APPENDIX: Geometrically Coupled Monte Carlo Sampling

7 Measure-theoretic considerations regarding K-optimality

In this section, we briefly address the measure-theoretic issues arising from the definition of K-
optimality in Section 11, and establish several important integrability results that will be used in the
proofs of the results appearing in Section D. We re-emphasize here that, as stated in Section & of
the main paper, we restrict to the case where the Gaussian process GP(0, K) has continuous sample
paths in order to avoid unnecessary technical complications. More precisely, we restrict to Gaussian
processes for which a continuous modification of the process exists, and assume in the following
that it is always this modification that we are working with. The vast majority of commonly used
GP kernels in machine learning lead to continuous GP sample paths, with the exception of special
cases such as the white noise kernel. For further discussion of the properties of kernels that lead to
continuous sample paths in GPs (see e.g. Marcus and Shepp, T977; [Talagrand, T987; (Gin-and NickI,
PO19).

We begin by recalling the form of the objective for K -optimality, defined in the main paper in
Expression (2):
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Firstly, we establish joint measurability of the random variable (m~'>"7" | f(X;) — Iy)%. We
consider the Gaussian process f taking values in the measurable space (C(R%;R),Y), where
C(R%,R) is the space of continuous functions from R? to R, and X is the product sigma-algebra,
and (X1,...,X,,) taking values in the measurable space ((R%)™, B((R%)™)), where B((R%)™)
is the usual Borel sigma algebra on (R¢)™. We aim to establish that (m='>"" | f(X;) — If)?
is measurable on (C(R%R) x (RY)™, Y @ B((RY)™)). Considering the types of terms that re-
sult from expanding (m~'>""", f(X;) — If)?, we note that it is sufficient to prove joint mea-
surability of terms of the form f(X;) and f(X;)f(X;). We deal explicitly with the term f(X;)
here; the treatment of the term f(X;)f(X;) is analogous. To do this, we show that the evaluation
function ¢ : (C(R%GR) x (RY)™ ¥ @ B((RY)™)) — (R, B(R)) defined by (g, z) = g(z), is
measurable, and since f(X;) is given by the composition 1 (f, X;), we have that f(X;) is mea-
surable, as required. To reach this conclusion, we will show that (i) for all z € R4, the func-
tion (-, ) : (C(R%R),¥) — R is measurable, and (ii) for all ¢ € C(R? R), the function
¥(g,-) : R4 — R is continuous. % is then said to be a Carathéodory function, and joint measur-
ability follows (see Aliprantis_and Bordeid, Z006, Lemma 4.51). For (i), simply note that for all
A € BR), x € RY the set {g € C(R%;R)|g(z) € A} is a cylinder set, and hence in ¥. In ad-
dition, (ii) follows immediately by continuity of g € C(R%; R). Putting all this together, we have
established joint measurability of the random variable (m~=">""" | f(X;) — Iy)?, which means that
the K -optimality objective appearing in Definition 2 is well-defined.

Finally, we make several remarks on pathwise integrability of the Gaussian process GP(0, K ).
Firstly, we show that f € L?(n) almost surely, via the following calculation:

Ex~n [Efacro,x) [f(X)?]] = Exey [K(X, X)] < 00,

with the bound following from stationarity of the kernel K. Thus, we may apply Fubini’s theorem
to obtain

Encp(o,) [Exn [£(X)?]] = Exe [Epnaro,r) [f(X)*]] -

It therefore follows that f € L?(n) almost surely (under the law of the Gaussian process). The joint
integrability with respect to n and the law of the Gaussian process established above is important in
justifying the use of Fubini’s theorem in exchanging orders of expectation in the analysis presented
in Section B.

8 Examples and counterexamples relating to Section

In this section, we present several examples that serve to further illustrate results from the main text.
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8.1 Convexity of the kernel is needed in Theorem 2.9

We present a counterexample illustrating that the convexity assumption on the kernel is required in

theorem 9. Let K (x,y) = e~ !*~¥II” be the Gaussian kernel and let ) € 2(R?) be the spherically
symmetric distribution such that if X ~ 7 then || X|| ~ U([0,b]) for some b > 0. Note that the
kernel is not convex. Depending on the value of b, two different couplings of the norms will be
optimal: either || X3|| = || X1]| or || Xa|| = Fr'(1 — Fr(]|X1|])). Indeed it is easy to compute
numerically the following expectations for this choice of 1 and to note that

IR (6, X0)] < B K (0 P - Pl )| <= o<,

This illustrates that in the absence of convexity of the kernel the optimal choice of coupling for two
samples also depends on 7: if 1 assigns a lot of mass to a small area around O (b small) then the
coupling of Theorem [Z9 suffers a lot in conjunction with the Gaussian kernel. On the other hand
if 7 spreads out mass more evenly further from O (b large) then the antithetic coupling giving equal
norms to both samples performs better.

8.2 Examples illustrating non-existence of uniformly optimal couplings
Below, we give two examples that expand on the remarks in Section [ stating that in general, there

does not exist a coupling of Monte Carlo samples (X7, ..., X,,) that achieves optimal MSE simul-
taneously for a range of functions f for the objective appearing in Expression ().

Example 8.1. Suppose we want to estimate the value of the following expectation:
Ex~n,n [f(X)],
where f : R? — R is specified in polar coordinates by
f(r,0) = Tocio,r) -
The exact value of this integral is 1/2. An optimal coupling for two samples marginally distributed
as N (0, 1) in this case can be shown to be any distribution for which X; and X point in opposite

directions almost surely (e.g. taking Xo = —X;). It is readily checked that the corresponding
Monte Carlo estimator is in fact exact, having a mean squared error (MSE) of 0.

Example 8.2. Consider the same setup as Example B, but now with the function

f(r,0) = Lge(o,x/2)Ulr,37/2) -

In this case, it is straightforward to show that the two coupled samples of Example Bl obtain the
same MSE as a single Gaussian sample, whereas two i.i.d. Gaussian samples obtain half this MSE.

Examples 81 and B2 illustrate that it is not always possible for one coupling to outperform all others
(in terms of MSE) across a given function class.

