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Abstract

This supplementary document contains the technical proofs of convergence results
and some additional numerical results of the NeurIPS’ 18 paper entitled “Efficient
Stochastic Gradient Hard Thresholding”. It is structured as follows. The proof of
the results in Section 3, including Theorems 1 and 2 and Corollary 1, is presented
in Appendix B. Then Appendix C provides the proof of the results in Section 4,
including Theorems 3 and Corollary 2. Next, Appendix D gives the proof of auxil-
iary lemmas. Finally, the detailed descriptions of datasets and more experimental
results are provided in Appendix E.

A Auxiliary Lemmas

In this section, we introduce auxiliary lemmas which will be used for proving the results in the
manuscript. For readability, we defer the proofs of some lemmas into Appendix D.

Lemma 1. [/] When ®(x) : RY — R? is a vector hard thresholding operator that keeps the
largest (in absolute value) k entries in x and sets other entries to zero, we have that for any x* with

|lz*]|o = k* <k,
* 2VE* *

On the other hand, when ®,(x) : R4*d2 — RUX% j5 g matrix hard thresholding operator that
keeps the largest k top singular values of matrix x and sets other singular values to zero, we have
that the property (3) still holds for any x* with rank (x*) = k* < k.

Lemma 2. [2] Let ®;,(x) : RY — R? be a vector hard thresholding operator and y = ®y(x). Then
for any y* with ||ly*||o = k* < k, we have

d—
ly - =|* <

* 2

On the other hand, when ®y(x) : R %2 — R41%42 jg g matrix hard thresholding operator; we have
that for any y* with rank (y*) = k* < k,

k
Clly* — |

9 r
—zx||° <

where r = rank (z).

Lemma 3. [3] Assume that g* is the sampled gradient in Algorithm 1 for sparsity- or rank-
constrained problem. Then the gradient variance of the gradient estimation g* can be bounded as
follows

n — S

Elg' — Vf(z")|? <

1
— B4,
n St

where By = L5 ||V fi(x") — Vf(2")||*> and @' denotes the variable at the t-th iteration.
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Lemma 4. Assume that g' is the sampled gradient in Algorithm 1 for the sparsity- or rank-constrained
problem. Then we can bound E|| g% ||* as follows

El|gZ|® S%Bt +60s (f() = f(a") + (Vf(a®),z" —a")) + 3|V f(z")]?
where By = 2= 3" |V fi(x') — V f(x")||% T = supp(x*) U supp(x’) | supp(x' ) and ¢,

denotes the smooth parameter with s = 2k + k*. Here k* denotes the cardinality of the support set
supp(z™*).

Proof. We defer the proof of Lemma 4 to Appendix D.1. O

Lemma 5. For both vector variable x in sparsity-constrained problem or matrix variable x in
rank-constrained problem, we have

e’ — 2" * < —(f(a") = f(2") + S lgreuz-II* + = IVF(=") — g%,
pS ps ps
where I' = supp(x') and T* = supp(z*).
Proof. See the proof of Lemma 5 in Appendix D.2. O

Let us denote p(A) the spectral radius of a square matrix A, i.e., the largest (in magnitude) eigenvalue
of A.

Lemma 6. Let A € R¥™?. Assume that uI < A < (I for some 0 < pi < (. Then the following
inequality holds

p([(lJru)jInA gI]>§max{|lm,1W|}
forv =max {|1 — /nu|* |1 — Vnl|?*}.

Proof. We defer the proof of Lemma 6 to Appendix D.3. O

B Proofs for Section 3

B.1 Proof of Theorem 1

Proof. Here we also first consider the sparsity-constrained problem. Assume v = x! — ng% and
T =7TI*UTZtUT'!, where Z* = supp(x*), Z! = supp(zx?) and Z!*! = supp(x'*!). Then we
have

Elv— ="
=E|z" - ngy — «*|*
=El|a’ — a*|* + n’Ellgz||* — 2nE(x’ — a*, gF) )

%Ellwt —z*|? + n’E| gzl — 2nE (f(x') — f(x*))
® 3
<Ella’ —z*|*+7n? ;tBt+6€s (f(@") = f(&")+(Vzf(a"), 2" —x*)) +3||Vzf(z)|?
— 29K [f(a")— f(x")]
2
2E||2’ —2* |2 +2n(3nt—1) (')~ f(z*)] +67)2€S<sz(w*)7wt*w*>+3sit3t+3n2HV:rf(af*)H?»

where @ holds by using ||(x! — *)z¢|| = 0 and the convexity of f(x), namely, f(x*) — f(x') >
(x* — 2", Vf(z')) = (z* — x', V7 f(x")), and @ holds by using Lemma 4, and @ holds by using

IV2f (@[3 < |Vzf(*)|3 where T = supp(®2x(V f(z*))) U supp(z*).



