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Here we present additional details to complement with the paper in terms of the graphical model of
mGDMF, the variational update for item’s latent variables, the batch inference algorithm, the full
derivation of mGDMF.

1 Graphical Model of mGDMF

We show the graphical model of mGDMF in Figure 1

Figure 1: Graphical Model of mGDMF
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2 Variational Update for Items Latent Variables

We show the latent variables for items (i.e., hin, ηi, βik, βik, ιik,t) with their variational update as
mentioned in Table 1 in the paper.

Table 1: Latent Variables, Type, Variational Variables and Variational Update for Items (i.e., hin,
ηi, βik, βik, ιik,t). χn is the number of items having the nth attribute and K is the number of latent
components.

Latent Variable Type Variational Variable Variational Update

hin Gamma ρshpn c′ + χnc

ρrten d′ +
∑
i
τshp
i

τrte
i

ηi Gamma τshpi c+Kd

τ rtei

∏N
n=1(

ρshp
n

ρrten
)fii,n +

∑
k
µshp
ik

µrte
ik

βik Gamma µshpik d+
∑
u,t yui,tφui,t,k

µrteik
τshp
i

τrte
i

+
∑
u(
νshp
uk

νrte
uk

+
∑
t

νshp
uk,t

νrte
uk,t

)

βik,t Gamma
µshpik,t aβ + aι +

∑
u yui,tφui,t,k

µrteik,1 aβbβ + aι
ωshp

ik,1

ωrte
ik,1

+
∑
u(
νshp
uk

νrte
uk

+
νshp
uk,1

νrte
uk,1

)

µrteik,t,(t>1) aβ
ωshp

ik,t−1

ωrte
ik,t−1

+ aι
ωshp

ik,t

ωrte
ik,t

+
∑
u(
νshp
uk

νrte
uk

+
νshp
uk,t

νrte
uk,t

)

ιik,t Gamma ωshpik,t aι + aβ

ωrteik,t aι
µshp
ik,t

µrte
ik,t

+ aβ
µshp
ik,t+1

µrte
ik,t+1
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3 Batch Inference Algorithm

The mean-field Variational Inference of mGDMF as mentioned in Section 4 in the paper is shown
below.

Algorithm 1 Batch Inference for mGDMF

1: Initialize {ζ, ρ, κ, τ, ν, µ, ν, µ, γ, ω, φ}.
2: Set K: # latent components.
3: Fix the parameters of the shape of Gamma distributions of ζ, ρ, γ, ω.
4: repeat
5: for each time slice t = 1...T do
6: for each rating of user u to item i that yui 6= 0 do
7: Update the multinominal zui,t.
8: end for
9: for each user u do

10: Update the static global factors θuk.
11: Update rate of behavior ξu.
12: for each user’s attribute in metadata hum do
13: Update rate of the weight.
14: end for
15: Update the shape and rate of dynamic correction factors θuk,t.
16: Update shape of user’s auxiliary variables λuk,t.
17: end for
18: for each item i do
19: Update the global factors βik.
20: Update rate of latent attractiveness ηi.
21: for each item’s attribute in metadata hin do
22: Update rate of the weight.
23: end for
24: Update the shape and rate of dynamic correction factors βik,t.
25: Update shape of item’s auxiliary variables λuk,t.
26: end for
27: end for
28: until convergence

4 The Derivation of mGDMF

The mean-field family assumes each distribution is independent of each other and is governed by its
own distribution.

q(hu, hi, ξ, η, θ, β,λ, ι, θ, β, z) =
∏
m

q(hum|ζm)
∏
n

q(hin|ρn)
∏
u

q(ξu|κu)
∏
i

q(ηi|τi)∏
u,k

q(θuk|νuk)
∏
i,k

q(βik|µik)
∏
u,k,t

q(θuk,t|νuk,t)
∏
i,k,t

q(βik,t|µik,t)∏
u,k,t

q(λuk,t|γuk,t)
∏
i,k,t

q(ιik,t|ωik,t)
∏
u,i,t,k

q(zui,t,k|φui,t,k)

(1)

4.1 Derivation of Metadata Integration

The derivation of the metadata integration is given here. With the Gamma distribution of user/item’s
metadata:

p(hum|a′, b′) ∝ hua
′−1
m exp{−b′ ∗ hum} (2)

p(hin|c′, d′) ∝ hic
′−1
n exp{−d′ ∗ hin} (3)
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With the Gamma distribution of latent user preference and latent item attractiveness:

p(ξu|a, hum) ∝
( M∏
m=1

hufuu,ma
m

)
exp{−(

M∏
m=1

hufuu,m
m )ξu} (4)

p(ηi|c, hin) ∝
( N∏
n=1

hifii,ncn

)
exp{−(

N∏
n=1

hifii,nn )ηi} (5)

The posterior probability of weight hum and hin become:

p(hum|a′, b′, ξu) ∝ p(hum|a′, b′)
∏
u

p(ξu|a, hum) ∝ hua
′+ℵma−1
m exp{−(b′ +

∑
u

ξu)hum} (6)

p(hin|c′, d′, ηi) ∝ p(hin|c′, d′)
∏
i

p(ηi|c, hin) ∝ hic
′+χnc−1
n exp{−(d′ +

∑
i

ηi)hin} (7)

where ℵm is the number of users having attribute m and χn is the number of items that have attribute
n. Thus, the posterior Gamma distribution of hum and hin are

hum|ξu ∼ Gamma(a′ + ℵma, b′ +
∑
u

ξu) (8)

hin|ηi ∼ Gamma(c′ + χnc, d
′ +
∑
i

ηi) (9)

hum is affected by ℵm and the latent user preference (i.e., ξu) and hin is affected by χn and the
latent item attractiveness (i.e., ηi)

We then update the variational shape (shp) and rate (rte) parameters for the user/item metadata.

