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Appendix

A Missing Proofs from Section 3

In this section, we prove correctness of our /5 Kronecker product regression algorithm. Specifically,
we prove Theorem 3.1. To prove correctness, we need to establish several facts about the leverage
scores of a Kronecker product.

Proposition A.1. Let U; € R"*% be an orthonormal basis for A; € R™"*%. Then U = ®@{_,U;
is an orthonormal basis for A = ®@7_, A;.

Proof. Note that the column norm of each column of U is the product of column norms of the U;’s,
which are all 1. Thus U has unit norm columns. It suffices then to show that all the singular values
of U are 1 or —1, but this follows from the fact that the singular values of U are the product of
singular values of the U;’s, which completes the proof. [

Corollary A.2. Let A = ®]_| A;, where A; € R %% Fix any i= (11,...,1q) € [n1] X [ng] x
- X [ng], and let i index into a row of A in the natural way. Then the i-th leverage score of A is
equal to H?Zl 0i;(Aj), where (B) is the t-th leverage score of a matrix B.

Proof. Note U = ®]_,Uj is an orthonormal basis for A = ®]_, A, by the prior Proposition. Now
if Uy , is the i-th row of U, then by fundamental properties of Kronecker products [VL0O], we have
Uz . ll2 = ?:1 1(U)i; +|l2, which completes the proof. Note here that we used the fact that
leverage scores are independent of the choice of orthonormal basis [Woo14]. O

Proposition A.3 (Theorem 29 of [CW13]). Given a matrix A € R™"*4 Jet o € R™ be the {5 leverage
scores of A (see definition 2.4). Then there is an algorithm which computes values 61,03, .. .,0p
such that 6; = (1 £ €)o; simultaneously for all i € [n] with probability 1 — 1/n° for any constant

¢ > 1. The runtime is O(nnz(A) + poly(d/c)).

Proposition A.4. Given A = ®g=1AZ-, where A; € R™*% there is an algorithm which, with
probability 1 — 1/n¢ for any constant ¢ > 1, outputs a diagonal matrix D € R™*™ with m non-
zeros entries, such that D; ; = 1/(ma;) is non-zero with probability o; € (1 £1/10)0;(A). The
time required is O(Y_}_, nnz(A;) + poly(dg/e) + mq).

Proof. By Proposition A.3, we can compute approximate leverage scores of each A; up to error
©(1/q) in time O(nnz(A;) + poly(d/e)) with high probability. To sample a leverage score from
A, it suffices to sample one leverage score from each of the A;’s by Corollary A.2. The probability
that a given row i = (iy,...,i4) € [n1] X [ng] X --- x [ng] of A is chosen is [Tj=15(A5)s,
(1£6(1/q))%;:(A) = (1 +1/10)o;(A) as needed. Obtaining a sample takes O(1) time per A;
(since a random number needs to be generated to O(log(n))-bits of precision in expectation and
with high probability to obtain this sample), thus O(q) time overall, so repeating the sampling M
times gives the desired additive mgq runtime. O

The g = 1 version of the following result can be found in [CW 13, SWZ19].

Proposition A.5. Let D € R"*"™ be the diagonal row sampling matrix generated via Proposition
A.4, withm = O(1/(8€?)) non-zero entries. Let A = ®I_, A; as above, and let U € R"*" be an
orthonormal basis for the column span of A, where r = rank(A). Then for any matrix B with n
rows, we have

Pr[|[UTD"DB-U"B|r < €e|U|lp||Bllr] 21-6

Proof. By definition of leverage scores and Proposition A.4, D is a matrix which sample each row
Ui . of U with probability at least (9/10)||U; .||2/||U||r. Taking the average of m such rows,

we obtain the approximate matrix product result with error O(1/+/dm) with probability 1 — ¢ by
Theorem 2.1 of [KV17]. O
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We our now ready to prove the main theorem of this section, Theorem 3.1

Theorem 3.1(Kronecker product /5 regression) Let D € R™*™ be the diagonal row sampling matrix
generated via Proposition A4, with m = ©(1/(0€?)) non-zero entries, and let A = ®7_, A,
where A; € R"*% and b € R", where n = [[\_,n; and d = [[!_, d;. Then we have let

i=1
T = argmingepa ||DAx — Db||2, and let x* = argming cga ||[Az — b||2. Then with probability
1 — 6, we have

[AZ = bll2 < (1 + €)[|Az™ = b]|2

Moreover, the total runtime requires to compute T is

0 (Z na(A;) + <dq/<ae>>0<“> .

Proof. Let U be an orthonormal basis for the column span of A. By Lemma 3.3 of [CW09], we have
|A(Z —2*)||2 < 2v/€||Az* — b||2. Note that while Lemma 3.3 of [CW09] uses a different sketching
matrix D than us, the only property required for the proof of Lemma 3.3 is that [UT DT DB —
UTB|r < \/¢/d||A||r||B||r with probability at least 1 — § for any fixed matrix B, which we
obtain by Proposition A.5 by having O(d/(d¢?)) non-zeros on the diagonal of D). By the normal
equations, we have AT (Az* —b) = 0, thus (A(Z — 2*), (Az* — b)) = 0, and so by the Pythagorean
theorem we have

IAZ — bl[3 = | Az™ — blI3 + | A@ — 2")[I3 < (1 +4e)[| A" — b]3

Which completes the proof after rescaling of e. The runtime required to obtain the matrix D is
O(>"7_, nnz(A;) + poly(dg/e)) by Proposition A.4, where we set D to have m = O(d/(d¢%))
non-zero entries on the diagonal. Once D is obtained, one can compute D(A + b) in time O(md),
thus the required time is O(6~*(d/¢)?). Finally, computing Z once D A, Db are computed requires
a single pseudo-inverse computation, which can be carried outin O(5~1d?/€?) time (since D A now
has only O(6~1(d/€)?) rows).

O

B Missing Proofs from Section 3.1

We now give a complete proof of Theorem 3.2. Our high level approach follows that of [DDH™09].
Namely, we first obtain a vector 2’ which is a O(1) approximate solution to the optimal, and then
use the residual error p € R? of 2’ to refine 2’ to a (1 & €) approximation Z. The fact that 2’ is
a constant factor approximation follows from our Lemma B.5. Given z’, by Lemma B.9 we can
efficiently compute the matrix > which samples from the coordinates of the residual error p =
(A1 ® --- ® Ay)z’ — b in the desired runtime. The sampling lemma is the main technical lemma,
and requires a careful multi-part sketching and sampling routine. Given this X, the fact that Z is a
(1 + €) approximate solution follows directly from Theorem 6 of [DDHT09]. Our main theorem
and its proof is stated below. The proof will utilize the lemmas and sampling algorithm developed
in the secitons which follow.

Theorem 3.2 (Main result, ,,, 1 + e-approximation). Fix 1 < p < 2. Then for any constant
q = O(1), given matrices Ay, Az, - - , Ay, where A; € R"*4i letn =[[1_, n;, d =[], di. Let
z € R be the output of Algorithm 2. Then

(A1 ® Ay ® -+ ® Ag)x — bl|, < (1+6)§IGI%{{I711 (A1 ® Ay ® -+ ® Ag)x — bl

holds with probability at least 1 — 0. In addition, our algorithm takes

9] ((i nnz(A;) + nnz(b) + (d/e)o(1)> log(1/5)>

time to output T € R%.

14
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Proof. By Lemma B.5, the output 2’ in line 16 of algorithm 3.1 is an 8 approximation of the optimal
solution, and ' is obtained in time O(Y"?_ nnz(A;) + (dg/€)°V)). We then obtain the residual
error p = (A1 ® -+ ® A,)z’ — b (implicitly). By Theorem 6 of [DDHT09], if we let ¥ € R"*™
be a row sampling matrix where ¥;; = 1/ ag /P with probability o;; = min{1, max{g;, 7”2%},
where ¢; is the row sampling probability used in the sketch II from which x’ was obtained,
andry = O(d?/€*log(1/€)), then the solution to min, |[X(4; @ --- ® A,)x — b||, will be a
(1 4 €) approximately optimal solution. By Lemma B.9, we can obtain such a matrix ¥ in time
O(>"7, nnz(A;) + gnnz(b) + (d log(n)/(e5)o(q2)), which completes the proof of correctness. Fi-
nally, note that we can solve the sketched regression problem min, [|£(4:®- - -®A)z—Xb||, which
has O((d log(n)/e)o(qQ) (1/0)) constraints and d variables in time O((d log(n)/e)O(qQ) (1/6)) using
linear programming for p = 1 (see [CLS19] for the state of the art linear program solver), or more
generally interior point methods for convex programming for p > 1 (see [BCLL18] for the state of
the art £,, solver).

Now to boost the failure probability from a O(1/4) to log(1/d) dependency, we do the following.
We run the above algorithm with § = 1/10, so that our output # € R? is a (1 + €) approximation
with probability 9/10. Now note that we actually have an (1 + €) estimate of the cost ||(4; ® A2 ®

- ® Ay)T — bl|,, of the solution Z, which is simply given by || X(A4; @ A2 @ --- Q@ Ag)ZT — Zb||,
where X is the sampling matrix used to compute Z. Thus we can simply repeat the above process
O(log(1/4)) times, and take the solution with the minimal cost overall. O

We start by defining a tensor operation which will be useful for our analysis.
Definition B.1 ( ((-,...,-), ) operator for tensors and matrices). Given tensor A € Rd1>Xdz2x-xdq

and matrices B; € R"“W* % for i € |[q|, we define the tensor ((Bi,Ba,...,B,),A) €

RP1Xm2X X7 .

di  do q
((BI7B2,...7B 11’ g = Z Z ZAH ih,... H(Bz)iz,ifg

ih=1i,=1 ip=1 (=1

Observe for the case of ¢ = 2, we just have ((By, By), A) = BiAB, € Rm1*n2,

Using the above notation, we first prove a result about reshaping tensors.

