Supplementary Appendix for “Online Sampling from
Log-Concave Distributions'

A Results in the offline setting

In the offline setting, we have access to all the f;’s from the start. Our goal is simply to generate a

sample from the single target distribution 77 () < e~ >i21 f1(®) with TV error e. Since we do not
assume that the f;’s are given in any particular order, we replace Assumption 2 which depends on the

order in which the functions are given, with an assumption (Assumption 4) on the target Zthl fi(x)
which does not depend on the f;’s ordering. In place of working with the sequence of distributions

71, T2 . .. which depend on the f;’s ordering, we introduce an inverse temperature parameter 5 > 0
and consider the distributions w?(m) x e A Fi@) Ip place of Assumption 2, we assume:
Assumption 4 (Bounded second moment with exponential concentration (with constants

A,k > 0)). Forall % <pB<landalls>0, PXNTrQ{(HX -z > \/fﬁ) < AeFs,

Assumption 4 says the distributions w? become more concentrated as 3 increases from 1/7 to 1. By

sampling from a sequence of distributions 77761 where we gradually increase 3 from 1/7 to 1 at each
epoch, our offline algorithm (Algorithm 3 in the supplementary material) is able to approach the
target distribution 77 = 71 when starting from a cold start that is far from a sublevel set containing
most of the probability measure of 7, without requiring strong convexity. Moreover, since scaling

by /3 does not change the location of the minimizer * of 3 Z?:l fi(x), we can drop Assumption 3.

Theorem A.1 (Offline variance-reduced SGLD). Suppose that fi1, ..., fr satisfy Assumptions 1
and 4. Then there exist b, ), and imax which are polynomial in d, L, C, ™" and poly-logarithmic in
T, such that Algorithm 3 generates a sample X T such that |L(XT) — wr||1v < €. Moreover, the

total number of gradient evaluations is polylog(T) x poly(d, L,C,®,e~1) + O(T).

See Theorem D.2 for precise dependencies. The theorem could also be stated with a f, but we
omitted it for simplicity. As in the online setting, we do not assume strong convexity. Further, our
additive dependence on 7" in Theorem A.1 is tight up to log factors, since the number of gradient
evaluations needed to sample from a distribution satisfying Assumptions 1-3 is at least Q(7") due to
information theoretic requirements (we show this informally in supplementary Appendix H).

Compared to previous work in this setting, our results are the first to obtain an additive dependence
on 7" and polynomial dependence on the other parameters without assuming strong convexity. While
the results of [CFM™ 18] for SAGA-LD and CV-LD have additive dependence on T, their results
require the functions f1, ..., f7 to be strongly convex. Since the basic Dikin walk and basic Langevin
algorithms compute all 7" functions or all T’ gradients every time the Markov chain takes a step, and
the number of steps in their Markov chain depends polynomially on the other parameters such as d
and L, the number of gradient (or function) evaluations required by these algorithms is multiplicative
in T'. Even though the basic SGLD algorithm computes a mini-batch of the gradients at each step,
roughly speaking the batch size at each step of the chain should be Q1 (T") for the stochastic gradient
to have the required variance, implying that basic SGLD also has multiplicative dependence on T'.

B Proof of online theorem (Theorem 2.1)

First we formally define what we mean by “almost independent”.

Definition B.1. We say that X', ..., X" are c-approximate independent samples from probability
distributions 71, . . ., 7wy if for independent random variables Y; ~ , there exists a coupling between
(X, .., XTYyand (YL, ... ,YT) such that for each t € [1,T), X = Y with probability 1 — ¢.

B.1 Bounding the variance of the stochastic gradient

We first show that the variance reduction in Algorithm 2 reduces the variance from the order
of 2 to ¢2 ||z — #’||*, where @’ is a past point. This will be on the order of ¢ if we can ensure
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|z —2'|| = Or ( %) Later, we will bound the probability of the bad event that ||z — 2’| becomes

too large.

Lemma B.2. Fix z € R¢ and {uk}1<k<t and let S be a multiset chosen with replacement from
{1,...,t}. Let

t
t
g" = Vfo(e) + | Y Vi) | + 5 Y [V iilw) = O fi(un))- )
k=1 kes
Then
t 2 t2
E || g" —Zka(m) < zLQ m}iix||x—uk||2 5)
k=0
. 2
9" = > Vi(x)| <4L? max |l — ug]? . (6)
k=0
Proof. Let V be the random variable given by
t
V=1 (At - V@) - B 195 - Vil )
where k € [t] is chosen uniformly at random. Let V4, ..., V}, be independent draws of V. Note that

2 2
the distribution of ‘ g9t — ZZ:O V fix(z) H is the same as that of HZ?Zl V; H . Because the Vj are

independent,
t 2 b 2 b b T
Ellg =Y Vi@| | =E|D Vil | =t [E[[DVi][DV (8)
k=0 j=1 j=1 j=1
b T b
=t (B Y ViViT| | =D B [e(V;v;h)] = B[V, ©
j=1 | j=1
We calculate
t2
E[[V]*] = 32 Valkely (Vfi(u) =V fi(2)) (10)
t2
<5 ( E IV () —ka(x)||2]) an
kelt]
t 2
< b—QL m’?XHx — . (12)

Combining (9) and (12) gives the first part.

2
The final part follows because (12) implies Hzgzl V; H < 4202 maxy, ||z — ug?. O

B.2 Bounding the escape time from a ball
Lemma B.3. Suppose that the following hold:
1. F:R% = R is convex, differentiable, and L-smooth, with a minimizer x* € R?,

2. (; is a random variable depending only on Xy, . . . , X; such that E[(;| Xo, ..., X;] = 0, and
whenever || X; —a*|| < rforall j <1, ||(;]] < S.

Let X be such that || Xy — x*|| < r and define X; recursively by

Xit1 = Xi —ngi + V& (13)
where g; = VF(X;) + ¢ (14)
& NN(O,[d), (15)
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and define the event G := {||X; —2*|| < 7 V1 < j < imax}. Then for r? > || X —z*|® +

imax[20?(S? + L?r?) + nd] and C¢ > V2d,

. (’I”2 _ ||X0 — x*HQ _ imax[27]2(82 + LQTQ) + ﬁd])Q
I[D ¢ < max - T 1
(G°) <i [GXP ( 2imax (2nST + 2\/770§(T +nS+nLr)+ ,’70&2)2 (16)

+ ex <—C€2_d>] 17
p 3 - (17)

Proof. Note that if ||z — z*|| < r, then because F' is L-smooth, |VF(z)| < L|z — z*| < Lr. If
[IX; — z*|] <rand| ¢l <S,then

X1 — 2] = | X — 2% (18)
= || X; — a* — g + vu&il® - | X; — 2*||? (19)
= -2 (g5, Xi — %) +0? |lgal> + 2v/0 (Xi — % — g, &) + 0 ||&]I° (20)

= 2 (VF(X), Xi — a*) =20 (i, Xi — o) + 02 |gal|” + 27 (Xi — 2" — ngi, &) + 0 |&])

<0 by convexity

(21)
< —2n(G, X; — ) + 217 (HVF(%‘)HQ + ||Ci||2) + 2 (Xi —a* —ngi, &) +nl&ll? @2
< =20(G, X — o) + 207 (L2 + 8%) + 20 (X; — 2% — 1gi, &) +n [|& ] (23)

=22 (L%? + 8%) + nd —2n (¢, Xi — 2*) + 24/ (Xi — 2" —1gi, &) +0(|&> —d) . 24

()
Note that (*) has expectation 0 conditioned on Xy, ..., X;. To use Azuma’s inequality, we need our
random variables to be bounded. Also, recall that we assumed || X; — x*|| is bounded above by 7.
Thus, we define a toy Markov chain coupled to X; as follows. Let X, = X and

