term only
suffers from error before the branch begins, and we can use Lemma B.4 €P™ < ¢ and all other errors
set to 0. This implies:

k+1 k
v v
T EA }

1—~ 7"
Ly incorporates model error under the new policy incurred after the branch. Again we use Lemma B .4,
setting €25t < ¢, and all other errors set to 0. This implies:

|"7[7T] - ,'77rD,7'r| S 27”1113,)( |:

k
7] — 52| < 2rmax [ eml
I—v

Adding L; and L4 together completes the proof.
O

The next bound is an analogue of Theorem A.2 except using model errors under the previous policy
7 p rather than the new policy 7.

Theorem A.3. Let the expected total variation between two the learned model is bounded at each
timestep under the expectation of m by max; Esr,, ,[Drv(p(s'|s,a)|[p(s|s,a))] < €n, and the
policy divergences are bounded as maxs Dy (np(als)||m(als)) < €x. Then under a branched
rollouts scheme with a branch length of k, the returns are bounded as:

k+1 k 2 k
T en fhis €r + (€m + 2€x)
Y

branch[ﬂ_]
(I=v)2 (1-7) 1-

77[71—] 2 n - 2Tmax

Proof. This proof is a short extension of the proof for Theorem A.2. The only modification is that
we need to bound L» in terms of the model error under the 7 rather than 7.

Once again, we design a new reference rollout. We use a rollout that executes the old policy 7p
under the true dynamics until the branch point, then executes the old policy wp under the model for
k steps. We denote the returns under this scheme as ™2""?. We can split L, as follows:

TD,T branch __  7wp,m TD,TD TD, D branch
-n =1 -n +n -n

Ui

L3 L4

Once again, we bound both terms L3 and L4 using Lemma B.4.

The rollouts in L3 differ in both model and policy after the branch. This can be bound using
Lemma B.4 by setting ¢2°5* = ¢, and eP5* = ¢,,,. This results in:

. k 1
PR — TP < O [ €m + €x) + eﬂ]
| | (o)

The rollouts in L4 differ only in the policy after the branch (as they both rollout under the model).
This can be bound using Lemma B.4 by setting ¢2°' = ¢, and P! = 0. This results in:

. k 1
TD T branch
77 I 77 S 2Tmax |: €x 6'n':|

Adding L; from Theorem A.2 and L3, L, above completes the proof.

12
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B Useful Lemmas

In this section, we provide proofs for various lemmas used in our bounds.
Lemma B.1 (TVD of Joint Distributions). Suppose we have two distributions py(z,y) =
p1(x)p1(ylx) and pa(z,y) = pa(x)p2(y|z). We can bound the total variation distance of the
joint as:

Drv (p1(z,y)llp2(2,y)) < Drv (p1(2)][p2(2)) +max Drv (p1(y|2)||p2(yl2))
Alternatively, we have a tighter bound in terms of the expected TVD of the conditional:

Dry (p1(z, y)llp2(x,y)) < Drv (p1(2)||p2(2)) + Evnp, [Drv (p1(yl2)|p2(yl2))]
Proof.

Drv (p1(z,y)l[p2(2,y)) = *lel z,y) — p2(z, )|

- ;Zy]pl( P (yl) — pa(2)pa(y1)

= %Dpl(x)pl(ym — P@P2(la) + (1 (@) — pa(e))pa(y])
< %Z 1 @)lp (yl) = pa(yle) | + Ip1 (@) — pa(@) pa(ylo)

- %Z L@lpa ) ~ paola) |+ 5 Yl (x) — pae)]

_ Eer oy (Drv (o (012 2012))] + D 02 (@) ()

< max Dry (p1(y|2)[|p2(y|2)) + Drv (p1(2)][p2(2))
O

Lemma B.2 (Markov chain TVD bound, time-varying). Suppose the expected KL-divergence between
two transition distributions is bounded as max; Espt (o Drcr(p1(s'|s)|[p2(s'|s)) < 6, and the

initial state distributions are the same — pi=°(s) = p5=°(s). Then the distance in the state marginal
is bounded as:

Dry (pi(s)llpa(s)) < to

Proof. We begin by bounding the TVD in state-visitation at time ¢, which is denoted as ¢, =
Drv (pi(s)|lp5(5))-

pi(s) = pa(s)| = \Zpl(st = s|s")pi " (s") — pa(se = s[s )y 1 (s')]
<Z|p1 se = 5] P17 (s") — pa(se = s|s")ps *(s")]
:Z|p1 s|s" )Pyt (s") = pa(sls )P (8) + pa(s|s)piT(s") — palsls)ph " (s)]
<Zp §)p1(s]s") = pa(s|s")| + pa(sls") P (s') — p~"(s")]
=By ulpi(sls’) = p +Zp s|s))pi 7 (s) — b ()]

