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Abstract

Minimax optimal convergence rates for numerous classes of stochastic convex
optimization problems are well characterized, where the majority of results utilize
iterate averaged stochastic gradient descent (SGD) with polynomially decaying
step sizes. In contrast, the behavior of SGD’s final iterate has received much less
attention despite the widespread use in practice. Motivated by this observation, this
work provides a detailed study of the following question: what rate is achievable
using the final iterate of SGD for the streaming least squares regression problem
with and without strong convexity?

First, this work shows that even if the time horizon 7" (i.e. the number of iterations
that SGD is run for) is known in advance, the behavior of SGD’s final iterate with
any polynomially decaying learning rate scheme is highly sub-optimal compared
to the statistical minimax rate (by a condition number factor in the strongly convex
case and a factor of /7 in the non-strongly convex case). In contrast, this paper
shows that Step Decay schedules, which cut the learning rate by a constant factor
every constant number of epochs (i.e., the learning rate decays geometrically)
offer significant improvements over any polynomially decaying step size schedule.
In particular, the behavior of the final iterate with step decay schedules is off
from the statistical minimax rate by only log factors (in the condition number
for the strongly convex case, and in 7" in the non-strongly convex case). Finally,
in stark contrast to the known horizon case, this paper shows that the anytime
(i.e. the limiting) behavior of SGD’s final iterate is poor (in that it queries iterates
with highly sub-optimal function value infinitely often, i.e. in a limsup sense)
irrespective of the stepsize scheme employed. These results demonstrate the
subtlety in establishing optimal learning rate schedules (for the final iterate) for
stochastic gradient procedures in fixed time horizon settings.

1 Introduction

Large scale machine learning relies almost exclusively on stochastic optimization methods [BBO7],
which include stochastic gradient descent (SGD) [RMS51]] and its variants [DHS11}JZ13]]. In this
work, we restrict our attention to the SGD algorithm where we are concerned with the behavior of the
final iterate (i.e. the last point when we terminate the algorithm). A majority of (minimax optimal)
theoretical results for SGD focus on polynomially decaying stepsizes [DGBSX12, [RSS12,[LJSB12|
Bub14] (or constant stepsizes [BM13, [DB154, JKK™ 16| for the case of least squares regression)
coupled with iterate averaging [Rup88|, [PJ92] to achieve minimax optimal rates of convergence.
However, practical SGD implementations typically return the final iterate of a stochastic gradient
procedure. This line of work in theory (based on iterate averaging) and its discrepancy with regards to
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Algorithm 1: Step Decay scheme

Input: Initial vector w, starting learning rate oo

79, number of iterations T 0.0067 | ‘—‘\/

Output: w
for / < 1tologT do

ne < 10/2"

for t < 1toT/logT do :
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Figure 1: (Left) The Step Decay scheme for stochastic gradient descent. Note that the algorithm
requires just two parameters - the starting learning rate 19 and number of iterations 7.
(Right) Plot of function value error vs. condition number for the final iterate of polynomially decaying
stepsizes i.e., equation(36), step-decay schedule (Algorithm|I)) compared against the minimax optimal
suffix averaged iterate with a constant stepsize [JKK™T 16| for a synthetic two-dimensional least
squares regression problem. The condition number  is varied as {50, 100, 200,400}. Exhaustive
grid search is performed on starting stepsize and decay parameters. Initial excess risk is do? and the
algorithm is run for T' = «2,, = 4007 steps (for all experiments); results are averaged over 5 random
seeds. Observe that the final iterate’s error grows linearly as a function of the condition number x for
the polynomially decaying stepsize schemes, whereas, the error does not grow as a function of « for
the geometric “step-decay” stepsize scheme. See sectionin supplementary material for details.

practice leads to the question with regards to the behavior of SGD’s final iterate. Indeed, this question
has motivated several efforts in stochastic convex optimization literature as elaborated below.

Non-Smooth Stochastic Optimization: The work of [Shal2| raised the question with regards to
the behavior of SGD’s final iterate for non-smooth stochastic optimization (with/without strong
convexity). The work of [SZ12] answered this question, indicating that SGD’s final iterate with
polynomially decaying stepsizes achieves near minimax rates (up to log factors) in an anytime (i.e. in
a limiting) sense (when number of iterations SGD is run for is not known in advance). Under specific
choices of step size sequences, [SZ12]’s result on SGD’s final iterate is tight owing to the recent work
of [HLPR18]. More recently [JNN19] presented an approach indicating that a more nuanced stepsize
sequence serves to achieve minimax rates (up to constant factors) for the non-smooth stochastic
optimization setting when the end time 7" is known in advance.

Least Squares Regression (LSR): In contrast to the non-smooth setting, the state of our under-
standing of SGD’s final iterate for smooth stochastic convex optimization, or, say, the streaming
least squares regression setting is far less mature — this gap motivates our paper’s contributions. In
particular, this paper studies SGD’s final iterate behavior under various stepsize choices for least
squares regression (with and without strong convexity). The use of SGD’s final iterate for the least
mean squares objective has featured in several efforts [WH60, [Pro74, IWS85,[RS90], but these results
do not achieve minimax rates of convergence, which leads to the following question:

¢ Can polynomially decaying stepsizes (known to achieve minimax rates when coupled with iterate
averaging [Rup88| [PJ92]) offer minimax optimal rates on SGD’s final iterate when optimizing the
streaming least squares regression objective? If not, is there any other family of stepsizes that can
guarantee minimax rates on the final iterate of stochastic gradient descent? *

This paper presents progress on answering the above question — refer to contributions below for more
details. Note that the oracle model employed by this work (to quantify SGD’s final iterate behavior)
has featured in a string of recent results that present a non-asymptotic understanding of SGD for least
squares regression, with the caveat being that these results crucially rely on iterate averaging with
constant stepsize sequences [BM13}[DB15a, JKK™ 16, JKK™17b, JKK™17a, NR18].

Our contributions: This work establishes upper and lower bounds on the behavior of SGD’s final
iterate, as run with standard polynomially decaying stepsizes as well as step decay schedules which



Table 1: Comparison of sub-optimality for final iterate of SGD (i.e., E[f(wr)] — f(w*)) for
stochastic convex optimization problems. This paper’s focus is on SGD’s final iterate for streaming
least squares regression. The minimax rate refers to the best possible worst case rate with access to
stochastic gradients (typically achieved with iterate averaging methods [PJ92, DGBSX12l [RSS12]]);
the red shows the multiplicative factor increase (over the minimax rate) using the final iterate, under
two different learning rate schedules - the polynomial decay and the step decay (refer to Algorithm [T)).
Polynomial decay schedules are of the form 7; o 1/t (for appropriate o € [0.5, 1]). For the general
convex cases below, the final iterate with a polynomial decay scheme is off minimax rates by a log T’

factor (in an anytime/limiting sense) [SZ12]. Here v LVf=E [@ f ] , V2 f denotes the stochastic

gradient, gradient and the Hessian of the function f. With regards to least squares, we assume
equation , following recent efforts [BM13, [DB15a, JKK"16]. While polynomially decaying
stepsizes are nearly minimax optimal for general (strongly) convex functions, this paper indicates
they are highly suboptimal on the final iterate for least squares. The geometrically decaying Step
Decay schedule (Algorithm[T)) provides marked improvements over any polynomial decay scheme
on the final iterate for least squares. For simplicity of presentation, the results for least squares
regression do not show dependence on initial error. See Theorems [I] and [2]for precise statements (and
[INYS83,SZ12, [HLPR18]| for precise statements of the general case).

Rate w/ Final iterate

Rate w/ Final iterate

Assumptions Minimax rate using best poly-decay using Step Decay
General E U‘@szJ <G? GD €] % logT B
convex functions Diam (ConstraintSet) < D 5 [SZ12/HLPRI1S]
Non-strongly convex Eq. (3 o2d Q (# . h)VE) O # -logT
least squares regression r (This work - Theorem (This work - Theorem
General strongly E UW}CHJ <2 & &) (% -log T) -
convex functions V2l uT [SZ12][HLPRIS)
Strongly convex Eq. o%d Q # -K O (# -logT
least squares regression V2f =l T (This work - Theorem|[T} | (This work - Theorem[2}

tends to cut the stepsize by a constant factor after every constant number of epochs (see algorithm T,
by considering the streaming least squares regression problem (with and without strong convexity).
Our main result indicates that step decay schedules offer significant improvements in achieving
near minimax rates over polynomially decaying stepsizes in the known horizon case (when the end
time 7" is known in advance). Figure|[I]illustrates that this difference is evident (empirically) even
when optimizing a two-dimensional synthetic least squares objective. Table[I|provides a summary.
Finally, we present results that indicate the subtle (yet significant) differences between the known
time horizon case and the anytime (i.e. the limiting) behavior of SGD’s final iterate (see below). Note
that proofs of our main claims can be found in the supplementary material.