9 Proofs of results in Section

Theorem 2.4. The optimisation problem defining K -optimality in Equation (B) is equivalent to the
following multi-marginal transport problem:

argmin Ex, ., Z K(X;, X;)
BEAm (1) i#j
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Proof. We calculate as follows, beginning with the K -optimality objective:

2
1 m

Efocpro,k) |Exim~n <me(Xi)_If>
=1

2
1 m
=Es aro,k) |Ex1mmn (mz ]EX~n[f(X)]>

1 & 1
=Escr.5) |Eximm~p | =5 Z (X)) + oo} Zf(X ) f(X5)

~ 2B OO Y X)) + Exag (X))

i=1

Removing terms which depend only on the fixed marginal distribution 7, and not the joint distribu-
tion p, the observe that up to a function of 7 only, the objective above is equivalent to

Ervcpo.k) |Exypm~p Zf(Xi)f(Xj)
i#]

By Fubini’s theorem, we obtain

Efocp©,k) |Eximmn | D FX)FX) | | = Eximn |Ereapx | Y LX) (X))
i#£j i#]

= Exymn | D K(X3, X5) |
| i#i

as required. O

Proposition 2.7. Suppose that the function class .% is the unit ball in some RKHS given by a kernel
K :R? x R? — R. Then the component

2
1 m
ap 2, | (300 -1
=1

feF

of the minimax coupling objective in Equation (B) may be upper-bounded by the following objective:

(250

where 0 : Z(R%) — H is the kernel mean embedding into the RKHS H x associated with K.

2

; “)

EXl:mNH

Hi

Proof. We begin by observing that for f € H,

Ex, s <1Zf<xi> - If> ~Ex,, ( [ 1@ (126& - n) (dx))
i | \/R? mi=
=Ex,.,. <f70K< Z5x> — 0K ( )>
L Hi
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Using this observation, we next observe that

m 2 m 2 ]
sup Ex,.,, ~ fX =sup Ex, ,~pu | [0 -0
fe?X M<Z > fefJX"< K Z:: K)HK
9 Z
<Ex,.,.~u |sup { f,0 ) -0
X1om~p feﬁ< K( ZX) K )>

Hi |

Sl=

We can now evaluate the supremum; it is realised when f € Hy is the unit vector in the di-
rection of O (m™' 37" 0x,) — Ok (n), in which case the squared inner product evaluates to

05 (m= 321", 6x,) — Ok (n) ||3,,. - Substituting this in yields the result. O

Theorem 2.8. Given a probability distribution € Z?(R?) and a kernel K : R x R? — R, a
coupling 1 € A,,,(n) is K-optimal iff it is solves the optimisation problem in Expression ().

Proof. The optimisation objective
2

Exymn ( Z5X > — 0k (n)
Hi
can be rewritten in the following form:
M 2
Exymeon ( Z5X ) — 0k (n)
L Hi
- o )
“EXpmen ||| > K(Xi,e) =0k ()
L =1 Hi
1 & ’ 1 &
“Exyn || = DK (X)) —2 <m > K(Xi,), O <n>> + 1181 (Dl
7=t Hy i=1 Hi
Since the marginal distributions of X1, ..., X}, are fixed, the only term above that depends on the
coupling between the random variables X1, ..., X,, is the first term. Thus, minimising the original
objective is equivalent to minimising
1 & ’
By ||| 20K (X )
i=1 H i

Expanding this term yields:

1 «— 1
EXl:mNM 722 XMXZ)“FWZK(X“XJ)
i=1 i#]
Again, the only term depending on the coupling is the final term, so minimising the original objective
is equivalent to the following optimisation problem:

min Ex,  ~, ZK(Xi,Xj) )
HEAmM () i£]

over all joint distribution of X} .,,, with marginals given by 7. O

Theorem 2.9. Let € Z(R?) be isotropic, and let K : R? x R? — R be a stationary isotropic
kernel, such that K (x,y) is a strictly decreasing, strictly convex function of ||x — y||. Then the K-
optimal coupling of 2 samples (X1, X5) from 7 is given by first drawing X; ~ 7, and then setting
the direction of X5 to be opposite to that of X7, and setting the norm of || X2|| so that
Fr([|Xal) + Fr([Xa]) =1, (5)

where F'r is the CDF associated with the norm of a random vector distributed according to 7).
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Proof. To demonstrate that the optimal coupling takes the form given in the statement of Theorem,
we proceed in two steps: (i) we show that there exists an optimal coupling p* such that if (X7, X5) ~

w*, then X1 /|| X1]| = —X2/|| X2|| almost surely, i.e. X; and X5 point in opposite directions almost
surely, and (i) that the norms of X; and X» satisfy || Xa|| = Fr'(1 — Fr(||X1]|)) almost surely.
We begin with (i).

Let i1 € Ao(n) be optimal for the following optimisation problem:
min E o [ K (X1, X2)], 7
Lo By, ) [K (X1, Xo)] D

Then note that if we let (X1, X2) ~ p, then if R is a random matrix draw independently from
Haar measure on the orthogonal group Oy, then y/ = Law((RX1, —RX1/||X1] x [|X2|])) still
lies in A2 (n), and moreover yields an objective value for (@) at least as small as that achieved by p.
The former claim comes from observing that since 7 is radially symmetric, we have Law(RX;) =
Law(X1) = 7, and Law(—RX; X || X2||/||X1]|) is the law of a random vector with uniformly
random direction (given by —RX; /|| X1||), and independent norm given by || X2||, and so is again
distributed according to 7. For the latter claim, note that we have

X X
- < = (x| = rx, - (—rx 2D

X 14|

and so by the assumption of the theorem that K (x,y) is a decreasing function of ||x — y||, we have

X
K(X1,X5) > K (RXl,RXl H 2”) :
[ X
as required. We have therefore demonstrated that there exists an optimal coupling of X7, Xo ~ n
for () such that the vectors X7 and X5 point in opposite directions almost surely.

To establish claim (ii), we note that in order for the coupling to be optimal, under the condition
of convexity of K, we must have || X2|| decreasing monotonically as || X || increases. It therefore
follows that the optimal coupling must of the form stated in the theorem. O

Theorem 2.10. Let € Z(R?) be isotropic and let K : RY x RY — R be a stationary
isotropic kernel, such that K'(x,y) = ®(|[x — y||*), where ® is a decreasing, convex function.