13
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et = Dy (pi(s)]Ip5(s) Z P (s s)|

Z( ~[Ipa(sls’) = +Zp s|s")pi ' (s") — pél(S')l>
11D Ip1(sls’) = pa(s|s))] + Dy (5 (s)]1p5 ' (s7))

Where we have defined §; = %Eswpi*l [> " [p1(s]s") —p2(s|s")], which we assume is upper bounded
by §. Assuming we are not modeling the initial state distribution, we can set ¢y = 0. O

Lemma B.3 (Branched Returns bound). Suppose the expected KL-divergence between two
dynamics distributions is bounded as max; Eg.pt (o) Drr(p1(s'; als)|[p2(s',als)) < €m, and
maxs Dry (71 (als)||m2(als)) < ex. Then the returns are bounded as:

2Ry(ex + €m)  2Ren
— <
‘771 772| = (1 _7)2 1 —

Proof. Here, 11 denotes returns of 711 under dynamics p; (s’|s, a), and 72 denotes returns of 75 under
dynamics py(s'|s, a).

m — | = IZ (p1(s, @) — pa(s, a))r(s, a)|
= IZ Zv pi(s,a) — pi(s,a))r(s, a)]
= |ZZV (Pi(s,a) = p3(s,a))r(s,a)l
< ZZ’Y [P} (s, a) — ph(s, a)|r(s, a)
< rmaxzt:;:v pi(s,a) = py(s, a)l

We now apply Lemma B.2, using § = ¢€,,, + ¢, (via Lemma B.1) to get:
Drv (pi()llp3(s)) < tem + ex)
And since we assume max; Dy (71 (als)||m2(als)) < e, we get
Drv (pi(s, a)llpy(s, a)) < tlem + €x) + x
Thus, plugging this back in we get:

|n1 - n2‘ é Tmaxzz’ytlptl(sva) —pg(s,a)|

< 2max Y tHem + €x) + x
t
Y(€r + €m) €x
< 2 max
>~ Ta((1_7)2 +1_7)
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Lemma B.4 (Returns bound, branched rollout). Assume we run a branched rollout of length
k.  Before the branch (“pre” branch), we assume that the dynamics distributions are
bounded as max; g pt () Dicr(p7 (s, als)|[py™(s',als)) < €b® and after the branch as

max; Eszg(s)DKL(plfOSt(s’,a\s)||pSOSt(5’,a|5)) < POt Likewise, the policy divergence is

bounded pre- and post- branch by €P*® and eP°', repsectively. Then the K-step returns are bounded
as:

yHH! k St St v* 1 St
|’I71 — 772| < 2rmax W(gg{e + Egre) + m(gg;)b + 671;05 ) 4 - ,yefrre + 767;;05

Proof. We begin by bounding state marginals at each timestep, similar to Lemma B.3. Recall that
Lemma B.2 implies that state marginal error at each timestep can be bounded by the state marginal
error at the previous timestep, plus the divergence at the current timestep.

Thus, letting d; (s, a) and da(s, a) denote the state-action marginals, we can write:
Fort < k:

TVd,(s,a)ds(s,a) < (€05t 4 ePOSt) 4 POt < [o(POSt 4 POSt) | bost
and for t > k:

TVdi(s,a)dy(s, a) < (t = k)(en + ™) + h(ely™ + i) + €' + g

We can now bound the difference in occupancy measures by averaging the state marginal error over
time, weighted by the discount:

Dyy(di(s, a)llda(s,a) < (1=7) Y +'tDrv(di(s, a)||d5(s, )
t=0

k
< (1 _ ’Y) Z,yt(k(é;r;)st + EEOSt) + 6Erost>

t=0

(o)
(1= 1) YA )+ eB) R o eBo) o el + b
t=k

k+1
o

- (egyfc + 6grc) =+ ,ykegrc

_ post post post
- k(em + € + € ) +

Multiplying this bound by 2{1—“3;‘ to convert the state-marginal bound into a returns bound completes
the proof. O
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i3 C Hyperparameter Settings

HalfCheetah | Walker2d | Ant Hopper

N epochs 400 300 125
E environment steps 1000

per epoch

model rollouts
M per policy update 20
B ensemble size 7
network architecture MLP with four hidden layers of size 200

G | policy updates 40000 20000

per epoch
k model horizon 1 1 — 25 over 1 — 15 over

epochs 20 — 100 | epochs 20 — 100
Table 1: Hyperparameter settings for MBPO results shown in Figure 2.  — y over epochs a — b

denotes a thresholded linear function, i.e. at epoch e, f(e) = min(max(x + =% - (z — y), ), ¥)
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