Our main contributions are as follows:

o Sub-optimality of polynomially decaying stepsizes: For the strongly convex least squares
case, this work shows that the final iterate of a polynomially decaying stepsize scheme
(i.e. with n; oc 1/t*, with a € [0.5,1]) is off the minimax rate do?/T by a factor of the
condition number of the problem. For the non-strongly convex case of least squares, we
show that any polynomially decaying stepsize can achieve a rate no better than do?/ VT
(up to log factors), while the minimax rate is do? /7.

o Near-optimality of the step-decay scheme: Given a fixed end time 7', the step-decay scheme
(algorithm presents a final iterate that is off the statistical minimax rate by just a log(7")
factor when optimizing the strongly convex and non-strongly convex least squares regression
El, thus indicating vast improvements over polynomially decaying stepsize schedules. We
note here that our Theorem [2] for the non-strongly case offers a rate on the initial error
(i.e., the bias term) that is off the best known rate [BM13] (that employs iterate averaging)
by a dimension factor. That said, Algorithm [T]is rather straightforward and employs the
knowledge of just an initial learning rate and number of iterations for its implementation.

!This dependence can be improved to log of the condition number of the problem (for the strongly convex
case) using a more refined stepsize decay scheme.



o SGD has to query bad iterates infinitely often: For the case of optimizing strongly convex
least squares regression, this work shows that any stochastic gradient procedure (in a lim sup
sense) must query sub-optimal iterates (off by nearly a condition number) infinitely often.

e Complementary to our theoretical results for the stochastic linear regression, we evaluate the
empirical performance of different learning rate schemes when training a residual network
on the cifar-10 dataset and observe that the continuous variant of step decay schemes (i.e.
an exponential decay) indeed compares favorably to polynomially decaying stepsizes.

While the upper bounds established in this paper (section [3.2)) merit extensions towards broader
smooth convex functions (with/without strong convexity), the lower bounds established in sections[3.1]
[3.3] present implications towards classes of smooth stochastic convex optimization. Even in terms of
upper bounds, note that there are fewer results on non-asymptotic behavior of SGD (beyond least
squares) when working in the oracle model considered in this work (see below). [BM11, BM13|
Bacl14, INSW16] are exceptions, yet they do not achieve minimax rates on appropriate problem
classes; [FGKS15]] does not work in standard stochastic first order oracle model [NY83, ABRW12],
so their work is not directly comparable to examine extensions towards broader function classes.

As a final note, this paper’s result on the sub-optimality of standard polynomially decaying stepsizes
for classes of smooth and strongly convex optimization doesn’t contradict the (minimax) optimality
results in stochastic approximation [PJ92]. Iterate averaging coupled with polynomially decaying
learning rates (or constant learning rates for least squares [BM13,[DB13a, JKK™16])) does achieve
minimax rates [Rup88| |IPJ92]. However, as mentioned previously, this work deals with SGD’s final
iterate behavior (i.e. without iterate averaging), since this bears more relevance towards practice.

Related work: [RM51] introduced the stochastic approximation problem and Stochastic Gradient
Descent (SGD). They present conditions on stepsize schemes satisfied by asymptotically convergent
algorithms: these schemes are referred to as “convergent” stepsize sequences. [Rup88PJ92| proved
the asymptotic optimality of iterate averaged SGD with larger stepsize sequences. In terms of oracle
models and notions of optimality, there exists two lines of thought (see also [JKK™17b]):

Towards statistically optimal estimation procedures: The goal of this line of thought is to match
the excess risk of the statistically optimal estimator [Anb7 1} IKC78l[PJ92 [LC98|| on every problem
instance. Several efforts consider SGD in this oracle [BM11), Bac14l, [DB15bl, [FGKS15, NSW16]]
presenting non-asymptotic results, often with iterate averaging. With regards to least squares,
[BM13| [DBT154, [FGKST3] JKK ™16, JKK™17b, [NRI8|] use constant step-size SGD with iterate
averaging to achieve minimax rates (on a per-problem basis) in this oracle model. SGD’s final
iterate behavior for least squares has featured in several efforts in the signal processing/controls
literature [WH60, INN67, [Pro74, [WS85,IRS90,ISSBIS]|, without achieving minimax rates. This paper
works in this oracle model and analyzes SGD’s final iterate behavior with various stepsize choices.

Towards optimality under bounded noise assumptions: The other line of thought presents algorithms
with access to stochastic gradients satisfying bounded noise assumptions, aiming to match lower
bounds provided in [NYS83| RR11, IABRWI12]]. Asymptotic properties of “convergent” stepsize
schemes have been studied in great detail [KC78, I BMP90, LPW92| |BB99, IKY 03} |[Lai03} [Bor0§]].
[DGBSX12, ILISB12| [RSS12}IGL12,|GL13a, [HK14) Bubl4, IDFB16] use iterate averaged SGD to
achieve minimax rates for various problem classes non-asymptotically. [AZ18] present an alternative
approach towards minimizing the gradient norm with access to stochastic gradients. As noted, [SZ12]
achieves anytime optimal rates (upto a log 7" factor) with the final iterate of an SGD procedure, and
this is shown to be tight with the recent work of [HLPR18]]. [JNN19] achieve minimax rates on the
final iterate using a nuanced stepsize scheme when the number of iterations is fixed in advance.

Geometrically Decaying Stepsize Schedules date to [Gof77)]. [DD19] employ the stepdecay schedule
to prove high-probability guarantees for SGD with strongly convex objectives. In stochastic optimiza-
tion, several other works, including [[GL13b, [HK14,|/AFGO19,IKM19| consider doubling argument
based approaches, where the epoch length is doubled everytime the stepsizes are halved. The step
decay schedule is employed to yield faster rates of convergence under certain growth (and related)
conditions both in convex [XLY 16| and non-convex settings [Y YJ18,[DDC19].

Paper organization: Section [2]describes notation and problem setup. Section [3|presents our results
on the sub-optimality of polynomial decay schemes and the near optimality of the step decay scheme.
Section [3.3] presents results on the anytime behavior of SGD (i.e. the asymptotic/infinite horizon
case). Section [ presents experimental results and Section [5] presents conclusions.



2 Problem Setup

Notation: We present the setup and associated notation in this section. We represent scalars with
normal font a, b, L etc., vectors with boldface lowercase characters a, b etc. and matrices with
boldface uppercase characters A, B etc. We represent positive semidefinite (PSD) ordering between
two matrices using =. The symbol 2 represents that the inequality holds for some universal constant.

We consider here the minimization of the following expected square loss objective:
. def
min f(w) where f(w) £ 1) ol(y — (w.x))?] 1)

Note that the hessian of the objective H R v flw) =E [xxT]. We are provided access to
stochastic gradients obtained by sampling a new example (x;,y:) ~ D. These examples satisfy:
y=(w"x)+e

where, € is the noise on the example pair (x,y) ~ D and w* is a minimizer of the objective f(w).
Given an initial iterate wg and stepsize sequence {7}, our stochastic gradient update is:

Wit1 < Wy — ntﬁf(wt—l)Q §f(Wt) = —(ye — (W, X)) - Xy 2)
We assume that the noise e = y — (w*,x) V (x,y) ~ D satisfies the following condition:

SEE [V W) VW) T] = Eeyenlly — (w,x)2xxT] < 0°H. )

Next, assume that covariates x satisfy the following fourth moment inequality:
E[lxI*xx"| < B2 H @)

This assumption is satisfied, say, when the norm of the covariates sup ||x||* < R2, but is true more
generally. Finally, note that both and are general and are used in recent works [BM13,JKK™ 16]]
that present a sharp analysis of SGD for streaming least squares problem. Next, we denote by

def def def

,Ul:)\min(H)a L:/\max(H)v and7R:R2/:u

the smallest eigenvalue, largest eigenvalue and condition number of H respectively. p > 0 in the
strongly convex case but not necessarily so in the non-strongly convex case (in section [3]and beyond,
the non-strongly case is referred to as the “smooth” case). Let w* € argmin g« f(W). The
excess risk of an estimator w is f(w) — f(w*). Given ¢ accesses to the stochastic gradient oracle in
equation 2] any algorithm that uses these stochastic gradients and outputs W, has sub-optimality that

is lower bounded by #. More concretely, we have that [VdV00]]

B[R] - )

>1.
t—00 o2d/t -

The rate of (1 + o(1)) - o2d/t is achieved using iterate averaged SGD [Rup88} [PJ92] with constant
stepsizes [BM13},[DB15a, JKKT16]. This rate of o2d /t is called the statistical minimax rate.

