A Statistical Learning with Generative Priors

So far, we have assumed L to be strongly convex in (I), see Assumption[I]and Theorem (I} In this
section, we relax this assumption on L in the context of statistical learning with generative priors, thus
extending Theorem I|to applications such as compressive sensing. We also provide the corresponding
generalization error in this section.

Here, we follow the standard setup in learning theory |[Mohri et al.|[2018]]. Consider the probability
space (X, x), where X C R is a compact set, equipped with the Borel sigma algebra, and Y is
the corresponding probability measure. To learn an unknown parameter w? € R9, consider the
optimization program
miﬂg L(w), L(w) == Egpyl(w, ), (15)
weRP
where L : R? — R is the differentiable population risk and [ : R? x RP — R is the corresponding loss
function. We also assume that Program (T3] has a unique solution w? € RP. The probability measure

x above is itself often unknown and we instead have access to m samples drawn independently from
X, namely, {z;}™, ~ x. This allows us to form the empirical loss

m

> l(w, ). (16)

i=1

Ly, (w) = %

Often, m < p and to avoid an ill-posed problem, we must leverage any inherent structure in w?. In
this work, we consider a differentiable map G : R® — R? and we assume that w® € G(R®). That is,
there exists 2% € R*® such that w® = G(2%). While not necessary, we limit ourselves in this section to
the important case where G corresponds to a neural network, see Section [I]

To learn w? with the generative prior w? = G/(z), we propose to solve the program

minimize L, (w) + R(w) + H(z) .
subjéct to w = G(z), a7

where R : RP — R and H : R® — R are convex but not necessarily smooth. Depending on the
specific problem at hand, the regularizers R and H allow us to impose additional structure on w and
z, such as sparsity or set inclusion. Throughout, we again require that the proximal maps [Parikh
et al.| 2014] for R and H can be computed efficiently, as detailed in Section @}

Let us now state our assumptions, some of which differ from Section E}

Assumption 4. Convexity / strong smoothness of loss: We assume that [(-, ) is convex in both of
its arguments. Moreover, we assume that l(w, -) is strongly smooth, namely, there exists o; > 0 such
that for every v, x’ € X

Dy(,a;w) < Tz =23, (18)
where Dy stands for the Bregman divergence associated with l(w, -),
Dy(z,2";w) = l(w,2') — l(w,z) — (2’ — 2,V I(w,z)).

Assumption 5. Strong convexity / smoothness of the population risk: We assume that the popu-
lation risk L defined as

L(w) = Epuyl(w, x), (19)

is both strongly convex and smooth, i.e., there exist 0 < (1, < o, such that
L~ w' | < Dy, ) < T — w |,
Dp(w,w') = L(w") — L(w) — (w" — w, VL(w)), (20)
for every w,w' € R% In the following we denote by w"® the minimizer of (@) In view of our

assumption, such minimizer is unique.

14



Assumptions 4] and [5] are standard in statistical learning [Mohri et al.| [2018]]. For example, in linear
regression, we might take

l ==

(w,2) = 5|

m

1
Ln(w) = 5= [(w—wh ),
i=1

for which both Assumptions [f] and [5] are met. Lastly, we require that the Assumptions[2]and[3jon G
hold in this section, see and Proposition T| for when these assumptions hold for generative priors.

(w—wf, )%,

As a consequence of Assumptiond] we have that L,, is convex. We additionally require L,, to be
strongly convex and smooth in the following restricted sense. Even though L, is random because
of its dependence on the random training data {x; }7* ,, we ensure later in this section that the next
condition is indeed met with high probability when m is large enough.

Definition 1. Restricted strong convexity / smoothness of empirical loss: We say that L,, is
strongly convex and smooth on the set W C RP if there exist 0 < pyp, < vy and fi;, vy > 0 such that

Dy, (ww') = B |’ = wl} ~ 7y,

m

m

14
Dy (w,w') < 7L||w'—wu§+pb 1)

Dy, (w,w') := Ly (w') — Ly (w) — (W — w, V Ly, (w)),

m

Sor every w,w' € W.

Under the above assumptions, a result similar to Theorem E] holds, which we state without proof.

Theorem 2. (guarantees for Algorithm 1) Suppose that Assumptions2l[5|hold. Let (w*,z*) be a

solution of program (|I)) and let \* be a corresponding optimal dual variable. Let also {wy, z¢, At }1>0

denote the output sequence of Algorithm|[I] Suppose that L,, satisfies the restricted strong convexity

and smoothness in Definition[l| for a set W C RP that contains a solution w* of (I) and all the

iterates {w; }1>o of Algorithm Suppose also that the primal step sizes o, B in Algorithmsatisfy
1

1
< — < — . < 22
a < v B8 < £, + 2ar? oo < 00,p, (22)

Then it holds that

[Jwy — w*[3 Mo
b)

k|12

(67

4(1 — n tAO ﬁ
e — Gz < L1V B0 | T 4
P p
for every iteration t. Above, Ay = L,(wo, 20, Ao) — L,(w*, 2%, \*) is the initialization error, see @)
The convergence rate 1 — 1, € (0, 1) and the quantities v,,&,, T,, 70,0 M ps 1, above depend on the
parameters in the Assumptions 23] and on g, 0.

The remarks after Theorem [T]apply here too.

A.1 Generalization Error

Building upon the optimization guarantee in Theorem [ our next result in this section is Theorem 4}
which quantifies the convergence of the iterates {w; };+>¢ of Algorithmto the true parameter w".

In other words, TheoremE]below controls the generalization error of , namely, the error incurred
by using the empirical risk L, in lieu of the population risk L. Indeed, Theorem [I]is silent about
lw; — wh||2. We address this shortcoming with the following result, proved in Section |G| of the
supplementary material.

