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Figure 4: Toy Example Results: Figld(a)l Clipped Long-term Constraint Violation. Fig A(b)} Long-
term Constraint Violation. Figli(c)} Cumulative Regret of the Loss function

Supplemental Materials

The supplemental material contains proofs of the main results of the paper along with supporting
results.

A Toy Example Results

The results including different 7" up to 20000 are shown in Fig[d] whose results are averaged over 10
random sequences of {c;}7_,. Since the standard deviations are small, we only plot the mean results.

From Fig[T| we can see that the trajectories generated by Clipped — OGD follows the boundary
very tightly until reaching the optimal point. which is also reflected by the Fig[4(a)| of the clipped
long-term constraint violation. For the OGD, its trajectory oscillates a lot around the boundary of the
actual constraint. And if we examine the clipped and non-clipped constraint violation in Fig[4] we
find that although the clipped constraint violation is very high, its non-clipped one is very small. This
verifies the statement we make in the beginning that the big constraint violation at one time step is
canceled out by the strictly feasible constraint at the other time step. For the A — OGD, its trajectory
in Figm violates the constraint most of the time, and this violation actually contributes to the lower
objective regret shown in Fig[4]

B Proof of Theorem 1

Before proving Theorem [T} we need the following preliminary result.

Lemma 2. For the sequence of x;, \¢ obtained from Algorithm[I|and Yz € B, we can prove the
following inequality:

T 2
f;[ﬁt(ﬂ% Ae) = Lo(z, A)] < 4+ 2L (m + 1)G?

T , (13)
+3(m+1)G* t; [ A
Proof. First, Li(x, \) is convex in x. Then for any x € BB, we have the following inequality:
Et(l’t, )\t) — Et(l', >\t) S (It — I)Taz,ct(l’t, >\t) (14)

Using the non-expansive property of the projection operator and the update rule for x4 ; in Algorithm
[1} we have

o —zeri))? < o — (20 — n0uLilze, o))
= ||z — z||* — 2n(z; — 2) T Lo(we, M) (15)
+n? ||8th($t7/\t)”2
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Then we have

Li(ze, M) — Le(z, N) < % ( llz — | = ||z — 1»'t+1||2) (16)
2102 Lo(ze, Ae)|>
Furthermore, for ||0, L (¢, At) ?, we have
2
102 Lo (e, Ae) |1 ’ Ox fr(xe) + Z A0 ([g:(x0)]+) (17)

< (m+ G2 (1 + A1)

where the last inequality is from the inequality that (y; + y2 + ... + ¥n)? < n(y? +y3 + ... + y2),
and both ||0; f:(z+)| and || 05 ([gi(z+)]+)|| are less than or equal to G by the definition.

Then we have
Lo(xe,\) — Lo(w,h) < 2,,(|\xfxtu ~llz = @)

) (1)
+3(m + DG (L + 2]

Since z7 is in the center of B, we can assume x; = 0 without loss of generality. If we sum the
Li(xy, \t) — Li(x, \y) from 1 to T, we have

M=

[Le(@eAe) = Le(w, 2] < 3 (o = @1ll? = o — 2za]|?)
nT(m+ )G2
+30m+ DG 3 [P (19
<B4 "T(m+1)G2

+3(m+1)G? E [Ael?

t=1

where the last inequality follows from the fact that z; = 0 and ||z||* < R2. O
Now we are ready to prove the main theorem.
Proof of Theorem(l] From Lemmal[2} we have

i [Li(ze, Ae) — Loz, )] < %j + %(m +1)G?

t=1 (20)
+§(m +1)G? Z el

If we expand the terms in the left-hand side and move the last term in right-hand side to the left, we
have

o~

i( filw) - (w))+ZZJﬁ::(Ai[gi(rt)h—Ai[gi(w)h)

=1 (21)
—3(m+1)G* Z IMl* < 5+ 5 (m+1)G?
If we set x = x* to have [g;(z*)]+ = 0 and plug in the expression A\; = lol@d)]l+ t)]* , we have
i (f ( ) f ( *)) + f: ET: ([gi(z)]4)? (1 (m+1)G2)
= t( Tt t(T 1:21 = on 20 (22)
<L+ (m+1)G
If we plug in the expression for o and 7, we have
T m T 2
* (lgi (z¢)]+)
Py (ft(l’t) fe(z )) +i;1 2314 o (23)
<O(WT)