3 Main Results

Sections [3.1] [3.2] consider the fixed time horizon setting; the former presents the significant sub-
optimality of polynomially decaying stepsizes on SGD’s final iterate behavior, the latter section
presenting the near-optimality of SGD’s final iterate. Section [3.3|presents negative results on SGD’s
final iterate behavior (irrespective of stepsizes employed), in the anytime (i.e. limiting) sense.

3.1 Suboptimality of polynomial decay schemes

This section begins by showing that there exist problem instances where polynomially decaying
stepsizes considered stochastic approximation theory [RMS51)|PJ92] i.e., those of the form b—s—%’ for

any choice of a,b > 0 and « € [0.5, 1] are significantly suboptimal (by a factor of the condition
number of the problem, or by /7 in the smooth case) compared to the statistical minimax rate [KC78].



Theorem 1. Under assumptions[3| [} there exists a class of problem instances where the following
lower bounds on excess risk hold on SGD’s final iterate with polynomially decaying stepsizes when
given access to the oracle as written in equation[2}

Strongly convex case: Suppose ;1 > 0. For any condition number &, there exists a least squares
problem instance with initial suboptimality f(wq) — f(w*) < o2d such that, for any T > r3, and

forall a,b > 0and 0.5 < o < 1, and for the learning rate scheme 1y = H%’ we have
T o’d k

E — ) > — — * —_— =
)] = Fov°) 2 xp (=) (o) = ) + 5 5

Smooth case: For any fixed T’ > 1, there exists a least squares problem instance such that, for all
a,b>0and 0.5 < o < 1, and for the learning rate scheme 1; = H%’ we have

1
\/TlogT.

For both cases (with/without strong convexity), the minimax rate is o>d/T". In the strongly convex
case, SGD’s final iterate with polynomially decaying stepsizes pays a suboptimality factor of Q(x),

o)

E(f(wr)] — f(w") > (L+[wo —w|[* + 0d)

whereas, in the smooth case, SGD’s final iterate pays a suboptimality factor of {2 (

3.2 Near optimality of Step Decay schemes

Given the knowledge of an end time 7" when the algorithm is terminated, this section presents the step
decay schedule (Algorithm [I), which offers significant improvements over standard polynomially
decaying stepsize schemes, and obtains near minimax rates (off by only a log(T") factor).

Theorem 2. Suppose we are given access to the stochastic gradient oracle2]satisfying Assumptions[3|
and4} Running Algorithmwith an initial stepsize of 1 = 1/(2R?) allows the algorithm to achieve
the following excess risk guarantees.

o Strongly convex case: Suppose . > 0. We have:

T
R e O

* 2, logT
) (o) = ) + 4020 25T

o Smooth case: We have:

E[f(wr)] = f(w*) <2 (R wo — w"|[* + 20%d) -

logT
T

While theorem [2] presents significant improvements over polynomial decay schemes, as mentioned in
the contributions, the above result presents a worse rate on the initial error (by a dimension factor) in
the smooth case (i.e. non-strongly convex case), compared to the best known result [BM13]], which
relies heavily on iterate averaging to remove this factor. It is an open question with regards to whether
this factor can actually be improved or not. Furthermore, comparing the initial error dependence
between the lower bound for the smooth case (Theorem I]) with the upper bound for the step decay
scheme, we believe that the dependence on the smoothness L should be improved to one on the R?.

In terms of the variance, however, note that the polynomial decay schemes, are plagued by a
polynomial dependence on the condition number « (for the strongly convex case), and are off the
minimax rate by a /7 factor (for the smooth case). The step decay schedule, on the other hand, is off
the minimax rate [Rup88] [PJ92,[VdV00] by only a log(T') factor. It is worth noting that Algorithm[l]|
admits an efficient implementation in that it requires the knowledge only of R? (similar to iterate
averaging results [BM13} JKK™16]) and the end time 7. Finally, note that this log T" factor can be
improved to a log « factor for the strongly convex case by using an additional polynomial decay
scheme before switching to the Step Decay scheme.

Proposition 3. Suppose we are given access to the stochastic gradient oracle 2] satisfying Assump-
tionsand Let pn > 0 and let k > 2. For any problem and fixed time horizon T /log T > 5k, there
exists a learning rate scheme that achieves

o%d

E[f(wr)] = f(w") < 2exp(=T/(6rlogk)) - (f(wo) — f(w")) +100log, - =



In order to have improved the dependence on the variance from log(7") (in theorem [2)) to log(x)
(in proposition , we require access to the strong convexity parameter @ = Ay (H) in addition
to R? and knowledge of the end time 7. This parallels results known for general strongly convex
setting [RSS12| [LJSB12/[SZ12, [Bub14, JNN19].

As a final remark, note that this section’s results (on step decay schemes) assumed the knowledge
of a fixed time horizon 7. In contrast, most results SGD’s averaged iterate obtain anytime (i.e.,
limiting/infinite horizon) guarantees. Can we hope to achieve such guarantees with the final iterate?

3.3 SGD queries bad points infinitely often

This section shows that obtaining near statistical minimax rates with the final iterate is not possible
without knowledge of the time horizon 7. More concretely, we show that irrespective of the learning
rate sequence employed (be it polynomially decaying or step-decay), SGD requires to query a point
with sub-optimality at least 2(x/ log ) - 02d/T for infinitely many time steps 7.

Theorem 4. Suppose we are given access to a stochastic gradient oracle 2| satisfying Assumption|3]
There exists a universal constant C' > 0, and a problem instance, such that for SGD algorithm with
any n; < 1/2R? for all tE] we have

E[fwr) - fw) .
W =2y = Clognr 1)

The bad points guaranteed to exist by Theorem 1 are not rare. We show that such points occur at least

K
log k

once in O ) iterations. Refer to Theorem|16(in appendix@in supplementary material.

4 Experimental Results

We present experimental validation on the suitability of the Step-decay schedule (or more precisely,
its continuous counterpart, which is the exponentially decaying schedule), and compare its with the
polynomially decaying stepsize schedules. In particular, we consider the use of:

o "o
= 5 = 6 = - ex —b -t). 7
- (%) ur T oV 6) e =mno-exp( ). (D
Where, we perform a systematic grid search on the parameters 7y and b. In the section below, we
consider a real world non-convex optimization problem of training a residual network on the cifar-
10 dataset, with an aim to illustrate the practical implications of the results described in the paper.
Complete details of the setup are given in Appendix [E]in the supplementary material.

4.1 Non-Convex Optimization: Training a Residual Net on cifar-10

We consider training a 44—layer deep residual network [HZRS16a] with pre-activation
blocks [HZRS16b] (dubbed preresnet-44) on cifar-10 dataset. The code for implementing the network
can be found here[’| For all experiments, we use Nesterov’s momentum [Nes83|] implemented in
pytorchwith a momentum of 0.9, batchsize 128, 100 training epochs, /5 regularization of 0.0005.

Our experiments are based on grid searching for the best learning rate decay scheme on the parametric
family of learning rate schemes described above @),@,; all grid searches are performed on a
separate validation set (obtained by setting aside one-tenth of the training dataset) and with models
trained on the remaining 45000 samples. For presenting the final numbers in the plots/tables, we
employ the best hyperparameters from the validation stage and train it on the entire 50, 000 samples
and average results run with 10 different random seeds. The parameters for grid searches and
other details are presented in Appendix [E] Furthermore, we always extend the grid so that the best
performing grid search parameter lies in the interior of our grid search.

How does the step decay scheme compare with the polynomially decaying stepsizes? Figure
and Table 2] present a comparison of the performance of the three schemes (3)-(7). These results
demonstrate that the exponential scheme convicingly outperforms the polynomial step-size schemes.

?Learning rate more than 2/R? will make the algorithm diverge.
*https://github.com/D-X-Y/ResNeXt-DenseNet
*https://github.com/pytorch
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Table 2: Comparing Train Cross-Entropy and Test 0/1 Error of various learning rate decay schemes
for the classification task on cifar-10 using a 44—layer residual net with pre-activations.
| Decay Scheme | Train Function Value | Test 0/1 error |
O(1/t) (equation (5)) 0.0713 £0.015 10.20 £ 0.7%
O(1/+/1) (equation (6)) 0.1119 £+ 0.036 11.6 £ 0.67%
exp(—t) (equation (7)) 0.0053 + 0.0015 | 7.58 £0.21%
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Figure 2: Plot of the training function value (left) and test 0/1— error (right) comparing the three
decay schemes (two polynomial)[5}[6} (and one exponential) [7|scheme.