Next, we apply Lemma | and obtain
B[z — x*|? <aE|v — z*|? (5)
<a[Elle’ — 2" | +20(3n¢ - 1) [f(&') — f(@")] + 620 (Vf ("), 2’ — )]

3’[’]2 2 *\ |12
+a S—Bt+377 IVzf(x)I*|,
t

2VEk*
VEk—k*"

flah) = f(=") > <Vf(w*)7wt—w*>+%Ilwt—w*ll2- (©)

where o = 1 + On the other hand, we have

By setting n < ﬁ and plugging Eqn. (6) into Eqn. (5), we can obtain

E”wt+1 _z* ”2

3«

2
<a[l+pn(3nls—1)] El|z’ —2*||*+2an(6nl—1)(V f(z*), 2" — ")+ 877 By+3anf ||V f ()|
t

@ t *112 30”72 2 N
<a[l+ pn(3nls — 1)) E||x’ — x| +TtB+3O”7 IVzf(x*)],

(7
where @ holds since we set n = ﬁ and B = max; B;. Then we let
B (14 pn(3nls — 1)] 1 € (0,1) where b
=« s—1D]=al- , w Ky = —.
pNoN 12k, Py
We further set s; = 7/w! and assume that 7 is large enough such that
3an®B aB 0 9
= = <9 —x" 8

where § is a positive constant and will be discussed later. Now we use mathematical induction to
prove

* * « *
Elz' — 2| < 0"« — 2" + 2 IVzf@)?, (v8), ©

12(1 - B)&3
where 6 < 1 is a constant and will be given below.

Obviously, when ¢t = 0, Eqn. (9) holds. Now assume that for all £ < ¢, Eqn. (9) holds. Then for
k =1t+ 1, we have

Ellat*! — 2™ |2 <PE|la’ — 2| + 6u'la® — 2| + s V(e
<(B0" + 8 2® — 272+~ |2 1] V@3
- 1202 [1 -7 2
@ «
<9t+1 0 _ .x|2 *\ (|2
where @ holds since we let
w=0=5+6. (10)

This means that if Eqn. (8) holds, then Eqn. (9) always holds. So the conclusion holds.

Finally, we discuss the value of k such that 8 € (0,1). It is easily to check that if k& >
(649&53 + 1) k*, where ks = {5/ps, then we have § = « (1 — ﬁ) <1- ﬁns — ﬁ.
So we just let

1
k> (71282 + 1) k* d B=all- <1-— )
N ( & ” ) ’ o B ° ( 12/13) o 1201435



40aB
Then let 7 > z——=r%= == We have

1 3 1
=0= <l—-—r-t—-=1-—.
w BHo=1= 1557 Kon. 180%,
Therefore, we have
Ellzt — %12 < ot 0 ,xn2, @« 112 " 11
I~ @I < 0l ~ @I+ g V2@ (), (an

where 8 = o (1 — 121%) <1— 55— ~and 6 <1 — 56— Then we can further derive

Elz” — o[ <\/E|=" - 373*2<\/9T|fv0 @*||? + o0 = MQHVIf(w*)IIQ

-
e L

<0% ||z — 2" +

where § <1 — 480 . So we obtain the result on sparsity-constrained problem.

For rank-constramed problem, its proof is very similar to the proof for sparsity-constrained problem.
Firstly, assume that the skinny SVDs of !, !*!, x* are respectively ! = U; 3, V,T, !t =
Ui41241V,h, and * = U, X, V,'. Then we have z' = U, U/ «', '*' = U, U ;'™ and
x* = U,UI'xz*. We further define the prOJectlon operatlon Py (x) = UUTx which projects x
in the subspace spanned by U. Then letv = x! — ngt and Z = Z* UZ* U It+1 where 7% =

supp(z*), Z! = supp(zx?) and Zt*! = supp( t+1), The notation wIt U ULzt = Py: (xf).
For the specifical notation g%, it denotes g% = Pz (g') = (U U} + U U/, + UUL —

UtUtTUt+1U£_1 — UtUI;TU*U,;T — Ut+1U£_1U*UE + UtUTUt+1Ut+1U U?)g where PI 1S
a projection.

Then we prove the result similar to Eqn. (4) as follows:
Elv ="

=Ellz" —ngr — =
=Ellz' — 2*||* + 7’E||g%|* — 2nE(z' — z*, g7)

SE||wt — |2 + PE|lgh||? — 20 (f(at) — f(x))
SRzt — 2|40 S%Btwes (Flat)— f(a")+ (V2 (x"), 2t —a")) +3] V2 f ()]
W [f(a)— f(z")]

2
ZE||2" —a* |2+ 20 (30l —1) [f(2')— f (@) +60*Cs (Vo f(@"), &' —27)+ %Bt+3n2 IVzf ()],

*HQ

where @ holds since we have Pz (2! — x*) = (U U} + U UL + U U —U U U UL —
UUTU.UT — U UL, UUT + UUL U UL, UUT(UUT et - UU ) = ot — z*
which gives ||(z'—z*)z¢ || = [[(I-Pz)(x'—2*)|| = O and E(x' —x*, g%¥) = E(z'—2*, Pz (g")) =
E(Pz (' —x*),Pz(g")) = E(z' — a*,g") = E(z' — 2", Vf(z')) < f(z*) - f(z'). @
still uses the results in Lemma 4. ® holds by using [|[Vzf(xz*)||3 < [|[Vzf(x*)||3 where
7 = supp(®2x(Vf(z"))) Usupp(x®).