Lemma B.2 (Reshaping). Given matrices Ay, Ag, -+, Ay € R™*% and a tensor B €
RMXn2XXNg - ot = q _1 N and let d = H?:l d;. Let b denote the vectorization of
B. For any tensor X € Rled2X e we have ||((A1, Az, ,Ag), X) — Bll¢ is equal to

(A1 ® Ay @ --- ® Ay)x — bl|¢ where £ is any entry-wise norm (such as an £,-norm) and x is
the vectorization of X. See Definition B.1 of the ((-,...,+),) tensor operator.
Observe, for the case of q = 2, this is equivalent to the statement that ||A1 X AJ — B¢ = [|(41 ®

Ag)x — blle.

Proof. For the pair € RY, X € R%xd2xXdq the connection is the following: Vi; €

[di],...,iq € [dg],
T -1 TI) dp = K ig
Similarly, for b € R™, B € R™*"2*" X" _for any ji, € [n1],...,Jq € [ng)s
b5t i) Tzt me = Bivas o
For simplicity, for any (i1,...,44) € [d1] X --- x [dq] and (j1, ..., jq) € [n1] X - - - X [ny] we define

P =iy + 30> — 1) - T3 dy and similarly 7 = j, + 30 (i — 1) - Ht 1 n¢. Then we can

simplify the above relation and write z7 = X, i, ... 5., and by = By, j, ... j,-
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For a matrix Z, let Z; .. denote the i-th row of Z. We consider the f—th entry of (A1 ®A2®---Q@A,)x,
(A1® A4 ®- - ®Agr); = <(A1 ®A2®--~®Aq)i* :r>

£5 () -

i1=11i2=1 ig=1

di  da dg q
Z Z Z <H Al sz) CAiyin, g

i1=1142=1 ig=1
= ((A17A27 T 7A ) X)]h SJqt
Where the last equality is by Definition (B.1). Since we also have b]a = By, ... j,» this completes the
proof of the Lemma. O

B.1 Sampling from an /,,-Well-Conditioned Base

In this Section, we discuss the first half of Algorithm 2 which computes 2’ € R4, which we will
show is a O(1)-approximate solution to the optimal. First note that by Lemma 2.3 together with fact

2.6, we know that Aile is an £, well conditioned basis for A; (recall this means that Aile is
a (a, 8, p) well conditioned basis for A, and §/a = d?(l)) with probability 1 — O(1/¢), and we
can then union bound over this occurring for all i € [g]. Given this, we now prove that (4; R, ' ®
ARy ® - ® A4R; ") is a well conditioned basis for (41 ® Ay ® --- ® Ag).

Lemma B.3. Let A; € R"*% and R; € R%*%. Then if A;R; " is a (ay, B, p) well-conditioned
basis for A; fori =1,2,...,q, we have for all x € R% %

q q
[Teillzly < IR © A2Ry @ - @ AR all, < T Billzly

i=1

Proof. We first consider the case of ¢ = 2. We would like to prove
arasall, < [(ALRT' ® A2Ry Mzlly < Bifallzly,
First note, by the reshaping Lemma B.2, this is equivalent to
aras|[ X[, < [ALRT X (Ry ' A2) "I, < BuBallX .

Where X € R% %4 ig the tensorization of z. We first prove one direction. Let U1 = A, Rfl and
Uy = A2R2_1. We have

XU (5= > 00X UL o IB

p
10=1
2
< 3 BT,
10=1
= BIXUF I

< BBz XIS,
where the first step follows from rearranging, the second step follows from the well-conditioned
property of Uy, the third step follows from rearranging again, the last step follows from the well-
conditioned property of Us. Similarly, we have

ng
XU (5= ([0 (XTS )i, |1

p
ig=1
no
> ) o ll(XU )il
in=1
= o | XU; |15

> afag || XI[7,
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where again the first step follows from rearranging, the second step follows from the well-
conditioned property of Uj, the third step follows from rearranging again, the last step follows
from the well-conditioned property of Us.

In general, for arbitrary ¢ > 2, similarly using our reshaping lemma, we have

q
@y (AR )]l = [T aillzllp,
i=1

q
(i, (AR )zl < T Billlp-
i=1

Putting this together with fact 2.6, and noting d = d, - - - d4, we have
Corollary B.4. Let AiRi_lbe as in algorithm 2. Then we have for all z € R%da;

(1/d)°Dlzll, < (AR @ @ AgR, Nall, < dOWjz]l,,
In other words, (A1 Ry @ -+ ® AyR; 1) is a well conditioned €, basis for (A ® -~ ® Ay)

From this, we can obtain the following result.

Lemma B.5. Let 2’ € R? be the output of the O(1)-Approximate {,, Regression Procedure in
Algorithm 2. Then with probability 99/100 we have

(A1 @@ Ag)a’ — b, < szin (A1 ®--- @ Ag)z — bllp
Moreover, the time required to compute x' is 5( ¢ mnz(A;) + (dg/e)°M).

Proof. By Theorem 6 of [DDHT09], if we let IT be a diagonal row sampling matrix such that
IL;; = 1/q;" with probability ¢; > min{1,r; [0
’ P

(41 ® - ® A,) and r; = O(d?), then the solution 2’ to

min [[II((A; @ - ® Ag)z - b]|

}, where U is a ¢,, well-conditioned basis for

will be a 8-approximation. Note that we can solve the sketched regression problem min,, ||II((A4; ®
-+ ® Ag)x’ — b]| which has O(poly(d/e)) constraints and d variables in time poly(d/e) using
linear programming for p = 1 (see [CLS19] for the state of the art linear program solver), or more
generally interior point methods for convex programming for p > 1 (see [BCLL18] for the state of
the art £,, solver).

Then by Corollary B.4, we know that setting U = (4; Rl_l R ® AqRq’l) suffices, so now we
must sample rows of U. To do this, we must approximately compute the norms of the rows of U.
Here, we use the fact that [| - ||} norm of a row of (A; Ri'® AR 1) is the product of the row
norms of the A; R, ! that correspond to that row. Thus it suffices to sample a row j; from each of
the A;R;'’s with probability at least min{1, ry ||(4; R; ');, « ||§/||AZ-R;1 b} foreach i € [g].

To do this, we must estimate all the row norms H(AiR,L-_l)ji,*Hg to (1 + 1/10) error. This is done
in steps 7 — 10 of Algorithm 2, which uses dense p-stable sketches Z € R*7, and computes
(A;R71Z), where 7 = O(log(n)). Note that computing R; 'Z € R*™ requires O(d?). Once
computed, A;(R;'Z) can be computed in O(nnz(4;)) time. We then take the median of the coor-
dinates of (A4;R; ' Z) (normalized by the median of the p-stable distribution D,,, which can be effi-
ciently approximated to (1 + €) in O(poly(1/¢)) time, see Appendix A.2 of [KNW10] for details)
as our estimates for the row norms. This is simply the Indyk median estimator [Ind06], and gives
a (1 £1/10) estimate a; ; of all the row norms H(AiRi_l)j,*Hg with probability 1 — 1/ poly(n).
Then it follows by Theorem 6 of [DDHT09] that 2’ is a S-approximation of the optimal solution
with probability 99/100 (note that we amplified the probability by increasing the sketch sizes S; by
a constant factor), which completes the proof.

O
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B.2 ¢, Sampling From the residual of a O(1)-factor approximation

By Lemma B.5 in the prior section, we know that the 2’ first returned by the in algorithm 2 is a
8-approximation. We now demonstrate how we can use this O(1) approximation to obtain a (1 + ¢)
approximation. The approach is again to sample rows of (4; ® --- ® A,). But instead of sampling
rows with the well-conditioned leverage scores ¢;, we now sample the i-th row with probability
a; = min{1, max{q;, 72|pi|/||pl[h}} , where p = (A1 ® -+ ® Ay)z’ — b € R" is the residual
error of the O(1)-approximation z’. Thus we must now determine how to sample quickly from the
residuals |p;|? /|| p||b. Our sampling algorithm will need a tool originally developed in the streaming
literature.

Count-sketch for heavy hitters with the Dyadic Trick. We now introduce a sketch S which
finds the /5 heavy hitters in a vector z efficently. This sketch .S is known as count-sketch for heavy
hitters with the Dyadic Trick. To build S we first stack ©(log(n)) copies of the count sketch matrix
Si € R¥ X" [CW13]. The matrix S is constructed as follows. S has exactly one non-zero entry
per column, which is placed in a uniformly random row, and given the value 1 or —1 uniformly
at random. For S%, let h; : [n] — [k] be such that h;(t) is the row with the non-zero entry in
the ¢-th column of S?, and let g; : [n] — {1, —1} be such that the value of that non-zero entry
is g;(t). Note that the h;, g; can be implemented as 4-wise independent hash functions. Fix any
x € R™. Then given S'z, S%z,--- , $90°8(") 2 we can estimate the value of any coordinate x; by

medianie@log(n) {gi (.7) (Szm)hz (9) }

It is well-known that this gives an estimate of z; with additive error ©(1/v/&)||z||2 with probability
1—1/poly(n) forall j € [n] [CCFC04]. However, naively, to find the heaviest coordinates in z, that
is all coordinates x; with |x;| > ©(1/v/k’)||x||2, one would need to query O(n) estimates. This
is where the Dyadic trick comes in [CM05]. We repeat the above process O(log(n)) times, with
matrices SU7), for i, j € ©(log(n)). Importantly, however, in S(»7), for all ¢, € [n] such that the
first j most significant bits in their binary identity representation are the same, we set h; ;)(t) =
h;,j)(t"), effectively collapsing these identities to one. To find a heavy item, we can then query the
values of the *two* identities from S(11) §(21) ... §(©Uos(n)).1) ‘and recurse into all the portions
which have size at least ©(1/v/k’)||z||2. Tt is easy to see that we recurse into at most O(k’) such
pieces in each of the ©(log(n)) levels, and it takes O(log(n)) time to query a single estimate, from
which the desired runtime of O (k' log?(n)) is obtained. For a further improvement on size k of the
overall sketched required to quickly compute @, see [LNNT16]. We summarize this construction
below in definition B.6.

