Supplementary Material to
"Bilevel Learning of the Group Lasso Structure"

Section[A]collects the proofs of the main results presented in the paper. Full details on the proposed
algorithms are given in Section [B] Finally, Section [C]contains additional results on synthetic data.

A Proofs

A.1 Analysis of the Bilevel Framework

Proof. of Proposition We first note that 6 — W(0) is bounded. Indeed it follows from the
definition of £ in (3)) that (¢/(27))||W(0)||? < L(w(0),0) < £(0,0) = (1/(2T)) ZtT:1||Z/tH2- Now,
we show that 6 + W(6) is continuous. Let § € © and let (#™),,cy be a sequence in © such that
0" — 0. Since (W(0™)),en is bounded, in order to show that #(6(™) — #(f), it is sufficient to
prove that W() is the unique cluster point of (W(6(™)),cn. So, let W(0(*»)), cn be a converging
subsequence, say to w. Then, since L is jointly continuous,

Vwe RPXT  L(w,0) = lim L(w(OFD), 0)) < Tim  L(w,0")) = L(w,0). (1)
n—-+oo

n—-+o0o

Therefore, W = argmin, cprxr £(w,0) = W(0). Thus,U: § € © — C(%(f)) € R is continuous
and hence, since © is compact, it has a minimizer. O

Proof. of Theorem We first prove that (@) (0) — U(0) uniformly on © as Q — +oc. Indeed
let € > 0. Then, since C'is uniformy continuous on ©, there exists § > 0 such that

Vw,w e REXTlw —w/|| <6 = |C(w) - C(w)|<e. (2)

Since w(@) () — () uniformly on © as Q — o0, there exists K € N such that for every integer
Q > K. supyee|lw'?(9) — w(9)|| < & and hence supyee|C(w!?) (0)) — C((0))] <.

Now, let (6(?)) e be a sequence in © such that, for every Q € N, (@) € argmin4(?) We prove
that

1) (é(Q))QeN admits a convergent subsequence.

(ii) for every subsequence (é(KQ))QeN such that 6(5@) — § as Q — +o0, we have 0 €
argmin/ and Ug, (05@)) — infUf as Q — +oo.

(iii) infUd@) — infUf as Q — +oc.
(iv) dist(6@), argminif) — 0as Q — +oo.

The first point follows from the fact that © is compact.

Concerning the second point, let (éKQ)QeN be a subsequence such that éKQ — 0. Since Uk,
converges uniformy to I{ on © as () — 400, we have

Ui (052)) = UOFR)| < sup|Ui, (6) — U0)] = 0 as Q — +oo.
6cO

Therefore, using also the continuity of &/, we have
Voco, U@ = hglu(é(KQ)) = limUicg (9F<))
< %HUKQ (0) =U(0).
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So, € argmini{ and U() = limq Uy, (05?)) < infUd = U(0), that is, limg Uz, (072)) =
infUd.
As regards the third point, we proceed by contradiction. If (U(?)(0(?))) ey does not converge to

inf ¢4, then there exists an ¢ > 0 and a subsequence (U, (01%@))) gen such that
U, (0F2)) —infUl| >, YVQEeEN 3)

Now, let (é(Ké?l)))QeN be a convergent subsequence of (9(KQ))Q6N. Suppose that R Ny)
Clearly (é(K(Q1 : ))gen is also a subsequence of (6(9))oex. Then, it follows from point (ii) above that
u K (é(KS))) — inf Y. This latter finding together with equation (B) gives a contradiction.

Finally, concerning the last point, we set a = lim supg_, , o, dist(0(@), argminif) € Ry U {+oc0}.
Then there exists a subsequence (6(X@)) ey such that dist(5@), argminf) — a as Q — +oo.

Now, since ((5@)) ey is bounded, it has a subsequence (0K Q))QEN such that X&) — § for
some § € ©. Moreover, it follows from point (ii) above that 6 E argmini{. Therefore, since
dist(-, argmin /) is continuous, we have a = limg_, | o dist(% Q ) argminf) = dist(0,U) =
0.

A.2 Convergence of the Forward-Backward Scheme with Bregman Distances

In this section, we provide the proof of Theorem[3.1] which will be based on the results in [1]. To
that purpose we need some preliminary results.

Proposition A.1. The Legendre function ® defined in Deﬁnition is A~1 strongly convex.