Before we apply Lemma 1 to obtain similar result in Eqn. (5). We first establish
Oy (v) =Urn Uy (2" — ngh) = Upn UL " — U UL [(UU] + U U + UU T
-u vt Ul -uulu ol -l uul + Ul U UL OO gt

ZUt+1U£1-’Et - 77Ut+1U£19t = Ut+1U£1($t —ng') = Px(z' —ng') = .
(12)



Then we apply Lemma 1 to establish

vk —k*
<a [Elle’ —a*|* +29(3n¢ = 1) [f(z") - f(2")] + 60°Ls(Vf(a"), a" — z")]

3772 2 *\ (12
o | 2L By + 37|V f (@) 2]
t

2Vk*
't — |2 =[Pk (v) —a*||* < (1 ! ) lo — 2|

where o« = 1 + \;g

Next by using Assumption 1 in which we have f(x!) — f(x*) > (Vf(x*), ' —x*) + 5 ||z’ —x*|?,
we can establish the result in Eqn. (7). Finally, since the deduction after Eqn. (7) does not rely on
the rank-constrained problem, we can just follow the above proof and obtain the desired result on
rank-constrained problem. The proof is completed. O

B.2 Proof of Corollary 1

Proof. Here we use the result in Eqn. (11) in Section B.1:
«

12(1 = p)E3

where § <1 — zi— and § = o ( ﬁ) Then to achieve 67 ||x° — z*||? < ¢, we have

0 _ .x|2
T > logy /g (”w il )

€

Elx’ —a*|* < 0]l — 27|* +

IVZf ()%, (v0),

In this way, we have

Ellz” — 2%, <\/E|zT — z*||2 < \/0T||ac0 —x*||2 + ( 5 [VZf(x*)[]?

o *\||2 \/> . *
<[+ gy Ve I < Ve 9 e

Therefore, the IFO complexity is

o0 —a* )2

1} (1/w)10g1/9< ‘ >_1g T {xo—w*z_l}

1
7P++m+
w

wT—1 1/w—1 1/w—1 €
®
<6400aB hs @ O(E),
= psls € €
where Qusesw =60 =1 — 480& ; @uses T > %, ® holds since (1) the parameter p; is

the strong convex parameter at sparsity/low-rank level s and thus is not very small since s is much
smaller than the feature dimension, (2) we can always scale the problem such that p; is not small.
Notice, such a scale does not affect the ratio B//; since they always scale at the same order. Thus,
we have the IFO complexity O (£2).

On the other hand, we have

1\ log (L log (L log (4 ® L
logy g (e) T 8 - ( )1 N ( )1 =0 (Ks o8 (€>) ’
0g \g log (1 + m) log (1 + er)

where holds since we have log(1 + x) > log(2) - « for « € [0, 1]. The proof is completed. O

B.3 Proof of Theorem 2

Proof. We first prove the result for sparsity-constrained problem. In this case, the variable x is vector.
LetZ = It UZt U Z*, where Z* = supp(z*), Z! = supp(z!) and Zt*! = supp(z!*™!). Recall



that z'+! = & (2! — ng’). Then we have
fa)
l

<f(@) + (Vi) & —a') + [z —a'|®

£
<J(a) + <gawt+1 —af) + 2]t - at|? + |V f() - gt -

77||gtIH2 - 177763 Hmt+1

=f(=")+ 2 ||€L'tJrl wr+ngzll* == or —a' P+ Vf(z') - ']z — 2’|
llg3 412 Lo l? 1=t
:f(illt) ||a.:t+1_w:tz+ngtz||2_ I\(I2tuI ) _anItZUI _ 277 s ”wt+1 _ wt”?
2n n

+IVF() - g'llz — 2’|

2)_77HgtItUI* § _ 1—nt
2 2n

1 S
=)+ 5, (125 ~ 2k + ngsl =i lgh gz |2+t — a2

+IVF() - 'z — ']
13)

Now we bound the second term |27 — 2% +ng%||* — n*(l94 71,7+ |*- Here we adopt similar

strategy in [2]. Since we have Z \ (Z' UZ*) = Z!™1 \ (Z! UZ*) C Z'*!, then we can establish

xt;{(ztuz*) = mtz\(ztuz*) — ”gtz\(ztuz*y On the other hand, we have wtz\(ztuz*) = 0 which
further yields mt;{%ﬁuz*) = _Wth\(ztuI*)- Next, we choose a set R C Z! \ Z!*! such that

|R| = |Zt+1\ (Z! U Z*)|. We can find such a set R because we have |ZtH1 \ (Z U Z%)| =
|70\ Tt | — |(ZP N Z*) \ Z'. Besides, since '™ = @ (x! — ng'), we can establish:

2=

llgr ooz HizorI? 2 2k —ngrl*. (14)

Then combining Eqn. (14) and the fact that a:“'l = 0, we have

&5 — 27 + ngZll” — *lgh oz I? <llef™ — 27 + ngZ|” — |l — 2% + ngz|?
1
=llz % — 2nr + 090 Rl (15)