Does suffix iterate averaging improve over final iterate’s behavior for polynomially decaying
stepsizes? Towards answering this question, firstly, we consider the best performing values of equa-
tion[5)and[6] and then, average iterates of the algorithm starting from 5, 10, 20, 40, 80, 85, 90, 95, 99
epochs when training the model for a total of 100 epochs. While such iterate averaging
(and their suffix) variants have strong theoretical support for (stochastic) convex optimiza-
tion [Rup88], [PJ92] RSS12, [Bub14, JKK™16], their impact on non-convex optimization is largely
debatable. Nevertheless, this experiments’s results (figure [3) indicates that suffix averaging tends to
hurt the algorithm’s generalization behavior (which is unsurprising given the non-convex nature of
the objective). Note that, figure [3] serves to indicate that averaging the final few (< 5) epochs tends to
offer nearly the same result as the final iterate’s behavior, indicating that the gains of using suffix
iterate averaging are relatively limited for several such settings.
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@
3
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— nex™ - Final Iterate =4 nexz + Final

—— N« - Averaged Iterate ° nf“?_% +Avg

20 60
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Figure 3: Performance of the suffix averaged iterate compared to the final iterate when varying the
iteration when iterate averaging is begun from {5, 10, 20, 40, 80, 85, 90, 95, 99} epochs for the 1/T
learning rate (left) and the 1/ VT learning rate |§I (right).
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Does our result on “knowing’’ the time horizon (for step-decay schedule) present implications
towards hyper-parameter search methods that work based on results extracted from truncated
runs? Towards answering this question, consider the figure {f] and Tables [3]and @ which present
a comparison of the performance of three exponential decay schemes each of which is tuned to
achieve the best performance at 33, 66 and 100 epochs respectively. The key point to note is that best
performing hyperparameters at 33 and 66 epochs are not the best performing at 100 epochs (which
is made stark from the perspective of the validation error - refer to tabled). This demonstrates that
hyper parameter selection methods that tend to discard hyper-parameters which don’t perform well at



earlier stages of the optimization (i.e. based on comparing results on truncated runs), which, for e.g.,
is indeed the case with hyperband [LJD™ 17|, will benefit from a round of rethinking.

0 —
5 10 exp-decay-opt100 ax 100 —— exp-decay-opt100
g exp-decay-opt33 o exp-decay-opt33
5 1 —— exp-decay-opt66 | E —— exp-decay-opt66
B 10° o 2x 10
5 o
[y wn
£ E
O 102 10!
=
0 20 40 60 20 100 0 20 40 60 80 100
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Figure 4: Plot of the training function value (left) and test 0/1— error (right) comparing exponential
decay scheme (equation , with parameters optimized for 33, 66 and 100 epochs.

Table 3: Comparing training (softmax) function value by optimizing the exponential decay scheme
with end times of 33/66,/100 epochs on cifar-10 dataset using a 44—layer residual net.

\ Decay Scheme | Train FVal @33 [ Train FVal @66 [ Train FVal @100 |
exp(—t) [optimized for 33 epochs] (eqn (7)) | 0.098 +0.006 | 0.0086 + 0.002 | 0.0062 + 0.0015
exp(—t) [optimized for 66 epochs] (eqn (7)) | 0.107 +0.012 | 0.0088 + 0.0014 | 0.0061 + 0.0011
exp(—t) [optimized for 100 epochs] (eqn (7)) 0.3 £0.06 0.071 £0.017 0.0053 £ 0.0016

~J|

Table 4: Comparing test 0/1 error by optimizing the exponential decay scheme with end times of
33/66/100 epochs for the classification task on cifar-10 dataset using a 44—layer residual net.

Decay Scheme | Test0/1@33 [ Test0/1@66 | Test0/1 @100 |

exp(—t) [optimized for 33 epochs] (eqn (7)) | 10.36 + 0.235% | 8.6 £0.26% | 8.57 £0.25%

exp(—t) [optimized for 66 epochs] (eqn (7)) | 10.51 +£0.45% | 8.51 £0.13% | 8.46 +£0.19%

exp(—t) [optimized for 100 epochs] (eqn (7)) | 14.42 +1.47% 9.8+0.66% | 7.58+0.21%

~J|

5 Conclusions and Discussion

The main contribution of this work shows that the behavior of SGD’s final iterate for least squares
regression is much more nuanced than what has been indicated by prior efforts that have primarily
considered non-smooth stochastic convex optimization. The results of this paper point out the striking
limitations of polynomially decaying stepsizes on SGD’s final iterate, as well as sheds light on the
effectiveness of starkly different schemes based on a Step Decay schedule. Somewhat coincidentally,
practical implementations for certain classes of stochastic optimization do return the final iterate of
SGD with step decay schedule — this connection does merit an understanding through future work.
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A Preliminaries

Before presenting the lemmas establishing the behavior of SGD under various learning rate schemes,
we introduce some notation. We recount that the SGD update rule denoted through:

Wi =wi1 — 0V f(Wio1)
We then write out the expression for the stochastic gradient V f(w;_1).

Vf(Wtfl) = XtX;r(Wtfl - W*) — 61Xy,

where, given the stochastic gradient corresponding to an example (x;, y;) ~ D, with y, = (w*, x;) +
€, the above stochastic gradient expression naturally follows. Now, in order to analyze the contraction
properties of the SGD update rule, we require the following notation:

Pt:I—’r]tXtX;r.

Lemma 5. [For e.g. Appendix A.2.2 from [JKK™ 16|]]] Bias-Variance tradeoff: Running SGD for
T'—steps starting from wq and a stepsize sequence {nt}le presents a final iterate wr whose excess
risk is upper-bounded as:

<H,]E[(WT—W*)®(WT—W*)]> SQ (<H,E[PTPl(Wo—W*)®(W0—W*)P1PT]>

T
+<H’ZUEE[ : PT+1nT®nT T4+1° >)
T=1
=0

where, P, =1 —n; - xyx, and n; = e;x4. Note that E [ng|F;_1] = 0 and E [ny @ n¢|Fi_1]
where, F;_1 is the filtration formed by all samples (x1,y1) - - - (X¢—1, Yr—1) until time t.

’H,

Proof. One can view the contribution of the above two terms as ones stemming from SGD’s updates,
which can be written as:

Wi =wWi_1 — 1V f(wi—1)
wi — W = (I —mxexy) (Wi — W) + 1eny
T
Wi —W* =P Pi(wo— W)+ Y P Prpanen,

T=1

From the above equation, the result of the lemma follows straightforwardly. Now, clearly, if the noise
e and the inputs x are indepdent of each other, and if the noise is zero mean i.e. E [¢] = 0, the above
inequality holds with equality (without the factor of two). This is true more generally iff

E [ex(i)x(j)x(k)} —0.

For more details, refer to [DB15al].

Now, in order to bound the total error, note that the original stochastic process associated with SGD’s
updates can be decoupled into two (simpler) processes, one being the noiseless process (which
corresponds to reducing the dependence on the initial error, and is termed “bias”), i.e., where, the
recurrence evolves as:

W?ias —wr = Pt(W?Mﬁ W*) (8)

The second recursion corresponds to the dependence on the noise (termed as variance), wherein, the
process is initiated at the solution, i.e. wi'" = w* and is driven by the noise n;. The update for this

process corresponds to:

wit —w* = P(w¥, — w") + meng, with wi¥ =w 9

t
Z . ‘r+1 777717)~
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We represent by B; the covariance of the ¢ iterate of the bias process, i.e.,
B, =E [(wgias —w) (whi w*)T]
=K [PtBtflptT] =E[P,---P.ByP, - P,]

The quantity that routinely shows up when bounding SGD’s convergence behavior is the covariance of
the variance error, i.e. V; := E [(W}* — w*) ® w}* — w*)]. This implies the following (simplified)
expression for V;:

Vi =E[(w;" —w") @ (W —w7)]

(ZPt Pri1- (g > <Z PPy - (ﬂ;n;)ﬂ

- Z]E Pr--- Pryy(rne) @ (1pnr ) Prigy -+ Pr]

- Z UEE . ‘r+1n'r ® nTP’T+1 PT]

Firstly, note that this naturally implies that the sequence of covariances V., 7 = 1, - - - , T  initialized
at (say), the solution, i.e., Vy = 0 naturally grows to its steady state covariance, i.e.,

ViV = 2V

See lemma 3 of [JKK™17a] for more details. Furthermore, what naturally follows in relating V; to
Vi_1is:

Vi 2E[PVio1 B ] +nfo”H. (10)
O

Lemma 6 (Lemma 5 of [JKK™ 17al]). Running SGD with a (constant) stepsize sequence n < 1/ R?
achieves the following steady-state covariance:

2

no
o X —1L.
Voo = 1—77R2

Lemma 7. Suppose n = 1/2R?, and Vy = I = 21021 For any sequence of learning rates

n <n=1/2R2Vte {1, -t} then,

1— 7]R2

V; < 20’1 V t.