If Law(X7, ..., Xopm), with m < d, is a solution to the constrained optimal coupling problem
2m
argmin Ex, . ZCI) I1X: — X117 |
HGAQH(I (,,7) 7] 1

then it satisfies (X;, X;) =0as. forall1 <i < j <m.

Proof. Because X; = — X, a.s., the objective function can be rewritten as follows:
2m 2m—1 2m
> @ (1% - X,1P) Zcb 1 = Xi[2) +2 > Y @ (X - X1
i,j=1 i=1 j=i+1
m—1 2m—1 2m
=2m‘1>(0)+22 (X - X017 +2 Y > @ (IIX - X1%)
1=1 j=i+1 i=m-+1j=i+1
+2Z Z (1% = X;1%)
=1 j=m+1
m—1 m m
=2m®(0)+4 > > @ (|IXi - X[} +2 > @ (1X; + X;|?)
i=1 j=i+1 ij=1
= 2m®(0 +2Z<1> 12XG]7) +4 > @ (I1X = X5|17) + @ (I1X: + X;7) -
1<i<j<m
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Hence it becomes equivalent to minimise with || X;|| fixed

El > o(IIXi— X017 + @ (1% + X5

1<i<j<m

=E| Y (G117 = 20X X)) + @ (1617 + 11117 +2(X, X5)) |- @)
1<i<j<m

Using convexity note that

-+ Iyl = 20, y) + 1] + 1yl + 20x.y)
® (Il + 1) =22 !

<@ (X1 + [lylI* = 20x,y)) + @ (I[x]* + llyl]” + 2(x,¥))

and equality is attained whenever (x,y) = 0. Therefore, the expectation in equation (B) is mini-
mized when (X, Xj> = 0as. for 1 < ¢ < 7 < m. This is a set of valid constraints as long as
d > m. Also, if X; ~ 7 and the X’s are generated under 7 conditioned on being orthogonal to
X1,...,X;_1 then X; also has marginal 7 because drawing a uniform distribution conditional on
being orthogonal to a uniform axis results in a uniform direction. Hence any optimal coupling must
satisfy this condition. O

10 Proofs of results in Section 3

For the reader’s convenience we restate our main result that we prove here.

Theorem 3.1. [Local discrepancy & regular distributions] Denote by Sjiq a set of independent
samples, each taken from a regular distribution A and by S, the set of orthogonal samples for that
distribution. Let s = |Sjia| = |Sort|. Then for any fixed u € [0, 1] and a € R the following holds:

P[|disr g, (5,q) (1) > a] < 2e™ 2g? def piid(a) and for some pot satisfying po,t < piiq it holds point-
wise: P[|disrp, (g,,.)(v)| > a] < pore(a). Also: Var(disrp, (s,,,)(u)) < Var(disrp, (s,,) ().

ort)

Proof. Consider a set of samples S = {Xj,..., X|g} with elements of marginal distributions
Unif|[0, 1]¢. Denote s = |S|. Note that for any given u = (u,...,uq) € [0, 1]¢ we have:

E[disrg(u H E[[{i: Xi € Ju}] Huj z 1,...,8

P[Xl € Ju]

S

d
=Hu-—M=0
. I S

Thus we conclude that the expected value of disrs(u) is 0. Let n € Z(R9) be some isotropic
distribution and denote by X the distribution corresponding to the random variable X = z ' g, where
z € R? is some fixed deterministic vector and g is sampled from 7.

Now consider a set of samples Siiq of the form: S;;q = {z'gl', ...,z g1}, where random vectors

g‘fd, e g‘;d are chosen independently from 7. Similarly, consider a set of samples .S, of the form:
Sort = {2z g™, ...,z " g}, where the marginal distributions of the random vectors g$™, ..., g

is 1, but this time dlfferent g** are conditioned to be orthogonal.

For any given u € [0, 1] we have the following:

. I iid
dlsrw(sud)( ) =u— ZZES [w(z g, ) ]’

def . - .
where 1) = F and [ is an indicator random variable.
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Note that equivalently, we can rewrite disry,(g,,,)(u) as:

~Yies W'gl) 2ul+s | —Nies[V(2"g) 2 u]
S S

disr¢(siid)(u) =u-

Sics (" gl >u]

From our previous analysis and standard properties of the cdf we conclude that ~

is an unbiased estimator of u — 1.

Similarly, we obtain:

sty (5,0 (1) = 4 — 1+ —

. o I[p(z gt )>u] . . . .
Again, as before we note that Sies [w(: g )zu) is an unbiased estimator of © — 1 (since the

marginal distributions of the g¢** are the same as those of the gi'9). Denote Y;i4 = I[y)(z " glld) > ]
and Yt = I[yh(z " g9*t) > u]. Note that V;1'4, Yt € {0,1} fori = 1,..., s. Notice also that even

though the random variables (Y;i4)$_, are independent, this is not true of (Y;°'*)5_,.

We will use the following Cramer’s Theorem:

Theorem 10.1. Let Y7, ..., Y, be random variables. Denote: W, = w Then P[W; > a] <
mingsq il

esba

. . Lo . yiid_ | yiid —_—
Denote: 714 = 1 — Y;iid and similarly: Z¢™ = 1 — Y,°'*. Denote: Wiid = %, wiid= =
Zilid_,’__“_'_Z;id Ylort+_“+ybgrt WOrt7— _ Ztl)rt_,’_“-_,’_Z;)rt
S S > S - s

O0<e<1:
PWid — E[Wid]] > ¢ = P[Wid > E[Wid] + ¢ + P[Wid < B[Wid] — ¢,

and similarly: W2t = . Note that for any

Denote: p = E[Wid], We get:

PWid —E[Wid)| > ¢ = PWI > p+ o] + PWIS™ > - 4 ¢,
where i = 1 — p = E[Wid—],
Therefore, using Cramer’s Theorem, we get:

esewgid E esewgid’*}

o i _ ,
PIW. — E[W.]| > ¢] < min ——20— + min ——-5

b

where: a; = p + cand ag = p— + c. Thus, from independence and the fact that all inid have the
same distribution, we have:

} ) E[efY1])s (E[e?Z1"])*
P ”rud _E ”rud < mi min —— 4
H s [ s H > C] = 9>18 esfai + 9>lg esbaz

©))

Notice that: |disry (s, (u)| = [Wi4 — E[Wi4]|. Straightforward calculation of the RHS of Equa-
tion (8) leads to the upper bound on |disr(g,,,) ()| from Theorem B

Now notice, that by the same analysis as before, we get:

sgWwort sOWOrt—
ort ort : € B ] : E[e ° ]
PHWS - E[WS ]| > C] S I0n>118 6590,1 + Iéﬂ>1101 eseag

Thus to complete the proof of Theorem B, it suffices to show that: [E eSOV < B 659W-iid and:
p p

E[esW" 7] < E[e*W:"""] for any 6 > 0. We will show the first inequality. The proof of the
second inequality is completely analogous.
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Lemma 10.2. The following holds for any fixed § > 0:
E[e*W" | < E[e*W:").