X! if | X]—a*||>r
/ _ 19 2
Xiy1 = { i —mngi +/n&;, otherwise (23)
where g; = VF(X]) + ¢, (26)
€ = min(Ce. &) @)
€ ~ N(0, Ly). (28)

Then Y := || X} — a*||> — i[2n2(S? + L?r2) + nd] is a supermartingale with differences upper-
bounded by

PR e
=20(Gi, X — 2*) + 20 (X] — 2 =g, &) +n(&I° — d),  1X] -2 <r
(29)
< 28+ 2y/1(r + (S + Lr))Ce +n(CZ — d) (30)
< 29Sr + 2/NCe(r +nS + nLr) + nC¢. (31)

By Azuma’s inequality, for X > 0 and for r2 > || X, — 2*||* + i[2n2(S2 + L*2) 4 nd),
P (1X; = a*11° = 1 Xo — 2*|1* — i[20%(S2 + L*r?) + nd] > 2 (32)

(33)

)\2
< —
= %P ( 2i(2nSr + 2/nCe(r + 1S + nLr) + nc§)2>
= P(|X; -2 >r) (34)

< oxn | — (r® — [ Xo — «*|” — i[2n°(S? + L*r?) + nd))?
=P\ T 20@20Sr 1 2/0Ce(r + nS + nLr) + nC2)?

(35)
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If | X; — x*|| > r for some ¢ < iyax, then either || X[ — z*|| > r for some i < 4yax, or X; otherwise
becomes different from X/, which happens only when §; > C¢ for some i < imax. Thus by the

Hanson-Wright inequality, since C¢ > v/ 2d,

P(Z < imax) (36)
<D OP(IX] - 2tF > %)+ Y Pl > Ce) (37)
i=1 i=1
2 _ k2 2( Q2 2,.2 2
< | exp (r . | X0 — 2*||” — imax[20*(S? + L*r )—&-Zd]) (38)
2imax (2057 + 2y/NC¢ (1 + 1S + nLr) + nC%)?

+ exp <— Cg _ d) ] (39)
3 .

O

B.3 Bounding the TV error

Lemma B.6 will allow us to carry out the induction step for the proof of the main theorem.

We will use the following result of [DMMI19]. Note that this result works more generally with
non-smooth functions, but we will only consider smooth functions. Their algorithm, Stochastic
Proximal Gradient Langevin Dynamics, reduces to SGLD in the smooth case. We will apply this
Lemma with our variance-reduced stochastic gradients in Algorithm 1.

Lemma B.4 ([DMM19], Corollary 18). Suppose that f : R® — R is convex and L-smooth.
Let F; be a filtration with &; and g(z;) defined on F;, and satisfying Elg(x;)|Fi—1] = Vf(x;),
sup, Var[g(z)|Fi_1] < 0% < oco. Consider SGLD for f(z) run with step size 1) and stochastic
gradient g(x), with initial distribution uo and step size 1), that is,

Tit1 = x; —ng(@i) + v/néi, & ~ N(0,I). (40)
Let ju,, denote the distribution of x,, and let T be the distribution such that T < e~f. Suppose
€ 1
<min{-————-—,— 41
71_mm{2(Ld—|—02)’L}’ 41
2
n > ’VW-‘ ) 42)
ne

Let i =137 i be the “averaged” distribution. Then KL(f|r) < e.

Remark B.5. The result in [DMM19] is stated when g(x) is independent of the history F;, but the
proof works when the stochastic gradient is allowed to depend on history, as in SAGA. For SAGA, F;
contains all the information up to time step 1, including which gradients were replaced at each time
step.

Note [DMM19] is derived by analogy to online convex optimization. The optimization guarantees
are only given at the point X equal to the average of the xy (by Jensen’s inequality). For the sampling
problem, this corresponds to selecting a point from the averaged distribution [i.

Define the good events

R
Gy =_Vs <t V0 <i<ig, | X5 —at]| € ———m—xu b, (43)
s+ Lo/L
. s * Cl
H;=<Vs<tst sisapowerof2ors =0, | X° —z}|| < ———— . (44)
\/S+L0/L

G is the event that the Markov chain never drifts too far from the current mode (which we want, in
order to bound the stochastic gradient of SAGA), and H; is the event that the samples at powers of 2
are close to the respective modes (which we want because we will use them as reset points). Roughly,
G¢ will involve union-bounding over bad events whose probabilities we will set to be O (%) and Hf

€

will involve union-bounding over bad events whose probabilities we will set to be O (m
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Lemma B.6 (Induction step). Suppose that Assumptions 1, 2, and 3 hold with ¢ = Lo gnd Lo > L.

L
Let X[ be obtained by running Algorithm 2 with C' = 2.5(C1 + D), C1 > C, and R > 2(C1 + D).
Suppose n; = Hzig/L and €5 > 0 is such that
2 2
52 . 20(01 + @)
< e > L) 45
M= Td+or2(R+2)2/b ! 102 “43)

Suppose €1 > 0 is such that for any T > 1,
P(G |Gro1NH—1) > 1 —¢y. (46)
Suppose t is a power of 2. Then the following hold.
1. Fort <7 <2t P(G,;|G:NHy) >1— (7 — t)er.

2. Fix X7 for s <t,0 <1 <'imax Such that Gy N Hy holds (i.e., condition on the filtration F
on which the algorithm is defined). Then

[L(XT) = 7rllpy < (7 —t)e1 + ea. (47)

3. We have for T = 2t,
P (G, NH,|G:N Hy) >1— (te; + g9 + AeFO). (48)

These also hold in the case t = 0 and T = 1, when Ly > L.

Proof. Let Fy(x) = >t _ fu().

First, note that H,_; = --- = H;, because H is defined as an intersection of events with indices
< s, that are powers of 2. (See (44).) Moreover, GG is a subset of G,_; for each 7, by (43).

Proof of Statement 1. The first statement holds by induction on 7 and assumption on ;. We need
to show P(GS|G¢ N Hy) < (7 — t)e1 by induction. Assuming it is true for 7, we have by the union
bound that

P(G541|Ge, Hy) < P(GE L NGL|Gy N Hy) +P(GS |Gy N Hy) (49)
< P(G51|G- NGy N Hy) +P(GE|Gy N Hy). (50)

Now the event G- N G N Hy is the same as the event G- N H., by the previous paragraph. Thus this
is < e+ (7 — t)e, completing the induction step.

Proof of Statement 2. For the second statement, note that for ¢t < 7 < 2t,

15 — a7l < [[X§ = X*|| + [|X" = 7| + X7 — a7l (51)
2.
L 25(C) + D) ¢ .9 -
\/T+L()/L \/t+L()/L \/t+L0/L
< 4(CL +9) (53)

T T+ Lo/L

where in the 2nd inequality we used that

1. Algorithm 2 ensures that | XJ — X*| < 7 féo/L = 2\/57(?;(:2) (The algorithm resets X¢

to Xt if || XJ — X*|| is greater than \/%/L, making the term 0. This is the place where
T 0

the resetting is used.),
2. the definition of H;, and

3. the drift assumption (Assumption 3).
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In the 3rd inequality we used that v/t > \/7/2 > /7/1.5.