Proof. We will prove the lemma using an inductive argument. The base case, i.e. ¢ = 0 follows from
the problem statement. Note also that for SGD, Vi = 0 implying the statement naturally follows. If,
say, V; satisfies the equation above, from equation [0 we have the following covariance for V;1:

Vitr 2 E[PViP] 4+ nio"H
= E [(I— nexex, Vi (I = nexix )] + 7 0°H
=< 2no’E [(I nexex; ) (I — nexex, )] +n?c’H
< 20?1 — dnpno*H + 2n; Zno? R*H + nt202H
< 20?1 — 2nno’H + nfoQH
= 20T +n; - (, — 2n)o*H
< 20”1,
from which the lemma follows. O

Lemma 8. (Reduction from Multiplicative noise oracle) Let V; be the (expected) covariance of
the variance error. Then, the recursion that connects Vi to V; can be expressed as:

Viyr = (I = nH)V,(I - n,H) + 2nfc’H

14



Proof. From equation[I0] we already know that the evolution of the co-variance of the variance error
follows:

Vie1 RE[PV.P]] +njo’H
SE[I-nH)V,(I-nH)] + U?E [tht Vixix, ] + 77t o’H
= (I—nH)Vi(I - nH) + 07 |Vi ]|, R°H + nfo°H
= (I—pH)Vi(I - nH) + 17 - 200°R°H + 0 0’H
< (I —nH)Vi(I - nH) + 20/ 0”H.
Where the steps follow from lemma and owing from the fact thatn; < n = 1/2R? V t. O

Note: Basically, one could analyze an auxiliary process driven by noise with variance off by a factor
of two and convert the analysis into one involving exact (deterministic) gradients.

Lemma 9. [Bias decay - strongly convex case] Let the minimal eigenvalue of the Hessian p =
Amin(H) > 0. Consider the bias recursion as in equation@ with the stepsize set as 1 = 1/(2R?).
Then,

E [[jwpe - w[[}] < (0 - 1/2r)E [[wi -]
Proof. The proof follows through straight forward computationS'
E |[wi = w o] <E [[wis - w[l;] - 20 [[wh™ - w
= E [||wh = w 3] - o [[|wh — w5
< (1= B [wi= = w|[3]

where, the first line follows from the fact that E [||xt ||2 XX, ] = R?H and the result follows through
the definition of k. O

} +?R%E |:Hwbla§ W

s

Lemma 10. /Reduction of the bias recursion with multiplicative noise to one resembling the
variance recursion/ Consider the bias recursion that evolves as

B, =E [(wy — w*)(w, — w*)T] =E[I- yixyx) ) By_1 (I — %xtxj)] with By = (wo—w")(wq
Then, the following recursion holds Vv, < 1/R?:

By < (1— 7H)B; (I - %H) + 77 R |wo — w*||* H.
Proof. The result follows owing to the following computations:

B, =E [(wy — w*)(w; — w*)T]

=K [(I - ’fotX:)Bt_l(I - ’ytxtx;)]
= (I-yH)B;_1(I-vH)+~/E [(x, { Bi_1xy) thﬂ
(I—9H)Bi1(I = %H) + E[|| Be-1,] R*H
(I—vH)B;_1(I—H) +7/E |[we_1 — W*Hg} R°H

IA

IA

= (1= H) By (1= 3H) + 978 [[[wo — w* 3] F2H

with the last inequality holding true if the squared distance to the optimum doesn’t grow as a part of
the recursion. We prove that this indeed is the case below:

2

)

<E|Iwe-z = wI5] = 291 [[wimz = W' lIf] + 921 R2E [ wems — w7 ]

*

E |||lwie1 — w*||§} =E ||wi—2 — VXX — W

< B [lwi-a = w'l3] = i [ wea — wIIf]

<E [iwis —w3]

Recursively applying the above argument yields the desired result. O
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Note: This result implies that the bias error (in the smooth non-strongly convex case of the least
squares regression with multiplicative noise) can be bounded by employing a similar lemma as that
of the variance, where one can look at the quantity 12 - |[wo — w*||3 as the analog of the variance o
that drives the process.

Lemma 11. /[Lower bounds on the additive noise oracle imply ones for the multiplicative noise
oracle] Under the assumption that the covariance of noise ¥ = o*H, the following statement holds.
Let V, be the (expected) covariance of the variance error. Then, the recursion that connects V11 to
Vi can be expressed as:

Vi1 = E [T — nexex) )Vi(I — mixix, )] + nfo’H
Then,
Vi1 = I —nH)V,(I - nH) + nfo’H

Proof. Let us consider firstly, the setting of (bounded) additive noise. Here, we have:
Vf(we) = H(w, — w*) + (, with E [¢;|w¢] = 0, and E [¢:¢)" [wy] = 0?H.

Then, updates leading upto time ¢ + 1 can be written as:

t+1 t+1 t+1
Wi —w' = [[(T—n-H)(wo - w") + Z ne [ @—=n-H)G
=1 T=7'41

This implies the covariance of the variance error is:

_ t+1 t+1 t+1 t+1
‘/t-i-l <Z Nt H I - UTH)CT/> & Z n: H I - nTH)CT”

T=7'+1 T=1""+1
t+1 t+1 7' +1
= Z 7772—’E H (I - WTH)CT' ® G H (I - UTH)
T'=1 T=7'+1 T=t+1

= (I - H)V,(I - e H) + 97 0°H.
Now, let us consider the statement of the lemma:

Vigr = E [(IT— nesrxe1x 0 ) Vi — ngaxeax) )] + nfp0°H
= (I = H)V,I - H) + 0/ 4E [(Xt+lxt+1 — H)V;(xi11%0 11 — H)| + 7, ,0°H
= (T = et H) V(I = 11 H) + 170 ” HL
Unrolling the above argument and straightforward induction, we see that V;, 1 >= Vi, implying that

the process driven by the multiplicative noise oracle can be lower bounded (in a PSD sense) by one
that employs deterministic gradients with additive noise. O

B Proofs of results in Section 3.1

Theorem 12. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:

V(W) = Vf(w)+ ¢ =H(w—w") +,
where,

E[¢|w] =0, and, E [(¢"|w] = 0°H

The following lower bounds hold on the final iterate of a Stochastic Gradient procedure with access
to the above stochastic gradients when using polynomially decaying stepsizes.
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Strongly convex case: Suppose i > 0. For any condition number k, there exists a problem instance
with initial suboptimality f(wq) — f(w*) < od such that, for any T > k3, and for all a,b > 0

and 0.5 < a < 1, and for the learning rate scheme 1, = H%, we have
T o’d &k
E — ) > —_— — * —_— =
[F(wr)] — F(w*) = exp ( mgT) (Fwo) = Fw) + 2 2

Smooth case: For any fixed T' > 1, there exists a problem instance such that, for all a,b > 0 and

0.5 < a <1, and for the learning rate scheme 1, = 7%=, we have

1
\/TlogT'

Proof. Strongly convex case: The problem instance is simple. Consider the case where the inputs

are such that in every example x, there is only one co-ordinate that is non-zero. Furthermore, let each

co-ordinate be Gaussian with mean zero and variance for the first d/2 co-ordinates be dx /3 whereas
dr/3

E[f(wr)] = f(w") = (L+ [[wo — w* | + 0%d) -

the rest be 1. This implies H = - 1 , where the first g diagonal entries are equal

to /3 and the remaining g diagonal entries are equal to 1 and all the off diagonal entries are equal to
zero. Furthermore, consider the noise to be additive (and independent of x) with mean zero. Finally,

. , N2
let us denote by vtl) g [(wél) — (W*)(z)) } the variance in the ™ direction at time step ¢. Let
the initialization be such that v{” = 302 /k fori = 1,2,...,d/2 and v} = o2 fori = d/2 + 1, ..., d.