Definition B.6 (Count-sketch for heavy hitters with Dyadic Trick [CCFC04, LNNT16]). There is
a randomized sketch S € R¥*™ with k = O(log®(n)/€?) such that, for a fixed vector v € R™,
given Sz € RF, one can compute a set Q C [n] with |Q| = O(1/€?) such that {i € [n] | |z;| >
e||lz||2} € Q with probability 1 —1/ poly(n). Moreover, Sz can be computed in O(log® (n) nnz(z))
time. Given Sz, the set () can be computed in time O(k).

We begin with some notation. For a vector y € R", where n = n; - - - n,, one can index any entry
of y; Viai = (i1,iz, + ,iq) € [na] x -+ X [ng] viai =iy + 27, (i; — 1) [T n. It will useful
to index into such a vector y interchangably via a vector y; and an index y; with j € [n]. For any

set of subsets T; C [n;], we can define Yy x--1, € R™ as y restricted to the i€ Ty x - x Ty
Here, by restricted, we mean the coordinates in y that are not in this set are set equal to 0. Similarly,
foray € R™ and S C [n;], we can define yg as y restricted to the coordinates in S. Note that in
Algorithm 4, I, denotes the n x n identity matrix for any integer n. We first prove a proposition on
the behavior of Kronecker products of p-stable vectors, which we will need in our analysis.

Proposition B.7. Let 7\, Z5,--- , Z4 be independent vectors with entries drawn i.i.d. from the p-
stable distribution, with Z; € R™. Now fix any i € [q], and any x € R", where n. = ning - - - ng.
Let e; € R™ be the j-th standard basis column vector for any j € [n;). Let I'(i, j) = [n1] X [na] X

<X [ni—1] X {j} X [ni+1] X -+ X [ng]. Define the random variable

Xj(2)=(Z1®21®- ®Zi 10e] @Zin®- & Zy)xl.
Then for any \ > 1, with probability at least 1 — O(q/)\) we have
lzraplp/A? < Xij(@) < (Mog(n))?[lxrq ) lIp
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Algorithm 4 Algorithm to ¢, sample ©(rz) entiresof p = (41 ® --- @ Ay)z’ — b

1: procedure RESIDUAL £, SAMPLE(p, r2)

2 13+ O(ralog? (n)/d).

3:  Generate i.i.d. p-stable vectors Z19, 227 ... 793 € R" for j € [r] for 7 = ©(log(n))

4: T+ 0 > sample set to return
5. Pre-compute and store ZJ A; € R**% forall i € [¢] and j € [7]

6 Generate count-sketches for heavy hitters S? € R¥*" of Definition B.6 for all i € [q],

where k = O(log2(n)r§)(1)).

7 fort=1,2,...,r3do

8: s=(81,...,8¢) « (0,...,0) > next sample to return
9: wl  ((In,) ® (RF_y Z"9)p) € R™ > T, € R™ ™ is identity
10: Define w € R™ by w; = median;c({|w] |} forl € [n4]

11: Sample j* € [n1] from the distribution (lﬂlf;”lz, ll\flllz s \mf)

P P P

12: S1 < j*

13: fori=2,...,qdo

14: for j € [r]do

15: Write e; € R1X"k ag the standard basis vector

16: vl S (( el @ (L) @ (@, z'w')p) € R

17: Compute heavy hitters H; ; C [n;] from v’ > Definition B.6
18: B (( el ) e (@1 Zk’j)p) eR

19: end for , )
20: Define 3; € R¥ by 8; = median;c-{|5 |7}

21: Hl - U;:lHi,j

: i1 6 s

22: i <= mediane(; (<®k:1 €q,)® Z[n]i]\Hi ® Qi1 Zk,J)p) eR

23: if with probability 1 — v, /5; then

24: Draw £ € H; with probability

p

(@)@ () @ @hesss 7))

i—1 , p
(@i ed) @ (e0) © (@1 Z2)p)|

median;¢c,

> ¢rep, medianje,

25: S; €

26: else > s; was not sampled as a heavy hitter
27: Randomly partition [r;] into Qf, Q5, ..., Q} with n = ©(r3)

28: Sample ¢ ~ [n] uniformly at random

29: for j € O, \ H; do

30; 0; = medianyerr) (@42 el,) @ (¢]) © (®_isy 240l
31: end for .

32: Sample s; < j* from the distribution {m}jegt\m

33: end if

34: end for

35: T < SUs where s = (s1,...,5q)

36: end for

37: return sample set T’

38: end procedure

Proof. First observe that we can reshape y = zp € R™ where m = n/n;, and re-write this random
variable as X; j(z) = |(Z1 ® Z2 ® -+ ® Zg—1)y|P. By reshaping Lemma B.2, we can write this
as [(Z1 ® Zo ® -+ @ Zg—2)Y Z)_4|P, where Y € R™/™a=1%"a=1 We first prove a claim. In the
following, for a matrix A, let [|A[|} = >, - [A4; ;[P
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Claim B.8. Let Z be any p-stable vector and X a matrix. Then for any A > 1, with probability
1—O(1/)), we have

ATHXNE < IXZ|IE < log(n)AlIX 5.

Proof. By p-stability, each entry of [(X Z);[P is distributed as |2;|P|| X; .||}, where z; is again p-
stable (but the z.s are not independent). Now p-stables have tails that decay at the rate ©(1/zP)
(see Chapter 1.5 of [Nol07]), thus Pr[|z;|P > z] = O(1/x) for any z > 0. We can condition on
the fact that z; < X - n'® for all 4, which occurs with probability at least 1 — n~?/) by a union
bound. Conditioned on this, we have E[|z;|P] = O(log(n)) (this can be seen by integrating over the
truncated tail O(1/x)), and the upper bound then follows from a application of Markov’s inequality.

For the lower bound Let Y; be an indicator random variable indicating the event that |z;|P < 2/A.
Now p-stables are anti-concentrated, namely, their pdf is upper bounded by a constant everywhere.
It follows that Pr[Y;] < ¢/ for some constant c. By Markov’s inequality Pr[}_, Yi[| X;.[[5 >
[ X[[P/2] < O(1/A). Conditioned on this, the remaining || X ||} /2 of the ¢, mass shrinks by less
than a 2/ factor, thus | X Z||P > (|| X|[F/2)(2/A) = || X[}/ as needed. O

1 — O(1/)). Given this, we have X; ;(z) = [(Z1 ® Zo ® - -+ ® Z,_2)y'|P, where ||V ||,/AY/P <
%/ |l, < (log(n)A)*/?||Y||,. We can inductively apply the above argument, each time getting a blow

up of (log(n)\)'/? in the upper bound and (1/\)? in the lower bound, and a failure probability of
(1/X). Union bounding over all ¢ steps of the induction, the proposition follows.

By the above claim, we have ||Y|,/AY? < [[YZ] ||, < (log(n)A)*/||Y||, with probability

O

Lemma B.9. Fix any ro > 1, and suppose that ' = min, ||[II(4; ® --- @ Ag)x — IIb||,, and

IT € R™™™ is a row sampling matrix such that 11, ;, = 1/qi1/p with probability q;. Define the

residual error p = (A1 @ --- @ Ag)x’ — b € R™ Then Algorithm 4, with probability 1 — 6,
succeeds in outputting a row sampling matrix ¥ € R"*" such that ¥, ; = 1/ az/ P with probability
a; = min{1, max{q;, r3|pi|"/||p||b}} for some r3 > ro, and otherwise ¥; ; = 0. The algorithm
runs in time

9] (Z nnz(A;) + gnnz(b) + (r2 log(n)/5)o(q2)> .

Proof. The algorithm is given formally in figure 4. We analyze the runtime and correctness here.

Proof of Correctness. The approach of the sampling algorithm is as follows. Recall that we can
index into the coordinates of p € R" viad = (aq, ..., aq) Where a; € [n;]. We build the coordinates
of @ one by one. To sample a @ € [[?_,[n;], we can first sample a; € [n;] from the distribution
Prlay = j] = 3> 5., =; lpal? /(327 |pal?). Once we fix a1, we can sample as from the conditional

distribution distribution Prlaz = j] = > 5, _i . —a |pal?/ (3 4., =4, lPal?), and so on. For
notation, given a vector @ = (a1,...,a;,—1), let A(@) = {@ € [n1] x--- X [ng] | a; =y, forall j =
1,2,...,4 — 1}. Then in general, when we have sampled @ = (a1, ...,a;—1) for some i < ¢, we
need to sample a; « j € [ny] with probability

Prlai=jl= > lealP/| D lpal?

TEA()ui=7 TEA(Q)

We repeat this process to obtain the desired samples. Note that to sample efficiently, we will have
to compute these aforementioned sampling probabilities approximately. Because of the error in

2
approximating, instead of returning ro samples, we over-sample and return 75 = O(rlog? (n))
samples.

The first step is of the algorithm is to generate the p-stable vectors Z*/ € R™ for i € g
and j = 1,2,...,0(log(n)). We can pre-compute and store Z*7A; for i € [q], which takes
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O(XL, nnz(4;)) time. We set wi < ((I,,) ® (R}_, Z57)p) € R™ and define w € R™
by w; = median;e,{|wj|} for [ € [ni]. Observe that w;] is an estimate of >, _, [pal”. By
Proposition B.7, it is a (clog(n))? approximation with probability at least 3/4 for some constant c.
Taking the median of ©(log(n)) repetitions, we have that

TN pal? < P < (clog(n)? - Y |pal?

wuy =l wuy =l

with probability 1 — 1/ poly(n), and we can then union bound over all such estimates every con-
ducted over the course of the algorithm. We call the above estimate |w;|? a O((clog(n))?)-error
estimate of » .., |pz|P. Given this, we can correctly and independently sample the first coor-

dinate of each of the ©(r3) samples. We now describe how to sample the i-th coordinate. So
in general, suppose we have sampled (a1, ...,a;—1) so far, and we need to now sample a; € [n;]
conditioned on (ay, ..., a;—1). We first consider

Wik = <(® ea,) ® (In,) ® ( é Z’”)p) eR™

k=1 k=i+1

Note that the j-th coordinate W; ¥ for Wk is an estimate of 3, A(@)us—j |PalP- Again by By

((clog(n))?)-error
):us—j |Pal” or at least one k € [7]. Our goal will now be to find all j € [n;]

Proposition B.7, with probability 1 — 1/ poly(n), we will have |W]z ok
estimate of ;. n z
such that ZﬁeA(a):qu lpalP > O((clog(n))?/r§) aen(a) |pal’- We call such a j a heavy hitter.
Let Q; C [n;] be the set of heavy hitters. To find all the heavy hitters, we use the count-sketch
for heavy hitters with the Dyadic trick of definition B.6. We construct this count-sketch of def B.6
St e RF'*ni where k' = O(log®(n)ri%). We then compute S*W#* fork = 1,2, ..., 7, and obtain
the set of heavy hitters h € H, , C [n;] which satisfy |W;k|p > O(1/r§)|[W"k|p. By the above
(1/r35)[[WEF|[2 for at least

discussion, we know that for each j € Q;, we will have |W]”c
one k € [r] with high probability. Thus H; = U],_, H; 1, 2 Q;.