Proof. Notice first that:

s ort s _Ort >0 9 or or .
R P N M o e
O

Jitetie=g i1 <...<ig

99
—Z S Y Em,

= Dt te=g i1 <...<ig

where the sum over ji, ...j is the sum over all partitioning of j into positive integers j1, ..., ji, the
sum over 47 < ... < i is the sum over all increasing nonempty sequences (i1, ..., %) such that
i1, .0k € {1,...,s} (thus k € {1, ..., s}) and furthermore the last equality is true since each Y;*'* is
an indicator random variable (note that the infinite sum above is well-defined since random variables
under consideration are indicators). Similarly,

soiid s iid — i ii
R R ED UL B DI Dl eee

7=0 7" jit.Aje=Fi1,...,0k
Thus, since 8 > 0, it suffices to show that:
id iid
E[Y;. Yo < B[y, v
or equivalently:
PLATTE A oA AT < PLATI A LA AT

where A4 and A" stand for events corresponding to indicators Y14 and Y;°"* respectively. For
clarity, we present the proof for the inequality above for k = 2, for k£ > 2 the analysis is analogous.
Notice also that the inequality for £ = 2 immediately leads to the inequality regarding the variance
from the statement of the theorem.

Note that it suffices to show that for any ¢ and any z € R the following is true:
P[ Tgort >tA ZTgort > t] < ]P)[ZTgud >tA ZTgnd }
fori # j.

Since ¢ is arbitrary, we can assume without loss of generality that ||z|| = 1. Note that then the
following holds:

Plz'g™ >tAz gl >t = ——;EL——EhztAA—?ﬁi——Ebzt,
VIt -+ g Vo + .-+ g;

where g = (g1,...,g,) " is a multivariate Gaussian vector taken from a distribution A(0, I;) and

l1, 1o are taken independently from the distribution of the length of g¢** (or gi!® since the marginal

distributions of samples are the same). The last equality immediately follows from the fact that g
are taken from the isotropic distribution.

‘We also have:
Pl gl >t A2 g > ] = Pla gl > t]Plz g} > 4

%llzt . P %th ,
Vit t9g Vit -ty

where we use the independence assumption. Thus it suffices to show that:

[91>\/g1+ +gd/\g2 gd:|

>t
la
t 2 t 2
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Therefore we want to prove that:
t t t
P [92 > o+ gilon = o 9E + ...+g§] <P [gg > l\/9f+...+9§} :
2 1 2

Note that: %, i, g1, g2 and g3 + ... + g2 are independent random variables. Thus it suffices to show
that for any ¢ > 0 and any a, b the following is true:

P[ggzb\/g%g%cglza\/g%+g§+c} <P[gz>b g%+g§+c]-

Denote g;r = gilg; > 0 and g; = g¢;]g; < 0. We will prove the inequality above by conditioning
on four possible events" & = {g1,92 > 0}, & = {g1,92 < 0}, & = {g1 > 0,92 < 0},
&y = {g1 < 0,92 > 0}. Consider all four cases, one can easily see that in order to prove the
inequality it suffices to prove the following: for any z, y:

Pl(g5)? > z|(95)* <yl <Pl(g5)* > ],

and similarly:
Pl(g3)* < zl(g3)* > 9] <Pl(g3)* < al.

We will prove the first inequality. The proof for the second one is completely analogous.

Denote: A; = P[(g5)? < 7], Ay = Pz < (g95)? < y] and A3 = P[(g5)? > y]. We want to prove
that: ﬁ < Ag + As, which is trivially true since 0 < Aj, A3, A3 < land A; + As + A3 = 1.
That completes the proof of Lemma T2 O

As we have noticed, the proof of Lemma completes the proof of Theorem Bl O

10.1 From low discrepancy to low approximation error

As mentioned in the main body of the paper, sharper concentration results regarding local discrep-
ancies translate to sharper concentration results for the star discrepancy function D} and ultimately
also to sharper results regarding approximation error of MC estimators. We show it in this section.

Define the error coming from the approximation I ¢ of Iy that uses the set of samples S as: eg(f) =
[y = I

The following theorem establishes the connection between the discrepancy of a sequence S used for
estimation and the above approximation error eg( f).

Theorem 10.3 (Koksma-Hlawka inequality). For any function f with bounded variation and a se-
quence S, the approximation error eg( f) satisfies:

es(f) < DA(S)Vuk(f) = sup |disrys)(w)[Vax(f),

uelo,1]d
where Vyjk stands for the Hardy-Krause variation of f (Niederreifed, 1997) defined as follows:

0
Vik(f) = > /W f

~|u,=1,5¢1| dur.
1C[d), 10

5‘u1
and ¢ = F).

Thus we can conclude that sequences .S of lower discrepancies lead to tighter upper bounds on the
approximation error of /.

The following is our main result of this section:

Theorem 10.4. For any N € N,a > %, set of samples S, A € 22([0,1]) and a function f of

bounded variation the following holds for es(f) = |I; — I |, where I = Ex,[f(X)]:

Ples(f) > al < Np (o= ) iax(2).
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if p is such that: P[|disry(gy)(z)| > a] < p(a) for any fixed z € [0,1]. In particular, if A is a

regular distribution and if we take: a = % and N = %, then we obtain: Pleg, (f) >

4,/18| _10e2(sD
9] = Togn

the above statement neg(|.S|) is defined as neg(|S]) =
superpolynomial function.