'If necessary, the inclusion {w; }:>0 C W might be enforced by adding the indicator function of the convex
hull of W to R in (I), similar to[Agarwal et al|[2010].
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Lemma 3. Let R = 1y be the indicator function on W C RP and set H = 0 in E| Suppose that
w* belongs to the relative interior of W. Then it holds that

1
Hwh —w*y < C—L gleav)é |V L (w) — VL(w)||2- (25)

Before bounding the right-hand side of (25), we remark that it is possible to extend Lemma [3|to the
case where the regularizer R is a decomposable norm, along the lines of Negahban et al.|[2012]. We
will however not pursue this direction in the present work. Next note that (23 and Lemma 3 together
imply that

_anbl2 gk * _ of 2
lwe — w3 < (th w'|l2 + lw v ”2> (triangle inequality)

a? @ B8
2w — w3 | 2w* — w3
S ta2 2 + ﬁ2 2 ((a+b)2 S 2a2+2b2)
<4(1—n,)"A¢ + 2Ty + 2 nax |V Ly (w) — VL(w)]|3. (26)
- r p % wew

According to Theorem [T} the right-hand side of (26) depends on ur,, %y, v, U1, which were in-
troduced in Definition[1] Note that pur, 7, v1, 71, and the right-hand side of (23)) are all random
variables because they depend on L,,, and thus on the randomly drawn training data {z;}" . To
address this issue, we apply a basic result in statistical learning theory as follows. For every w € RP
and every pair z, 2’ € X, we use Assumptionto write that

I9Lw, 2) = Vi(w,a)ls < aullz — 2’2 (see (T
< gydiam(X), 27

where diam(X) denotes the diameter of the compact set X. Note also that
E{z.y, VL (w) = VL(w), Yw € W, (28)

where the expectation is over the training data {x; };. Then, for £ > 0 and except with a probability
of at most e~ ¢, it holds that

IV Ly (w) = VL(w)]2

2
<2Rw(x1,* , Tm) + 3oydiam(X) 52:1
= Tm’v[/(é;')7 (29)
for every w € W [Mohri et al.|, [2018]]. Above,
1 m
R s, Tm) = E — iVal(w, x; , 30
w(x1 Tm) E glea‘/)‘i m;e (wx)j (30)

is the empirical Rademacher complexity and E = {e;}; is a Rademacher sequence, namely, a
sequence of independent random variables taking +1 with equal probabilities. We can now revisit (26))
and write that

2077,  20°77 y(e)
G

which holds except with a probability of at most e <. In addition, for every w,w’ € W, we may
write that

lwy — w3 < 4a®(1 —np)* Ao + GD

IV Ly (w) =V Ly (w')]]2
< NVL(w) = VL(w')|l2 4+ |V L (w) — VL(w)]]2
+ |IVLy(w') — VL(w')|]2  (triangle inequality)
<opllw—wz2+ 2T w(e), (see (20[29)) (32)

*To be complete, 1y (w) = 0if w € W and 1w (w) = oo otherwise.
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except with a probability of at most e~ ¢. Likewise, for every w, w’ € W, we have that
IV Lin (w) = V Ly (w) 2
2 VL (w) = VEpn(w)|l2 = [VLm(w) = VL(w)[|2
—|VLp(w') = VL(w")||2 (triangle inequality)
> (rllw —w'lla = 2T, w(e), (see (20029))) (33)
except with a probability of at most e™¢. Therefore, L,,, satisfies the restricted strong convexity and
smoothness in Definition [l with
pr =0, vr, = (L,
= Cp =2 nw(e). (34)
Our findings in this section are summarized below.

Theorem 4. (generalization error) Suppose that Assumptions 2|5\ hold and recall that the training
samples {x;}™ | are drawn independently from the probability space (X, x) for a compact set
X C R? with diameter diam(X).

For a set W C RP, let R = 1y be the indicator function on W, and set H = 0 in (). Suppose

that solution w* of belongs to the relative interior of W. For € > 0, evaluate the quantities in
Theorem 2lwith

pr =0, vy = (L,
pr = ZL = 4RW($1a ce ,wm)
2
+ 60, diam(X) 1/ =, (35)
2m

where Ry (21, -+ , T ) in the empirical Rademacher complexity defined in . If the requirements
on the step sizes in (22) hold, we then have that

2a2ﬁ 8av?
£+ CTRW(xl’ T ,.Tm>2
L

) (36)

[ —wf[|3 < da®(1 = n,)" Ao +

n 1820} diam(X)? (e + 2)
m
except with a probability of at most e™¢.
Most of the remarks about Theorem also apply to Theorem@] and we note that ||w; — w?|| reduces
by increasing the number of training samples m, before asymptotically reaching the generalization
error

8
5
Computing the Rademacher complexity above for specific choices of the network structure and loss
is itself potentially a complicated task, which we will not pursue by the virtue of the generality of our
results so far. The key technical challenge there is computing the corresponding entropy integral,

which involves estimating the covering numbers of the set W Mobhri et al.|[2018]]. One last takeaway
point from the statistical accuracy in is the following. If

M,=0(p Rw(x1, -, 2m)*/C}), (38)

the asymptotic optimization error in Theorem [I] does not play an important role in determining the
generalization error above. In words, if (38) holds, then Algorithm [T|converges to the ball of statistical
accuracy around w?. Here, O stands for the standard Big-O notation.

20, + 5 Rw (1, , ) (37)

B Proof of Proposition I

The feedforward network G = Gz : R® — R? is a composition of linear maps and entry-wise
applications of the activation functions, and hence is also of class C'!. Its Jacobian DG : R® — R?*¢
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is thus a continuous function and its restriction to the compact subset D C R? is Lipschitz-continuous.
Therefore, there exists v > 0 such that

IDG(2') = DG(2)|l, < vallz' — 2|,  Vz,2' €D.