We now will decide to either sample a heavy hitter £ € H;, or a non-heavy hitter £ €

[n;] \ H;. By Proposition B.7, we can compute a O((clog(n))~?)-error estimate 5; =
medianse. | (@} e7,) @ (@ 7)p) | of Xgeaa) Ioal?, meaning:
O™ Y Joal < B < O((elogn)?) Y ol
GeA(@) GEA(d)
Again, by Proposition B.7, we can compute a O((clog(n))~%)-error estimate ~y; <

median;e|) (( Je 1 ak) ® Z[m]\H ® ( Z:¢+1 Zk’j)ﬂ) of Zhe[ni]\m ZEEA(&‘):ui:j lpalP. 1t

follows that

Zhe[m]\m ZﬁeA(Fi):uq,:j lpal?
ZﬁeA(d’) lpalP

Doheini\H; 2ozeA(@)ui= |Pal” < % < 0((clogn)™)

O(c2
( ) ueA(d |pu|p /Bz

In other words, ;/ 3; is a O((clog(n))??)-error approximation of the true probability that we should
sample a non-heavy item. Thus with probability 1 — ~y; /3;, we choose to sample a heavy item.

To sample a heavy item, for each £ € H;, by Proposition B.7, we can compute an O((clog(n))~?)-

. di ) i—1 T T q Zk,j P f _|p
error estimate medianje | (&)p— €4,) @ (€ ) ® (Qf—iis o) of Xaen(a)ui—e lPal’s

meaning
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p

O™ > lpal”| < median;e,
TEA(A):u; =&

(<®e;> o) e (R Z’W‘>p>

k=1 k=i+1

< oclogmyty 3> Jpal?

TGEA(T)u; =€

Thus we can choose to sample a heavy item £ € H; from the distribution given by

i—1 . P
(@iZier) @ () @ (@i 2)p)|

i—1 , P
(@i ed,) ® (e0) & (@ _is1 249)p) |

Which gives a O((clog(n))24)-error approximation to the correct sampling probability for a heavy
item.

median;c,
Pr[sample a; < £] =

> ¢rep, medianjer

In the second case, with probability ~;/3;, we choose to not sample a heavy item. In this case, we
must now sample a item from [n;] \ H;. To do this, we partition [n;] randomly into 1, ..., , for
n = 1/r3. Now there are two cases. First suppose that we have

EjE['m]\Hz ZﬂEA(Fi):ui:j |pﬁ‘p

> aeaa) lpal?

Now recall that 7;/3; was a O((clog(n))??)-error estimate of the ratio on the left hand side
of the above equation, and ~;/8; was the probability with which we choose to sample a
non-heavy hitter. Since we only repeat the sampling process rs times, the probability that
we ever sample a non-heavy item in this case is at most ©(gq(clog(n))??/r?) < ©(q/rs),
taken over all possible repetitions of this sampling in the algorithm. Thus we can safely
ignore this case, and condition on the fact that we never sample a non-heavy item in this
case. Otherwise, > ci, 1\ m, Dge (@)= Pal" > o(1/r3) aen(a) pal’s and it follows that
Daea@ui—y 1Pal” < OW/T8 X i) Caen @y~ lpal? for all j € [ni] \ Hi, since we
removed all ©(1/r§) heavy hitters from [n;] originally. Thus by Chernoff bounds, with high prob-

ability we have that Zjeﬂi\H,;(Zﬁ‘eA([i):ui:j lpal?) = ©(1/n Zje[ni]\Hi Zﬂ‘eA(&):ui:j lpal?),
which we can union bound over all repetitions.

< O(1/r3)

Given this, by choosing ¢ ~ [n] uniformly at random, and then choosing j € € \ H; with
probability proportional to its mass in ; \ H;, we get a ©(1) approximation of the true sam-

pling probability. Since we do not know its exact mass, we instead sample from the distribution
0.
{Zj/GQ:\H; 050 bieaom,, where

i—1 q p
0; = mleec[li?n ( (® €q,) ® (e] ) ® ( ® Z*Hp >
T k=1 k=it1

Again by Proposition B.7, this gives a O((clog(n))??)-error approximation to the correct sam-
pling probability. Note that at each step of sampling a coorindate of @ we obtained at most
O((clog(n))??)-error in the sampling probability. Thus, by oversampling by a O((clog(n))qu)
factor, we can obtain the desired sampling probabilities. This completes the proof of correctness.
Note that to improve the failure probability to 1 — d, we can simply scale r3 by a factor of 1/4.

Proof of Runtime. We now analyze the runtime. Atevery step¢ = 1,2, ..., g of the sampling, we
compute v/ S’ (( iied)® (L) @ (s Z’“’j)p) € R forj = 1,2,...0(log(n)).
This is equal to

i <(®(A”“k**) 2 (409 (®) 24 — (R el) @ 1) o (®) Z’”)b)

k=1 k=i+1 k=1 k=i+1
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We first consider the term inside of the parenthesis (excluding S?). Note that the term
(Qf—is1 Z Zk3 AL) was already pre-computed, and is a vector of length at most d, this this re-
quires a total of O( _,;nnz(A4;) + d) time. Note that these same values are used for every
sample. leen this pre computation, we can rearrage the first term to write (®2;11 (Ak)ay«) ®
(A) X' (@} i1 Z"7 Ax) T where X' is a matrix formed from 2’ so that #' is the vectorization of
X' (this is done via reshaping Lemma B.2). The term y = X’(®k —it1 Zk3 A)T can now be
computed in O(d) time, and then we reshape again to write this as (Rt " (Ap)ay.)Y AT where Y
again is a matrix formed from y. Observe that { = Vec(® o 1(Ak)ak +Y) € R% can be computed
in time O(qd), since each entry is a dot product of a column Y, ; € Ré-d2di-1 of YV with the

dy - dy---d;_; dimensional vector ®§€;11 (Ak)ay,«» which can be formed in O(d; - da---d;—1q)
time, and there are a total of d; columns of Y.

Given this, The first entire term S*( 2;11 (Ak)ars) @ (A) @ (R ;11 Z%7 Ar)a’ can be rewritten

as S'A;C, where ( = ¢z € R% can be computed in O(dgq) time for each sample d. Thus if we

recompute the value S; A; € RF*", where k = O(r} r45), which can be done in time O(nnz A;), then

every time we are sampling the i-th coordinate of some @, computing the value of S?A;(z can be
st 2y — ,.0(1)

done in time O(kd;) =r3 " .

We now consider the second term. We do a similar trick, reshaping b € R"into B €

R(nlmm)x(mm”q) and writing this term as ((®%_} €a,)®(In,))B(®}_; 11 Z%7) T and computing
V' = B(®jF_,11 Z2¥)T € R in nnz(B) = nnz(b) time. Let B’ € R("1"i-1)X": be such
that vec(B’) = b/, and we reshape again to obtain (), _ 1 ea ) B (In,) = ( e eq, ) B’ Now note
that so far, the value B’ did not depend on the sample d at all. Thus foreachi = 1,2,...,¢, B’

(which depends only on 7) can be pre-computed in nnz(b) time. Given this, the value ( ;;11 ea,)B’

is justarow B(, - of B (oracolumn of (B")T). We first claim that nnz(B’) < nnz(b) =
nnz(B). To see this, note that each entry of B’ is a dot product Bj,(®_;,, Z"7)" for some

row Bj . of B, and moreover there is a bijection between these dot products and entries of B
Thus for every non-zero entry of B’, there must be a unique non-zero row (and thus non-zero en-
try) of B. This gives a bijection from the support of B’ to the support of B (and thus b) which

completes the claim. Since S*(B/ ( T can be computed in O(nnz(B/ ar) ,)) time, it
follows that S*(B/

(a1,.. A1,eenyQE) %

time. Given this precomputation, we note that (I,,,) ® (&} _; 4 Z’W)b is just SZ(B’ o)
for some (ay, ..., ax), which has already been pre-computed, and thus requires no addltlon time per

ay, ,ak),*) (a1,..

.) of B in O(nnz(b))
)T

ar) )T can be computed for all rows (BE

sample. Thus, given a total of O( _,nnz(A;) + gnnz(b) + 3 (1)) pre-processing time, for each

sample we can compute v? for all i € [ Jand j € [7]in 5(r3 @ )) time, and thus 6(r3,0(1)) time over
all r3 samples.

Given this, the procedure to compute the heavy hitters H; ; takes 5(7“%6) time by Definition B.6 for
each sample and ¢ € [q],j € [r]. By a identical pre-computation and rearrangement argument as
above, each 3/ (and thus £3;) can be computed in O(rgo (1)) time per sample after pre -computation.

Now note that ; is simply equal to median j € [7](7 — ( Z 11 €q,)® (Z’”) & (Qi_ii1 Z57)p).