Therefore

32(C, +D)2 202 40(Cy +D)?
2 . < T k(2 2 < 1 < 1
W2(5X077r7')—2HX0 Q:’.‘I'” +2W2(617—’7r7')— T+L0/L T“I‘LO/L — T“I‘LO/L

(54)
where the second moment bound comes from Assumption 2 and C' < C1.
Define a toy Markov chain coupled to X as follows. Let )Z'Js = Xjfors <, X’g = X{, and
~ XT —ngT + i, Wwhen H)NCT—x* <A forall0<j<i
X7, = X Vg ] LT J (55)

)~(Z—T —nVFT(f(i), otherwise.

where g7 is the stochastic gradient for )Z'ZT in Algorithm 1 and &; ~ N(0, I;). By Lemma B.2, the
MAX( 21 0)< (5,5)< (i) ’Xf — X5

is lexicographic. Note s > % because Algorithm 2 refreshes all gradients that were updated at time
%.) If the first case of (55) always holds, we bound (using the condition that GG; holds)

2
. . 2 2 . .
variance of g7 is at most © bL ‘ . (The ordering on ordered pairs

HX; - X3 < HXT - ot —atl + e - X3 o6
< R n D n R
T VTH+Lo/L  \/s+Lo/L \/s+Lo/L
(57)
3R+ 2D 3R+D
SRR DGR ) (58)
\/T-‘rLo/L \/T+L0/L
2L2 . 12 L2 R 2
T max ‘XZ’ -x:| < w (59)
b (520)<(s.) () b
We can apply Lemma B.4 with e = 23, L <—c L(t + Lo/L), 0 M, W3 (po,m) <
M 2 does sat-

T30 L+ Note that 7, < (T+L0/L)(Ld+9L2(m+©)2/b) B (TL+L0)d+9L2 R12)2/b
isfy (41), as Fr = Y/ _ _o fk is (TL + Lo)-smooth by Assumption 1. Let i € [imax] be uniform

random on [iy,ax], and X7 = X 7 note that the distribution j of X7 is the mixture distribution of

X{,..., X7 . Under the conditions on 7, i;ax, by Pinsker’s inequality and Lemma B 4,

- 1
[£(XT) = 7rllrv < iKL(MWT) < ée. (60)

Note that under G, X = )?; forall ¢ < ipax and s < 7, 50

IL(X7) = mellrv < P(GEIF) + IL(XT) = mrlloy < (7 —t)er + ea (61)
This shows Statement 2.
Proof of Statement 3. For Statement 3, note that by Assumption 2,

i

Pxrs, |[|[X — 2] > ———— | < Ae™FC1, (62)
o [IX =3 > | <
Combining (61) and (62) for 7 = 2t gives (48).
Finally, note that the proof goes through whent¢ =0, 7 = 1. O
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B.4 Setting the constants; Proof of main theorem

Proof of Theorem 2.1. We set the parameters 7o, ¢1,ax Of Algorithm 2, as follows:

3
€1 = 37T7 (63)
P — (64)
> 3logy(T) + 1]
1 A
= (24 = )log | —=
cr= (244 )os (5 ) (©9)
1 d 1
o — 10000(C; +®)flog (maX{L’Cl iy }) (66)
£9 €1
2
€3
= S+ D ©n
L [20(C+ D) _ [40LA (SR + D)*(Cs + D)? 68)
max — 7705% - 8421 .
(et s = O (€222 10g%(T) 6 and O
We can check that g = © (L2 1og6(T)(C+©)2d) s and imax = O ( 102 ) (where © and O

hide polylogarithmic dependence on d, L, C,®,e~" and log(7T), as claimed in Theorem 2.1. The
constants have not been optimized.

We will choose parameters and prove by induction that for ¢t = 2%, a € Ny, t < T,

P(G:NH) >1—teg —2(a+ 1)ea. (69)

We will also show that (69) implies that if t = 2% + b for 0 < b < 29,
P(Gy N Haa) > 1 —teg — 2(a+ 1)ea, (70)
|L(Xe) — el py < ter + (2a + 3)es. (71)

With the values of €; and €9, (71) gives the theorem, except for the e-approximate independence of
the samples. To obtain approximate independence, note that the distribution of X* conditioned on the
filtration F; C --- C F;_1, where the filtration 7, includes both the random batch S as well as the
points in the Markov chain up to time 7, satisfies ||(L(X")|Fi—1) — m¢|lrv < te1 + (2a + 3)eo. This

implies that the samples X!, X2 ... X! are e-approximately independent with & = te; + (2a+3)ea.
Let 19, R be constants to be chosen, and for any ¢t € N, let
o
= — 72
Ui t+ LO/L7 ( )
R
Ty = ——, (73)
Vt+ Lo/L
Sy = 6VIL(R + D), (74)

We claim that it suffices to choose parameters so that the following hold for each ¢, 1 < ¢ < T', and
some C¢ > V/2d:

Ci42) . 2
g (72 = 2K — imax[20(S2 + L26213) + med] )
9 Tmax | €X Y
t= P 2imax (20 Syre + 24/0Ce (ry + 1eSe + iy L(t + Lo/ L)ry) + ﬁtCEQ)Q
(75)
C¢—d
+exp | — 3 , (76)
2
€3
< 77
=Ty 9L2R+0)2/b an
20(Cy + D)2
i > AL (78)

No€2
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Ae™FO < gy, (79)

1 A
C > (2 + k:> log (52k2> . (80)

We first complete the proof assuming that these inequalities hold. Then we show that with the
parameter settings in (63)—(68), these inequalities hold.

Suppose that for some ¢ < T the inequalities (75)-(80) hold and the event Gy N H; occurs. We
will apply Lemma B.3 to the call of the SAGA-LD algorithm in Algorithm 2, at epoch ¢ + 1 with
F(z) = ZZE) s(x), to show that the conditions of Lemma B.6 are satisfied with r,; and Sy 1.

We will then apply Lemma B.6 inductively to complete the proof of Theorem 2.1.

We first show that the assumption (46) of Lemma B.6 is satisfied for any ¢; satisfying inequality (75).
The first condition of Lemma B.3 holds by assumption on the f,’s. To see that the second condition
holds for the values 71 and Sy 1, note that by (58) and Lemma B.2, when the event G; N H; occurs,
and when ||X,f+1 — meH < 741, the stochastic gradient gf“ in (55) satisfies Hgf“” < Sig1-

Therefore, by Lemma B.3 and by inequality (75) we have P (Gty1|G: N Ht) > 1 — 1. Hence, we
have that inequality (46) of Lemma B.6 is satisfied for any ¢; satisfying inequality (75).

Next, we note that assumption (45) of Lemma B.6 is satisfied since Inequalities (77), (78), and (80)
ensure that 79, imax, and C' satisfy the inequalities in (45).

Therefore we have that all the conditions of Lemma B.6 are satisfied. Recall we are proving (69) by
induction for ¢ = 2. By the above, we know we can apply Lemma B.6 for any ¢t < T'.

Base case of induction. We show (69) holds for ¢ = 1. By assumption HX 0 xSH < fl/L
0

so Hy holds and the ¢ = 0 case of Lemma B.6 shows P(G1) > 1 — ¢y and P(G; N Hy) >
1 — (61 +e9 + Ae7FC) > 1 — (g1 + 2e5), using (79) for the last inequality.

:

(69) implies (70), (71). This follows from parts 1 and 2 of Lemma B.6, as follows. Let A; =
Gy N Hp. Lett =2°45,0 < b < 2%

For (70), using part 1 of Lemma B.6 and the induction hypothesis,
P((G: N H2a)¢) < P(Gf|Az2e) + P(A5.) (81)
< (t—2%e1 + [2%1 +2(a + 1)eg] = ter +2(a + 1)es. (82)

For (71), note that by part 2 of of Lemma B.6, conditioned on Asa, ||£(X¢) — ¢l py < (8 —2%)e1 +
€2. Without the conditioning,

I1£(Xe) = mellpy < [(E—2%)er + 2] + P(AS.) (83)
< [(t — 2a)61 + 82] + [2a€1 + 2(& + 1)52] < 2% + (2a + 3)52. (84)

Induction step. We show that if (69) holds for ¢, then it holds for 2¢. We work with the complements.
By a union bound,

P(A3,) <P(A3, N Ar) + P(A7) < P(A5]Ar) + P(AY). (85)

The first term is bounded by Part 3 of Lemma B.6 and (79), P(A$;|A:) < te1 + €2 + €2. The second
term is bounded by the induction hypothesis, which says P(Af) < te1 + 2(a + 1)e3. Combining
these gives P(A$§,) < 2te; + 2(a + 2)e2, completing the induction step.