= neg(|S]), and for Sjq replaced by S+ the bounds are even tighter. In

m and superpoly stands for some

Proof. Let s = |S]. Consider D}(S) = sup,(o ) |disry(s)(z)| for some one-dimensional dis-

tribution . We partition interval [0,1] into N subintervals: [z;,z;11] of length 3 each for
7 =0,..., N — 1. Note that for a fixed a > 0:

{ sup |disry g (x)] > a} = {3z € [0,1] : |disry(s)(z*)| > a}.
z€[0,1]

Denote: X7 = I[s; < x], where s; is the j" sample from (S). Assume that z* is in the
subinterval with endpoints: z ;- and xj-41. Note that we have:

Xp7 4 A X XP A XX 4 X

5 s s
Thus we get:
: X 4+ XY
dlsr’tb(S)(.’E*) — ’185 _ l‘* S maX(A,B),
Zj* T Tk @ix
where A = | Xl et Xe?l gl gng o | X Dbt X

Therefore, using triangle inequality, we obtain:

{Idisry sy ()| > a} C {[disry(g)(z;- )| + [2* — 25| > a} U {|disry(g) (2= 41)| + |27 — 25+ 1] > a}.

Therefore we obtain:

. . 1
{ sup |disry g (x)| > a} C {Hj s |disry gy (z5)] > a — N}'
z€[0,1]

Thus, by the union bound, we conclude that:
ol . 1
P sup |disrysy(2)| >ap| < ZIP’ Hdisrw(s) (@) >a— H .
z€[0,1] J=1 N

The statement of Theorem [I4 follows now from Koksma-Hlawka inequality, and Theorem B
O

11 Proofs of results in Section g

11.1 Exponential concentration

In this section we present the proofs of the results in B. For completeness we start by reviewing the
classical defnitions of sub-Gaussianity for random variables and random vectors.

Definition 11.1 (Sub-Gaussian Random Variables). A random variable X with mean p = E[X] is
sub-Gaussian if there is a positive number o such that:

E[e*X M) < ¢7*¥/2 forall A € R.
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A standard Gaussian random variable is sub-Gaussian with parameter o equal to the said variable’s
standard deviation.

Lemma 11.2 (Concentration for sub-Gaussian random variables). Let X be a sub-Gaussian random
variable with parameter ¢ and mean . It satisfies the following concentration inequality:

2

PIX — p>t] <e 307,

Paying a factor of 2 we can get an equivalent two sided bound for | X — pu| > ¢.

The following alternative characterization of sub-Gaussianity will prove useful:

Lemma 11.3 (Alternative characterization of sub-Gaussianity ). A centered random variable X is
sub-Gaussian if there is a constant ¢ and a Gaussian random variable Z ~ N (0, 72) such that:

P[|X]| > s] < cP[|Z] > s], forall s > 0.

Additionally, we can switch from the definition in [T to the characterization in Lemma T3 in the
following way:

e If X is zero mean sub-Gaussian with parameter o, then taking 72 = 202 and ¢ = /8¢ is
enough for Lemma T3 to hold for X.

e If X is zero mean sub-Gaussian with sub-Gaussian parameters 72 and ¢ in Lemma T3,
then 02 = 2272 is a valid sub-Gaussian parameter for for X, as in Definition [T,

The concept of sub-Gaussianity extends to vector valued random variables:

Definition 11.4 (Sub-Gaussian Vector). A random vector X is sub-Gaussian with parameter at most
o if for every v € S9! (where S~ is the unit d—dimensional sphere.)

2,2
E {e’\“”xq < ¢ forall A € R.

We will be using these facts heavily in the following sections.

The following facts will prove useful. For a detailed survey of these results consult (Boucheron efall,
P013).

Fact 1 If X is sub-Gaussian with parameter o, X + c is sub-Gaussian with parameter ¢ for all
ceR.

Fact2 If X; and X, are independent with parameters o, oo respectively, then X; + X5 is sub-
Gaussian with parameter /o + o3.

Fact 3 Even without assuming independence, if X; and X, are sub-Gaussian with parameters
o1, 09 respectively, then X; + Xy is sub-Gaussian with parameter v/2+/07 + 03.

Fact 4 If X is sub-Gaussian with parameter o2, cX is sub-Gaussian with parameter c?c2.

We need the following result showing that the product of a sub-Gaussian random variable and a
bounded random variable is again sub-Gaussian.

Theorem 11.5 (Sub-Gaussian products). Let Y be a bounded random variable such that
Y € [-Ry,Rs] for Ry,Rs > 0 with Ry + Ry, = R for some constant R, and let X
be sub-Gaussian with parameter 0 and mean p. Then XY is sub-Gaussian with parameter

V24/29(0)2R2 + u2R2/2 + 02 R? where g(o) = 24eo.

Theorem T3 allows us to prove fast concentration rates for the vanilla ES estimator. We believe
this result is of independent interest, as it tackles a fundamental question regarding concentration of
products of sub-Gaussian variables.

Proof. The proof has two steps, we first show it holds for non-negative and discrete Y. Then we
generalize.

1 Case 1: Y only attains discrete values Y € {0, 1} and X is zero mean.
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We will make use of lemma T3 to prove this result. Since X is mean zero and sub-Gaussian there
is 72 and constant c such that:

P(IX| > s) <cP(|Z] = 5),

where Z ~ N(0,72). In fact we can take 72 = 202, and ¢ = V8e.

Let X’ be an independent copy of X. By Fact 2, X — X’ is sub-Gaussian with parameter v/20.
Since X — X’ has mean zero by Lemma [[T3 we conclude there are constants 7; such that 77 = 402

and ¢; = v/8e such that P(|X — X'| > s) < ¢; P(|Z'| > s), where Z' ~ N(0,72).

Let 1 xy denote the mean of XY . Let X’ and Y’ be independent copies of X and Y’ respectively.
We proceed to invoke a symmetrization argument. We first show that in order to bound the MGF of
XY itis enough to bound the MGF of XY — X'Y”. For any A € R:

E [eA(nypxy):| —E [eA(XY—IE[X’Y’])}

<E [ex(xy—x’y’)} .

The inequality follows from Jensen’s inequality. This means that sub-Gaussianity of XY — X'Y”
implies sub-Gaussianity of XY — uxy.