Since (Z’;I]) is sparse, the above can similar be computed in O(d|H;|) = O(r 30(1)) time per sample

after pre-computation. To see this, note that the b term of ( 2_11 €a,) ® (Zyy: kg 1) @ (Qheizr Z k3 p

can be written as (R} 11 ak)B/”(Zk’J) where B € R mi-1XMi g g matrlx that has already
been pre-computed and does not depend on the given sample. Then this quantity is just the dot

product of a row of B"”’ with (Z’;I]) , but since (Z’;IJ) is | H;|-sparse, so the claim for the b term
follows. For the (4; ® - -- ® A,) term, just as we demonstrated in the discussion of computing vf ,

note that this can be written as (®}_ (Ax)a,.«)Y ((Ai) g, ») T for some matrix Y € R dixdis
that has already been precomputed. Since (A4;)q, « only has O(|H;|) non-zero rows, this whole
product can be computed in time O(d|H;|) as needed.
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Similarly, we can compute the sampling probabilities
i—1 . P
(( b1 €ay) ® (eg) @ (Rhi=it1 Zm)ﬁ)‘

(@2 ed) @ (e]) @ (@fisy 249)p)

median;¢c,

Pr[sample a; + j] = 5

> ¢y, medianje,

for each every item ¢ € H; in O (ré) (1)) time after pre-computation, and note |H;| = 6(r?(1)) by
definition B.6. Thus the total time to sample a heavy hitter in a given coordinate i € [g] for each

sample O (r? (1)) per sample, for an overall time of O (qrgo (1)) over all samples and i € [g].

Finally, we consider the runtime for sampling a non-heavy item. Note that |Q;| = O(n;/n) with
high probability for all ¢ € [n] by chernoff bounds. Computing each

i1 q p
0, = ml%c%i?n < (® e;) ® (ejT) ® ( ® Z*Hp >
T k=1 k=it1

takes O(q¢d) time after pre-computation, and so we spend a total of O(gdn;/n) time sampling an
item from ©; \ H;. Since we only ever sample a total of r3 samples, and ) = ©(r3), the total time for
sampling non-heavy hitters over the course of the algorithm in coordinate i is o(n;) = o(nunz(A4;))
as needed, which completes the proof of the runtime.

Computing the Sampling Probabilities «; The above arguments demonstrate how to sample
efficiently from the desired distribution. We now must describe how the sampling probabilities «o;
can be computed. First note, for each sample that is sampled in the above way, at every step we
compute exactly the probability with which we decide to sample a coordinate to that sample. Thus
we know exactly the probability that we choose a sample, and moreover we can compute each ¢; in
O(d) time as in Lemma B.5. Thus we can compute the maximum of ¢; and this probability exactly.
For each item sampled as a result of the leverage score sampling probabilities ¢; as in Lemma B.5,
we can also compute the probability that this item was sampled in the above procedure, by using the
same sketching vectors Z** and count-sketches S*. This completes the proof of the Lemma.

O

C Missing Proofs from Section 4

In this section, we prove the correctness of our all-pairs regression algorithm 3. Our main theorem,
Theorem 4.1, relies crucially on the sample routine developed in Section C.1. We first prove the
theorem which utilizes this routine, and defer the description and proof of the routine to Section
C.1.

Recall first the high level description of our algorithm (given formally in Figure 3). We pick 57, S5 €
R¥*mand S are sparse p-stable sketches. We then compute M = (S ® S)(F®1 -1 F) =
S1F®551—511® 82 F, where F' = [A, b]. We then take the Q) R decomposition M = QR. Finally,
we sample rows of (F ® 1 — 1 ® F)R~! with probability proportional to their ¢, norms. This is
done by the sampling procedure described in Section C.1. Finally, we solve the regression problem
min, ||II(Az — b)||,, where II is the diagonal row-sampling matrix constructed by the sampling
procedure.

We begin by demonstrating that S; ® Sz is a poly(d) distortion embedding for the column span of
(4, ].

Lemma C.1. Let S1, S2 € R¥*™ be sparse p-stable transforms, where k = poly(d/(ed)). Then for
all x € R¥Y, with probability 1 — & we have

1/0(d"log" d)||[A, Blall, < [|(S1 ® S2)[A, blz[l, < O(d?log d)|[A, blz]l,
Proof. Let F' = [A,b]. Then a basis for the columns of [A, b] is given by F ® 1 — 1 ® F. We first

condition on both S7, S being a low-distortion embedding for the d + 2 dimensional column-span
of [F,1]. Note that this holds with large constant probability by 2.3.

So for any 2 € R%*!, we first show the upper bound
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[(S1 @ S2)(F®1-1& Fz|, = [[(S1F @ S21)x — (S11 @ S2F)|lp

=|S1Fz1"S; — S112"FT S |,

=Sy (Fz1" — 1xTFT)S;||p

< O(dlogd)||(Fz1" —1z"F")S; |,

< O(d*log* d)||Fz1" — leFTHp

=O0(d®log’ d)|(F®1—-1® F)z|,
Where the first equality follows by properties of the Kronecker product [VLOO], the second by
reshaping Lemma B.2. The first inequality follows from the fact that each column of (Fx1T —
1z"FT)S, is a vector in the column span of [F, 1], and then using that S; is a low distortion
embedding. The second inequality follows from the fact that each row of (Fzxl" — 12T FT) is
a vector in the column span of [F, 1], and similarly using that S is a low distortion embedding.

The final inequality follows from reshaping. Using a similar sequence of inequalities, we get the
matching lower bound as desired. O

We now prove our main theorem.

Theorem 4.1 Given A € R"*% and b € R™, for p € [1,2] there is an algorithm for the All-Pairs
Regression problem that outputs © € R? such that with probability 1 — § we have

|AZ = bll, < (1 + €) min [[Az - b]|,
zERY

V~Vhere/_1 —A®1-1AcR" M adb=bR1—-1xbec R", For p < 2, the running time is
O(nd + (d/(€6))°M), and for p = 2 the running time is O(nnz(A) + (d/(e5))°M).

Proof. We first consider the case of p = 2. Here, we can use the fact that the TENSORSKETCH
random matirx S € R**™ is a subspace embedding for the column span of [A, b] when k = ©(d/¢?)
[DSSW18], meaning that ||S[A,b]||2 = (1 % €)||[A, b]z||2 for all z € R4T! with probability 9/10.
Moreover, SA and Sb can be computed in O(nnz(A) + nnz(b)) = O(nnz(A)) by [DSSW18]
since they are the difference of Kronecker products. As a result, we can simply solve the regression
problem Z = arg min, ||SAz — Sb||2 in poly(kd) time to obtain the desired Z.

For p < 2, we use the algorithm in Figure 3, where the crucial leverage score sampling procedure
to obtain II in step 7 of Figure 3 is described in Lemma 4.2. Our high level approach follows the
general £,, sub-space embedding approach of [DDH*09]. Namely, we first compute a low-distortion
embedding (S; ® S2)(F ® 1 — 1 ® F). By Lemma C.1, using sparse-p stable transformations

S1,S2, we obtain the desired poly(d) distortion embedding into R¥*, where k = poly(d/e). Note
that computing (57 ® S2)(F ® 1 — 1 ® F') can be done in O(nnz(A) 4+ nnz(b) + n) time using
the fact that (S; ® So)(F ® 1) = S1F ® Sz1. As shown in [DDHT09], it follows that M =
(F®1—1® F)R ! is an £, well-conditioned basis for the column span of (F @ 1 — 1 ® F) (see
definition 2.5). Then by Theorem 5 of [DDH™*09], if we let 1 be the diagonal row sampling matrix
such that ﬁ” = l/qil/p for each 7 with probability ¢; > min{1, || M;.[}/|[ M|} (and ﬁ“ =0
otherwise) for r = poly(dlog(1/d)/e), then with probability 1 —9 we have ||ﬁ(F®1—1®F)x||p =
(1+6)|(F®1—-1® F)x||, for all z € R L. First assume that we had such a matrix.

Since (Az — b) is in the column span of (F ® 1 — 1 ® F) for any z € R¥*! it follows that
ITL(Az — b)||, = (1« €)||(Az — b)||,, for all z € R?, which completes the proof of correctness.
By Lemma 4.2, we can obtain a row sampling matrix II in time O(nd + poly(d/e)), except that
the entries of II are instead equal to either 0 or 1/ (']21 /P Where g = (1 £ €%)g;. Now let 11 be the
idealized row sampling matrices from above, with entries either 0 or 1/ q,t-1 /P as needed for Theorem

5 of [DDH™09]. Note that for any matrix Z each row of Zz is equal to IIZx times some constant
1—€2 < ¢ < 1+4€2 Itfollows that || II(Az —b)||, = (1£€2)||IL(Az —b)||, for all z € R?, and thus
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the objective function is changed by at most a (1 + €2) term, which is simply handled by a constant
factor rescaling of e.

Finally, we can solve the sketched regression problem |[II(Az — b)||, which has poly(d/e) con-
straints and d variables in time poly(d/¢) using linear programming for p = 1 (see [CLS19] for the
state of the art linear program sovler), or more generally interior point methods for convex program-
ming for p > 1 (see [BCLL18] for the state of the art £,, solver. Finally, the failure probability bound
holds by union bounding over all the aforementioned results, and noting that the lowest probability
event was the even that S; ® So was a low distortion embedding via Lemma C.1. This completes
the proof of the theorem.

O

C.1 Proof of Fast Sampling Lemma 4.2

We now provide a full proof of the main technical lemma of Section 4. The sampling algorithm is
given formally in Algorithm 5. The following proof of Lemma 4.2 analyzes each step in the process,
demonstrating both correctness and the desired runtime bounds.

Lemma 4.2Given R € RHDX(A+D) qngd F = [A,b] € R4 there is an algorithm that, with
probability 1 — 6 for any § > n™¢ for any constant ¢, produces a diagonal matrix 11 € R " guch
that I1; ; = 1/G;*'" with probability ¢; > min{1, || M; .« |[5/[|M||P} and T1; ; = O otherwise, where
r =poly(d/e)and M = (F®1—-1® F)R™L, and g; = (1 £ €?)q; for all i € [n?]. The total time
required is O(nnz A + poly(d/e)).