Next, we bound the size of Z \ R as |Z \ R| < [Z'T!] + |(Z¢ \I““l) \R|+|T*| < k+ (T n
T*)\ It + k* < k + 2k*. Also, since Z!*! C (Z \ R), we have wI\R = q’k(wz\n 7792\72) By
combining Eqn. (15) and Lemma 2, we can obtain

5"

-z +ngzl® - 772||9t1\(ztuz*) 12

* * 2
Smnmz\n —xnr +ngnrll
2k*

§k+k*”wz x4 +ngs|?
=2 (et — a2+ 2n(gt 2" — 2ty + P lgb )
k+ k*

k*
2 (e — P+ 2V A ), 27 — ) +rPlgbIP) + gt - V()@ — )

e
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_ 4dnk* 2(1—nps)k*

k+ k* k+k* k+k*
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(f(z")—f(=")+

o~ |+ 225 gt 2 ¢ (g~ V f ('), 2" ~a)
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where £ = k + k* in @. By substituting the above inequality into Eqn. (13), we can further obtain
f ( :Bt+ 1 )

Sf(mt) + 2K (1 777ps)k*

Fr e s+ e e

nk*
- ||9tz\(ztuz*) ||2

nk* n 1—nt, 13 y
+ (k e 2) lg%euz- I — 27nllaﬂt+1 —'|* + %<gt —Vf(x'),z* — )
+[IVf(x") — g'[l[]="" — &

©) 2k* 1— s k* * 1- 65 k*
1)+ e - s+ e - |1 L

nk* _n t 2 i t £y ok ot t+1 _ gt
(75 ~ D) b P+ ' = (@) = o) + [V ~ g+ = o)

k* —np )kt L K+
1)+ ) = ) + S e a2 - (T ) g P

:| ||mt+17mt||2

n(k + k%) 2 ktk
§ ) n(k + k")
+ %<g75 - Vf(:ct),w - wt> + 9 ((1 — néb)k _ (1 n ’I’}Eé)k*) va(wt) - gtsz

where in @ we used ||z — 2| > nllgf (zeuze

, and in @ we have used the basic inequality

ab < Z—i + ¢b?, Ve > 0. By invoking Lemma 5 in the above we further get

G
2k* 2(1 —nps) n (Ppi+8(1 —nps))k*
<f(x! 1 Nty L s Lo 2
<t g () () - e - (- P ) gt
€, 4 £y % t ( n(k + k) 8(1 —nps)k ) )2
+—(g"'—Vf(x'),z"—x")+ + Vf gl
209 VI @2 ST b (i) T el + ke ) 1V
Let us now consider = 5~ in the above inequality, which leads to
2(4¢, — ps)k* 1 (p? — 16psls+320%)k*
t4+1 < t *) t\y_ [ = \Fs s tt . 2
Fa) <fa >+7ps(,€+k*) L L e e [

k+ k* 8(20, — ps)k*
o e ) o

tlg - Vi@)e -2+ (5

64[

Since k£ > (1 + ) k*, with algebra manipulation we can further show that

Fat ™) <A@+ L) ) el - —at)+ o+ 52 ) 195 -9
gf(mt>+§gs(f(m*)—f(wt>>+ess<gtw<mt>,:c*—mt>+?fp%HVf(a:t)—gtH?

Taking expectation (conditioned on x!) on both sides of the above we arrive at

Blf(@'11) | 2] <f(@) + £ (@) - 1) + LBV ) ~ o' | o
<P+ o (@) - F@) +

where @ uses Lemma 3, in which B = max; B; and B, = -5 > " | |V fi(z') — Vf(x')|/>. By
further taking expectation on z* we obtain

374,
dpZs,

B.

Blf(et*) - fa)] < (1- 5 ) Blfat) - fe)] +



We furtherset § = 1 — i and s; = 7/w’, and then assume that 7 is large enough such that

37 B

T < @) = fla), (16)

=

where § is a positive constant and will be discussed later. Now we use mathematical induction to
prove

E[f(z") - f(2")] < 0'[f(°) — f(z")], (¥2), (17)

where 6 < 1 is a constant and will be given below.

Obviously, when ¢t = 0, Eqn. (17) holds. Now assume that for all k£ < ¢, Eqn. (17) holds. Then for
k =1t+1, we have

E[f(2"") — f(2*)] <BE[f () — f(2*)] + 0w'[f(x°) — f(z*)]
<(B6° + 0uw')[f () — f(x")] < 0" [f(2°) — f(a*)],
where @ holds since we let

w=0=p5+3. (18)

This means that if Eqn. (16) holds, then Eqn. (17) always holds. So the conclusion holds.