From standard arguments it then follows that Assumption 2] holds in the sense that

1
IG(") — G(2) — DG(2)(z' — 2)||, = H/o (DG(tz' + (1 —t)z) — DG(2))(z' — z)dt

2

1
< / IDG(t2' + (1 — 1)z) — DG(2) |12’ — 2l,dt
0

1
2 va 2
<va [t = alde = ") - 215,
0

for every z, 2z’ € R,

In order to show that Assumption 3| (near-isometry) also holds, we will require the following simple
fact:

Lemma 5. Let G : D C R® — R? have a left inverse H : G(D) C R? — R® which is Lipschitz-
continuous with constant v > 0. Then it holds that

1
L—Hz’ — 2| < |G(Z") — G(2)]], V' z € D.
e

Proof.
12" = 2] = [[H(G(2") = H(G(2))]| < el G(Z) = G(2)].

We now proceed to show that Assumption [3|holds. We suppose G is of the form
G(2) = wpWi(wp-1Wi-1... (w1W12)...),

for weight matrices { W) },. First note that, by the compactness of the domain of G, the values of
the hidden layers are always contained in a product of compact intervals, and so we can replace
w; by its restriction to such sets. Each w; is continuous, defined on a product of intervals, and is
stricly increasing so that they have a continuous left inverse w;" ! [Garling, 2014, Proposition 6.4.5].
The assumption of non-decreasing layer sizes implies that the W, are tall matrices of dimensions
(mg,n;) with m; > n;, whose columns are almost surely linearly independent after an arbitrarily
small perturbation. In such case they have a left matrix inverse W[l, which as a bounded linear map,
is continuous. It then follows that G has a continuous left inverse of the form

-1 _ -1, —1 -1, —1
G =W ow ...W_ ouw, ",

which is a continuous mapping and is defined on G(D) which by continuity of G is compact, hence
G~ is Lipschitz-continuous. The result then follows by the Lipschitz continuity of the map G
(restricted to the compact domain D) and Lemma 5]

C Proof of Theorem 1]

It is convenient throughout the supplementary material to use a slightly different notation for La-
grangian, compared to the body of the paper. To improve the readability of the proof, let us list here
the assumptions on the empirical loss L and prior G that are used throughout this proof. For every
iteration ¢, we assume that

L(wy) = L(w") = (w; = w*, VL(w"))
> /%L |lwe — w*||3, (strong convexity of L) G5

L(wit1) — L(we) — (w1 — wy, VL(wy))

< %L l[werr — wel|3, (strong smoothness of L) (40)
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IG(z') = G(2) = DG(2) - (2 = )|z

< ve |2 — 2|3, (strong smoothness of G)
Gll7 — 2lls < G(2) — C(2)ll2 < kGl — 2l (ncar-isometry of )
IDG(2) - (2 = 2)||2 < kall2" — 2]|2, (Lipschitz continuty of G)

For the sake of brevity, let us set

v=(w,z) € RPT?

L,(v,\) = Ly(w,2,\) = L(w) + R(w) + H(z) + (w — G(2), \)
+ gHw — G(2)|3, (augmented Lagrangian)

L0(0,\) = L) (w, 2, A) = L(w) + (w — G(=), A) + gHw —G(2)|A

A(v) = A(w, z) == w — G(z). (feasibility gap)

(41)

(42)

(43)

(44)

(45)

(40)

Let also v* = (w*, z*) be a solution of (I)) and let \* be a corresponding optimal dual variable. The

first-order necessary optimality conditions for (T]) are

=V, L, (v*, %) € OR(w*) x OH (2*),
w* = G(z"),

(47)

where OR(w*) and OH (z*) are the subdifferentials of R and H, respectively, at w* and z*. Through-

out the proof, we will also often use the notation
At = £p('Ut7 /\t) — £p(U*, A*),
Af = L (v, M) — L, (0™, A7),
O = |lwe — w2, o = llze — 2|2,

At = A(Ut) = W¢ — G(Zt)
In particular, with this new notation, the dual update can be rewritten as

Atr1 = Ae + 0rp1 A (see Algorithm|[T)

First, in Appendix EI, we control the smoothness of E:, over the trajectory of the algorithm.

Lemma 6. For every iteration t, it holds that

E;)(thrla Zt+1, At) — Elp(wt, Zt+1, At) — (W1 — Wy, Vwﬁ;,(wt, Zt4+1, At))

v
< ngth —wif3,
L;(wt,ztﬂ/\t) - ‘C;(wtvzta At) = (241 — Zt,VzE'p(wt,Zt,At»

§
< §p||zt+1 — 23,

VWL, (we, 241, M) — VLl (we, 2, M) |2 < Tpllzeg1 — 23,
where

Vy i=vL +p.

gp = VG()‘max + Pm?X HAZ”?) + 2p/€%"
Ty 1= PKG.-
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(52)

(53)

(54)

(55)

(56)

(57

(58)



Second, in the following result we ensure that £, and E’p are sufficiently regular along the trajectory
of our algorithm, see Appendix [E] for the proof.

