A  Proofs

Proof of Lemma 1. We wish to prove E [¢(X )Y, Ure| X Pre, FUr] = 7(X ). We have that:
E [g(XUre)y;Ure| xUre pUne] g [o( X Une)y;Une| xUne fpUne o — 1] (Ve xUne) 3)
FE [g(XP) VX0 B T = 0] (1 - () &)
=E [Y,"| X", BV, T = 1] — E[Y,"| X", B, T = 0] (5)

(a)
s [y ()]~ [y 0] = 2%
where equality (a) is by Assumption 1 and the definition of Y.

]
Proof of Thm. 1. Let X" = (X", ... XUi) be the design matrix in the experimental data
and let uy™ = (eUnCT(U);Lm) T iU“CT(;CU“C)) Y Une — (X ) be the regression outcome and u =
(U™, uVe ) so that 6 = (XUre(XUm)T) =1 (XUn) Tylne, Leg Ve = o( XV%) — (XU) and
% = (et — o) YU OE). Noehat e = (X)) 10—
ay™, which by condition 3 we can write as u{™ = 67 XU 4 pUnc _ qUnc Hence, we have
9 —_9= (XUnC(XUnc) ) (XUnc) u—=6
_ ((nUnC XUHC(XUI‘IC) ) (nunc (XUnC)TXUnc) _ I)9
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Let M = E[XX T | EY]. By condition 5, we have that || = X"n¢(XUn) T — M||2F = 0,(1/n).
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Next, consider the second term:
1 1 « .
e (XUnC)TaUnc _ e Z(W(XZUnC) _ w(XlUnC))XZUnc
=1

0,(1/n).

By Cauchy-Schwartz and condition 5,
Efl (w(X") — @(X") X731 < El(w(X;™) — (X)) E[]1X]|3] < oo
And again by Cauchy-Schwartz,
[E[w(X;™) = o(X)) X3 < E[w(X) - a(X)? | E™IE[|X]3 | B”].
Conditions 1 and 2 give that E[(@(X) — w(X))? | EV™] = O(r(n)). Hence, by above finiteness of
second moment,
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XUEX) ) (g (XP) Ta) |3 = Op(r(n) + /).

Finally, consider the third term:
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First note that E[bY™ | X "] = 0 by the outcome weighting formula and hence E[bY" X ¢] = 0.
By Cauchy-Schwartz and conditions 5 and 6, we have
E[|[o;™ X7 1312 < E[(67") [l X;™[l2] < oo

and hence 1

XUI‘IC(XUDC) ) ( ~T

1o (XU) T3 = Op(1/n).

We conclude that [|§ — 6|2 = O, (r(n) + 1/n). Since condition 1 implies that ((&(X) — w(X))? |
ECf) = 0O,(r(n)) by Markov’s theorem, we also conclude that ((7(X) — 7(X))? | EC) =
Op(r(n) + 1/n).

11