Showing inequalities. Setting C', 19, and iy,x as in (65), (67), and (68) (with R to be deter-
mined), we get that (77), (78), and (79) are satisfied, as R > \/%, b > 9 imply % <

, )
Farsri sy Moreover, setting Ce = /2d + 81og (25 ) makes imax exp (~ 55 ) < 3.
It suffices to show that our choice of R makes
16(C149)? .
—— > exp | - (r? = S5 — imaxl207 (SF + L2(t+ Lo/L)*rf) + med))? (86)
Qirnax o 2i111ax(2ntstrt + 2\/ECS (Tt + T}tSt + 'r)tL(t —+ LO/L)Tt) + ntcg)Q
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It suffices to show

2 .
| (Zimax> _OF = G e 20F(S} + L2+ Lo/L)r?) + md))?
o -
s T 2imax(2meSery + 2/MeCe(ry + meSe + e L(t + Lo/L)re) + 77t0£2)2

(87)
€1

B Qimax
<17 > V2imax (2008ire + 24/MeCe (re + 0 Se + mL(t + Lo/L)ry) + 0, CZ) 4 [log <>

€1
(88)
16(Cy + @)2 .
m + ’Lmax[2’r)t2(5t2 + L2 (t + Lo/L)ZT’tZ) + ntd] (89)
Substituting (72), (73), and (74), this is equivalent to
g V2 max 2./Mo6VtL(R + D)R 6VtL(R+D
> LOnOK\/%\/( ) +2C, o 4 WOVILR +D) )+noLiR
t+Le = 4 Lo \/@ \/@
(90)
2 2Z.max

+ V1o Cs log 5 o1

1 2 ‘max 2 L

L 160G Jgg) Pmaxo | S0 (36tL2(SR + D)%+ L2 (t T °> 9%2) +d

t4 5 t+ 5t R L
92)
=R > im0 (1200 LR + D)R + 2C¢ (R + 6n9 L(R + D) + 79 LR) (93)

27:IHHX
+ V0 C¢)y [log <51> (94)
2, 210 2 2 2 Ly 2
+16(C1 + D)* + imaxno L (B36tL*(R+ D)+ L [t + T R +d| (95)
T

. e2 . 20(C14+D)? 40(C14+9)? . 40(C14+D)? .
Using 10 = 5755 Imax = { (nésg ) < (ml)sg ) , and tpmaxno < %, the RHS is at

most

2.1’l’l'cl.X
V2imaxio (12¢/T0L(R + D)R + 2C¢ (R + T L(R + D)) + /10C?) 4 /log ( ’51 ) (96)

+16(C1 + D)* + imaxtio [200(37L* (R + D)?) + d] 97)
V80(Cy + D) 7e2 £2CF Dimax

< — =7 2 2 1

< UG 63322 + 20 (m+ m%) + og( = ) 98)

40(01 + 9)2
2

+16(C1 + D)% +
€3

(37e3 + d). (99)

, . 2
Let Q = log (21;"—1"‘") It suffices to show each of the 5 terms is at most %. Below, we use

Ce < 4, /dlog (2—)

— > 24V10(C, + D)RVQ =M > 1201/10(C, + D)4 /log <2““>

€1
(100)

M2 8V5(CL+D)Ce Teo 5 _ 160V5(Cy + D) Teo

RS . S S . > 7 77

5 = = <%+2L9‘{>\/§ =R 2 = (9“2&)%) VdQ
(101)
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2 2/10(C; +D)C? :
W 2VIG ) e WOVINGLED) (102)
5 LR L
mQ
= > 16(C1 +D)° o
2
2

It remains to check each of these five inequalities. First, we bound Q.
A0LA(R + D)2 (C1 +D)°

imax < 4 ) (105)
€2
. 2 2 2
2% max < 80L* (R + ’}34) (C1+ D) (106)
€1 E97€1
100L2R2 (C) 4+ D) aom
- 62461
1010L2(C 4d 1
< (61+©) log2 (max{L,Cl —l—@,}) (108)
€9€1 €1
2imax 1
log ( - ) < 24 + 16log (max {L,C’1 + 9, 51}) (109)
1
< 40log (max{L,C’l —|—’D,€ }) (110)
1

It remains to check (100)—(104). We check (100), (101), and (102):

120v/10(C) +D)/Q < 120V/10(C4 +®)\/4010g (max{L,Cl +9, ;}) <M (111
1

. Te Te
Using R > (/57 = 575 <R,

—160\/5(01 +9) R+ Te2 VidQ < 320vI0(Ch + @)\/Ei)f{40 log | max< L,Cy + D, 1 <R?
€9 2R E9 €1
(112)
160v10(Cy + D) R+ e \/gQ% < S0VI0(Cy +D)d 40log [ max ¢ L,C; + D, 1 <R3,
L 2LR L €1
(113)
The last two inequalities (103), (104) are immediate from the definition of fR. O

C Overview of offline result

C.1 Overview of offline algorithm

Similarly to the online Algorithm 2, our offline Algorithm 3 also calls the variance-reduced SGLD
Algorithm 1 multiple times. In the offline setting, all functions f1, ..., fr are given from the start,
so there is no need to run Algorithm 1 on subsets of the functions. Instead, we run SAGA-LD on
Bfi,...,Bfr, where the inverse temperature [ is doubled at each epoch, from roughly 5 = % to

B = 1. There are logarithmically many epochs, each taking 7, = 5T(1) Markov chain steps.

Note that we cannot just run SAGA-LD on fy,..., fr. The temperature schedule is necessary
because we only assume a cold start and do not assume strong convexity; in order for our variance-
reduced SGLD to work, the initial starting point must be O (1/vT) rather than O7(1) away from
the minimum. The temperature schedule helps us get there by roughly halving the distance to
the minimum each epoch; the step sizes are also halved at each epoch. Moreover, one also cannot
substitute a deterministic convex optimization algoritihm for initialization in our setting, since without
strong convexity, deterministic convex optimization promises a point close in function value but not
Euclidean distance. In contrast, our algorithm gives, with high probability, a point close enough in
Euclidean distance if Assumption 2 holds.
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Algorithm 3 Offline variance-reduced SGLD

Input: 7 € N and gradient oracles for functions f, : R - R, 1 <t < T.
Input: step size 7, batch size b > 0, i,x > 0, an initial point X0 ¢ R4
Output: A sample X

1: Set X <+ X" and set 3 = 1/ > Start at a high temperature, 7.
2: while 3 < 1 do
3: Run Algorithm 1 with step size 7/8T, batch size b, number of steps .y, initial point X, and

functions 5f;, 1 <t <T.
4: Set X «+ X3, where X? is the output of Algorithm 1.
5: B < max{23,1}. > Double the temperature.
6: end while
7: Return X.

C.2 Proof overview of offline result

For the offline problem, the desired result — sampling from 7 with TV error ¢ using G(T) +
poly(d, L, C,e~1)log,(T) gradient evaluations — is known either when we assume strong convexity,
or we have a warm start. We show how to achieve the same additive bound without either assumption.

Without strong convexity, we do not have access to a Lyapunov function which guarantees that the
distance between the Markov chain and the mode x* of the target distribution contracts at each
step, even from a cold start. To get around this problem, we sample from a sequence of log,(T)

distributions mf; x e~BX1 (@) where the inverse “temperature” 3 doubles at each epoch from

% to 1, causing the distribution 7'('53« to have a decreasing second moment and to become more
“concentrated” about the mode =* at each epoch. This temperature schedule allows our algorithm to
gradually approach the target distribution, even though our algorithm is initialized from a cold start
2% which may be far from a sub-level set containing most of the target probability measure. The
same martingale exit time argument as in the proof for the online problem shows that at the end of
each epoch, the Markov chain is at a distance from z* comparable to the (square root of the) second
moment of the current distribution wg. This provides a “warm start" for the next distribution wgﬁ s
and in this way our Markov chain approaches the target distribution 7. in log, (") epochs.