Lemma 7. For every iteration t, it holds that

! S12
> /’Lp6t2 + :upét —

At ol 2 2 - /’('pa (59)
52 W' 5’2
A+ (0 = v, VoL (vy)) < 2+ L (60)
where
/ pLQG *

Hp = KL — 2/)7 ,u’p = 7 - VG”)\ ||23 (61)

— 3 2 * (12
:up - ; (/\max + ||/\ H2) ) (62)

/ vg

wy =0, W =5 (Amax + p) - (63)

Having listed all the necessary technical lemmas above, we now proceed to prove Theorem [T} Using
the smoothness of £;,, established in Lemma@, we argue that

L (ve41, Aeg1)

= L(wi1) + (Apg1, A1) + g||At+1H§ (see (@3))

= Lwi1) + (Aer,A) + (5 +0e1) [4eall} e G2)

= L0 (Wi, 2041, M) + o[ Acal3 - (see (@)

< L (we, Ze1, Ae) + (Wepn — we, Vo £, (we, ze1, Ar)) + %Hwtﬂ — w3
+ Vot o1l A3 (see B3))

1
< ﬁ;(wt, Zt41, At) + (Wig1 — wy, Vwﬁg(wt, Zt+1, At)) + %wal - wt”%

+7p+0t+1||At+1||g, (64)
where the last line above holds if the step size « satisfies
1
a< —. (65)
Vp

According to Algorithm[I] we can equivalently write the w updates as
. 1
Wiy = arg ngn <w — Wy, Vwﬁ;)(wt, 241, )\t)> + %Hw - ’LUtH§ + R(w) (66)

In particular, consider above the choice of w = fw* + (1 — §)w, for 0 € [0, 1] to be set later. We
can then bound the last line of (64) as

L,(ve1, Aey1) + R(weyr)

= L, (we, 241, Ae) + Hy)n(w — wi, Vo £, (e, 2641, At))

1
+%Hw—wtng+R(w)+at+1||At+1||§ (see (64166))

6267
< L, (we 2o 1, M) + O{w™ — wi, Vo, L], (we, 2611, Me)) + 20;
+0R(w*) + (1 — O)R(wy) + ov g1 || Asi1 )3 (convexity of R)
6267
= L) (wy, 211, \i) 4 0(w™ — wy, Voo L, (wy, 2, M) + 20;

=+ 9<w* — Wy, VwEZ(wt, Zt+17 At) — VU,L’p(wt, 2ty >\t)>
+OR(w") + (1= O)R(we) + e[ Arga 13- (67)
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The last inner product above can be controlled as

O{w* — wy, Vw/l;(wt, Zi4l, At) — Vwﬁ;;(wt, 2, At))

0%5?  «
< O SVt (w241, A) — VoLl 2 MR (2a,B) < a3 + 0] and (G0D)

252
t

1)
+ar)|lze41 — 23, (see (B3)) (68)

< —=
- 2«

which, after substituting in (67), yields that
ﬁlp(vt-s-l, Ay1) + R(wey1)
0262
< L (W, ze41, Ar) + 0w — wi, Vo £y (wy, 24, Ar)) + —
+ CVTp2||Zt+1 — ztll3 + OR(w*) + (1 — O)R(wy) + v 1| Arsa 13- (69)

Regarding the right-hand side above, the smoothness of E’p in Lemma|§| allows us to write that

L, (we, 241, M) + OéTp2||Zt+1 — 2|3
S L’;(wt, Zt, )\t) + <Zt+1 — Zt, Vzﬁ’p(wt, 2ty /\t)>

+ (52” + m,‘j'> lzee1 — 2ell3. (see (G4)) (70)

If we assume that the primal step sizes «, 3 satisfy

782}

L yrar?<

PR ()

we can simplify (70) as

L, (wy, 21, M) + a7y ||z — 2[5

1
< L (we, 26, M) + (2641 — 26, V2L, (Wi, 26, Ae)) + ﬁ”ztﬂ — 23 (see (71)) (72)

From Algorithm ] recall the equivalent expression of the z updates as
. / 1 2
Zepr = argmin(z — 2, Vo L (wy, 2, Ar)) + ﬁIIZ — 23 + H(z), (73)

and consider the choice of z = 6z* + (1 — 0)z; above, with 8 € [0, 1] to be set later. Combining

(72[73) leads us to

L (we, ze1, M) + a7 |ze41 — 215 + H(ze41)

. 1
= L) (wy, 2, \i) + m;n(z — 24, VL), (wy, 20, M) + %Hz — 2|2+ H(z) (see (7273))

25’2

0
S ‘C;)(wta 2ty At) + 0<Z* — 2t vzﬁ;(wtv 2ty )‘t)> + 25 + H(GZ* =+ (1 - G)Zt)
/ » / 6%,
S Ep(wt,zt,)\t)—i—G(z —zt,Vzﬁp(wt,zt,)\t»—i- 25
+0H(z*) 4+ (1 — 0)H (z). (convexity of H) (74)
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By combining (69[74), we reach

Ly (ve41, Ait1)
= L, (ve41, A1) + R(wepr) + H(ze1)  (see @4A3))
/ . %57
< Ep(wt, Zt+41, /\t) + 9<’LU — Wy, Vw,/i;(wt, Zty )\t)> + Tt + 047-3”31&4-1 — Zt”%
+OR(w") + (1 = O)R(ws) + H(z41) + o [[Ara]l5 (see (69))
0252 N 025,
26
+O0R(2") + (1= 0)R(2) + 0H(z") + (1 — 0)H(z)
+oriifAalls  (see (7))

S E;)(Uta )‘t) + 9<’U* — U, VZE;)(Ut; )\t>> +

0262 25,2
+
23
+0(R(z*) + H(2*) — R(z:) — H(z)) + o111 A3 (see @EAAD))

w,02 w2 0252 0252
Sﬁp(vt,)\t)+9<p2t+/)2Aé + i Qﬁt

+O(R(z") + H(2") = R(z) — H(z)) + o1l Aeialls - (see (©0))

= L,(ve, M) + 00" — vy, Vzﬁz(vt, M)+

wp07 | Wy, 0252 625,
=0 A o=t L 27t A 20t ¢
p(Ve, Ae) + ( 2 + 5 t ]+ + 23
+oplAcall3  (see @EAAD)) (75)
After recalling and by subtracting £,(v*, \*) from both sides, (73) immediately implies that
wp07 | Wy, 6252 625,
A <A, 2P 4L 7P L0, — A 7% t
t+1 < Q¢ + 2 + D) +6 (@, ¢) + o 23
+ o[l Aera 3 (see EBITI)) (76)

where we also used the assumption that § < 1 above. To remove the feasibility gap || A¢41]|2 from
the right-hand side above, we write that