Proof. Letu = (uq,...,ur) € intdom® = int(B2(\))L. Since ® is separable, its Hessian
V2®(u) is block-diagonal and for every v=(v1,...,v1) € RF*E we have
,To2 \vz||2 (v w)?
V2@ (u)v = + “4)
Z Tl 02 = [l
L
o
z) (&)
2 T
L
1 o Ly o
> 1:21 XHleQ = XHUH ) (6)
which completes the proof. O

Proposition A.2 (Lipschitz-like constant). Let 1 = e~ \|| Ag||%. Then the function p® — f*o(—A])
is convex.

Proof. The function u® — f* o (—A, ) is twice continuously differentiable on int dom ® (which
equals to int(By(\)¥). Therefore the statement is equivalent to

Vu € intdom @, Vo € REXE pn T V20(u)v — v V2[f* o (A, )](u)v > 0. (7
Since the function f* o (—A, ) has a Lipschitz continuous gradient with constant € ~1|| 452, we have

that v V2[f* o (—A] )] (u)v < e~ 1| Ag||?[|v]|%. Moreover, it follows from Proposition [A.1]that @ is
A~ Lstrongly convex, hence pv " V2®(u)v > 1/ A||v||%. Therefore

by~ Vo (A 2 (4= B e 20

A
and the statement follows. O
Proposition A.3. The symmetry coefficient a(®) of the Legendre function of Definition defined
as
D
a(@):inf{m‘(u,v)Eintdomfbxintdomq),u;év}, (8)

is equal to zero.



Proof. This follows from the general Proposition 2 in [[1], since dom ® is not open. O

Proof. of Theorem[3.1|Let F denote the objective function in (T0). It follows from standard argument
in convex duality theory (see, e.g., [2]) that for every u € RP ¥ setting w = V f* (—A;—u), we have

fuw—w(a)H? < F(u) — inf F. 9)

Then the statement follows from Theorem 1 in [1]]. Indeed, in the setting of Problem@ with ®
as in Deﬁn1t10n | we have dom ® = Bo(\)” (which is a closed set) and moreover the following
conditions are satisﬁed:

1. (Well-posedness of the method) argmin, F(u) is compact (see Lemma 2 in [[]);

uEdom P

2. (Lipschitz-like) There exist a Lipschitz-like constant 1 > 0 (1 = ¢~ 1\||Ag||?) such that
pu® — f* o (—Aj ) is convex;

3. (Step-size condition) The step-size is such that 0 < v < (1 4 «(®))/p, where o(®) is the
symmetry coefficient defined in (8)).

Therefore, according to Theorem 1 in [1] the following hold

1. (Monotonicity) {F (u(? (6))},en is nonincreasing.
2. (Convergence in objective values) lim,_, oo F(u'?(0)) = F(a(0))
3. (Global estimate in objective values) If v = (1 + a(®))/(2u), then

D(9)) — Flu) < — 21
(Vu € dom @)(Vg € N)  F(ul?(0)) — F(u) < (14 a(®))q

The statement follows from (T0) (with u = @(6)) and (). O

Dg(u,u’(9)).  (10)

B Algorithms

In this section, we detail the procedure for computing the hypergradient as well as the entire bilevel
algorithm.

B.1 Reverse Mode Computation of the Hypergradient

Recalling the definitions given in Problem [2.1| we have that
T
U9 = Z w!? (o (11)

where, each task wEQ) (9) is computed by algorithm (I2)). Therefore
T
1
VU 0) = 5> VUL ©), U 0) = Cuwi?(0)) (12)

and the problem is reduced to the computation of the gradient of Z/lt(Q) (0). Thus, we can deal with a
single task and assume that

UD(9) = C(w @), (13)
where w(®@) (0) € R? is computed by an algorithm of the following form
u©(0) =0 € RP*E
forg=0,1,...,Q -1
[ **D(9) = A(u(6),0)
w(@(0) = B(ul(0).0),

(14)
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where A: RPXE x © — RP*L and B: RPXL x © — RP. We denote by 9;.A(u, 0) and 92.A(u, 0)
the partial derivatives of A with respect to the variable u and 6 respectively. Note that both the
partial derivatives are linear operators from R”* L to RF*Z The same notation is used for the partial
derivatives of B, which, evaluated at a given point, are linear operators from R”*% to R”. Using
(T3) and the last equation in (I4) we get

VU (0) = WD) (0)T0,B(uD(0),0)TVC(w'D(0)) + 9:Bu?(0),0)TVC(w @ ().