The total number of gradient evaluations is therefore T'1ogs(T') 4+ b X imax, since we only compute
the full gradient at the beginning of each of the log,(7") epochs, and then only use a batch size b for
the gradient steps at each of the i, steps of the Markov chain. As in the online case, b and %y,,x
are poly-logarithmic in 7" and polynomial in the various parameters d, L, C, ¢!, implying that the
total number of gradient evaluations is O(T') + poly(d, C,D,e~1, L) log,y(T), in the offline setting
where our goal is only to sample from 74

The proof of Theorem A.1 is similar to the proof of Theorem 2.1, except for some differences as
to how the stochastic gradients are computed and how one defines the functions “F}". We define
201/T, 0 < s <logy(T)+1
Fy = +_y fr» wh = it
£ 3= B2 Ju where f {1, t = [logy(T)] + 1.
choice of F; the offline assumptions, proof and algorithm are similar to those of the online case.

. We then show that for this

D Proof of offline theorem (Theorem A.1)

The proof of Theorem A.1 is similar to the proof of Theorem 2.1, except for some key differences as
to how the stochastic gradients are computed and how one defines the functions “F;".

We define Fg := BF = 3 Zgzl fx, where the 5’s will range over the sequence

20/T, 0 <t <logy(T)
— ) == 114
= e
For this choice of Fj, the offline assumptions, proof and algorithm are similar to those of the online

case.

Differences in assumptions. We have that Fj is 57" L-smooth, which (except for Lemma B.2) is
the only way in which Assumption 1 is used in the proof of Theorem 2.1.
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Moreover, Assumption 4 for the offline case implies that w? o e~ F# satisfies Assumption 2 with
constants C' and k for every ¢. Since the minimizer z; of Fg does not change with ¢, z; satisfies
Assumption 3 with constant ® = 0.

Differences in algorithm. The step size used in Algorithm 3 is 5% the same step size used

in Algorithm 2. Thus, we note that Algorithm 3 is similar to Algorithm 2 except for a few key
differences:

1. The way in which the stochastic gradient gf is computed is different. Specifically, in the
offline algorithm our stochastic gradient is computed as

g7 = Z ko, —GR). (115)
kes
where S is a multiset of size b chosen with replacement from {1, ...,T} (rather than from

1,...,t).

2. There are logarithmically many epochs.

We now give the proof in some detail.

Letting X, f be the iterates at inverse temperature (3, define

R

Lemma D.1 (Analogue of Lemma B.6). Assume that Assumptions 1 and 4 hold. Let C =
(2 + ) log (k?) C:1 > C, and suppose

*

2

€2
- 117
= Td+arzRey a1
5C?2
imax Z 712 (118)
MoEs
Suppose €1 > 0 is such that
. Cq
P (V0 < i < i, ||XP —2* 7(‘)(‘3—* < >1—¢,. 119
( <1 <ima J—x | Xy — x| < 75T ) = €1 (119)
Suppose HX(? — < \2/071 Then
1. Hﬂ(Xﬁ —7TTH <e1+eo.
2. For i € [imax| chosen at random,
4 .
P HXf | < ) > 1= (61 + 69 + Ae—HC1), (120)
( )21

Proof. First we calculate the distance of the starting point from the stationary distribution,

2 8C? 202 10C%
W20y, < 2HX5 — 2|+ 2w (6,7l < STt e S ar 12D
Define a toy Markov chain coupled to X 5 as follows. Let X g = Xg and
% - Xﬁ—ngl + Vi, when HXT < B forall0<j < 12
" —npVEF(X;), otherwise.

~ ~ 2
BT L X=X | xf -

By Lemma B.2, the variance of gf is at most i

maxo<;<i <

2R .o .
< VBT for all 0 < 4,7 < iyax. Then we can apply

R . . v _
T forall 0 < i < imax, then HX,L-

24



10C?

Lemma B.4 with ¢ = 2¢2, L <+ LBT, 0?2 < wg‘; = M, and W2 (o, 7) < a7+ By
Pinsker’s inequality, for random i € [imax],
lexe) —=g]| < \/5KLGm) <o (123)
' Tllrv =V 2 -
Under G, Xiﬁ = )?f forall i < imay and s < 7, sO
1£(X0) = 2 llav PG + LKD) — | <er+es (124)
This shows part 1.
For part 2, note that by Assumption 2,
& e
— x| > < 1
Pyns [IX a*|| > TT} < Ae kO, (125)
Combining (124) and (125) gives part 2. O]

Theorem D.2 (Theorem A.1 with parameters). Suppose that Assumptions 1 and 4 hold, with L > 1,
k<1, and HXO — x*H < C. Suppose Algorithm 3 is run with parameters 1, imax given by

€
S — 126
17 3Tlogy(T) + 1] (126)
1 A
=(2+-)1 — 127
e = (2 1o () (127)
R = M log <max {L7C'1 + 9, 1}) (128)
€1 €1
2
__&a
= 5r2mz (129)
2 207212
_— {5014 _ FOL A Cﬂ , (130)
M€y €1

with any constant batch size b > 4. Then it outputs X' such that X is a sample from Tr satisfying
|71 — 7|7y < e using O(T) + poly log(T) poly(d, L, C,e~*) gradient evaluations.

proof of Theorem A.1. The proof is similar to the proof of Theorem 2.1, and we omit the details. We
show by induction that

R
P (HX?*‘ 2t < ﬁ) > 1= 2e,. (131)
The base case follows from C' < C; < fR. The induction step follows from noting first that
R 2R
x5 _ 2| < — HX35+1 | A (132)
H ‘ \% 55T 0 V ﬁs-i—lT
noting that the conditions imply (for ng = \/’7,6(,’*, ry = %, Sy = 4/PTLR, and C¢ =

\/Qd + 8 log 2 )) that

403 .
(T% =™ vy 2[27],52(55 + LZtQTg) + nd))?
2imax(277,3857",3 + 2, /77,36'&(7‘5 + 77555 + T]BLtTt) + 775052)2

C?2—-d
+ exp <— 58 ) ] (134)

Then using Lemma B.3, we get that (119) is satisfied with £, and the induction step follows from
part 2 of Lemma D.1.

€1 2 Z.max [eXp (133)

R

Vi the conclusion about X ! follows from part 1 of Lemma D.1.

O

Finally, once we have || X§ — z*|| <
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E Proof for logistic regression application

E.1 Theorem for general posterior sampling, and application to logistic regression

We show that under some general conditions—roughly, that we see data in all directions—the
posterior distribution concentrates. We specialize to logistic regression and show that the posterior
for logistic regression concentrates under reasonable assumptions.

The proof shares elements with the proof of the Bernstein-von Mises theorem (see e.g. [Nicl2]),
which says that under some weak smoothness and integrability assumptions, the posterior distribution
after seeing iid data (asymptotically) approaches a normal distribution. However, we only need to
prove a weaker result—not that the posterior distribution is close to normal, but just o7 -strongly log
concave in a neighborhood of the MLE, for some o > 0; hence, we get good, nonasymptotic bounds.
This is true under more general assumptions; in particular, the data do not have have to be iid, as long
as we observe data “in all directions.”