This means that the variances for all directions with eigenvalue x remain equal as ¢ progresses and
similarly for all directions with eigenvalue 1. We have

2 T o
o S | (wf? =) )| =TT = /ol Vo330 T (- m/a) na

j=1 71 i=j+1
T

d) def d (@) 2 d

U;)eE{(W;)(W YV = TLa = ()+022% H (1 )2
Jj=1 J=1 i=j+1

We consider a recursion for vt(i) with eigenvalue \; (x or 1). By the design of the algorithm, we know

vt(+)1—(l—nt)\)2 ()+)\J n?.

Let s(n,\) = % be the solution to the stationary point equation x = (1 — n\)? + Aon?.
()

Intuitively if we keep using the same learning rate 7, then v, ’ is going to converge to s(7, \;). Also
note that s(n, \) ~ o?1/2 when n\ < 1.

We first prove the following claim showing that eventually the variance in direction ¢ is going to be at
least s(nr, A;).

Claim 1. Suppose s(n:, A;) < v(()i), then vgi) > s(me, Ai)-

Proof. We can rewrite the recursion as
oy = s M) = (1= medi)” (0f) = s(m ).
(@)

In this form, it is easy to see that the iteration is a contraction towards s(7;, ;). Further, v,/ —
s(n, A;) and v( D _ s(n¢, A;) have the same sign. In particular, let ¢ be the first time such that

s(ne, Ai) < v(() (note that 7, is monotone and so is (7, \;)), it is easy to see that vt(i) > v(()i) when

t < to. Therefore we know vg) > $(nt,, \i), by the recursion this implies vt(é)Jrl > 5Ny, Ai) =

$(Mto+1, Ai). The claim then follows from a simple induction. O
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If s(nr, A;) > 3" fori = 1 ori = d then the error is at least 02d/2 > ro2d/T and we are done.

Therefore we must have s(nr, k) < vél) = 30?/k, and by Claimwe know vgpl) > s(nr, k) >
0277T /2. The function value is at least

d 1 d/wznT
E[f(wr)] = f(w") 2 5 - r é)z .

2 12
To make sure E [f(wr)] — f(w*) < 95 61 we must have nr < &=. Next we will show that when
this happens, v( ) must be large so the function value is still large.
We will consider two cases, in the first case, b > T*. Since 16—T >nr = b-s-% > 2 55> We have
4 < . Therefore ol > (1 - %)2Tv(()d) > 02/2, so the function value is at least E [f(w;)] >
d ;d) > d% > "“%ﬂ’ , and we are done.
In the second case, b < T. Since 137 > nr = e > gaas we have a < £T°~!. The sum of

learning rates satisfy

i~ <0.125log T.

OO\'—‘

T T a T
DomS<Y <D
=1 =1 t =1

Here the second inequality uses the fact that 7% 15~ < =1 when i < T'. Similarly, we also know
ZZT n < Zl 1(0.125)2i72 < 7r2/384 Using the appr0x1mat10n (1 —u)? > exp(—2u — 4u?)
for u < 1/4, we get v( ) > exp(— 22 1M — Z 1M )v(d) > ¢2/5T'1, so the function value
is at least E [f(wy)] > 4 v(Td) > 1‘;‘;4 > '?,g‘} This concludes the second case and proves the
strongly convex part of the theorem.

Smooth case: The proof of this part is quite similar to that of the strongly convex case above but
with a subtle change in the initialization. In order to make this clear, we will do the proof from
1

scratch with out borrowing anything from the previous argument. Let H = T ,

where the first 4 5 diagonal entries are equal to 1 and the remaining 5 dlagonal entries are equal

to ; and all the off diagonal entries are equal to zero. We will use Kk = ﬁ' Let us denote by

, . N2
vy) i g {(wiz) - (w*)(l)) } the variance in the i'" direction at time step t. Let the initialization
be such that v(()i) =o0?/kfori=1,2,...,d/2 and voi) = o2 fori=d/2+1,...,d. This means that

the variances for all directions with eigenvalue x remain equal as ¢ progresses and similarly for all
directions with eigenvalue 1. We have

- T

o040 (s o)) =TT 402338 T (1) and
j=1 j=1 i=j+1

véﬂd)défE{(wgi)_ ) } H 7712 ()+UQZ77 H (1—m)".

j=1 j=1 i=j+1

We consider a recursion for vt(i) with eigenvalue \; (1 or %). By the design of the algorithm, we know

vty = (1= md)o)” + N

Let s(n,\) = % be the solution to the stationary point equation = = (1 — nA)? + \o?n?
Intuitively if we keep using the same learning rate 7, then vt( s going to converge to s(n, ;). Also
note that s(n, \) ~ o?n/2 when n\ < 1.

18



If s(nr, A;) > v$") fori = 1 or i = d then the error is at least 02d/2x > rod/T and we are done.

Therefore we must have s(nr, k) < vél) = 30?/k, and by Claimwe know vgpl) > s(nr, k) >
0277T /2. The function value is at least

|

2
o) > dor,

E[f(wr)] - f(w") > .

To make sure E [f (wr)] — f(w*) < % we must have np < Next we will show that

K
16T logT*
when this happens, U(Td ) must be large so the function value is still large.

K J— a
6T1ogT = 1T = piTa = 350 We

STlogT- Iherefore Uéfi ) > (1-— %)QTU(()d) > 02/2, so the function value is at least
Elf(w)] - f(w)>4.1 'U(Td) > ‘%2 > %—Uz, and we are done.

K

We will consider two cases, in the first case, b > T'*. Since

have § <

« : K _ a _a a—1
In the seconq case, b < T . Since T6Tlog T >nr = e > 57, wehave a < 810gT/fT . The
sum of learning rates satisfy

a T
— ki~ < 0.125k.
e z:: 8logT < 0.125x

MH
ﬁMﬂ

Il
-

i

Here the second inequality uses the fact that 7%~ 13~ < !, Similarly, we also know
T

Using the approximation (1—u)? > exp(—2u—4u?) foru < 1/4, we get vy (@ > exp(— 2ZZ 1 E—
421 1 52) o > 0?/5, so the function value is at least E [f(w;)] > £ - L. véfi) > % >
m \F This concludes the second case and proves the strongly convex part of the theorem. Since

(0.125k/log T)?%i~% < n%K?/384.

HMH

[|H] - ||wo — w* || = do?, we have
1
E \%Y% — W* > 27. 1 L > (- _ * 12 2 -
[f(wr)] = f(W") = 0”d - min (TlogT’lO hT) 2 ( lwo —w™||“ + 0 d)

This proves the theorem. O

Proof of Theorem([l] The proof of theorem [I| follows straightforwardly when combining the result of
lemma [TT] and theorem O

C Proofs of results in Section 3.2

Theorem 13. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:

V(W) = Vf(w)+ ¢ =H(w—w") +,
where,
E[¢|w] =0, and, E [(¢"|w]| = 6°H

*

Running Algorithmwith an initial stepsize of 11 = 1/ R?, starting from the solution, i.e. Wg = W
allows the algorithm to obtain the following dependence on the variance error:
dé?log T

E[f(wi)] = f(w") < 2——
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Proof. The learning rate scheme is as follows. Divide the total time horlzon T into log T phases,
each of length - L In the /" phase, the learning rate is set to be STRE RQ The variance in the k"
coordinate can be bounded as

T
o< T 032 T (1)’
j=1

_J-i,-l

T
< exp —2an)\(k) vék)

j=1
logT T/logT 2j  logT T/logT
1 (R A(R)

k) 52 - 1—- -2 . 1- 2

g ; 920(R2)2 ; ( ZK(RQ)) ugrl ( 2uR2>

20 T\ 1 o P AR
< _ . AR 52
= eXp( R logT) + Z 20(R2E AR UEIIQXP T2 R2log T

22 T\ gy 8T AT
< - . —_— . 11
- exp( R? logT) * Z 20 R2 uglexp( QuRQIOgT> (h

Let * & max (O7 |log (% . %)J) We now split the summation in the second term in into
two parts and bound each of them below.

0* A2 log T

AR AT
Z Z 2 H exp( 2”R210gT> 225 2 H exp( )

u R2
P i1 2uR?logT
ta2
A" g ¢
= Z 20 R2 H exp ( 2 ) Z 20 R2 €xp (72 )
u=~+1

~2 ~2 ~9

o ) ot o 6% logT
S 5F e ;12 eXp( 2 ) SormSam T (12)

For the second part, we have

log T ~9 log T (k) log T ~9 log T ~9 ~9
DA | e R B A o .
2t R2 2t R?logT 2! R2 20" R2 *® T
(=041 u=0+1 (=041 (=041
(13)
Plugging (12)) and (T3) into (T), we obtain
(k) A2
(k) 72)\ ) T (k) 26 ) IOgT
vre = eXp( R logT> BT
The function suboptimality can now be bounded as
d
E[f(wi)] - f(w") =Y A® -of

k=1
d

22k 262 logT

(k) _ : (k) L 20 108
= ;)\ (exp( R2 logT> Yot () T > '
d
v N LlogT .o logT logT
E[f(wi)] - f(w ><Z( v 267 )—2( ) =5
k=1
O
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Proof of Theorem[Z] Smooth case: The result follows by instantiating 62 in theorem [13| with 202
2 2 . .
(lemma and R* [|[wo — w*||5 (lemma ) and using the lemmato obtain the result.