(15)
Moreover, using the updating rule for u(?) (#) in (T4) we have
(@Y (0) = 91Au (0), 0)(u' V) (0) + D2 A(u'9)(6),0). (16)
Setting A\? (9) = 91 A(u(?(6),0) and A (0) = 92 A(u(D(6), 0), we have
(@ Y (O)" = (ul) (6) AT (6)" + A7 (0) " (17

Then, combining the two equations above we have
VUP (0) = (DY (6) T B(u D (0),0)TVC(w'D (0)) + 0:.B(ul?(6),0)T VC(w @ (6))
= @ @Y(0)TATV(0)T 0B (6),0)" VC ('Y (0))
aQ
+A527Y(0)T 0B ?(0),0)TVC () (0))
aQ

+ 8,B(u'D(0),0)TVC (W'D (6))

bq

= @@ D)(0)T A97V(0)Tag+ A5V (0) Taq + bo

aQ—1 bg-1
= @ @2y (0)T A% (@) Tag_1 + AP (0) Tag_1 + bo_

aQ—2 bo—_2

where in the last line we used that u(®)(6) is constant. Therefore, VI/(?) can be computed by the
procedure detailed in Algorithm

We now specialize Algorithm [2]to the case of Group Lasso and algorithm (T2). In this case, the
update rules are as follows

A(u, 0) = VO* (VO(u) + vAgB(u, )
B(u,0) = Vf*(—A, u)
= (X"X +eldp) (X Ty — AJu),

where, for every u = (u;)1<1<r. € RP*L and v = (v)1<1<z, € RP*E andevery I = 1,..., L,
U v
Vid(u) = Vo(u) = === and V,&"(v) = V" (1)) = —=——=.  (I8)
A = lul3 1+ [lull3

Moreover, for every a = (a;)1<;<z, € RPXE

(wr, ar)w a

+
(2 = [lu[3)** VA% = T3

VQ(I)(U)[CL] = (v2¢(ul)[al])1gl§L = < )1<l<L c RP*L (19)
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Algorithm 2 Hypergradient computation (Reverse mode): Hypergradient(0, Q)

Require: Group structure 6, number of inner iterations ().
Initialize u(®) (0) = 0 € RP*L,
forg=1to @ do
ulD(9) = A(ul?=1(6),0).
end for
output 1. u(9(0),... u(@(0), w @ (h) = B(uQ(H)7 0).
Initialize ag = 818(u(Q( ),0)TVC(2(Q(0)), bg = 0:B(u@)(6),0)T VO (w (D (0)).
forg=Q —1to0do
al®) = 9, A(u'D(6),0) Talet)
b = 9, A(u(D(6),0) T alat) 4 platD)
end for
output 2. Hypergradient VI/(?)(9) = b(0).

and
% o >\<'Ul, al>vl )\al %
V2e* (v)[a] = (V2¢* (w)a]), oy = (‘ 1+ l2) T ”le%)KKL € RPXE,

(20)
Note that both V2®(u) and V2®*(v) are symmetric linear operators from R”*% to RP* £,

Therefore,
01 A(u, 0) = V2O* (VO (u) + 1AB(u, 0)) o [V2®(u) + vAe01B(u, 0)]
Do A(u,0) = V20* (VO (u) + vApB(u,0)) o [YAg02B(u, 0) + vA.B(u, 0)]
and
NnB(u,0) = —(XTX +eldp)* A4,
DoB(u,0) = —(X "X + eldp) " (A%u).

Moreover, since the linear operator 7}, : ¥ — Ayx (occurring in 92.A(u, #)) is symmetric and the
adjoint of the linear operator S,,: 6 — AJ u (occurring in 958 (u, 0)) is A,, we have