We will show sub-Gaussianity of XY — X'Y”. Since Y and Y’ only take values in {0, 1} we can
write:

X —X'| ify=1Y =1,

X| ifY =1,Y =0

XY _X/Y/ — ‘ ) ’

| | bd ifYy =0, =1,
0 0.W.

Let s > 0. By the union bound:

BXY ~ X'Y'| > 8) <B(X - X'| > s) + B(IX| > 5) + P(X'| > s).

By sub-Gaussianity of X and X’ — X and using their Gaussian tail bounds:

P(XY — X'Y'| > s) < c1P(|1Z'| > s) + 2c¢P(|Z] > s),
where Z ~ N(0,7%) and Z’ ~ N(0,77).

Let 75 = max(7, 71) and ¢y = 3max(c, c1,1). Let c; = 3v/8e and 73 = 402, We conclude that for
all s > 0:

P(|XY — X'Y'| > 5) < (|1 2] > s),

where Z”" ~ N(0, 7). The inequality also holds for s = 0 since we have ensured co > 1. By the
series of observations right below Lemma [[T3, this implies that XY is sub-Gaussian with parameter

V2379 = \@*3*\/@*6*2*0’22460'défg(0').
1 Case 2: X centered, Y > 0 and supported on a finite set a1 < ag < -+ < Q.-

Denote by p1xy the mean of XY In order to show XY is sub-Gaussian we have to bound its MGF
E [eXXY=rxv)] Fori > 1let X; = X1(Y < a;). Defineag = 0then XY = 31" | X;(a;—a;_1)

24



and therefore E [ XY] = "  (a; — a;—1)E[X;]. Notice that """ ; a; — a;—1 = a, — ao. Let

P = ;“_7;“701 Let o be the sub-Gaussianity parameter of X.

E {e/\(XY—uxy)} —_E {ez:;;l A(ai—aHxXi—E[Xi])}

i —A—1
an —ag ‘| an—ag

(e/\(ai*ai—l)(xﬁE[Xi]U ¢ %i—1

Sk
Q
a;—ai—1

= H]E {eA(an—ao)(Xi_]E[Xi])] “am—ag
[

i ——1

A2(an—ag)29(0)? | @n—%0
<1 (e
i

A2g(0)2(an—ag)?
2

)

where g(o) is defined as in Case 1. The first inequality follows by Holder’s inequality with pa-
rameters p;. The second inequality follows from the sub-Gaussianity bound from Case 1 since

2 Case 2. Y is non-negative but not necessarily discrete. X has mean zero.

Assume Y € [0, R]. If Y > 0 there is a sequence of simple random variables (all of which are
discrete) Y,, with Y,, — Y almost surely. Furthermore, all Y;, € [0, R}, so that the maximal element
in the domain of Y, is at most R.

For any A € R the previous observation implies AXY,, — AXY almost surely. Let fi(x,y) =
[ARX|. Since |X]| is integrable, E [f1(X)] < oo. Notice that pointwise [AXY,,| < f1(X,Y). By

n— oo

the dominated convergence theorem (Halmos, P0T3) we can conclude E [AXY,,] —— E[AXY].

By continuity of the exponential function h(z) = e” this also implies ¢EAXYn] 2222 (ERAXY]

XY,

 converge to e*XY

The random variables e*
satisfies:

almost surely. The function fo(x,y) = e/1(®¥)

1. |[eMYn| = AXYn < £ (X, Y) pointwise.

2. E[fo(X,Y)] < co. Indeed: E [fo(X,Y)] < E[MX] + E [em X] < 26N B 0%/2 < o0,
The first inequality holds by nonnegativity of the exponential function and because for
any point x, one of ARz or —ARx equals |ARz|. The second inequality holds by sub-
Gaussianity of X.

By the dominated convergence theorem again we conclude that E [e**¥»]| — E [e*XY]. Since by
Case 2, E [e**Yn] < N 9(0)*R?/2 e conclude [eX¥Yn] < eN9(0)? R /2

Case 3 X has mean pand Y € [— Ry, Ry] can attain negative values.

Define R := R; + R, and let —R; be the smallest element in the support of Y. LetY; =Y + R;
and X; = X — u. Notice Y7 € [0, R] and X has mean zero and sub-Gaussianity parameter o, like
X. By Case 3 we conclude XY} is sub-Gaussian with parameter g(o)R.

Since Y is bounded, Y is sub-Gaussian with parameter R /2, (see Boncheron ef all, D0T73). Therefore
1Y is sub-Gaussian with parameter || R/2.

Since X is sub-Gaussian with parameter o, R, X is sub-Gaussian with parameter o R;.

Notice that X,1Y; = XY + R1 X — pY — Rqp. Therefore:
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1. X1Y1 + Ryp is sub-Gaussian with parameter g(o)R since it is the translate of a g(o)R
sub-Gaussian random variable.

2. X1Y7 + Ryp + pY is sub-Gaussian with parameter v/2,/g(0)2R2 + 12 R? /4 by Fact 3.

3. XuY1 + Rip+ pY — R1 X = XY is sub-Gaussian with parameter

\/5\/2(9(0)2]%2 + u?R?/4) + 02R? = \/5\/29(0)21{2 + u?R?/2 + 02 R2.

This shows that XY is sub-Gaussian with parameter v/21/2g(c)2R2 + 2 R2 /2 + 02 R? which con-
cludes the proof.

O

11.2 The vanilla ES estimator

In this section we focus on proving Theorem El. Recall that given F' : © — R, the Vanilla ES
estimator is defined as:

N
A 1
1% _ Ve
Vi Fs(0) = No g F(0 + o€;)e;,

i=1
where €; ~ N(0,T) are all i.i.d. and o is the variance of the length of the sensing direction.
In what follows we assume that F' is uniformly bounded over its domain by F. If F'is a sum of

discounted rewards, an upper bound of R for the reward function yields an upper bound of ﬁR
for F', where ~ is the discount factor.

We show that whenever F' is bounded in absolute value the random vector @X,F,,(G) is sub-
Gaussian.

Theorem 11.6. If F' is a bounded function such that |F| < Ry, the vanilla ES estimator is a sub-

Gaussian vector with parameter % Vicm for ¢ = 24e.