[Aes1llz = lwerr — Glze1)|l2 - (see (1))
= lwit1 — w* — (G(ze41) — G(2))]]2 ((w*, z*) is a solution of (T]))
< N wegr — w2 + |G(ze41) — G(27)]|2 (triangle inequality)
< [wepr —w*ll2 + Kgllzrr — 2"z (see @2))
=041+ Kaliyq, (see (50D) (77

which, after substituting in (76), yields that

w62 w82 0252 9262
At+1 S At + th + th + 0 (Ep - At) + Tt + 25 + 2O—t+16t2+1 + 2O—t+1K’2GéilEl»1
(see (7T7) and (a + b)* < 2a* + 2b°)
52 w2 0262 65,2
SAt+wp7t+th+9(wp*Af)+ ¢ + 25 +2006t2+1+200’£%¥5£3-1'
(0441 < 0 in Algorithm T]) (78)

For every iteration ¢, suppose that

5,2
_|_ —_—
B

=

>7, >

(19

SRR

P
min (O‘Z”, 5;“”) - \/max (% (wp +400), B(w), + 400kE))
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for 77, to be set later. Consequently, it holds that

5/2
At ILP t + u’P ﬁ
2 5/2 Z 267 5;2 £ (see (5
+% %y
, _
> min AOéNp ) % - 2!“’,0
4 2 25r 4 5’2
, _
> min (Oéffp, ng) — %—Z (see (79))
> \/max (% (wp +400) , B, + 400/«%)). (see () (80)
We now set
~ . A2 « , 5
0; := min — max (5 (wp+4ao),ﬂ(wp—|—4oofﬁg)),1 , (81)

262 | o122
(E+%)
which is well-defined, as verified in (80). From (BO08T), it also immediately follows that
0,1, W, (82)

At Z 07 Vta (83)

which we will use later on in the proof. Consider first the case where é\t < 1. To study the choice of
6 = 0, in (76), we will need the bound

N 52 5/2
— O, + 07 -t
AV t< +25)

A 2 o / 2
_— o — AZ max (5 (wp +409), 8 (wp + 4005(;))
(E+%)
A? ! 52 62
+45t2_’_7t2522 — max (5 (wp+40()),ﬁ(0.);+40'0/{/%,)> ( t +2/6> (See @)
o B
A? a
S W At\/max (5 (wp+400),,6<w;)+400/£2(;))
62 5/2
— max (% (wp +400), B (w; + 4ao/<;é)) < + 2,6) (84)
where the inequality above uses v/a — b > v/a — v/b. Substituting (84) back into (78), we reach

A2 a
At+1 < At — m + At\/max (5 (wp + 40’0) ,5 (w;) + 40’0/4%;)) (see @,@)
o T g

<o (o (e 8 Y2
4 2 M,/) 2
At\/max (% (wp +409), B (w; + 400/%;)) (see third line of (80) and (83))
/
<1 — min <Ozgtp’ BZ"> + =+ \/max — (wp +409),B (w/ + 400“6‘))) Ay
2 6/2

=: np,lAt7 if At < — + ? (85)

IA
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Next consider the case where 8; = 1. With the choice of # = 6; = 1 in (78), we find that

/

w 1 w 1
Ay < (; +- +p> 67 + (2,” + 2% +pmé) 52 (see (T8))

1 262 62
< 3 (1 + max (%(wp + 400),ﬁ(w; + 400"%))) . (at + é)
1 e’
< 2\/1 + max (5(% +400), B, + 4aomg))At (see (8T))
. 52 62
=:1,24¢, ifA > —+ —. (86)
a B
To simplify the above expressions, let us assume that
!
1
\/max (%(wp +409), B(w), + 400/%,)) < min (041,1:;,’ ﬁg’)) < 3 (87)
from which it follows that
Lo B, D
ma,X(T]p,l7np,2> <1-—mi <16p’ 8p> 2—%;
<1 i (e PR
327 16
=:1-7n,¢€ [0,1), (88)
where the second line above holds if
_ H,
N, > ; (89)
”” min (O‘{g’, ﬁg )
Then, by unfolding (85|86), we reach
Ay < (1-n,) . ©0)
Moreover, by combining (39]90), we can bound the error, namely,
5t2 522 < / 52 ’ 5/2
E + F =~ max(aﬂpaﬁﬂp) (:U’p t + N’p t )
< p6; + pho? (see (GI7T), Lemmas[6and [7)
<2(A¢+7,) (see (39)
-
<21 —1,) g + 2
Mp
: 2,
<2(1—=m,)" A+ 5 (see (B8))
min (a“” #")
16 8
=:2(1—n,)"Ap + &. (this choice of 77, satisfies (T989)). 91)
p

It remains to bound the feasibility gap || A¢||2, see (31). Instead of (77), we consider the following
alternative approach to bound || A;||2. Using definition of A, in 8], we write that

At = Ep(Ut, >\t) — Ep(v*, )\*) (SCC @))
= Ep(vt, )\t) — L’p(vt, )\*) + ,Cp(Ut, A*) — £p(U*, )\*)

= (At e = X%) + L(o, A7) = L7, X% + S 40, (92)
where

L(v,\) = L(w,z,\) = L(w) + R(w) + H(z) + (w — G(2), \). 93)
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It is not difficult to verify that £(v*, \*) = L,(v*, \*) is the optimal value of problem (T)) and that
L(vg, A*) > L(v*, A*), from which it follows that

Ay > (A d— N+ g||At||§ (see (92))