Theorem E.1 (Validity of the assumptions for posterior sampling). Suppose that ||6y| < B,
xy ~ Pp(-|x1.4—1,00). Let fi, t > 1 be such that P,(x¢|z1.4-1,0) e~ 1) and let 7¢(0) be
the posterior distribution, m;(0) x e~ hmo i (0), Suppose there is M, L, 7, 0min, Tmin > 0 and
«, B > 0 such that the following conditions hold:

1. Foreacht, 1 <t <T, fi(0) is twice continuously differentiable and convex.

2. (Gradients have bounded variation) For each t, given x1.4_1,
IV fe(0) — E[V fi(0)|z14-1]]| < M. (135)

3. (Smoothness) Each f; is L-smooth, for 1 <t <T.

4. (Strong convexity in neighborhood) Let

T
- 1 )
Ir(0) : = ;V fi(6). (136)
Then for T > Tyin, with probability > 1 — £,
V0 € B(by, ), Ir(0) = ominla. (137)

5. fo(0) is a-strongly convex and (3-smooth, and has minimum at 6 = 0.

Let 07 be the minimum of Z;‘F:O f+(0), i.e., the mode for 0 after observing x1.7. Letting

C= max{l,M 2d log <2d>, 4d } ,
3 Omin

and ¢ = U:}:ﬂ, if T' > Thin is such that gﬁ;ff + \/TCTrc < r, then with probability 1 — ¢, the

following hold:
CVT+BB
1. 103 = 0ol < SR
d
c’ K LT+B8)e\2 1o 2 ZminCC’
2 For €7 2 0, Born (”9_9?” 2 W) S G OVTTe (( d )e) ez’ ’

for some constant K.

The strong convexity condition is analogous to a small-ball inequality [KM 15, Men14] for the sample
Fisher information matrix in a neighborhood of the true parameter value. In the iid case we have
concentration (which is necessary for a central limit theorem to hold, as in the Bernstein-von Mises
Theorem); in the non-iid case we do not necessarily have concentration, but the small-ball inequality
can still hold.

We show that under reasonable conditions on the data-generating distribution, logistic regression

satisfies the above conditions. Let ¢(x) = —— be the logistic function. Note that ¢(—z) =

14e—*
1 —o¢(x).

Applying Theorem E.1 to the setting of logistic regression, we will obtain the following.
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Lemma E.2. In the setting of Problem 2.2 (logistic regression), suppose that ||0g|| < B, u; ~ P,
are iid, where P, is a distribution that satisfies the following: for u ~ P,

1. (Bounded) ||u||, < M with probability 1.
2. (Minimal eigenvalue of Fisher information matrix)

I(00) : = | d(u'bo)p(—u"bp)uu" dP, = olq, (138)
Rd

foro > 0.

Let

C = max {1 2M  [2d1og <2d> 46d} . (139)
g

4op( 22
Then for t > max {Mbg(E)AM2 (% + 1)2 , 4@1»(17%@}’ we have

802

1. Vfi(0)is Af -Lipschitz for all k € N.

2. Forany C' > 0, and c = 2%0‘

(SIS

, a ) ,
Poor, (||9—e;|| > \/1%) < UO% (* Td+a ) edoor-mge
(140)
for some constant K.
— 0ol| < SyEte®.
Remark E.3. We explain the condition 1(6y) fRd TGO T@g)uu—r dP, = ol;. Note

that ¢(x)p(—x) can be bounded away from 0 in a nelghborhood of x = 0, and then decays to 0
exponentially in x. Thus, 1(6y) is essentially the second moment, where we ignore vectors that are
too large in the direction of +6,.

More precisely, we have the following implication:

E [UU, ]]‘¢(uT90)<C1] = UId - Rd ¢( T00)¢(_UT90)uuT dPu = (b(Cl)(]. _(b(c,l))a('fil)

Theorem 2.3 is stated with C7 = 2.

E.2 Proof of Theorem E.1
Proof of Theorem E. 1. Let & be the event that (137) holds.
Step 1: We bound ||0%. — 6| with high probability.

We show that with high probability Zf,T:o V f1(8p) is close to 0. Since Zf,T:o V fi(65) = 0, the
gradient at 6y and 07 are close. Then by strong convexity, we conclude 6, and 67 are close.

First note that E[f;(0)|x1.4_1] Jpa —10g Po(x¢|21:4—1,0) dPy(-|21:4—1,60) is a KL diver-
gence minus the entropy for P, ( |z1.4-1,60), and hence is minimized at § = 6,. Hence
+ Zle E[V fi(60)|x1.t—1] = 0. Thus by Lemma I.1 applied to

T
> Viilbo) Z [V fi(60) = E[V fi(00)|z1:-1]] , (142)
t=1 t=1
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we have by Chernoff’s inequality that

T
C < €
P V)] > —= | <2de” 2m?a < — (143)
(P> Vi 2
when 2MQd > log (%4), which happens when C > M /2dlog (22).
Let A be the event that H * Zthl Vft(GO)H < % Then under A,
LS )| > -5 - Lo > S - 28 (144)
= +(0o ——=—=bbo]| 2 ——= — ==
T 2 JT T JT T
Let w = 92=%_ Under the event £,
l[o7=00]]"
IXT:W(GJF Tw>—-& 5B+( + o) mins,r} (145)
= T =" Tr min ) IS, .
T 2 +(6p + sw) ' w T o T s, T
Hence, if s,r > SL;E(?, then ZtT:o V fi(6o) # 0. Considering s = |65 — 6p||, this means that
CVT + 3B
0 —bp|| < ———. 146
107 — 0ol < o T+ o (146)
Step 2: For ¢ = —2—, we bound Py (][0 — 07| > m)
Under €, £ 23:1 f+(0) is omin-strongly convex for § € B (9}, \/chrc) C B(bo,r), and fo(0) is

a-strongly convex.

Let ! — 1 — (C;f;ff Under A, B(0%,r") C B(fo, ). Thus under £N A, letting w(f) := ﬁ

T
V6 € B(0%,r") C B(fy, 1), D VHO) T w(0) > (Tomin +a) [0 — 07 (147)

. C /s CVT+BB
Suppose T’ is such that JTTe <Tsle, oo+

Z;T:O f1(65) = 0. Because f,(6) is L-smooth for 1 < ¢ < T and S-smooth for ¢t = 0,

\/ﬁ < r. By shifting, we may assume that

S 6) < LT;ﬁ 16— 052 (148)
t=0
Then for all § € B (9}, m)c,
T T O T C
7102 301, (0 + —e=u®)) + 3 |£0) - £ (07 + =@ | a49)
; t ; t T T+c ; t t T T—|—C
! 2 C C
ATo To. —_o5 — 1
> 5o+ 007+ (o + o) o (10051 - o) 0
) C
> 2ommC + OminCVT + ¢ <||9 0% — m) . (151)
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Thus for any C” > 0,

‘g
“ST10) g > / e or)? g — (277 152
/Rd € ~ JRra © LT+p ’ ( )
/ o~ S0 0u0) gy < / o~ 3ominC? ,—TminCVTF (605 - =) 4o
B(o5 o) B(o5 o)
(153)
(oo}

= [, Volgy (8" )yt ebrmnCemomnOVIT 4y (154)

T+c

[ee]

_ Voly_, (Sd—l)e%0m3n02e—(an,mC’\/T—&-cw—(d—l) log ) dy.

oz
(155)

Now, when C' > max{@, 1}, we have that
OminCVT + ¢y — (d—1)logy > ominCVT + ¢y — (d — 1)y (156)
minc\/ T
> OminCVT + cy — —U D) tey (157)
minC T

_ TwinCVE A Cy V2+07 , (158)

Then by Stirling’s formula, for some K,

1 > Zmin cy
(155) < Volg_; (S41)e3omnC? L S iy (159)
T+c
QW% 2 cc’
< e%ommCQ 6—7”"““2 160
o 1—‘(%) ominCVIT + ¢ (160)
d
K 2me\? 1, o2 ominCc’

< - = e2%min 2 . 161
_UminCVT+C<d> ( .