Proof. Let v € S? ! be an arbitrary d—dimensional unit vector. We start by showing sub-
Gaussianity of the vector F'(6 + oe)e.

Notice that (v, F'(0 4+ c€)e) = F(0 + o€)(e,v). Since linear combinations of jointly Gaussian
random variables are Gaussian, and ||v|| = 1, the random variable (e, v) is a N'(0,1) Gaussian
random variable and therefore (¢, v) is 1-sub-Gaussian.

By Theorem T3, since F is assumed to be in the range [— Ry, R1], it follows that (v, F'(6 + €)e) is
V2R1V/8¢c2 + 1 sub-Gaussian, where ¢ = g(1).

By noting that each ¢; is independent from all others, we can obtain that <v,@]‘(}Fa(9)> is

V2R14/8g(1)24+1

No sub-Gaussian. Since v was arbitrary this concludes the proof.
O

Corollary 11.7 (Exponential Concentration for the Vanilla ES estimator). If F'is a bounded function
such that |F'| < Ry:

IP< max

—t2No2
> t> < 2de 2RI Bg(1)2+1)
j=1,.d )

(WFg(e)) - (IE [WF,,(@)]) |

J J

Forany ¢ > 0.

The combination of Theorem [TA and Corollary [T71 conclude the proof of Theorem Bl
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11.3 Orthogonal Bounds

In this section we prove Theorem BE3. We prove concentration bounds for orthogonal gradient
estimators of the form:

d
- 1
vg’r‘tF(e) = % Z V’LbZF (0 + O'Vibi) 5
i=1

where the random vectors v; € S?~! are in the unit sphere and are sampled uniformly from the unit
sphere using a sequentially orthogonal process, the function F' is bounded sup,, |F(z)] < R < oo,
and b; are zero mean signed lengths, sampled from sub-Gaussian distributions each with parameter
B; and independent from each other and from all other sources of randomness.

Theorem 11.8. Let B = max; E[|b;]], 8 = max; 8;, |F| < R, the orthogonal gradient estimator

Biﬁig’g + }ﬁfj. Where ¢ = 24/(24e)? + % and

V" F(6) is sub-Gaussian with parameter
In(e) = 1.

Proof. We start by lumping in = with F' so that |F|/o < R/o. We proceed with the proof, and at
the end subsitute R by R/o.

In order to show the concentration of the random vector @do’"tF (9), it is enough to show that for any
fixed u € ST, (u, V§" F(0)) is a sub-Gaussian random variable.

Given u € %1, define a; = (u, ;). Notice that 3> | o2 = 1 and that:

d
(u, dVITF(0)) =Y aibF(0 + 0vib;)

=1

‘We wish to control:

E {exp </\ (<u7d©grtF(e)> ~E [(md@g”F(e»D)} .

We start by decomposing the MGF above as follows:

E| exp (A(@,d@g”F(Q» _E [<u,d¢d0”F(9)>]y1, . ,ud] +

E [<u, dﬁgrtp(o»lyl, . ,yd} _E [@,d@g”F(e)ﬂ )) :

And first bounding the conditional MGF:

E [exp (/\ ((u,dﬁdOTtF(H» -k [(u,dﬁ?”F(@»’ul, e ,VdD) ‘Vl, e ,l/dj| )

Notice that conditional on vy, - - - , vg, the sum (u, V"' F(0)) = 3°,_, c;bi (6 + o®v;b;) is made
of d (conditionally) independent random variables {c;b; F(6 + aguibi)}le, and therefore, by The-
orem [T and Fact 2, the conditional MGF is bounded by:

A2 d 252 2p2
ez 2im1 Bl R .
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. . 2
ﬂ\/Qg(ﬂ’)zg Elb:]*/2+5; derived from applying Theorem TF to this case, where ;

are the sub-Gaussian parameters of the random variables b;. Since Zle a? = 1 the bound reduces
to:

For ¢ = max;

E [exp (A ((u. aVe F(©0) — B [(w, V@ FO)|vr, - v ) )|, va] < ¥R,

where (3 is an uppper bound to [3; for all ¢. Notice that this bound has no dependence on dimension.

To provide a bound for the MGF:

E [exp ()\ (E [(u, d@?”F(@))’ul, - ,vd] ~E {(u,d%O”FW»D)] :

The random variable:

d
E {(u,d@?”F(G)}‘ul, . ,Vd] = ZE [ibi f(0 + ovibi)|vy, - -+ vd]

i=1
d

= Z%‘E (i f(0 4 ovib)|va, - -+, vd]
i=1

is bounded. Indeed by Holder:

d
ZO{Z‘]E [bzf(e + UVibi)|V1a T 7Vd}

i=1

< RB|lall1,

where E [|b;|] < B,Vi and o € R? with a € S?~'. The later implies ||a|l; < v/d. And R is a
uniform upper bound for f.

The previous observations imply in turn that this random variable is bounded by RB+/d, and there-
fore that it is sub-Gaussian because it is bounded (Boncheron ef all, P013). Therefore:

E [exp (A (B [(w, a9 F@)n, - va] ~E [(u,av¢F@))]))] < exp (A?R;Bm) |

Plugging these two bounds together:
E [exp (A (<u, dVOTF(9)) — E [<u, d@dO”F(Q»D)} <e

8

As a consequence:

2252:2R2 | A2R2p2
8d

E [exp (A ((u, VO P(9)) — E [(u, VO F(0)]) )] < ¢ =

With ¢ = max; v/21/2 * g(8;)% + E[b;]2/2 + 32 with g the function defined in Theorem I[T3.
O

Assuming N = T'd and therefore availability of 7" i.i.d. orthogonal estimators (indexed by j) define:
1 X
= Or >O0rt,j
VSR (9) = 7 > VITIE(®).
j=1
The following corollary is immediate:
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Corollary 11.9. The gradient estimator @%”F(G) is sub-Gaussian with parameter

1 B2c2R? + R2B2 _ 1 B2c2R2 + R2B2
VT d2o2 402d — /N do? 402

And therefore:

Corollary 11.10. The orthogonal gradient estimator @]?,”F(H) satisfies the following concentration
inequality:

—t2No2
5%7R? | R2p?
a .