Then let 7 > %% which gives § < t2—. We have

1 1 1
w=0=FF0<s1-om+ g 165,

Therefore, we have

The proof is completed. O

C Proofs for Section 4

C.1 Proofs of Theorem 3

Proof. Here we also first consider the sparsity-constrained problem. Let us consider Z = Zt+! U
TtUZ1 U and y't! = 2t — ngl + v(x® — x'71). Since f(x) is quadratic with Hessian H,
we know that

Yy —at =z’ —x* —nVrf(a') +nVf(@*) + (@' — ') +n(Vef(a') — g%) — nVzf(z*)
=((1+v)I —nHzz) (@' — x*) —v(@'" —x*) + n(V f(x') — g5) — nVIf(w*%-g
(19)

Since the above iterate depends on the previous two iterates, we consider the following three-term
recurrence in matrix form:

t * I 0 - * 0

{ ygl_—mw*] _ [(1 +v)I —nHzz —vI ] [ z' — }+n { Vrf(@') - g7 = Vzf(a*) |



Since z!t1 = <I>k(yt+1) = @y, (yL""), based on Lemma | we get ||+ —z*|| < /a|jyr™ —x*|| <

allyttt - o =1+ 24 LetT = supp(®s(V f(z*))) Usupp(z*) and § = 3k + k*.
Then

|| |
L .’B —x*
B t+1
S
L r — X
a7 % )[25% Jo 0)
1+v)Izz —nHzz —vI *
can [ 0+ )iz ~nHzz "] [m"fl || +enmnvase) - ot vz
@ \/gi_ Ps - *
<oV || Fm ||+ onEise) - g+ el v sia)
® - —x .
Za(1-\/2)8|] 2 _””m |||+ anmivase) - atl + anvase

® 1 = t % .
s<1— ”)EH[ 2 ””*”]+anE|vzf<wt>—gtz|+an||vzf<w>
- xt — * B .

Ve 207 || ey 2 + anvasen

where @ follows from Lemma 6 with = m and v = max {|1 — \/nps]?, |1 — Vnls|*}

(For the sake of readability, we have assumed without loss of generality that
(1+v)Izz —nHzz —vizz _ (1 +wv)Izz —nHzz —vizg

p Iz 0 o Iz 0

we may simply run sufficient rounds of heavy-ball iteration over Z before applying the hard

thresholding operation and similar complexity bounds can be obtained with more involved

arguments), @ follows from the fact {5 > ps, @ follows from the condition k& > (1 + %) k*

IN
7N\
—
|
| —
m‘b

®) | ®

(20)

Otherwise,

which implies v < 1+ %, /2%, @ uses Lemma 3 with B = max; By and ||Vz f(z*)|| < ||V f(z*)|

where Z = supp(®sx (Vf(z*))) U supp(z*).
Now we let

g:=1-—

where kg, =

1 s
2,/Fs ps
We further set s; = 7/w’ and assume that 7 is large enough such that

:om\ﬁ< 8vB
VT T VTV +VE)? T

where § is a positive constant and will be discussed later. Now we use mathematical induction to
prove

| g g | | R

where 6 < 1 is a constant and will be given below.

< O(fla® — || + [l — =), 21

s IVzf )], (), (22)



Obviously, when ¢t = 0, Eqn. (22) holds. Now assume that for all £ < ¢, Eqn. (22) holds. Then for
=1t -+ 1, we have

—z* t ¥ —x 8 "
B | 0 || <se| | B3 ]|+ o [m_l_m*}H+%+@2nw<m I
O e

<(at +aw e | 2 v T Y Ivee

@ . 0 —x* 3 o

=0 EH{ r o H‘ U m v e
where @ holds since we let

w=0> and 0=p+06. (23)

This means that if Eqn. (23) holds, then Eqn. (22) always holds. So the conclusion holds.

> 81Bk . -1 _ .0
Then let 7 > TtV a0 == Recall x”, we have

1 4 1
0 = 0<1— =1- .
B+os 2./Ks + 9/Ks 18,/Ks

Therefore, we have

8
Bz’ — 2| <20'|2” — 7| + IVzf ()]l
= Bm+VGe T
6,//<c
=20"||x° — x*|| + —————=||Vaf(z")]], (Vt)
where § =1 — and 0 <1 - —— withw = 92. So the result on sparsity-constrained problem

f W
holds.

Now we consider the rank-constrained problem. Since the proof accesses the Hessian, here we
need to vectorize the matrix variable . For notation simplicity, we use € R%% to denote
the vectorization of x € R% >, Assume that the skinny SVDs of !, and x* are respectively

= U; VI and * = U, X, V,'. Then we have ! = U, Ul z! and z* = U, U 'z*. We
further define the projection operation Py; () = UU”  which projects  in the subspace spanned
by U. Thenlet Z = Z* UZ!"t U Z! U ZtHL, where Z* = supp(z*), Z!"! = supp(z’~1),
7' = supp(z') and Z'"! = supp(z’*!). The notation %, = U Uz’ = Py (x). For
the specifical notation yz, it denotes yzr = Pr(yr) = (U, UL, + UUL + Ut+1UtT+1 +
v.u!-uv,. v, uvtv,. U4, -0, U UUU UL -U,_ U U UL U UL -
UU'U. UL UUL + U, U\ UUU UL U UL )g" where Pr is a projection. Here y
can be x, g* and V f(x).