Strongly convex case: As with the smooth case, the result relies on instantiating theorem [13] with
202 (lemma8)) and using lemma @] and then appealing to lemma

Proposition 14. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:

VF(w) = Vf(w)+¢=Hw—w")+(,
where,
E[¢|w] =0, and, E [(("|w] < o’H

There exists a stepsize scheme with which, by starting at the solution (i.e. wo = W™ ) the algorithm
obtains the following dependence on the variance error, under the assumption that ;1 > 0 and k > 2.

2

E[f(wr")] — f(w*) <50logy k- %Z.

Proof. The learning rate scheme is as follows.

We first break T into three equal sized parts. Let A = T'/3 and B = 27'/3. In the first T'/3 steps, we
use a constant learning rate of 1/R2. Note that at the end of this phase, (since 7 > &) the dependence
on the initial error decays geometrically. In the second 7'/3 steps, we use a polynomial decay learning
rate Na4¢ = m In the third 7'/3 steps, we break the steps into log, (k) equal sized phases.

In the /™ phase, the learning rate to be used is 52?52; . Note that the learning rate in the first phase

depends on strong convexity and that in the last phase depends on smoothness (since the last phase
has ¢ = log k).

Recall the variance in the k™ coordinate can be upper bounded by

T T T
v TE {(wéf“) - (w*)“))z] S mM’f))zvé” A0y I (1~ m)\(’f))z
Jj=1 J=1

i=j+1

T T T
<exp| -2 Z nj)\(k) U(()l) + AR 2 Z 77]2 exp | —2 Z m)\(k)
j=1

Jj=1 i=j+1

We will show that for every k, we have
o < 07 SOlogs
T =73 AR T N

which directly implies the theorem.

(14)

We will consider the first 7'/3 steps. The guarantee that we will prove for these iterations is: for any
t< Ao < (1 - Ak R2)2 (M 4 oo

This can be proved easily by induction. Clearly this is true when ¢ = 0. Suppose it is true for ¢t — 1,

let’s consider step t. By recursion of vgk) we know

vt(k) =(1- )\(k)/Rz)2U§E)1 + )\(k)JQ/(RQ)Q

2
k g
< (L= A0/ + 2 (1= 2®/R2)2 + 20 /R2)
2
k g
< (1 _ )\(k)/RQ)ZtU((J ) + ﬁ
Here the second step uses induction hypothesis and the third step uses the fact that (1 — 2)? +x < 1
when 2 € [0, 1]. In particular, since (1—\*) /R?)?T/3 < (1-1/kr)?T/3 < (1-1/k)?#108T = 1/T°,

we know at the end of the first phase, quk) < v(()k) / T3 + %22.
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In the second T'/3 steps, the guarantee would be: for any t < T'/3, vfﬂt < vék) /T2 +2na 402

We will again prove this by induction. The base case (¢ = 0) follows immediately from the guarantee

for the first part. Suppose this is true for A + ¢ — 1, let us consider A + ¢, again by recursion we know
k k

”,(Lxlt =(1- )‘(k)nAth*l)Q”x(LXlt—l + A%,

1
< U(()k)/T3 + 2na4i—10” ((1 B pa )+ 2/\(k)77A+t—1>

1
<08 T® + 2044 0-102(1 — §/“IA+t—1) < 0§ T® + 204400

Here the last line uses the fact that 2n4¢—1(1 — %,unAH,l) < 2144402, which is easy to verify by

our choice of 7. Therefore, at the end of the second part, we have Ug) < vék) / T3+ M%;/G)

(k)

BT at

Finally we will analyze the third part. Let T = T/31og, k, we will consider the variance v
the end of each phase. We will make the following claim by induction:

Claim 2. Suppose 2¢ - 11 < X% then

k k -
UEBJ)rZT < v%) exp(—30) + 212\ F o2,

Proof. We will prove this by induction. When ¢ = 0, clearly we have vg) < vg) so the claim is true.

Suppose the claim is true for ¢ — 1, we will consider what happens after the algorithm uses 7, for T
steps. By the recursion of the variance we have

®) (k) . — 9, - NE)T & 2y (k) 2
Vyi S U g eXP(=2ne - BT 4+ T Ao,

Since 2¢ - 1 < A, we know exp(—21, - \*)T") < exp(—3). Therefore by induction hypothesis we
have

vg?rﬁ < vgc) exp(—30) + exp(—3) - 212 AF) + T2 \®) < vgc) exp(—30) + 2T A%,

This finishes the induction. O

By Claim Let £* denote the number satisfying 2¢° - 1 < \¥) < 2¢°+1 ., by this choice we know
/A% > L exp(—3¢*) we have

k k k * -
o <ol <ol exp(=30) + 2002 Ao

(k) 2
Vg 240 50logy ko
=7 Tawr e 7

ﬁ 50logy k4

STt mr C

Therefore, the function value is bounded by E [f(w¥r)] — f(w*) = S0, A < S0logy

i=1

o2d. O

Proof of proposition[3} The proof of the proposition works similar to the proof of the strongly convex
case of theorem 2] wherein, we combine the result of proposition [[4] with lemma [9]and lemma 5|to
obtain the result.

D Proofs of results in Section

All of our counter-examples in this section are going to be the same simple function. Let the inputs x
be such that only a single co-ordinate be active on each example. We refer to this case as the “discrete”
case. Furthermore, let each co-ordinate be a Gaussian with mean 0 and variance for the first d/2
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directions being dx/3 and the final d/2 directions being 1. Furthermore, consider the noise to be
additive (and independent of x) with mean zero. This indicates that R? = x for this problem.

Intuitively, we will show that in order to have a small error in the first eigendirection (with eigenvalue
k), one need to set a small learning rate 7; which would be too small to achieve a small error in the
second eigendirection (with eigenvalue 1). As a useful tool, we will decompose the variance in the
two directions corresponding to « eigenvalue and 1 eigenvalue respectively as follows:

- T
o défE[(w(T”—(w*)m)Q | (EEL +mzznj H (1— k)
i j=1

i=j+1
T
> exp —2ann (1) + ko? Zn exp | —2 Z nik | and 15)
j=1 i=j7+1
. 21 L
vé?)dgE [(wé?) f(w*)(z)) H — ) +02277] H (1—m)°
J j=1 1=j+1

> exp —2277] —1—02277jexp -2 an . (16)

i=j+1

Theorem 15. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:

VI(w) = Vf(w)+¢=H(w-w)+,
where,
E[¢|w] =0, and, E [(¢"|w] = c°H

There exists a universal constant C > 0, and a problem instance, such that for SGD algorithm with
any 1 < 1/2k for all tE] we have

E _ *
o EVOD = F0)
T—oo (02d/T) log(k + 1)
Proof. Fix 7 = k/C'log(k + 1) where C'is a universal constant that we choose later. We need to
exhibit that the lim sup is larger than 7. For simplicity we will also round & up to the nearest integer.
Let T be a given number. Our goal is to exhibit a T > T such that fwg)—fw?) > 7. Given the

(a2/T)
step size sequence 1, consider the sequence of numbers 7o = T, T3, - - - , T}, such that T; is the first

number that
T;
< > m<
t=T;_1+1

x|
x| w

Note that such a number always exists because all the step sizes are at most 2/x. We will also let A;
be T; — T;_;. Firstly, from 1i and , we see that Zt 1y = oo. Otherwise, the bias will never

2
decay to zero. If f(wrp,_,4a,) — f(W*) > Tii%-dA, for some i = 1,--- , k, we are done. If not, we
obtain the following relations:

exp(3 N 2
— < O'QZnTOth ®) -E |:(W§~10)+A1 (w )(1)> }

R

exp(3)ro?

< exp3)(f(Wry4a,) — f(WF)) < To + Ay

=Ty < (exp(3)7' — 1) Aq.