Because {9:(@0)l)” [gi(itn)]”z

a > 0, we have

S (5l (filz) = fila")) < OWVT) 4

t=1

T
Furthermore, we have ( fe(xe) — fi (x*)) > —FT according to the assumption. Then we have
t=1

m T 2
> 2 (lteols)” < SOWT) + FT)
i=1i= (25)
=20 (\F) +FT)0(=) = O(VT)
2
Because ([gl(:rt)h) > 0, we have
T
3 (gz )] +)2 <OWT),Vie{1,2,...m} (26)
t=1
[
C Proof of Lemma 1
Proof. Recall that the update for x4 is
ren = M (20— noufl) — SN (g(a).) @

Let y; = 2 — 0, fo(w) — L2029, ([g(z4)]4).

We first need to show that g(x:11) < g(y:). Without loss of generality, let us assume that y; is
not in the set B. From convexity we have g(y;) > g(z¢11) + Vog9(2i41)T (y¢ — 2441). From non-
expansiveness of the projection operator, we have that (y; —¢41)" (z—x411) < Oforz € B. Letx =
211 —€e0Veg(xs41) with g small enough to make = € B. We have —eq (v —2441)T Vag(zi1) < 0.
Then we have g(2:11) < g(yt).

As aresult, if g(y;) is upper bounded, then so is g(x41), where ;1 = Ig(y;). If T is large enough,
1|0z f¢(2+)]| would be very small. Thus, we can use 0-order Taylor expansion for differentiable g(x)
as below:

9y = g(we =m0 fular) = 12220, (g(a)]1))
< g (e — 22020, (jg(a))1)) + O

where C' is a constant determined by the Taylor expansion remainder, as well as the bound
102 lg(@)]+ 10x f(zo)]| < G2.

Sete = (2CoR*n)'/3 = O(7175). We will show that if g(z;) < €, then g(2441) < e+O(1/VT) =
O(7175 ). We will also show that if g(x;) > e, then g(x;11) < g(z:). It follows then by induction

that if g(z1) < e, then g(z;) = O(T1 75 ) for all t. We prove these inequalities in three cases. Since
g(xe+1) < g(yt), it suffices to bound g(y;).

(28)

Case 1: g(z;) < 0. In this case, the inequality for g(y;), 28], becomes

1
9(yr) < g(as) +Cn < Cn = O(ﬁ) (29)
Case 2: 0 < g(z:) < e. Since [g(z¢)]+ = g(z¢), the bound on g(y;) becomes
9(w) < g(xt — g(:t)vxg(xt)) +Cn (30)

13



We will bound the right using standard methods from gradient descent proofs. Since g is convex and
V. g(x) has Lipschitz constant, L, we have the inequality:

9(0) < 9(2) + Vagl@) " (y — ) + 5y — o a1

for all x and y [17].

Recall that € = O(777). Assume that T is sufficiently large so that Ly (“) < Le

GI) withz = z; and y = 2 — @Vmg(a:t) gives

< 1. Applying

o) < o~ L5, (g ) + o 62
< gl = L2 (1= 20 19 o) 2 4 O (3)
< g(x) + Cn = Ol G4

where the third bound follows since 1 — % > 0.

Case 3: g(z;) > €. A case can arise such that g(x;_1) < € but an additive term of order O(TUQ)

leads to € < g(;) < € + On = O(=5). We will now show that no further increases are possible
by bounding the final two terms of @ as
L L
_g(xt)(l g(xt) (1- g(@:)
o 20 20

Now, we lower-bound the terms on the right of (33). Since € + Cn = O(ﬁ), we have that for
sufficiently large T, 1 — % > 11— W > % Further note that by convexity, g(0) >
g(x¢) — Veg(zs)Txy. Since we assume that 0 is feasible, we have that

€ < g(xe) < Vag(e) we < [ Vag(@)lllzell < [IVag(a)|R.
The final inequality follows since z:; € B. Thus, we have the following bound for the right of (33):

) I Veg(z)]” . (35)

) IVag ()| +Cn <0 <= Cn <

g(zt)

g(z) Lg(x:) 2 e
1-— v > =Chn.
2 (1= 2 [Vag(@) P 2 5oz = C
The final equality follows by the definition of e. O

D Proof of Theorem 2

Proof. For the strongly convex case of f;(x) with strong convexity parameter equal to Hy, we can
also conclude that the modified augmented Lagrangian function in Eq.(8) is also strongly convex
w.r.t. z with the strong convexity parameter H > H;. Then we have