Then we also prove Eqn. (19) holds. Let ¢, z*, ' and Vf(a:) respectively denotes the vectorization
of y, =*, ' and V f(z). The notation 7 denotes the vectorization of UzUZ z. Then we have

gt =@ =& — & — V(@) +nVzf(a) +v(@ - 3'") +n(Vzf(2') - g5) — nVf(=")
(1 + I —nH)(@ - &) —v(@ ' = &) + (V2 [(@) - g7) — nVzf(a"),

where H = P7z(V2f(2)). Here V2f(Z) comes from the fact that Vf(x!) — Vzf(z*) =

Pr(Vf(x!) — Vf(z*)) 2 PrV2f(2)(@ — &*) in which @ uses the second differential prop-

erty of f(z) and thus there exists a matrix z such that V f(x) — V f(z*) = V2 f(2) (2! — z*). Then

by Assumptlons 1 and 2, we have psI < Pz(H) =< 451 since ||Pz]j2 < 1. We obtain ||Pz]j2 < 1
since we have PI Pr ="Pz.

On the other hand, we can follow Eqn. (12) in Section B.1 to prove

Oi(ys) =Un1 UL 2" —ngh + vz —x' 1))
=U 11U/ [ + vz’ — oY)+ nU UL Pr(gh)

® _
=Up Ul [z + v(z! — 2] + U UL g' = 2

10



where @ plugs Pz defined above and obtains Uy 41 UEHPI =U;4 UEH. Then we apply Lemma 1

to establish
2V k*
2t 212 =@ (i) — 22 < (1 2 t+1 *2,
[ L R e = L

where o« = 1 + % Therefore, we can establish

rttl _ t+1 R
(2 o[ |
Then we can establish the first inequality in Eqn. (20). The following proof does not depend the

property on rank-constrained problem. So we can just follow the above proof sketch for sparsity-
constrained problem to prove the result on the rank-constrained problem. The proof is completed. [

'

C.2 Proof of Corollary 2

Proof. To achieve e-accurate solution, let
20")|2° —a*|| < Ve
wheregz 1-— 2;; and 0 <1 — 18W with w = 62, we have

2l|lx® — x*
F2logiyo (”\f”) |

Therefore, the IFO complexity is

2))x0 —a* |

lo
. 1+l+.”+ 1 _T(l/w) g1/e( Ve )—19 T 4”2130—38*”2_1
w wl-1] 1/w—1 w1 €
T [z —2*|21e  81Bks 1 5 81B- 36,/ 0

< < < 2 2

Ww—11 e APtV 1) - 1 —1 7 pa(Vps + V)P (Vps + V)
< 81B~36,/I‘€§ gg _O(\/@B> @O<1/,‘€§>
~ ps(\/ps + Vs)%e (Vps + ViEs)? pstse €
where @ uses w = 62; @ uses § < 1 — 18%\/? and 7 > 4(ﬁ+\§it)?ﬁ[w0 T @ uses
1/\/1_%_1 < 1_\/;185@ < 36,/ks since we have 1 — /1 —a > %a fora € (0,1); ®

holds since (1) the parameter ps is the strong convex parameter at sparsity/low-rank level s and thus
is not very small since § is much smaller than the feature dimension, (2) we can always scale the
problem such that pz is not small. Notice, such a scale does not affect the ratio B/¢; since they

always scale at the same order. Thus, we have the IFO complexity O (@)
On the other hand, we have
log ( 2= log (2= log ( 4=
1 s (f) & (f) & (ﬁ 1
() ) o (1),
€ g (3) log (1—|— 18\/,7371) log (1—|— 18\/%71) €

where holds since we have log(1 + z) > log(2) - « for « € [0, 1]. The proof is completed. O

IN©

D Proof of Auxiliary Lemmas

D.1 Proof of Lemma 4

Proof. Firstly, for both vector « and matrix variable & we can decompose E| g*||? and bound it as
follows:

Elgzl* =Ellgr — Vzf(a') + Vzf(2') = Vzf(x") + Vzf(=")|?
<3E|lgr — Vzf(a")|I* + 3E[Vzf(z') — Vzf(x)l5 +3[Vf(a)|?

®é t *\ |12 *\ (|2
SStBt+3EIIsz(w ) = Vzf(@)]" + 3V f ()7,

11



where @ use Lemma 3. Now we bound the second term. We define a function
hi(z) = fi(z) — fi(z") — (Vzfi(z"),z — ).
It is easy to check that Vh;(x*) = 0, which implies h;(2*) = ming h;(x). In this way, for vector

variable x, we have
2

0= hi(z*) <minh;(x —nVzh(x)) <minh,(x) —n(Vh(x), Vzh;(x)) + U ()3
n n
253
2 minhi(a) — ol Vzhi(@)|? + T [Vzhi(a)
® 1
Zhi(e) — 5 IVhila) 3,
(24)

where @ holds since for vector @, we have (Vh;(x), Vzh;(x)) = ||[Vzhi(z)|? and @ holds by
optimizing 7 = ZL'

Now we consider the matrix variable x. Firstly, assume that the skinny SVDs of x¢, ot
x* are respectively ' = U, V', 2! = U131V}, and o* = U, X, V,'. Then we
have #' = UUl'x!, '™ = Uy UL 2" and ¥ = U U z*. We further define the pro-
jection operation Py; (x) = UUTx which projects = in the subspace spanned by U. Then
letv = o' — ngl and T = Z* U Z' U It where Z* = supp(z*), Z' = supp(z!) and
It = supp(z'™!). The notation ., = U, Uz’ = Py (x'). For the specifical notation g,
it denotes g% = Pz (¢') = (U,U! + U, UL, + UU - UUU UL, - UUFU UL -
U UL UUL + U U U UL, UUT gt where Pz is a projection. Then we also have
@