Proof. Our proof proceeds in several steps. We analyze the runtime concurrently with out analysis
of correctness.

Reducing the number of Columns of R~! We begin by generating a matrix G € R(4+1*¢ of
iid. N(0,1/4/€) Gaussian random variables. We then compute Y <— R~!G in O(d?) time. We
first claim that it suffices to instead ¢, sample rows of C' = (F ® 1 — 1 ® F)Y = MG. Note that
each entry |C; ;|? is distributed as g?||M; .||5 where G N(0,1/+/€) Gaussian, which holds by the
2-stability of Gaussian random variables. Note that E[|g|’] = ©(1/£), so E[||C; . [[P] = [|M; .[5,
and by sub-exponential concentration (see Chapter 2 of [Wail9]), we have that [|C; .||b = (1 +
1/10)||M; .||5 with probability 1 — 1/ poly(n), and we can union bound over this holding for all
i € [n?]. By relationships between the p norms, we have || M; .||2/d < [|[M;.|l5 < || M;.|[5, thus
this changes the overall sampling probabilities by a factor between ©(1/d?) and ©(d?). Thus, we
can safely oversample by this factor (absorbing it into the value of ) to compensate for this change
in sampling probabilities.

Sampling a row from C.  To sample a row from C, the approach will be to sample an entry
C; j of C with probability proportional to ||C; ;[|b/||C5. For every (i,j) sampled, we sample
the entire i-th row of j, so that the j-th row is indeed sampled with probability proportional to its
norm. Thus, it suffices to sample entries of C' such that each C; ; is chosen with probability at
least min{1, r[|C; ;||2/||C||b}. First note that the i-th column of C' = (F'® 1 — 1 ® F)Y can be

rearranged into a n X n matrix via Lemma B.2, given by (FY*,ilT —1Y,.FT). To £, sample a
coordinate from C, it suffices to first £,, sample a column of one of the above matrices, and then £,
sample an entry from that column.

To do this, we first compute F'Y € R™*¢_ which can be done in time 5(nnz A) because Y only has
¢ = ©(log(n)) columns. We then compute Z(FY, ;17 — 1Y, F) € R'*" for all i € [d], where
7 € R*™ is a fixed vector of i.i.d. p-stable random variables. Once F'Y has been computed, for
each i € [¢] it takes O(n) time to compute this n-dimensional vector, thus the total time required
to compute all £ vectors is O(n). We repeat this process t = O(log(n)) times with different p-
stable vectors Z', ..., Z T, and take the median of each coordinate of Z7(FY, ;17 — lY*TiFT) €

R™, j € [t], divided by the median of the p-stable distribution (which can be approximated to
(1 £ €) error in poly(1/e) time, see Appendix A.2 of [KNW10] for details of this). This is done
in Step 7 of Algorithm 5. It is standard this this gives a (1 4+ 1/10) approximation the the norm
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Algorithm 5 Algorithm to ¢, sample O(r) rowsof M = (F®1—1® F)R™!

1: procedure /, SAMPLE(F = [A,b] € R™*d R~1 ¢ Rd+1Ixd+1 1)
2:

&=

AN A

10:

11:
12:

13:

O«

14:

15:
16:

18:
19:

20:
21:

22:
23:
24
25:
26:
27:
28:
29:

30:
31: end procedure

Generate a matrix G € RI¥1%¢ of iid. N(0,1/1/€) Gaussian random variables, with
©(log(n))

Y + R71G € RI+1XE

C (Fol-10F)Y

Reshape i-th column C, ; into (FY, ;1T — 1(Y, ;)T FT) € R

Generate Z € R™" i.i.d. p-stable for ¢t = O(log(n)) > Definition 2.1
For all (i,1) € [£] x [n], set

0;,1 < median

TE[t]

(Z(FY.ilT = 1Y) TF )|’
(median(D,,))P

> Indyk Estimator [Ind06]

Set WD « (FY, ;1T =1V, FT), , = FY,; — 1(FY),; € R"
forj=1,...,0(r)do

Sample (¢,!) from distribution o; ;/ (Zi, v Ui’,l/)-
end for
T <+ multi-set of samples (%, )
Generate Sy € RF*™ § € R¥ %" count-sketches for heavy hitters with k& = O k' =
b, > Definition B.6
Generate uq, .. ., u, i.i.d. exponential variables.
D «+ Diag(l/u}/p, ce l/u}/p) € R»xm,
for each sample (¢,1) € T do

Compute Sy () and obtain set of heavy hitters Q{"" C [n]

Compute Wj(“l) exactly forall j € Qéz’l)

Compute

, to obtain true heavy hitters H (!,

i )P
di Zr WD =3 i ZT’CWé )
041 + median (median(D,,))?

if With prob 1 — a(i,l)/o'(i,l)v sample a heavy item j* < j then

(&,0)
JEH 1) |Wj |p..
| return The row ((I — 1)n + j*) > Note that C;_1),, j« . contains Wj(i’l)
else

Randomly partition [n] into Q1,Qa, ..., Q, withn = O(r/e?).

Sample ¢t ~ [n] uniformly at random.

Compute S(DW(i’l))Qt\H(i,m, and set Q) C Q; \ H®Y of heavy hitters.

J¥ ¢ argmax;e g (DW(“))J—

Sample a heavy item j* < j from the distribution |Wj(i’l) Y

return The row ((I — 1)n + j*) > Note that C;_1),, j« . contains Wj(f’l)
end if
end for

[(FY, 1T —1Y,,FT), ||, foreach i € [d],] € [n] with probability 1 — 1/ poly(n) (See the Indyk
median estimator [Ind06]).

Now let 05 be our estimate of the norm [|(FY, ;1T — 1Y, F "), |, for all i € [{] and | €

[n].

We now sample a columns (i,1) € [£] x [n], where each (i,1) is chosen with probability

i1/ (34 oir ). We repeat this process ©(r) times, to obtain a multi-set T C [€] x [n] of sampled
columns (4, ). We stress that 7" is a multi-set, because the same column (4, ) may have been chosen
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for multiple samples, and each time it is chosen we must independently sample one of the entries of
that column. For any (i,1) € T, we define W) = (FY, ;1T — 1Y, F )y = (FY. i —1(FY)1,).

£, Sampling an entry from WY, Now fix any (7,1) € T. We show how to £, sample an entry
from the vector W (") € R™. In other words, for a given j € [n], we want to sample Wj(i’l) € [n]
with probability at least r|Wj(i’l)|”/||W(i’l)||g. We do this in two steps. First, let Sy € RF*"
be the count-sketch for heavy hitters of definition B.6, where k = poly(r). Note that we can
compute SoFY and Sp1 in time O(n), since FY € R™*¢. Once this is done, for each (i,1) €

T we can compute SoW (! in O(k) time by computing (So1(FY); ;) (note that F'Y and Syl
are already computed), and subtracting it off from the i-th column of SyF'Y’, so the total time is

O(n + poly(d/e)) to compute SoW ) for all (i,1) € |T|. Now we can obtain the set Q((f’l) C [n]
containing all the Q(1/v/k) heavy hitters in W (! with high probability. We can then explicitly

compute the value of Wj(i’l) forall j € Qg’l), and exactly compute the set

5}

all in 5(k) time via definition B.6, where 5 > 0 is a sufficiently small constant (here we use the

D = {j el [ W0 > g/

fact that |z|, > |z|s for p < 2). Note that we use the same sketch Sy to compute all sets Qéi’l), and
union bound the event that we get the heavy hitters over all poly(d/e) trails.

We are now ready to show how we sample an index from W (). First, we estimate the total 4
norm of the items in [n;] \ H (i.1) (again with the Indyk median estimator), and call this «; ;y as in
Algorithm 5, which can be computed in O(|H!)|) additional time (by subtracting off the | ("]
coordinates Z Wc(i’l) for all heavy hitters ¢ € HY from our estimate 0(i,1))> and with probability
a(i,1y/0(i,1y» we choose to sample one of the items of H (t.D) which we can then sample from the

distribution \Wj(i’l) PIQ jeman |Wj(i’l) ). Since all the o ; 1, ov(; 1) ’s were constant factor approx-

imations, it follows that we sampled such an item with probability Q(Tle(,i b P/IIC[) as needed.

Otherwise, we must sample an entry from [n] \ H®!. To do this, we first randomly partition [n]
into n = O(r*/e*) subsets Q1,Qa, ..., Q.

We now make the same argument made in the proof of Lemma B.9, considering two cases. In the
first case, the £, mass of [n] \ H(") drops by a 1/r? factor after removing the heavy hitters. In
this case, a(; /0@, = O(1/r?), thus we will never not sample a heavy hitter with probability
1 — O(1/r), which we can safely ignore. Otherwise, the ¢, drops by less than a 1/r? factor, and it
follows that all remaining items must be at most a 3/714 heavy hitter over the remaining coordinates
[n] \ H®Y (since if they were any larger, they would be /76 heavy hitters in [n], and would have
been removed in H (“)). Thus we can assume we are in the second case. So by Chernoff bounds, we
have 37, o, |Wj(ul) I, = 6(% D jeln\H D |Wj(l’l) |p) with probability greater than 1—exp(—§(r)).
We can then union bound over this event occurring for all ¢ € [n] and all (,{) € T. Given this, if
we uniformly sample a ¢ ~ [n], and then ¢,, sample a coordinate j € €, we will have sampled this

coordinate with the correct probability up to a constant factor. We now sample such a ¢ uniformly
from 7).