Et($*> >\t) - ﬁt(xt, /\t) > axﬁt(xt)T(JC* - iCt)

Nl G0

From concavity of £ in terms of )\, we can have

ﬁt(fft; )\) - ﬁt(mt, )\t) < ()\ - )\t)Tv)uCt(xta >\t) 37
Since \; maximizes the augmented Lagrangian, we can see that the right hand side is 0.
From Eq.(T3), we have

0uLulw) (e —a*) < g (ot =l ~ [l — o)

) 0 (38)
+4(m+ DG+ [|A])
Multiply Eq.(36) by —1 and add Eq.(37) together with Eq.(38) plugging in:
Li(, A) = Lo(a™, M) < 2 (”x* —zy|* = ||l — $t+1||2) (39)

M+ DG (L4 M) = B lo* — )
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Let b, = ||z* — 2||°, and plug in the expression for £;, we can get:

fel@e) = fr(@*) + AT [g(z)]+ — & |A? < a7 (bt = beta)

m+1)G? G (40)
—%bt 4+ +21) .+ (m+1) H)\t” ne — W)
Plug in the expressions 7; = t+1’ 0; = (m + 1)G?n;, and sum over t = 1to T:
d A2 5
5 (felw) = filar)) + X7 ( Ll ) = 155 32 6
t=1 = =
T T
1 by — by H (m+1)G? (41)
<o § (20 My ) AT
=5 Z ( m 5 Ut + 5 Z Tt
t=1 t=1
A B
For the expression of A, we have:
1 I brii
A= 2 7771 ; ( Nt 7]1 1 Hl) B 77Jr — b 42)
b
<

For the expression of B, with the expression of 7; and the inequality relation between sum and
integral, we have:

p< mEDGH 12)G2H1 log(T) 43)
Thus, we have:
T s T
3 (fulae) = fula”)) + X7 (L lowls ) - BE 56, “4)

o+

=1

(
< O(log(T))

t

Il
—

2

S o))+ i
If we set A = = , and due to non-negativity of = , we can have
> 0 23 6:
t=1 t=1
T
> (fulwn) = fula*)) < O(1og(T)) (45)

t=1

Furthermore, we have Z ( fe(xe) — fi (m*)) > —F'T according to the assumption. Then we have
=

| S oot
= < O(log(T)) + FT (46)

T
Because Y. 6; < (m + 1)G?H; log(T'), we have:
i=1

T
1Y lg(zo)+ || < 0(/1og(T)T) (47)
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E Proof of the Propositions

Now we give the proofs for all the remaining Propositions.

Proof of the Proposition[l] From the construction of g(x), we have the g(z) > max g;(z). Thus, if

we can upper bound the g(z), g;(z) will automatically be upper bounded. In order to use Lemmal[l}
we need to make sure the following conditions are satisfied:

e g(x) is convex and differentiable.
e ||V.g(x)]| is upper bounded.
e ||V7g(z)]|, is upper bounded.

The first condition is satisfied due to the formula of g(z). To examine the second one, we have

Veg(x) = 77— l Z exp gi(x a;gi(x)] (48)
> exp gi(x)

i=1

2

5 exp gi(2) Vg1 ()

i=1

Vog(@) =t
V-5 = oy

'm

m Z(expgz(ﬂv)) IVagi(2)l* (49)
(El exp gi(fv))

< mG?
2g(z)|| < v/mG and the second condition is satisfied.
For [ V/1g(x) |, we have

Vig(z) = [ > exp gi(2)Vigi(x) + exp gi(2) Vagi(2) Vag; (w)T]
; exp g;(z)

A (50)

_W(éexpgi(@ 29i(x )(Zengz V.0i(z) )

i=1

B
To upper bound ||V g(x)||,, which is
max u'Vg(x)u = max uwl Au — uT Bu < max uT Au (51)
uTu=1 uTu=1 ulu=1

where the inequality is due to the fact that B > 0.
Thus, we have ||V g(x)||, < ||Al|,. For the || Al|,, we have

4, = o " Au < b (5 max exp gi(a)u’ Vigi(x)u)
uTu=1 > expgi(a) Ni=1ulu=1 '
) 7:"7‘]‘=1 )
(X max expgi(e) | Vogi(a) ]|’
32 expgi(w) Ni=1uTu=1