(Vhi(®), Vzhi(®)) = (Vhi(x), Pz (Vhi())) = (Pz (Vhi()), Pz (Vhi(2))) = [ Vhi(2)]?,
where @ holds since (Pr (Vzhi(z)),Pz(Vzhi(z))) = (Vhi(z),PLPz(Vzhi(z))) =
<Vhl(w),731(Vzhl(w))> due to P%PZ = Pz.

Thus, Eqn. (24) holds for both vector variable  and matrix variable x. It further yields

IVzfi(a) = Vrfi(x)l3 < 26 (fizx) - fi(") — (Vo filz®),z — z")).

Then we are ready to bound the second term:

E|Vzf(z') — Vf(z")|?* = vazﬁ — Vzfi(")|?

sﬁ Z% (fi(a!) — fi(x*) — (Vzfi(z*), @' — 7))
=20, (f(x') — f(z*) + (Vzf(z*), ' — x*)).

Therefore, for both vector variable « and matrix variable x we have
3 .
EllgﬁtHQSSjBtJrGﬁs (f(@") = f(&") + (Vzf(x"),a" — x)) + 3|V f ().
This completes the proof. O

D.2 Proof of Lemma 5

Proof. We first consider vector variable . From the strong convexity we get

f@) 2f(@') + (Vf(a'). 2" — ')+ Ea” — 2|

o p
=f(a&") + (Voiuz- f(2') = g7z + 9oz, a* —at) + 5 2" —a'|?

xr
2
, (25)
s o — 2|

2

2 t||2

@ 2 2 Ps |
> f(a') - ;IIVf(wt) -g'|I> - ;Hgtzzuz* lew —x

2 2 Ps 1 *
=f(z') - ;||f(wt) —g'lI* - ;H!fztuz*”Q + 7 e =2,

12



where @ holds since we use (x,y) > — (5= [z/|3 + $||y||3) for arbitrary ¢ > 0. By rearranging both
sides of the above we get the desired bound.

Then we consider the matrix variable € R% *? for rank-constrained problem. Firstly, assume that
the skinny SVDs of ! and «* are respectively ! = U, %, VT and z* = U, X, V,T. Then we have
z! = U,Ul z! and * = U, UL z*. We further define the projection operation Py (z) = UU T«
which projects « in the subspace spanned by U. Then let Z = Z* U Z%, where Z* = supp(z*) and
7' = supp(z'). The notation z%, = U,U/ z' = Py (x'). For the specifical notation Vz f(z'),
it denotes Vz f(z?) = Pz (Vf(z!)) = (UUL + UUL — UUFUUL)V f(z') where Pz is a
projection. Then we have

Pr(z* — ') =(U, U} + U UL -, UUUN(UU 'z — U U 2" = 2* — 2,

which further gives

(V)2 —z') =(V ('), Pr(z* — ")) = (Pr(Vf(z")), Pr(z* — "))
=(Vzf(z'),z* —x'),

where @ holds since (Pr(V/(@")),Pr(z* — a')) = (Vf(a'),P{Pr(a* — a) =
<Vf($t),732(x* - mt)> due to P%PZ = PI~

In this way, © in Eqn. (25) holds. Thus, the above result also hold for matrix variable in rank-
constrained problem. The proof is completed. O

D.3 Proof of Lemma 6

Proof. Let A1 < Ay < --+ < Ay be the eigenvalues of A and A be a diagonal matrix whose diagonal
entries are {);} in a non-decreasing order. By proper manipulation we get

p([ (1+u)II_77A _SI D :pq (1+u)II—nA —(I)/I D :?;?jfp([ 1+u1_77,\i

where in the second equality we have used the fact that it is possible to permute the matrix to a block
diagonal matrix with 2 x 2 blocks. For each i € [d], the eigenvalues of the 2 x 2 matrices are given
by the roots of

M—(1+v—m)A+v=0.

Given that v > |1 — /n)\;|?, the roots of the above equation are imaginary and both have magnitude
V. Since v = max{|1 — \/nu|?, |1 — v/nf|?}, the magnitude of each root is at most max{|1 —
Vi, |1 — +/nf]}. This proves the desired spectral norm bound. O

E Additional Experimental Results

E.1 Descriptions of Testing Datasets

We briefly introduce the seven testing datasets in the manuscript. Among them, three datasets are
provided in the LibSVM website', including rcv1, real-sim and epsilon. We also evaluate our
algorithms on mnist” for handwritting recognition, news20° for news classification, coil100* and
caltech256° for image classification. Their detailed information is summarized in Table 2. We can
observe that these datasets are different from each other in feature dimension, training samples, and
class numbers, etc. It should be mentioned that for caltech256 including 256 kinds of objects and one
background class, we use its OverFeat feature, while for other datasets, we all use their raw data.