To do this, we generate a diagonal matrix D € R"*", where D, ; = 1/u3/p, where wuq,...,u,
are i.i.d. exponential random variables. For any set I' C [n], let Dr be D with all diagonal entries

(j,7) such that j ¢ T set equal to 0. Now let S € R¥ *™ be a second instance of count-sketch for

heavy hitters of definition B.6, where we set & = poly(k) from above. It is known that returning

j* = argmax;cq\ g |(DWD);] is a perfect £, sample from €, \ H®) [JW18]. Namely,
Prj* = j] = |Wj(i’l)|1’/||WQt\Hu,g) [ for any j € Q¢ \ H9 . Thus it will suffice to find this
j*. To find j*, we compute S(DW )q,\ fr¢i.0). Note that since 'Y has already been computed, to
do this we need only compute SDg, \ gri:.0) F'Ys i and SDg .\ g0 1(F'Y )¢,i, which takes total time
O(|Q \ HD|) = O(n/n). We then obtain a set Q) c €, \ H@ which contains all j with

(DW D), | > Q(1/VE)[(DW)a, o 2
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As noted in [JWI8], the value max;cq,\pe.n |((DW(D),;| is distributed identically to
Wa,maollp/ u!/P where u is again an exponential random variable. Since exponential random
variables have tails that decay like e~(*), it follows that with probability 1 — exp(—€(r)) that
we have max;cq,\ i [(DWED);| = Q(||[W, \#.0 |lp/7), and we can then union bound over

the event that this occurs for all (i,1) € T and ;. Given this it follows that (DW @), =
Q([Woma.ollp/r). Next, for any constant ¢ > 2, by Proposition 1 of [JWI8], we have

[((DW)a\m6.0)taii(clogm))llz = 5(||Wéi<H( o |lp) with probability 1 — n~¢, where for a vec-

tor z, x(_y is = but with the top ¢ largest (in absolute value) entries set equal to 0. Since there

Tt]
are at most clog(n) coordinates in (DW)gq,\ i) not counted in ((DW )\ 1.0 )tai1(clog(n))s

and since (DW);« is the largest coordinate in all of (DW)q,\ .0, by putting together all of
the above it follows that (DW);- is a Q(1/r)-heavy hitter in (DW)g\m.0. Namely, that
[(DW);-| > §(||(DW)Qt\H<i,e> ll2/7). Thus, we conclude that j* € Q1.

Given that j* € Q")) we can then compute the value (DW D), = D, ;(FY;; — FY;;) in O(1)
time to find the maximum coordinate j*. Since |Q(“Y| = O(K’) = O(poly(d/e)), it follows that
the total time required to do this is O(n/n + poly(d/e)). Since we repeat this process for each
(i,1) € T, and |T| = O(r) whereas n = O(r?), it follows that the total runtime for this step is
O(n/r® 4 poly(d/e)). By [JW18], the result is a perfect £, sample from (DW )q,\ frc;.e), Which is
the desired result. To complete the proof, we note that the only complication that remains is that
we utilize the same scaling matrix D to compute the sampled used in each of the columns W ()
for each (i,1) € T. However, note that for t # ', we have that Dg, and D, are independent
random variables. Thus it suffices to condition on the fact that the ¢ € [r] that is sampled for each
of the |T'| repetitions of sampling a 2; are distinct. But this occurs with probability at least 1/r,
since |T'| = O(r) and n = O(r*). Conditioned on this, all |T| samples are independent, and each
sample is an entry C; ; of C' such that the probability that a given (i, j) is chosen is |C; ;|7 /||C|[?.
Repeating this sampling ©(r) times, we get that each C; ; is sampled with probability at least
min{1,7|C; ;|7/||C|[»}, which completes the proof of correctness. Note that the dominant runtime
of the entire procedure was O(nnz(A) + poly(d/e)) as stated, and the probability of success was
1 —exp(—r) + 1/ poly(n), which we can be amplified to any 1 — § for § > 1/n° for some constant
¢ by increasing the value of r by log(1/J) and the number of columns of the sketch G to log(1/4),
which does not effect the O(nnz(A) + poly(d/e)) runtime.

Computing approximations g; for ¢;. It remains now how to compute the approximate sampling
probabilities g; for ©(r) rows of C' that were sampled. Note that to sample an entry, in C, we first
sampled the n x 1 submatrix W () of C' which contained it, where the probability that we sample
this submatrix is known to us. Next, if the entry of C' was a heavy hitter in W), we exactly
compute the probability that we sample this entry, and sample it with this probability. If the entry j

of W) is not a heavy hitter, we first sample an €2, uniformly with probability exactly 1 /7. The last

b
\H(’L 1)

the exact probability of this sampling, since this will be equal to |Wj ) \p /I W(l

step is sampling a coordinate from W( via exponential scaling. However, we do not know

.\ g Iy, and we do

not know HW(z |2 exactly. Instead, we compute it approximately to error (1 + €2) as follows.

\H(z l)l

For each (i,l) € T and a = 1,2,...,0(log(n)/e*), we compute Z(Q)VVS(E2 <)H(, 1, Where Z €

G . . .
RIXIQAH1 45 a vector of p-stable random variables. Again, we use the Indyk median estimator

[Ind06], taking the median of these ©(log(n)/e*) repetitions, to obtain an estimate of HVV(z QN HGD 4

with high probability to (1 & €2) relative error. Each repetition requires O(|€2; ) additional
time, and since |Q, \ HD||T| = o(e*n/r?), it follows that the total computational time is at most
an additive o(n), thus computing the g;’s to error (1 & €2) does not effect the overall runtime.

O
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D Missing Proofs from Section 5

We first give the proof of the main theorem. The proof relies on Lemma D.4, which the rest of this
section will be devoted to proving.

Theorem 5.1  For any constant q > 2, there is an algorithm which runs in time O(>_!_, nnz(A;)+
dpoly(k/e€)) and outputs a rank k-matrix B in factored form such that | B — Al|r < (1+¢) OPT
with probability 9/10.

Proof. By Lemma D.4, we have (1 —¢€)||A — AP||% < |M — MP||% +c< (1+¢)|A— AP|%
for all rank & projection matrices P. In particular, we have

min(1+ )| A - AP||% +c= (1+¢) OPT?

where the minimum is taken over all rank k projection matrices. The minimizer P on the LHS is
given by the projection onto the top k singular space of M. Namely, M P = MU " U where U is the
top k singular row vectors of M. Thus ||M — MU TU||% 4 ¢ < (1 + ¢) OPT%. Moreover, we have
|A—AUTU|Z < (1+2€¢)(|]M — MUTU|% + ¢) < (1 + 4¢) OPT;. Thus [|A — AUTU||r <
(14 O(€)) OPT}, as needed.

For runtime, note that we first must compute M = (®7_,5;)(A; ® As) = S141 ® -+ @ S, A,.
Now S;A; can be computed in O(nnz(A4;)) time for each i [CW13]. One all S; A, are computed,
their Kronecker product can be computed in time O(gkiks - - - kod) = poly(kd/e). Given M €
RF1-kaxd the top k singular vectors U can be computed by computing the SVD of M, which is
also done in time poly(kd/e€). Once U is obtained, the algorithm can terminate, which yields the
desired runtime. O

To complete the proof of the main theorem, we will need to prove Lemma D.4. To do this, we begin
by introducing two definitions.

Definition D.1. A random matrix S'is called a e-subspace embedding for a rank k subspace V we
have simultaneously for all z € V that ||Sz||2 = (1 £ €)]|z||2.

Definition D.2. A random matrix S satisfies the e-approximate matrix product property if, for
any fixed matrices A, B, of the appropriate dimensions, we have Pr[|ATSTSB — AT B||r <
e[| Al rlIBlF] = 9/10.

We now show that .S is both a subspace embedding and satisfies approximate matrix product, where
S =®?_,S; and S; € R¥*" are count-sketch matrices.

Lemma D.3. If S = (®%_,S;) with S; € RFiX"i ky = ky = -+ = k, = O(qk?/e?), then S is
an e-subspace embedding for any fixed k dimensional subspace V C R™ with probability 9/10, and
also satisfies the (e/k)-approximate matrix product property.

Proof. We first show that S satisfies the O(e/k, 1/10, 2)-JL moment property. Here, the (e, §, £)-JL
moment property means that for any fixed z € R™ with ||z||2 = 1, we have E[(||Sz|]3 — 1)?] < €0,
which will imply approximate matrix product by the results of [KN14].

We prove this by induction on q. Let k = k;. First suppose S = (Q ® T'), where Q € R¥1*"1 js a
count-sketch, and 7' € R¥'*™" is any random matrix which satisfies E[||Tx||2] = ||=||3 (T’ € R* *"
is unbiased), and E[(|| Tz 2—1)?] < 1+c¢/k for some value ¢ < k. Note that both of these properties
are satisfied with ¢ = 4 if T € R¥2%"2 g jtself a count-sketch matrix [CW13]. Moreover, these are
the only properties we will need about 7, so we will. We now prove that E[||(S ® T)z||3] = 1 and
E[|[(S ® T)z|3] < 1+ (c+ 4)/k for any unit vector x.

Fix any unit x € R™ now (here n = nin’), and let 27 € R™ be the vector obtained by restricted x to
the coordinates jni+1to (j+1)nq. Forany i € [k1],j € [K'],leti; = (i—1)k'+j. Let hg (i) € [k1]
denote the row where the non-zero entry in the i-th column is placed in Q. Let og(i) € {1,—1}
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1100  denote the sign of the entry Q,, (;),i- Let dg (4, j) indicate the event that hg (i) = j. First note that

-kl k/ ny 2
B[S (Qor? | B zz(zm,na@(rw»)
1.5 Li=1j=1 \7=1

[ k}l k/ ni

=E Z Z Z 5Q(T,i)(TxT)?

i=1j=1r=1

i ni k‘l k/

=FE Z Z ZéQ(T,i)(TxT)?

r=14i=1 j=1

"
=E|) 7273
LT=1

= [ll3

1101  Where the last equality follows because count-sketch 7' is unbiased for the base case, namely that

1102 E[|Tz||3] = ||z||3 for any  [Woo14], or by induction. We now compute the second moment,
2 r o\ 2
ni
2| (Sweenos | | -2 | (X (Ssetmawatrir, )
i i \r=1
- 2
ni
=E || Y. o, i)oq(r)(Ta™);6q(r2, 1)oq(m2)(T2™);
i,j T1,T2
ni
= Y B X dalndoa(m)(Tam);80(rm iJog(r) (Ta™);
T1,72,7T3,T4 2,7

| D ba(m,D)oq(ms)(Ta™) ;8 (14, )oq(1a) (Ta™);

4,3

1103 We now analyze the above expectation. There are several cases for the expectation of each term.
1104  First, we bound the sum of the expectations when ¢ = to = t3 = t4 by

D_E || 2o da(mdloa(r)(Ta7);0q(r og(r)(Ta);

| 22 de(m aa(n)(TaT)dq(m, ioq(r)(Ta7);

n1
<3 E[ITe] = 1+ o/

T=1
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Where the last equation follows from the variance of count-sketch [CW13] for the base case, or by
induction for ¢ > 3. We now bound the sum of the expectations when t; = to # t3 = t4 by

D E| [ dalniioq(m)(Ta™)0q(n. i)oq(n)(Ta™);

T1I#T2 3,5

| X dalms Doq(r) (Ta7);00(m2, )oq () (Ta™);
i

< > BT BT 13/k)
T1FT2

< E[|[Te|3/k] < (1+¢/k) /ks.