We bound Py, (He — 05| > ﬁ—T) By (152) and (155),

LTS
\/C’ ) Joe(oy ) =04 162)
Ttec) rwe S0 Fi0) dg (

- (LT . 6) g (2776) % N =

Porons (|e— e

<
T ominCVT +¢ 2m d
(163)
da
— Kl ((LT + /B)e) ’ e%o'mincz— amin?CCl Pl (164)
JminC VI +c d
as needed. The requirements on C' are C' > max {1, M /2dlog (44), 02(1}, so the theorem
follows. O

E.3 Online logistic regression: Proof of Lemma E.2 and Theorem 2.3

To prove Lemma E.2, we will apply Theorem E.1. To do this, we need to verify the conditions in
Theorem E.1.

Lemma E.4. Under the assumptions of Lemma E.2,

1. (Gradients have bounded variation) For all t, ||V f;(0)| < M and
IV fi(0) = EV £ (0)]| < 2M.
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2. (Smoothness) For all t, f; is iM 2_smooth.

M4 log(g)
802 ’

3. (Strong convexity in neighborhood) for T' >
1 I o
— E 2 - >1—c¢.
P (VF) €B (90, M) ,tzl Vfe(0) = 2eTId> >1—c¢ (165)

Proof. First, we calculate the Hessian of the negative log-likelihood.
If f;(0) = —log ¢(yu'6), then

_ T _ T
V£i(6) = W(yz(;ﬁf,) A (166)
V2£1(0) = ¢(—yu' 0)p(yu' O)un’. (167)

Note that ||V f:(0)|] < |lu]| < M, so the first point follows.

To obtain the expected values, note that y = 1 with probability ¢(u " 6y), and y = —1 with probability
1 — ¢(u"6p), so that

E[V? f1(0)] = E(uy)[¢(—yu" 0)¢(yu' O)uu’] (168)
=Eu[p(u"0)(—yu' 0)p(yu O)uu’ + (1 — <Z>(uT9o))¢(—yuT9)¢(yuT9)M(L1T6]9)
=Eyfo(u"0)(1 — op(u'0))uu']. (170)

Suppose that E, [¢(u"0)(1 — ¢(u' 0))uu'] = ol.
Next, we show that Zthl V2 f:(0o) is lower-bounded with high probability.

Note that || V2 f;(60) || = ||¢(—yu 60)p(yuT6)uuT||, < $M?. (So the second point follows.) By
the Matrix Chernoff bound,

T 2 2 802
P (Z V£ (00) # ;Tld> <de W T(8) = g5 <o, (171)
t=1

M*log(2
when 1" > 807%(5)
ag
Finally, we show that if the minimum eigenvalue of this matrix is bounded away from O at g, then it

is also bounded away from 0 in a neighborhood. To see this, note

slrt+c)(l—glz+c) et (1+e)? e,
o(x)(1—o(x))  (1+emte)2  eo Z = (172)

Therefore, if 3, V£, (60) = o' I, then for || — 0|, < &, [uT0 —uT 6| < 10 by (172),

T T
S OVER0) =Y ou 0)(1 — d(u/ 0))uu (173)
t=1 t=1
T /
=3 e o(u] 00) (1 — (u] 6o)upu] = %Id. (174)
t=1
Therefore,
1 L o ) o
P (vo €B (00, M) ,;vzﬁ(e) p 2€de> <P (; V12 (00) # 2%) <e  (179)

O

30



Proof of Lemma E.2. Part 1 was already shown in Lemma E.4.

Lemma E.4 shows that the conditions of Theorem E.1 are satisfied with M <= 2M, L = %2, r= ﬁ,
4]og(2d
Omin = 55> Tmin = %. Also, a = 3. We further need to check that the condition on ¢
implies that % + % < ﬁ We have, noting o,i, < L (the strong convexity is at most the
smoothness),
Cvt B C C 1 B
M+<< ) =+ g : (176)
Omint + & \/% Omin \/t+ I Omin (t + ﬂjin)

2
so it suffices to have each entry be < 5i-, and this holds when ¢t > 4M? (L + 1) =

2M > Omin
AM? (2€ 1 1)" and ¢ > 20B0 _ 4eMBa,
Parts 2 and 3 then follow immediately. O

constant factor times the ¢ in Theorem 2.3) Theorem 2.3 follows from Theorem 2.1 once we
show that Assumptions 1, 2, and 3 are satisfied. Assumption 1 is satisfied with Ly = « and

L = %2. The rest will follow from Lemma E.2 except that we need bounds to cover the case

M* log( 24 2702 2 )
t < Thin = max{ (%) 16earc eMBa 1 a5 well.

Proof of Theorem 2.3. Redefine o such that I(6y) = ol holds. (By Remark E.3, this o is a

802 9 o2 9

Showing that Assumption 2 holds. Note L > o so For t > Ty,

Cl > C/
VITE © VreEe

part 2 of Lemma E.2 shows Assumption 2 is satisfied with ¢ = ¢ (where L = MTQ), A =
d
M—2T+oz e 2
L (( wove) ) s and ky = 5.

For t < Tuin, We use Lemma F.10 of [GLR18], which says that if p(z) oc e=7(*) in R? and f is
k-strongly convex and K'-smooth, and * = argmin,, f(z), then

K

2
1 K
Py x:c*22<\/8+ 2t+d10g< >> <et (177)
K

In our case, ZZ:O fs(x) is a-strongly convex and a + Ty L-smooth, so

—Vd)? —dl LS
o (o = %] 2 7) < exp [— [(W Ve - dlos )H a78)
zeg(—l-i-log(%))e’y nd—”Q?"C (179)
< e%(flJrlog(%))f(va g)m (180)

Thus for t < Tnin,

Porr, (10 — 05[] > 7) < Age™27 (181)
with Ay = e%(_l“'log(%)) = e%(flJrlOg(w)) (182)
sy Vkd vad (183)

B \/Tmin+% - \/Tmin"'%.

Take A = max{A;, A3} and k = min{ky, k2} and note that log(A), k=1 are polynomial in all
parameters and log(7T').
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Showing that Assumption 3 holds. For ¢t > T},,i,,, part 3 of Lemma E.2 shows that with probability
atleast 1 — ¢, (using L > o)

CViE+ oB C o'B 1

< + —.
ot/2e + o/2e 0/26-\/t+2f70‘ N
Now consider ¢t < Ty,in. Since F; is strongly convex, the minimizer 67 of F; is the unique point
where VF;(0F) = 0. Moreover, || 22:1 Vfi(0)]| < TminM for t < Tyin. Therefore, since fo

is a-strongly convex, we have that |[VF ()| = HVfo(G) + 30 V(0| > 0 forall ||6] >
TminMa~!. Therefore, we must have that ||0} || < TyuinMa ! for all t < Ty, and hence that

107 — 6o < (184)

10F — o] < TinMa ™ +B Vit < Toin. (185)

Set ® = 2max {(TminMa—l +B)\/Tin + ¢, ﬁ + \/‘/%} Then Equations (184) and

(185) and the triangle inequality would imply that if ¢ < 7, then [0} — %] < —2

€

Assumption 3 to hold with probability at least 1 — € for all £,7 < 7T, substitute € <= 7. D is
polynomial in all parameters and log (7). O

To get

F Discussion and future work

Comparison to using a regularizer. Recall that one issue in proving Theorem 2.1 is that we don’t
assume the f; are strongly convex. One way to get around this is to add a strongly convex regularizer,
and use existing results for Langevin in the strongly convex case. In the online case, one would have
to add et||x — 2||? to the objective, where 3, is an estimate of the mode x}. Assuming we have such

an estimate, using results on Langevin for strong convexity, to get € TV-error, we also require 9] (8%)
steps per iteration. (Specifically, use [DMM19, Corollary 22], with strong convexity m = et to get

that O () iterations are required to get KL-error ¢, and apply Pinsker’s inequality.)