"https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
*http://yann.lecun.com/exdb/mnist/

3http://qwone.com/ jason/20Newsgroups/

*http://www 1 .cs.columbia.edu/C AVE/software/softlib/coil-100.php
>https://authors.library.caltech.edu/7694/
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Table 2: Descriptions of the ten testing datasets.

#class  #sample  #feature | ##class  #sample  #feature
rcvi 2 20,242 47,236 news20 20 62,061 15,935
real-sim 2 72,309 20,958 coil100 100 7,200 1,024
epsilon 2 100,000 2,000 caltech256 257 5,140 2,000
mnist 10 60,000 784

E.2 More Experiments on A Single Pass over Data

Finally, we give more experimental results on a single pass over data. Following the setting in Sec-
tion 5 in manuscript, here we test the considered algorithms on logistic regression with regularization
parameters A\ = 1075, We follow our theoretical results to exponentially expand the mini-batch
size s in HSG-HT and AHSG-HT and set 7 = 1. Figure 3 summarizes the numerical results in
this setting. One can observe that on these optimization problems, most algorithms still achieve
high accuracy after one pass over data, while HSG-HT and AHSG-HT also converge significantly
faster than the other algorithms. These observations are consistent with the results in Figure 1 in the
manuscript. All these results demonstrate the high efficiency of HSG-HT and AHSG-HT and also
confirm the theoretical implication of Corollary 1 and 2 that HSG-HT and AHSG-HT always have
lowest hard thresholding complexity than the compared algorithms and have lower in IFO complexity
than other considered variance-reduced algorithms linearly depending on the sample size n, when the
desired accuracy is moderately small and data scale is large.

revl, k=500 epsilon, k=500

— 8 = — S
- & -4-FG-HT - -4-FG-HT - %o -4-FG-HT - & -4-FG-HT
e A T ~#-SG-HT e ., ~#-SG-HT L2 ~#-SG-HT Lo 4= SG-HT
kS T -|-w-SVRG-HT| T -¥-SVRG-HT| & | “V-SVRG-HT| T , -¥-SVRG-HT
3 2 ——HSG-HT g 20 ~—HSG-HT %, ——HSG-HT % ~—HSG-HT
s 0 P AHSG-HT| £ %v, > AHSG-HT| g . P AHSG-HT| g o —»~ AHSG-HT
g - Z 2 N, | B g -
a _, o _, v, [agrs O _gb\
g § M l:‘>’ 8 g m
£ -6 g - g - e
g g ) g 8.
5 -8 5 -8 = -10 ot
e} s} [} o

10 10000 20000 100 10000 20000 120 50000 100000 120 50000 100000

#IFO #Hard Thresholding #IFO #Hard Thresholding

Figure 3: Single-epoch processing: comparison among hard thresholding algorithms for a single pass
over data on sparse logistic regression with regularization parameter A = 10~°.

Since the objective loss decreases fast along with the hard thresholding iteration, here we magnify
the subfigures in Figure 1 in the manuscript and the above Figure 3 which display the objective
loss decrease along with the hard thresholding iteration. In this way, the objective loss decrease
along with the hard thresholding iteration can be viewed better. From Figure 4, one can easily
observe that AHSG-HT and HSG-HT converge much faster than the compared algorithms. Moreover,
AHSG-HT achieves higher optimization accuracy which demonstrates that AHSG-HT is superior over
HSG-HT in hard thresholding complexity. All these results confirm the our theoretical implication of
Corollary 1 and 2.

revl, k=200 real-sim, k=500 revl, k=500 epsilon, k=500
g -4-FG-HT -4-FG-HT g -4-FG-HT
=4 SG-HT 4=~ SG-HT
N -¥- SVRG-HT “Deves -¥- SVRG-HT
2 ——HSG-HT 2 V¥V Vv 4= HSG-HT
0 = AHSG-HT of = AHSG-HT
2

YV vYvvvy

Objective Distance log(f - f ’)

Objective Distance log(f - f ’)

Objective Distance log(f - f ')

Objective Distance log(f - f ‘)
|

50 100 150 200 0 100 200 300 % 50 100 150 200 0 100 200 300 400
#Hard Thresholding #Hard Thresholding #Hard Thresholding #Hard Thresholding

(@) (b)
Figure 4: Comparison of hard thresholding complexity in single-epoch processing. (a) magnifies

the hard thresholding iterations in Figure | in the manuscript. (b) magnifies the hard thresholding
iterations in Figure 3 above.

14



References

[1] X.Li, R. Arora, H. Liu, J. Haupt, and T. Zhao. Nonconvex sparse learning via stochastic optimization with
progressive variance reduction. Proc. Int’l Conf. Machine Learning, 2016. 1

[2] P.Jain, A. Tewari, and P. Kar. On iterative hard thresholding methods for high-dimensional M-estimation.
In Proc. Conf. Neutral Information Processing Systems, pages 685-693, 2014. 1, 6

[3] M. Friedlander and M. Schmidt. Hybrid deterministic-stochastic methods for data fitting. SIAM Journal on
Scientific Computing, 34(3):A1380-A1405, 2012. 1

15