We can similarly bound the sum of the terms with ¢; = t3 # to = t4 and t1 = t4 # t3 = to by
(1 + ¢/k)/k1, giving a total bound on the second moment of

E[(Q @ T)z|[d] <14 c/k+3(1+c¢/k)/k1) <1+ (4+c)/k

since any term with a t; ¢ {t1,t2,%3,t4} \ {¢;} immediately has expectation 0. By induction, it
follows that E[(®7_, S;)z[|3] = 1 for any unit z, and E[(®{_, S;)x||3] < 1+ (4¢ + ¢)/k, where c is
the constant from the original variance of count-sketch. Setting k = ky = --- = k, = O(qk?/¢?)
with a large enough constant, this completes the proof that S = (®7_,.S;) has the O(e/k, 1/10, 2)-
JL moment property. Then by Theorem 21 of [KN14], we obtain the approximate matrix product
property:

PH|ATSTSB — ATB|r < O(c/B)||Allx|[Bllr] > 9/10

for any two matrices A, B. Letting A = B" = U where U € R™** is a orthogonal basis for any
k-dimensional subspace V C R", it follows that

[UTSTSU — I||r < O(e/E)|[U[|7 < OCe),

where the last step follows because U is orthonormal, so ||U||% = k. Since the Frobenius norm upper
bounds the spectral norm || - ||2, we have |U T ST SU — Ix||2 < O(e), from which it follows that all
the eigenvalues of UT ST SU are in (1—O(¢), 14+ O(e)), which implies || SUz||2 = (1£0(e))||z |2
for all z € R™, so for any y € V, let =, be such that y = Uz, and then ||Sy|l2 = [|SUz,|2 =
(1 £ 0(e)|lzylle = (1 £ O()||Uzyll2 = (1 £ O(€))|ly|l2, which proves that S is a subspace
embedding for V' (not the second to last inequality holds because U is orthonormal). O

Finally, we are ready to prove Lemma D.4.
Lemma Dd4. Let S = (®7_,S;) with S; € RF*"i |y = ky = - = k, = O(qk?/e®). Then
with probability 9/10 S A is a Projection Cost Preserving Sketch (PCP) for A, namely for all rank
k orthogonal projection matrix P € R4*¢,

(1—ollA = AP|% < [|SA = SAP|z +c < (1 +¢)l|A - AP|%

where ¢ > 0 is some fixed constant independent of P (but may depend on A and S A).

Proof. To demonstrate that SA is a PCP, we show that the conditions of Lemma 10 of [CEM T 15]
hold, which imply this result. Our result follows directly from Theorem 12 of [CEM™15]. Note
that all that is needed (as discussed below the theorem) for the proof is that .S is an e-subspace
embedding for a fixed k-dimensional subspaces, and that S satisfies the (¢/+v/k) approximate matrix
product property. By Lemma D.3, we have both e-subspace embedding for .S as well as a stronger
(e/k) approximate matrix product property. Thus Theorem 12 holds for the random matrix S when
ki = ke = --- =k, = O(qk?/e?), which completes the proof.

O
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E Entry-wise Norm Low T-rank Approximation

We now demonstrate our results for low trank approximation of arbitrary input matrices. Specifi-
cally, we study the following problem, defined in [VLOO]: given A € R X% the goal is to output
a trank-k matrix B € R""*"" such that

1B~ All¢ < a-OPT. (1)
for some o > 1, where OPT = mingank —1 4’ |A’ — Al¢,, where the trank of a matrix B is
defined as the smallest integer k& such that B can be written as a summation of k£ matrices, where
each matrix is the Kronecker product of ¢ matrices with dimensions n x n: B = Zle U; @V,
where U;, V; € R*"*",
Using Lemma B.2, we can rearrange the entries in A € R™*"* (o obtain A € R™ *"°, where the
(t+n(j—1))’throw of A is equal to vec((A1);,;A2), and also vectorize the matrix U; € R™*™ and
V; € R™*™ to obtain vectors u; € R”2, v; € R, Therefore, for any entry-wise norm £ we have

k
Z uv; — A
3 i=1 3

Lemma E.1 (Reshaping for Low Rank Approximation). There is a one-to-one mapping 7 : [n] X
[n] x [n] x [n] — [n?] x [n?] such that for any pairs (U, u) € R™ " x R" and (V,v) € R™*™ x R"’,
Uiy gy = Wisqn(Gi—1) and Viy j, = Vs yn(j,—1), then we have for i1, 12, j1, J2

k
dUisVi—A

i=1

(U ® V)i1+n(i271),j1+n(j271) = (u ’ UT)W“IJ‘ZJ‘IJ‘Z)

where U @ V € R %% and up T € R *n°,

Proof. We have
(U ®V)iytn(ia—1),j1+na—1) = Uir,jr Viaja
= Wiy +n(j1—1) " Vig+n(jz—1)
T
= (UU )i1+n(j1*1)viz+n(j2*1)

where the first step follows from the definition of ® product, the second step follows from the
connection between U, V' and u, v, the last step follows from the outer product. O

Therefore, instead of using trank to define low-rank approximation of the ® product of two matrices,

we can just use the standard notion of rank to define it since both B and A’ can be rearranged to

have rank k.

Definition E.2 (Based on Standard Notion of Rank). Given two matrices Ay, As x R"*™ let A €
2 2 J—

R™ *™" denote the re-shaping of A1 ® As. The goal is to output a rank-k matrix B such that

||§ - ZH& S o OPTEyk

where OPT¢ ), =min___, , & ||Z/ — Alle.

In other words, B can be written as B = Zle uiv; where u;, v; are length n?2 vectors.
Combining the low-rank reshaping Lemma E.1 with the main input-sparsity low-rank approximation
of [CW13], we obtain our Frobenius norm low rank approximation result.

Theorem E.3 (Frobenius norm low rank approximation, p = 2). For any € € (0,1/2), there is

an algorithm that runs in n? poly(k/e) and outputs a rank-k matrix B such that |B — Al|p <
(14 €) OPT g, holds with probability at least 9/10, where OP'T,, is cost achieved by best rank-k
solution under the {,-norm.

Similarly, using the main £, low rank approximation algorithm of [SWZ17], we have

Theorem E.4 (Entry-wise £,-norm low rank approximation, 1 < p < 2). There is an algorithm that

runs in n® poly (k) and outputs a rank-k matrix B such that |B — Al|, < poly(klogn) OPT,
holds with probability at least 9/10, where OPT), is cost achieved by best rank-k solution under the
Ly-norm.
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Applying the bi-criteria algorithm of [CGK™17] gives us:

Theorem E.5 (General p > 1, bicriteria algorithm). There is an algorithm that runs in poly(n, k)
and outputs a rank-poly(klog n) matrix B such that | B — Al|,, < poly(klogn) OPT, holds with
probability at least 9/10, where OPTy, . is cost achieved by best rank-k solution under the {,-norm.

Finally using the low-rank approximation algorithm for general loss functions given in [SWZ18],
we obtain a very general result. The parameters for the loss function described in the following
theorem are discussed in Section F.

Theorem E.6 (General loss function g). For any function g that satisfies Definition F.1, F.2, F.3,
there is an algorithm that runs in O(n? - T, n2.k.n2) time and outputs a rank-O(klogn) matrix

H an a reg,g,
B € R ™™ such that

|B — Al|, < atigj, - mony - reg, ; -O(klog k) - OPTy,
holds with probability 1 — 1/ poly(n).

Hence, overall, the strategy is to first reshape A = A; ® A, into A, then compute B = Zle v,

using any of the above three theorems depending on the desired norm, and finally reshape u; and
v; back to U; € R™ ™ and V; € R™*™. 1t is easy to verify that the guarantees from Theo-
rems E.6, E.4, E.3 are directly transferable to the guarantee of the trank —k approximation shown
in Eq 1.

F Properties for General Loss Functions for Low trank Approximation

We re-state three general properties (defined in [SWZ18]), the first two of which are structural
properties and are necessary and sufficient for obtaining a good approximation from a small subset
of columns. The third property is needed for efficient running time.

Definition F.1 (Approximate triangle inequality). For any positive integer n, we say a function
g(x) : R = Rxg satisfies the ati, ,-approximate triangle inequality if for any x1, 2, -+ ,x, € R
we have

n n
g <Z xi) < atig,n : Zg(xJ
=1 =1

Definition F.2 (Monotone property). For any parameter mong > 1, we say function g(z) : R —
R>( is mong-monotone if for any x,y € Rwith 0 < |z| < |y|, we have g(x) < mong -g(y).

Definition F.3 (Regression property). We say function g(x) : R — Rxo has the
(reggd,Treg7g7n,d,m)—regressi0n property if the following holds: given two matrices A € R"*4
and B € R"™™, for each i € [m], let OPT; denote min,cga ||Ax — B;||4. There is an algorithm
that runs in Tieg g n.d,m time and outputs a matrix X' € RY™ such that

|AX; — B|ly < reg, ;- OPTy,Vi € [m]
and outputs a vector v € R® such that
OPT; <wv; <reg, ;- OPT;, Vi € [m].

The success probability is at least 1 — 1/ poly(nm).
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