Preconditioning. Note our result does not hold if the covariance matrix of the u,’s distribution be-
comes much more ill-conditioned over time, as is the case in certain Thompson sampling applications
[RVRKT18].

We would like to obtain similar bounds under more general assumptions where the covariance matrix
could change at each epoch and be ill-conditioned. This type of distribution arises in reinforcement
learning applications such as Thompson sampling [DFE 18], where the data is determined by the user’s
actions. If the user favors actions in certain “optimal"” directions, in some cases the distribution may
have a much smaller covariance in those directions than in other directions, causing the covariance
matrix of the target distribution to become more ill-conditioned over time.

Improved bounds for strongly convex functions. Suppose that we dropped the requirement of
independence. Note that if we use SAGA-LD with the last sample from the previous epoch, we have
a warm start for the previous distribution, and would be able to achieve TV error that decreases as T’

with 5T(1) time per epoch. It seems possible to reduce the TV error to O (i) this way, and possibly

1
t6

to O (%) with stronger drift assumptions. These guarantees may also extend to subexponential
t4

distributions.

Distributions over discrete spaces. There has been work on stochastic methods in the setting
of discrete variables [DSCW 18] that could potentially be used to develop analogous theory in the
discrete case.

Non-compact distributions One can also consider the problem of sampling from log-densities
which are a sum of 7" functions with compact support (online sampling from such distributions was
considered in [NR17], but their running time bounds are not logarithmic in 7" at each epoch). One
cannot directly apply our results to compactly supported log-densities, since they do not satisfy
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our Lipschitz gradient assumption (Assumption 1). At the very least we would have to modify our
algorithm, for example by rejecting steps proposed by our algorithm that would otherwise cause the
Markov chain to leave the support of the target distribution. A more challenging issue would be that
restricting the distribution to a compact support can cause the distribution’s covariance matrix to
become increasingly ill-conditioned as the number of functions ¢ increases, even if the support is
convex. To get around this problem we would need to modify our algorithm by including an adaptive
pre-conditioner which changes along with the changing target distribution.

Necessity of drift condition (Assumption 3). Since we do not assume that the individual functions
fi are strongly convex, the mode (or, alternatively, the mean) of the target distribution cannot be
controlled by the mode (or mean) of the individual functions. For instance, in logistic regression,
all of the individual functions have “mode” at +00 in the direction of the data vector. Therefore,
unlike in the strongly convex case, a condition on the mode of each individual function f}, does not
suffice for many non-strongly convex applications including logistic regression. Rather, the mode
depends on the probability distribution from which the individual functions are drawn. We show that
Assumption 3 holds in Section 2.4 for the special case of Bayesian logistic regression, and give more
general conditions for when Assumption 3 holds in Theorem E.1.

G A simple example where our assumptions hold

As a simple example to motivate our assumptions, we consider the Bayesian linear regression
model y, = sz 0o + wy, where y; € R! is the dependent variable, z; € R the independent
variable, and w; ~ N (0, 1) the unknown noise term. The Bayesian posterior distribution for the

coefficient 0 is 7, (0) ox e~ Zi—1 f5(0) = e~10-1 27 0-1] where fr(0) = (yx — 210)? for each
k, =37 2z] and p =272 3] yi2i. Hence, the posterior 7; has distribution N (u, %2).
While computing X requires at least T’ x d?, computing a stochastic gradient with batch size b requires

d x b operations. Therefore, one can hope to sample in fewer than T' x d? operations (we prove this
in Theorem 2.1).

We now show that our assumptions hold for this example. For simplicity, we assume that the
dimension d = 1, z; = 1 for all ¢, and assume an improper “flat" prior, that is, fo = 0. At each epoch

t € {1,...,T}, the Bayesian posterior distribution for the coefficient  is m(6) oc e~ Zi=1 fi(6),

t
which a simple computation shows is the normal distribution with mean 6y + M and variance
5: < 5. Thus, Assumption 1 is satisfied with L = 1 and Assumption 2 is satisfied with C' = 2.

t+1
To verify Assumption 3, we note that z; = M, and thus z} ~ N(0, %) We can then apply

t
Gaussian concentration inequalities to show that ® = 4 log% (%) with probability at least 1 — 6.

H Hardness

Hardness of optimization with stochastic gradients. The authors of [AWBRO09] consider the
problem of optimizing an L-Lipschitz function /' : K — R on a convex body K contained in an
¢ ball of radius > 0. Given an initial point in K and access to a first-order stochastic gradient
oracle with variance o2, they show that any optimization method, given a worst-case initial point in
KC, requires at least (£ 26‘;2d) calls to the stochastic gradient oracle to obtain a random point & such
that E[F' (&) — F(a*)] < 4.

Hardness in our setting. What is the minimum number of gradient evaluations required to sample
from a target distribution satisfying Assumptions 1-3 with fixed TV error € > 0, given only access to
the gradients V fi, 0 < k < T'? In this section we show (informally) by counterexample that one
needs to compute at least 2(7") gradients to sample with TV error € < 2—10. As a counterexample,
consider the Bayesian linear regression posterior considered in Section G, with d = 1. Suppose
that one only computes stochastic gradients using gradients with index in a random set S; =
{m1,... ,TT }, of size %, where each element of S; is chosen independently from the uniform

distribution on {1, ..., T}. Then the mean of these stochastic gradients (conditioned on the subset
S;) are gradients of a function — log(#(")), for which #(?) is the density of the normal distribution

1
't

N (i, 2%) where the mean p; = Zkes; Wk ~ N(0

; ) is itself (conditional on S;) a random variable.
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Now consider two independent random subsets S; and S, with corresponding distributions 7 (1) and
#(2) . The means of the distributions #(1) and #(?) (conditional on S; and S5) are 1ndependent random
variables 1, o ~ N (0, %) Hence, the difference in their means g1 — g ~ N (0, ) is normally
distributed with standard deviation % Thus, with probability at least 2 5. we have [py — pio| > %.
Therefore, since (conditional on Sy, S2) we have #() ~ N(y;, &) for i € {1,2}, we must have
that |71 — #@||py > & L whenever [p1 — po| > % That s, ||[#(1) — 7|1y > 1 occurs with
probability at least .T herefore one cannot hope to sample from 77 with TV error € < by using
the information from only £ 5 gradients. One therefore needs to compute at least (7" gradlents to

sample from 7 with TV error € < 2—10

I Miscellaneous inequalities

We give some inequalities used in the proofs in Section E.

Lemma L.1. Suppose that X, are a sequence of random variables in R? and for each t,
| X — E[X¢|X1:4-1]lloo < M (with probability 1). Let Sp = ZtT:1 E[X¢| X1:t—1] (a random
variable depending on X1.1). Then

T
]P (
t=1

Proof. By Azuma’s inequality, for each 1 < j < d,

-5,

> c) < 2de” 3%, (186)

T 2
P<Z(Xt)j—(st)j Zc) < 2e w7, (187)
t=1
By a union bound,
) d ) c 2T
P < — 5 > c> < Z]P’ < Z(Xt ) < 2de” a7, (188)
t=1 2 j=1 t=1 vd
O

Lemma 1.2. Suppose that  is a distribution with Py (|0 — 00| > ) < Ae™*7, for some 6.

Then
2 1 A
Eanllo - 6017 < (24 1 )0 (7).

Proof. Without loss of generality, 6y = 0. Then

BanrllB”) = [~ 21Bosn(ll] 2 2) (189)
<ot [ 2Pann (o] ) dy (190)

Yo
< + / 2vAe * dy by assumption (191)

Yo

2
=1 +A < _k’Y / %e_k'y d’y) integration by parts (192)
Yo
= A '70 e ko + = e kv ) (193)
ko k
ou( A

Set yo = log kZ) . Then this is < (2 + 4) log (,;%), as desired. O
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