1
> —gHAtH% — —|IAe = A*|3 + g||At||§ (Holder’s inequality and 2ab < a® + b%)
p
>—2)\2—2)\*2 Plia2 b2 < 9242 + 212
z = o Iellz = ZIAN2 + 24l (o +8)7 < 207+ 26%)
2X2 2[| 2|3
B A Bagg (e @) %)

which, in turn, implies that

4 22 2|2 |13
A 2<<A 4 Zlmax 4 Z07 72 (see (94))
([ Ae]l2 o\ B ) 5 ©4
4 2,1 +T2) | 2A3 2[|A*]13
S - 1— n tA + P> P, 4 max 4 2 (see )
P <( p) B M p p €0
4 M, + 222+ 2[|\*)|3
< P <(1 —1p)" Ao + Te p Gl (see (OT))

4(1 — Up)tAo + @

95
p 7 95)

This completes the proof of Theorem I}

Let us also inspect the special case where iz, > p 2> 1 and (%, > v, where ~ and = suppress any
universal constants and dependence on the dual optimal variable \*, for the sake of simplicity. From
Lemmas [6]and[7] it is easy to verify that

~ ~ 2 —
Vp = VL, é-prK’Gv Tp = PRG,

Ly ™ pL, M, RpG,  B,Rp, w, A pra. (96)

We can then take

vy,

1 1
fr—~—F, (see (7T))

o p,‘{%

L
7, A~ min (VL, /@2@) , (see (38))
_ PH, (VL H%;)
n,~ ———=~max | —,— |, (see (@)
7 min (ap,, Buy) pr’ i
~ _ vy, HZG
Mp =7, ~max | —, =" | . (see (93)) 97)
KL g

Lastly, for to hold, it suffices that

p2 ol
00 S pmin (L, ¢ ) =: 50,p. (98)



D Proof of Lemma (6l

To prove (33), we write that

L (U}t+17 Zt41, )\t) - (U)u Zt41, )\t) - <wt+1 — Wy, Vwﬁ/ (wt, Zt+41, >\t)>
P P p
= L(wi+1) — L(wy) — (wig1 — we, Vi L(wy))

+ Ellweer = Gran)l3 = Sllwn = Gletn) I3 = 2p(wens — wewy = Glzen)) (e @)

IN

VL —
Flhwes w3 + 70+ Llwr —will (e @)
1%
= ?prt_H — wt||§ —‘rﬁp. (99)

To prove (34), let us first control the dual sequence {)\; }; by writing that

t
[Aell2 = ||)‘O+ZUiAi”2 (see (52))
i=1
¢

< [[Aoll2 + Z oi || Aill2 (triangle inequality)
i=1
< [oll2 + Z
=1
[Xoll2 + coo
: Amax; (100)

log 1—1—1

IA

where

c>y 2(1t reTs (101
We now write that
L (wi, 2y 1, M) — Lo (we, 26, M) = (ze41 — 20, V2L, (wy, 20, M)
= —(G(zt41) — G(2t) — DG(2e) (241 — 1), Ae)
+ Lllwe = Garan)|3 = S llwn = G 3
+ p(DG(z) (zt41 — 2t), we — G(24)). (see (@3)) (102)
To bound the first inner product on the right-hand side above, we write that
(G(241) — G(2t) — DG(2t) (2141 — 2t), M)

< |G (zt41) — G(2t) — DG(2t) (2241 — 2e) |2 - | Ael2 (Cauchy-Shwartz’s inequality)
VG)\max

< 9 241 — 2¢]13 (see (@TITO0)) (103)
The remaining component on the right-hand side of (I02)) can be bounded as
[wy = G(ze1)ll5 — lwe — G215 + 2(DG(20) (2141 — 1), we — G(21))
||wt Gzey)3 = llwe = GEIE + 2(G(2041) = Glz0), wi — G(21))
— 2(G(2t41) — G(zt) — DG(21) (2041 — 2t), we — G(zt))
= ||G(Zt+1) G(z)3
+2(G(2t41) — G(zt) — DG(zt) (2041 — 2t), we — G(2t))
<G (ze41) — G(z0)ll3

+2||G(zt41) — G(2t) — DG(2t)(ze41 — 2) 2 - |we — G(z¢)]]2 (Cauchy-Shwartz’s inequality)

< kgllzep — 23 + vallzen — zll3llwe — Gzl (see @IED))
< kigllzeer — 23 + vallzin —zt||§miax||Ai||2. (see (51)) (104)
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Substituting the bounds in (TO3][T04) back into (T02)), we find that

ﬁ;(wt, Zt41, At) — E;(wt, 2ty Ae) — (241 — 2, Vzﬂlp(wty 2ty At)

1
< Z
-2

5 _
=: 5”||zt+1 —zl3+&,, (105)

(Vo + pmax | Ailla) + o ) 12241 — 211

which proves (34). To prove (53)), we write that

[Vl (we, 2ey1, Ae) = VL), (we, 26, M) |2

= pllG(zt11) = G(ze)ll2 (see @)

< prgllzetr — 2zl (see @E2)

=: Tp||ze41 — 2|2 + Tp- (106)
This completes the proof of Lemma 6}

E Proof of Lemma

For future reference, we record that
(vy — V™, Vvﬁjj(v*))
= (wy —w", Vo L,(v")) 4 (2t — 2%, V.L,(v")) (v =(w,2))
= (wy — w*, VL") + N + p(w” — G(z")) = (DG(=") (2 — 2°), N + plw — G(=)))  (see (@)
= (wy — w*, VL(w") + X\*) = (DG(2") (2 — 27), \), (see @7)) (107)
where the last line above uses the feasibility of v* in (). To prove (39), we use the definition of £,
in (#4) to write that
Lp(v, Ar) = Lp(v™, A7)
= ﬁ;(vt, At) — ﬁ;(v*, A*) + R(wy) — R(w*) 4+ L(z) — L(2") (see ([@4JA3))
> L, (ve, Ae) — L,(0", X)) = (vy — 0", V, L], (0", A7) (see @7))
= L(wy) = L(w") = (wy —w”, VL(u"))