>Learning rate more than 2/ will make the algorithm diverge.
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Here the second inequality is based on (15). We will use C to denote exp(3). Similarly, we have

o’ 2 = 2 Ch (1) (D)2 N Cy7o?
2, <o ;ﬁﬂﬂ <K {(WT&AZ —(w") ) } < Ci(f(Wr4a,) — f(w")) < T
_1)?
=T < (ClT — 1) Ay, = Tp< MAQ
Cl’T
Repeating this argument, we can show that
i — 1)’ Cir—1)y7"
(ClT) (017')]
We will use ¢ = 1 in particular, which specializes to
_1)y?
T < %A]‘ Vij=>2.
(Ci7)’
Using the above inequality, we can lower bound the sum of A; as
K K (ClT)j_2 1 K ( 1 >j—2
A>Ty - — > T = 14+ —
R ST R M G
1
>Th- G exp (5/(C17)). a7
This means that
d 2 2)\? =
E[f(wr)] = f(w') = 5 E [(ng - (w9)®) ] > exp(=6)0’d - Y
i=1
S exp(—6)o?d S exp(—6)o?d o eXP (k/(CyT) — 3) o%d
- Aq - T - Cit Z;ZQ Aj’

where we used (I7) in the last step. Rearranging, we obtain

E[fwr)] = f(w") _ exp (r/(Ci7) = 3)
(02d/T,) - Cir

exp((C/C1)log(k+1)—3) >

If we choose a large enough C (e.g., 3C1), the right hand side is at least
O

Proof of theoremd] Theorem [] follows as a straightforward consequence of Theorem [T3] and
lemma [Tl O

Theorem 16. There exists universal constants Cy,Co > 0 such that for any 7 < where

CCy 10';(n+1)
C is the constant in Theorem[| for any SGD algorithm and any number of iteration T > 0 there
exists a T' > T such that for any T € [T', (1 4 1/Co7)T'] we have % > 7
Theorem 17. Consider the additive noise oracle setting, where, we have access to stochastic
gradients satisfying:

Vi(w) = Vf(w)+¢=Hw—w)+¢
where,
E[¢|w] =0, and, E [(("|w] = o’H

. . o .
There exists universal constants Cy,Cs > 0 such that for any ™ < CO s (T 1) where C is the

constant in Theorem{| for any SGD algorithm and any number of iteration T’ > 0 there exists a

T > T such thatforanyrf’ € [T', (14 1/Co7)T’] we have W >

24



To prove Theorem[I7] we rely on the following key lemma, which says if a query point w is bad
(in the sense that it has expected value more than 10702d/T), then it takes at least Q(7'/7) steps to
bring the error back down.

. . ) "
Lemma 18. There exists universal constants Cy1,Cs > 0 such that for any T < CO g (i T 1) where

C is the constant in Theo~rem suppose at step T, the query point wr satisfies f(wr) — f(w™*) >
C170%d/T, then forall T € [T, (1 + é)T] we have B [f(w;)] — f(w*) > 70%d/T > 102d/T.

Proof of Lemmal[I8 Since f(wr) — f(w*) > C1702d/T and
d (1) WY | (@ @)” ~

f(wr) = AL (WT — (w*) ) + (WT — (w*) ) , we know either

2 2
(wg,}) - (w*)(l)) > C1702%/2kT or (wg) - (w*)(2)) > Cy702/2T. Either way, we

. N2

have a coordinate ¢ with eigenvalue \; (x or 1) such that (w(Tl) - (W*)(z)) > C170%/(2TN\).
Similar as before, choose A to be the first point such that

Nr41 +Nrse + -+ nraa € [1/Xi, 3/ M)

_ . 2
First, by 1) or lb we know for any T < T < T + A, E |:<W¥) _ (w*)(%)) } >

exp(—6)C1702/(2\;T) just by the first term. When we choose C; to be large enough the con-
tribution to function value by this direction alone is larger than 7o /T'. Therefore every query in
[T, T + A] is still bad.

'1:'+A 2

. . 2._
We will consider two cases based on the value of 5% := > = 1 5

If S? < Co7/(A2T) (where C, is a large enough universal constant chosen later), then by Cauchy-
Schwartz we know
T+A

STAZ (Y mp)? = /A
T=T+1

Therefore A > T'/Ca7, and we are done.
If S% > Cy7/(N2T), by Equation and (16) we know

T+A T+A

. N2
[ - 2 3 e 3
T=T+1 j=T+1
T+A
> exp(—6)0> Z 773: > exp(—6) - Coto?/(NIT).
T=T+1

Here the first inequality just uses the second term in Equation (I3) or (I6), the second inequality

is because Z;‘FITA S E;‘FITA 4175 < 3/Xi and the last inequality is just based on the value

of S2. In this case as we can see as long as Cs is large enough, T + A is also a point with
. N2
E[f(wria)] — f(w*) > ME [(wgﬁlA - (W*)(l)) } > 1702 /(T + A), so we can repeat the

argument there. Eventually we either stop because we hit case 1: S? < Co7/A2T or the case 2 5% >
Co7 /2T happened more than T'/Cy 7 times. In either case we know for any 7" € [T, (1 4+ 1/C3)T]
E[f(wz)] — f(w*) > 70?/T > 70*/T as the lemma claimed. O

Proof of Theorem[I7] Theorem[I7]is an immediate corollary of Theorem[T5]and Lemma[I8] O
Proof of Theorem[I6] Theorem [I6]is an immediate corollary of Theorem[I7]and lemma [T1] O
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E Details of experimental setup

E.1 Synthetic 2-d Streaming Least Squares Experiments

As mentioned in the main paper, we consider four condition numbers namely « € {50, 100, 200, 400}.
We run all experiments for a total of 2, = 400% = 160000 iterations. The two eigenvalues of the
Hessian are 1 and 1/x respectively and the noise level 02 = 1 and we average our results with five
random seeds. All our grid search results for the polynomially decaying learning rates are conducted
on a 8 x 8 grid of learning rates x decay factor and whenever a best run lands at the edge of the grid,
the grid is extended so that we have the best run in the interior of the grid search. For the step decay

schedules, note that we fix the learning rate (details below), and vary only the decay factor.

For the O(1/t) learning rate, we search for decay parameter over 8—points log-spaced between
{1/(200k),5000/x}. The starting learning rate is searched over 8 points logarithmically spaced
between {1/k,5}.

For the O(1/+/t) learning rate, the decay parameter is searched over 8 logarithmically spaced points
between {1/(2500x), 100/x}. The starting learning rate is searched between {1/(10x), 5} with 8
logarithmically spaced points.

For the step decay schedule experiments, we kept the initial learning rate to be 0.1 and
swept over when to decay in multiples of T/logT, ie., vary some parameter ¢ €
{0.25,0.5,0.75,1.0,1.25,1.5, 2, 4} where the learning rate decays by a factor of 2 every ¢ - T'/logT
steps. We found that the values chosen in most experiments were very close to 1, i.e., they were either
1 or 1.25 or some very rare cases, 1.5.

With regards to the suffix iterate averaging, we used a constant stepsize of 0.1 and averaged iterates
over the final half of the iterations.

E.2 Non-Convex experiments on cifar-10 dataset with a 44-layer residual net

As mentioned in the main paper, for all the experiments, we use the Nesterov’s Accelerated gradient
method [Nes83]] implemented in pytorchE]with a momentum set to 0.9 and batchsize set to 128, total
number of training epochs set to 100, ¢5 regularization set to 0.0005.

With regards to learning rates, we consider 10—values geometrically spaced as {1,0.6, - -- ,0.01}. To
set the decay factor for any of the schemes such as[5l6l and[7] we use the following rule. Suppose we
have a desired learning rate that we wish to use towards the end of the optimization (say, something
that is 100 times lower than the starting learning rate, which is a reasonable estimate of what is
typically employed in practice), this can be used to obtain a decay factor for the corresponding decay
scheme. In our case, we found it advantageous to use an additively spaced grid for the learning rate
V¢, i.e., one which is searched over a range {0.0001, 0.0002, - - - ,0.0009,0.001, - - - ,0.009} at the
80'" epoch, and cap off the minimum possible learning rate to be used to be 0.0001 to ensure that
there is progress made by the optimization routine. For any of the experiments that yield the best
performing gridsearch parameter that falls at the edge of the grid, we extend the grid to ensure that
the finally chosen hyperparameter lies in the interior of the grid. All our gridsearches are run such
that we separate a tenth of the training dataset as a validation set and train on the remaining 9/10%"
dataset. Once the best grid search parameter is chosen, we train on the entire training dataset and
evaluate on the test dataset and present the result of the final model (instead of choosing the best
possible model found during the course of optimization).

Shttps://github.com/pytorch
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