IP’( max
] J

j=1,-d

(@gﬂF(e)) - (IE [@gﬂF(e)D

_ 2t>§2de
J

This argument finalizes the proof of Theorem BE3. Whenever the lengths of the scalings B, (3; are
of order O(1), we recover a concentration rate of order O(d exp(—t2N)), which is comparable to
the rate for the vanilla estimator. The analysis of orthogonal estimators is substantially harder than
in the vanilla case due to the non i.i.d nature of the sampling process. This is to our knowledge the
first result of its type.

12 Experiments: further details for variational autoencoder implementation

In this section, we give further details on the setup of the variational autoencoder experiments on
MNIST appearing in Section B2 of the main paper.

12.1 Architectures

We use a 64-dimensional N (0, I) distribution for the prior over the latent state z. The generative
model py(x|z) is specified by a fully-connected neural network with 64 input units and two hidden
layers of 500 units. The hidden unit activation functions are ReLUs, and the final layer activations
are sigmoids. A Bernoulli likelihood is used to train the output of the network. Here, 6 represents
the trainable parameters of the network. The recognition model g, (z|z) is also given by a fully con-
nected neural network with two hidden layers of 500 units. The hidden layer activation functions are
ReLUs, and the final layer is linear, outputting a mean vector p4 () and a log-standard deviation vec-
tor log(og(x)), which parametrise an approximate factorised Gaussian posterior N (u¢(z), o3 ()
for the latent encoding given z. Here, ¢ are the trainable parameters of the network. We initialise
all weights of the networks using the normalised initialisation of (Glorot and Bengid, 2010), and
initialise biases to 0.

12.2 Results

Table 1: Train and test ELBO achieved with various sampling algorithms. iid refers to independently
sampled directions, in contrast to ort, which refers to orthogonally constrained directions as in Al-
gorithm D. anti-eq corresponds to antithetic pairs of samples with matching norms (as in Algorithm
D, and anti-inv corresponds to antithetic pairs with norm couplings as in Algorithm [I.

m=2
iid iid-anti-eq  iid-anti-inv ort ort-anti-eq  ort-anti-inv
Train  -99.59 -98.60 -98.64 -99.30 -98.56 -98.47
Test  -99.96 -99.02 -99.05 -99.69 -98.97 -98.94
m =8
iid iid-anti-eq  iid-anti-inv ort ort-anti-eq  ort-anti-inv
Train -98.88 -98.48 -98.55 -98.79 -98.41 -98.50
Test  -99.26 -98.92 -98.98 -99.24 -98.89 -98.95
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We train on minibatches of 50 images, and use the Adam optimiser with a learning rate of 104,
and all other parameters set to default settings; the learning rate was softly optimized for the per-
formance of the i.i.d. method. It is thus possible that with further hyperparameter tuning for each
individual sampling method, further improvements in performance may be observed for GCMC
sampling schemes; intuitively, we might expect that the variance reduction in stochastic gradients
that GCMC methods achieve would allow a larger learning rate to be used. We report average test
and train log-likelihood after 50 epochs of training, to assess the impact of the considered sampling
schemes on the speed of learning for the model. We summarize full results for a variety of sampling
methods in Table @M. We note that GCMC methods always improve speed of training relative to i.i.d.,
and in general the most substantial improvement combines some variant of antithetic sampling with
orthogonality constraints.

13 Experiments: Learning efficient navigation policies with ES strategies

In this section we give additional information on the ES gradient estimators described in Section
B,as well as a description of the video library that we attach to the paper, and additional experi-
mental results.

13.1 Estimator specification

The vanilla ES gradient estimator is given by

N

. 1

ViF,(0) = Vo § F(0 + o€;)ei, where e; ~ N(0,1) are all i.i.d..
=1

We consider three variants of control variates: forward finite-difference, in which the estimator is
given by

1 N
o Z(F(G +06¢) — F(0))e;

antithetic, in which the estimator is given by

N
Z(F(G +oe;) — F(0 — 0€;))e;

i=1

1
2No

and antithetic-coupled, in which the estimator is given by

N
> (F(0 + o€i)ei + F(0 + o€))e; — F(0)(e; + €}))

=1

1
2No

where €; and &} are coupled as in Algorithm 0. Note the additional term dependent on F(6) ap-
pearing in the antithetic — coupled estimator, in order to cancel the zeroth order term in the Taylor
expansion of the above objective.

13.2 Video library

We attach to the paper a collection of videos showing how policies learned with different tested MC
algorithms work in a simulator. Each file is in a .webm format and its name is using the following
template: sensing_mechanism-control_variate-samples_number, where: sensing_mechanism stands
for the sampling strategy and is chosen from the set: {MCGaussian, MCGaussianOrthogonal,
MCRandomHadamard}, control_variate-samples_number stands for the type of the control variate
term used and is chosen from the set: {vanilla, forward finite-difference, antithetic and antithetic-
coupled} and finally: samples_number stands for the number of samples used in the MC algorithm
at each iteration of the optimization routine to approximate current gradient vector. These videos
serve to illustrate the types of policies learnt under the variety of sampling mechanisms considered
in Section Bl
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13.3 RL experiments: additional results

We present here the results of all experiments conducted to learn good quality naviga-
tion policies for the Minitaur platform for the following sampling strategies: MCGaussian,
MCGaussianOrthogonal, MCRandomHadamard, the following control variate terms: vanilla,
forward finite-difference, antithetic and the following number of samples: m = 8, 48, 96.

i g T
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max total reward

=g

g
X total
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8 14
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(d) MCGaussian-forward_fd-48
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— maxtotal reward

(e) MCGaussian-forward_fd-96 (f) MCGaussian-vanilla-8

Figure 3: Additional experimental results showing training curves for different MC algorithms.
Naming is borrowed from the video library section.
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Figure 4: Additional experimental results showing training curves for different MC algorithms.
Naming is borrowed from the video library section.
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Figure 5: Additional experimental results showing training curves for different MC algorithms.
Naming is borrowed from the video library section.
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Figure 6: Additional experimental results showing training curves for different MC algorithms.
Naming is borrowed from the video library section.
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Figure 7: Additional experimental results showing training curves for different MC algorithms.
Naming is borrowed from the video library section.
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