+ (A Ar) = (wp —w” = DG(2")(z — 27), A7) + gHAtllg (see (107))

52
> B (=3 + D43
+(G(z1) — G(z") = DG(=") (2 — 2). \") (see (3950))
(1Lo; oo P s vad? .
> o (A = AT DA = 5 Il (see ETIED)) (108)

To control the terms involving A in the last line above, we write that

(A, A = M)+ Ell A3

P HA A= AP I = A2
=P, - _
2 9 2p
VRS S| LI [ W S P
:p’wt—w*—(G(zt)—G(z*))— i — IA: 12 (see @75T))
2 P 2 2p

Y

p : 3 — X3 Jal
216 () = G = oo} = SN2 (o= bl 2 KGR — 2(bl3 ~ 2l

25,2 3)Ae — 2|13
> 060 gy AR e o)
4 2p
pL2,67 3
> B g - (2 IV, (@ b)® < 2% + 2067 and (TO0D)) (109)
p
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which, after substituting in (TO8)), yields that
Ly(v; M) = L (v, A7)

pL — 2p 1 (pig . 3 .
> P25 (58wl ) o S e+ IVIE)
Hp5t2 “;522 —
11
> B+ S - T, (110)
where
2
L
[p = pr —2p,  p, = pTG—VGH)\*H% (111)
7= (2 A3 112
/J’p T p ( max + ” H2) . ( )
This proves (59). To prove (60), we use the definition of £/, in (@3) to write that
L'/D(U*, )\*) - ,C;)(’Ut, )‘t) - <’U>'< — Vg, VUE;)(’Ut, At)>
= L(w*) — L(w;) — (w* — wy, VL(wy))
— (At + DA(ve)(v" — ve), Ar)
— L(A 4 2DA@) (0" —v) Ar) (see @) (113)
where
DAW)=[ I, -DG(z) ], (114)
is the Jacobian of the map A. The second inner product on the right-hand side of (TT3) can be
bounded as
- <At + DA(’Ut)(U* — ’Ut), At>
= —(we — G(2t) + (0" —wy) = DG(20) (2" — z¢), M) (see GIITT4))
= —(G(z") = G(z) = DG(2)(z" — z), M) (" = G(27))
Vg(%z
> L Nl (see @)
2
> VGO (see (TOD)) (115)

To control the last inner product on the right-hand side of (TT3)), we write that

~ LA+ 2DA@" — ), A

LA = p(As + DA@w) (0" = o), Ay)

> —pllAr + DA(v) (v* — vp)| 2| Ael2 (Holder’s inequality)
= —pll(w” = G(z%)) = (Wi = G(z1)) = (W —we) + DG(2) (2" = z1) 2
= —pl|G(z") = G(z) — DG(2)(z" = 20|z
j24el * 2
2=~ |z —zly  (see @)
2
- _pyzét . (see BO)

(see (3IITT4) and w* = G(z*))

(116)

By substituting the bounds in (TT3|[TT6) back into (IT3) and also using the convexity of L, we reach

E:)(’U*, A*) — E;(Uh )\t) - <U* — Uy, Vv[,’p(vt, )\t)>

Z _V£ ()\max + p) 6;52

2

This proves (60), thus completing the proof of Lemma 7]
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F Relation with Gradient Descent

Throughout this section, we set R = 0 and H = 0 in problem (I) and consider the updates in
Algorithm 2, namely,
Zt41 = Rt — szﬁp(wt, 2ty At),
wiy1 € argmin L,(w, ze41, At), (118)
Air1 = A+ o1 (wipr — G(2i41)).

From (2)), recall that £,(w, z, \) is convex in w and the second step in (TT8) is therefore often easy to
implement with any over-the-shelf standard convex solver. Recalling (2)), note also that the optimality
condition for w;; in (TI8) is

1
w1 — G(2z) = —;(VLm(th) + M) (119)

Using (2) again, we also write that
Vzﬁp(ww-l, Zt, )\t)
= —DG(z) " (At + p(wipr — G(21))
= *DG(Zt)T(At - At—l - VLm(wt))
= —DG(Zt>T(Jt(U}t - G(Zt)) — VL(U)t)), (120)

where the last two lines above follow from (TT9|TT8), respectively. Substituting back into the z
update in (T18), we reach

ze1 = 2 + Boy DG(z) T (wy — G(2)) — BYL(wy)  (see (TIS[I20)), (121)

from which it follows that

241 — (2t = BVL(G (1))l

< Bodl| DG (20) " (wy — G(20))ll2 + BIVL(we) = VL(G(=))ll2 - (see (T2T))
< B(otka +vi) [lwe — G(z) |2 (see Assumptions[T]and 3) (122)

That is, as the feasibility gap vanishes in (24) in Theorem (I} the updates of Algorithm 2 match those
of GD.

G Proof of Lemma[3

Recall that R = 1y and H = 0 for this proof. Using the optimality of w* € relint(W) in (I7), we
can write that

IVL(w*)|l2 < [|VLm(w*)|l2 + || VL (w*) = VL(w*)||2 (triangle inequality)
= [[VLm(w*) = VL(w )[la (VI (w") =0)
< — .
< max [|VLi (w) = VL(w)]2 (123)
On the other hand, using the strong convexity of L in (20}, we can write that
1
lw? — w2 < 5|\VL(w“) — VL(w")lla  (see @0))
1 .
= ?HVL(U) W (VL(w?) = 0)
L
1
< — max ||VL,,(w) — VL(w)]|2, (see (123)) (124)
CL weW

which completes the proof of Lemmal3]
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H Experimental Setup Details

H.1 Per-Iteration Computational Complexity

The gradient of the function
1
h(z) = 5IAG(2) — bll; (125)

follows the formula
Vh(z) = VG(2)AT (AG(z) — b) (126)

which involves one forward pass through the network G, in order to compute G(z), as well as one
backward pass to compute VG(z), and finally matrix-vector products to compute the final result.