(52)

Msi

exp gi(2)(Li + | V20:(@)]))

IN

Mz
o

i

hol Ll
2

D

N
—
<

Il

—

IA
/
lingE

D

4

Lo}

%

(@) (L+6*) = L+G?
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where the first inequality comes from the optimality definition, the second inequality comes from
the upper bound for each ||V g;(x)||, and the Cauchy - Schwartz inequality, and the last inequality

comes from the fact that L = max L; and ||Vg;(x)| is upper bounded by G. Thus, the last condition
is also satisfied. O

T 2
Proof of the Proposition[2] From Theorem we know that > ( [gi(xt)]+> < O(VT). By using
i=1
the inequality (y; + 2 + ... + yn)? < n(yi + y3 + ... + y2), setting y; being equal to [g;(2¢)] 4,
T 2 T 2
and n = T, we have (Z[gz(xt)]+) <TY ([gl(xt)h) < O(T?/?). Then we obtain that
i=1

> [gi(x)]y < O(T3*). Because gi(x1) < [gi(x)] 4, we also have g;(z,) < O(T*/*). 0

Proof of the Proposition[3] Since we only change the stepsize for Algorithm T} the previous result in
Lemma [2] and part of the proof up to Eq.(22) in Theorem|[I]can be used without any changes.

First, let us rewrite the Eq.(22):

T m ( 2 m 2

> (ft(l’t) —ft(x*)) + E 3 ([gz(atn)]-f—) (1 _( ‘;;)G )
<

t=1 1:21 t=1 (53)
% + 2L (m +1)G?
By plugging in the definition of «, 7, and that ch > 0, we have
T
f R2pp | (m+1)G?pi-p
t; (ft(fﬁt) fe(x )) <5 TP+ =T (54)

— O(Tnm;c{ﬁ,l—,@})

T
As argued in the proof of Theorem we have the following inequality with the help of > ( fe(ae) —

i=1
I (JU*)) > _FT:

m

5 i Gl ¢ B | (G pap | pp
L=l (55)
=

Then we have

> [ou(e)s < ¢Tz (lg)”

< %(%2 + (m+21)G2T1—25 + FTl—,@)
=O(T'~P/?)

(56)

O

It is also interesting to figure out why [13]] cannot have this user-defined trade-off benefit. From [13],
the key inequality in obtaining their conclusions is:

é (o) = 1)) + X [ni+m)/]fz) (57)
< £+ 2Z((m+1)G?+2mD?)

2
|: > 91($1):|
The main difference between Eq.(57)) and Eq.(53)) is in the denominator of W Eq.(57) has
the form (onT + m/n), while Eq.(53) has the form (on). The coupled 1 and 1/7 prevents Eq.(57)

from arriving this user-defined trade-off.
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The next proofs of the Proposition ] and [5] show how we can use our proposed Lagrangian function
in Eq.(7) to make the algorithms in [13]] and [10] to have the clipped long-term constraint violation
bounds.

Proof of the Propositiond] If we look into the proof of Lemma 2 and Proposition 3 in [[13]], the new
Lagrangian formula does not lead to any difference, which means that the £;(x, A) defined in Eq.
is also valid for the drawn conclusions. Then in the proof of Theorem 4 in [13]], we can change
gi(x4) to [gi(z¢)]+. The maximization for A over the range [0, +00) is also valid, since [g;(x+)]+
automatically satisfies this requirement. Thus, the claimed bounds hold.

Proof of the Proposition[5] The previous augmented Lagrangian formula £,(z, A) used in [10] is:

0+

2
The Lemma 1 in [10] is the upper bound of £:(x¢, A) — L¢(2+, A¢). The proof does not make any
difference between formula (58) and (9). So we can still have the same conclusion of Lemma 1.
The Lemma 2 in [10] is the lower bound of £ (x4, A) — L¢(z*, A¢). Since it only uses the fact that
g(z*) < 0, which is also true for [g(x*)]+, we can have the same result with g(z;) being replaced
with [g(z¢)]+. The Lemma 3 in [10] is free of £;(x, A) formula, so it is also true for the new formula.
The Lemma 4 in [10] is the result of Lemma 1-3, so it is also valid if we change g(z;) to [g(x¢)] -
Then the conclusion of Theorem 1 in [10] is valid for [g(z)]+ as well. O

Li(x,A) = fe(z) + Ag(z) — oA\ (58)
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