A(u,0)" = [V2®(u) + 01 B(u,0) T A ] o V20* (V@ (u) + vAeB(u, 0))
A(w.0)" = H0uB(0,0)" 45 +1ABw.0)] o VO (VB +1doBw.0)
B(u,0)T = —Ag(XTX + eldp)~!
(u,0)T = —A, (X TX + eldp)~*
Hence, for every a € RP*L 9, A(u, 0) "a and 95.A(u, §) " a can be computed as follows:
v = (vd)(ul) + 791 © B(uv 9))1§1§L’
A, 0)"a = V20(u) [V (v)[a]] +~01B(u,0) " Ag VZ®*(v)[d]
= (V2¢(ul) (V26" (v)[ar]] =701 © (XTX + eIdp)_1V2<I>*(v)[a]) :
1<I<L
O Alu, G)Ta = 702 B(u, Q)TAJVQ(I)*(U)[CL] + VAG20+ (o)) B(u, 0)
= —VA(XTX +eldp)tA] V20" (v)[a] + 7<V2¢*(vl)[al] ® B(u, 9))
1<I<L
= 7( —u © (XTX +eldp) "t A, V20" (v)[a] + V2™ (v))[ar] © B(u, 9))
1<I<L

The final procedure to compute the hypergradient, in the case that w(?)(6) is obtained through
algorithm (I2), is detailed in Algorithm 3]
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Algorithm 3 Group Lasso Hypergradient (Reverse mode): GLHypergradient(X, y,0, A\, C, Q)
Require: Design matrix X, vector of outputs y, group structure €, number of inner iterations ().
Initialize u(®) (0) = 0 € RP*L,
forg=1to @ do
w@D () = (XTX + eld,) (X Ty — XK, 6, 0 ul71 ().
U(Q—l)( ) _ (v¢( (g—1) (9 ) ~0, @w(q 1)(6)>1§1§L’
u(fl)( ) (v(b* (q— 1) 0)))1 cer
end for
w @) = (XTX +eld,) (X Ty — Z =10 © “z (0))
output 1. u(9(#),... u(@ )(9) v0(9),...,v@(0), w®(8),..., wDH).
Initialize 2(?)(9) = (XTX + €ld,) "'V C(w @) (6)),
ag=—(0:© Z(Q)(e))glgy
bg = — (¥ (0) © 2(@)(9))
forg=Q —1to0do
w@ = (V2¢*(Ul(q) (9))[al(q+1)])1<l<L’
2D(0) = (XTX +eld,) ' S°F 6, 0w,
a® = (V2(u;" (6)[uw] o ERICECI()
b(@) = (- ul(‘ﬂ(g) ® 2@ (9) + wl(q) O w@()), ., +bEtD.
end for -
output 2. Hypergradient VI/(?) () = b0,

1<i<L’

Algorithm 4 Bilevel learning of the Group Lasso structure through proxSAGA

Require: Vectors of outputs {y;}7_,, design matrices {X;}._,, regularization parameter A > 0,
number of groups L, C' = Zthl C}/T defined in Problem (2.1 and © introduced in Problem
Set the step-size v > 0.

Initialize 6(©).
Initialize G; = GLHypergradient(X;,y;, \, 09 C;, Q) forevery t € {1,...,T}.
Initialize d© = (1/T) Y/, G
fork=0to K —1do
Uniformly pick ¢, € {1,...,T}
G, = GLHypergradient(X,,,y:,, A, 0%, C;,, Q)
a®) =Gy — Gy, +dP
A+ = (1/T)(Gy, — Gy,) +d®
B+ = Pg (606) — yalh)
G, = Gy,
end for

output Group-structure #B1GL: = g(K),

B.2 Overall Bilevel Scheme

The proposed bilevel scheme for learning the group structure is reported in Algorithm 4]

Remark B.1. The proposed scheme, which relies on the proxSAGA algorithm, requires the com-
putation of the full gradient only once at the initialization step of d(©). In order to avoid its costly

computation, we can initialize #(°) close to a saddle-point, such that (°) = Pg ((1 /L)1pxr +n)
where n is a small Gaussian perturbation. Hence, we can resort to the following approximate

initialization: d(©) = 0py; and Gy = Opy, for everyt € {1,...,T}.
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C Additional Results on Synthetic Data

Oracle w*

\-e-GL-x-Lmn-o-BiGL BiGLThr \-e-GL-x-Lasso-o-BiGL BiGLT]u"
=
© 10
j72] - -
5 : £
Z £ 8 g
< z =
A < & 17
- = 6 &
g
4 4
100 200 300 400 500 107! 10° 107 10°
Tasks A A

Figure 5: The present results aim at complementing the ones displayed in Figure[I} The true features
w*, consisting of 500 tasks, are displayed in the left plot and shown to exhibit 10 groups. The
comparison of the validation and test error are reported in the middle and right figure respectively.
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