On the other hand our ADMM first computes the iterate z;4; with gradient descent on the augmented
lagrangian (2)) as

Zt41 = Rt — szﬁp(wt7 Zt, )\t) = —VG(Zt))\;r — pVG(zt)(wt - G(Zt))—r (127)

which involves one forward and one backward pass on the network G, as well as matrix-vector
products. Then we perform the exact minimization procedure on the w variable, which requires
recomputing G(z) on the new iterate z;41, involving one forward pass through the network, as well
as the matrix-vector operations as described before. Recomputing the quantity w11 — G(2¢41) is
immediate upon which the dual stepsize 0,4 can be computed at negligible cost. Finally the dual
variable update reads as

>‘t+1 =X+ 0'(wt+1 — G(zt—i-l)) (128)

which involves only scalar products and vector additions of values already computed. All in all each
GD iteration involves one forward and one backward pass, while ADMM computes two forward
and one backward pass. Both algorithms require a few additional matrix-vector operations of
similar complexity. For networks with multiple large layers, as usually encountered in practice, the
complexity per iteration can then be estimated as the number of forward and backward passes, which
are of similar complexity.

H.2 Parameter Tuning

We run a grid search for the gradient descent (GD) algorithm In order to do so we fix a number of
iterations and compare the average objective function over a batch of 100 random images and choose
the best performing parameters. We repeat the tuning in all possible escenarios in the experiments.
The results figures [ - 5] (GD, Compressive sensing setup).

Figure 4: Performance of GD on the compressive sensing task for different step sizes. MNIST dataset.
156 (top) and 313 (bottom) linear measurements.

H.3 Fast Exact Augmented Lagrangian Minimization with Respect to Primal Variable w

In the compressive sensing setup, the augmented lagrangian takes the form

1
£,(w,2,0) = 5[l Aw = b3 + (A w = G()) + £ llw - G5 (129)
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Figure 5: Performance of GD on the compressive sensing task for different step sizes. CelebA dataset.
2457 (top) and 4915 (bottom) linear measurements.

with respect to w, this is a strongly convex function which admits a unique minimizer given by the
first order optimality condition

Vwly(w,2,)) = AT (Aw — b) + A + p(w — G(2)) = 0 (130)
with solution
w' = (ATA+pD) " (=A+G(2) + ATD) (131)
Given the SVD of A = USV " we have AT A = VDV ", where D corresponds to the diagonal
matrix with the eigenvalues of A7 A. We then have that AT A + pI = V(D + pI)V'T so that
w* =V(D+p)V' (=X 4+ G(z)+ Ab) (132)

which involves only a fixed number of matrix-vector products per-iteration.

H.4 Per-Iteration Computational Complexity

The gradient of the function
1
h(z) = 51 AG(2) = bll5 (133)

follows the formula

Vh(z) = VG(2)AT(AG(2) — b) (134)
which involves one forward pass through the network G, in order to compute G(z), as well as one
backward pass to compute VG(z), and finally matrix-vector products to compute the final result.

On the other hand our ADMM first computes the iterate z;4; with gradient descent on the augmented

lagrangian (129)
Zi1 = 2t — BV Ly (W, 26, M) = —VG(zt))\;r — pVG(z)(wy — G(Zt))T (135)

which involves one forward and one backward pass on the network G, as well as matrix-vector
products. Then we perform the exact minimization procedure on the w variable, as described in
which requires recomputing G(z) on the new iterate z;1, involving one forward pass through
the network, as well as the matrix-vector operations as described before. Recomputing the quantity
wiy1 — G(z¢41) is immediate upon which the dual stepsize 0,41 can be computed at negligible cost.
Finally the dual variable update reads as

A1 = A + o(wir1 — G(zi41)) (136)

which involves only scalar products and vector additions of values already computed. All in all each
GD iteration involves one forward and one backward pass, while ADMM computes two forward
and one backward pass. Both algorithms require a few additional matrix-vector operations of
similar complexity. For networks with multiple large layers, as usually encountered in practice, the
complexity per iteration can then be estimated as the number of forward and backward passes, which
are of similar complexity.
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I Pseudocode for Algorithm 2

Algorithm 2 Multi-scale Linearized ADMM

Input: Differentiable L, proximal-friendly convex regularizers R and H, differentiable prior G,
penalty weight p > 0, primal step sizes «, 8 > 0, initial dual step size o > 0, primal initialization
wy and zg, dual initialization Ay, stopping threshold 7. > 0, iterations parameter n.

1

20,0 £ 20, Wo,0 < Wo

2 for k=0,..., K do

3

=N O L A

10
11
12
13

pr  p2F, ay « a27F, B« p27F
20 < 20,k Wo < W0 k
fort=0,1,...,2"n do
R4l PﬂkH (Zt - Bkvzﬁpk (wt»Zm )\t))
Wep1 < Poyr (W — ap VL, (wy, 2e41, At))
 mi < o )
Ot4+1 min { oo
wesr = Gz [|2t log? (¢ + 1)
Aet1 — A+ o1 (W1 — G(2e41))
2 2
2641 — zl5 w1 — welly

s+ ” + 7 +orflwe — Gz) |3 < 7e

if s < 7. then return (w41, zt4+1)

(wo,k+17 Zo,k+1) — (wt+1, Zt41)

return (Wo K41, 20,K+1)

(primal updates)

(dual step size)
(dual update)

(stopping criterion)
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