(ζshpm , ζrtem ) = (a′ + ℵma, b′ +
∑
u

κshpu

κrteu
) (10)

(ρshpn , ρrten ) = (c′ + χnc, d
′ +
∑
i

τshpi

τ rtei

) (11)

4.2 Derivation of User Latent Preference and Item Latent Attractiveness

With the Gamma distribution of latent user preference and latent item attractiveness:

p(ξu|a, hum) ∝ ξa−1u exp{−(

M∏
m=1

hufuu,m
m )ξu} (12)

p(ηi|c, hin) ∝ ηc−1i exp{−(

N∏
n=1

hifii,nn )ηi} (13)

With the Gamma distribution of user/item’s global static factor:

p(θuk|b, ξu) ∝ ξbuexp{−ξuθuk} (14)

p(βik|d, ηi) ∝ ηdi exp{−ηiβik} (15)

The posterior probability of ξu and ηi becomes:

p(ξu|a, hum, θuk) ∝ p(ξu|a, hum)
∏
k

p(θuk|b, ξu) ∝ ξa+Kb−1u exp{−(

M∏
m=1

hufuu,m
m +

∑
k

θuk)ξu}

(16)
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p(ηi|c, hin, βik) ∝ p(ηi|c, hin)
∏
k

p(βik|c, ηi) ∝ ηc+Kd−1i exp{−(

N∏
n=1

hifii,nn +
∑
k

βik)ηi} (17)

where K is the number of latent components. Thus, the posterior Gamma distribution of ξu and ηi
are

ξu|θuk ∼ Gamma(a+Kb,

M∏
m=1

hufuu,m
m +

∑
k

θuk) (18)

ηi|βik ∼ Gamma(c+Kd,

N∏
n=1

hifii,nn +
∑
k

βik) (19)

We then update the variational shape (shp) and rate (rte) parameters for the latent user preference
and latent attractiveness:

(κshpu , κrteu ) = (a+Kb,

M∏
m=1

(
ζshpm

ζrtem
)fuu,m +

∑
k

νshpuk

νrteuk
) (20)

(τshpi , τ rtei ) = (c+Kd,

N∏
n=1

(
ρshpn

ρrten
)fii,n +

∑
k

µshpik

µrteik
) (21)

4.3 Derivation of the Rating

To ensure the conjugacy of the model structure, inspired by [2, 1, 4, 3], the rating yui,t is replaced
with auxiliary latent variable zui,k,t ∼ Poisson((θuk,t + θuk)(βik,t + βik)). With the additive
property of Poisson distribution, yui,t is expressed as yui,t =

∑
k zui,k,t. The complete conditional

for the auxiliary latent variable vector is

zui,k,t|θuk,t, θuk, βik,t, βik ∼Mult

(
yui,t,

(θuk,t + θuk)(βik,t + βik)∑
k(θuk,t + θuk)(βik,t + βik)

)
(22)

Thus, the update for the variational multinominal is

φui,t,k = (exp{Ψ(νshpuk,t)− log(νrteuk,t)}+ exp{Ψ(νshpuk )− log(νrteuk )})

∗ (exp{Ψ(µshpik,t)− log(µrteik,t}+ exp{Ψ(µshpik )− log(µrteik ))})
(23)

where Ψ(.) is the digamma function. This update comes from the expectation of the log of a Gamma
variable, for example Eq[log(θuk,t)] = Ψ(νshpuk,t)− log(νrteuk,t).

4.4 Derivation of the Global Static Factor of User/Item

The global static factor of user/item is affected by the latent user preference/latent item attractiveness,
the local dynamic factors and the observations with the conjugate Gamma-Poisson distribution. Thus,
the complete conditional of those vectors are

θuk|βik, βik,t, ξu, zui,k,t ∼ Gamma(b+
∑
i,t

zui,k,t, ξu +
∑
i

(βik +
∑
t

βik,t)) (24)

βik|θuk, θuk,t, ηi, zui,k,t ∼ Gamma(c+
∑
u,t

zui,k,t, ηi +
∑
u

(θuk +
∑
t

θuk,t)) (25)

The update for variational global static factor of user/item becomes

(νshpuk , ν
rte
uk ) = (b+

∑
i,t

yui,tφui,t,k,
κshpu

κrteu
+
∑
i

(
µshpik

µrteik
+
∑
t

µshpik,t

µrteik,t
)) (26)

(µshpik , µrteik ) = (d+
∑
u,t

yui,tφui,t,k,
τshpi

τ rtei

+
∑
u

(
νshpuk

νrteuk
+
∑
t

νshpuk,t

νrteuk,t
)) (27)

5



4.5 Derivation of the Local Dynamic Factor of User/Item

Initial states of the local dynamic factor of user/item are affected by the observations, the next
auxiliary variables and the global static factors with the conjugate Gamma-Poisson distribution. Thus,
the complete conditionals of those vectors are

θuk,1|βik, βik,1, λuk,1, zui,k,1 ∼ Gamma(aθ+aλ+
∑
i

zui,k,1, aθbθ+aλλuk,1+
∑
i

(βik+βik,1))

(28)

βik,1|θuk, θuk,1, ιik,1, zui,k,1 ∼ Gamma(aβ +aι +
∑
u

zui,k,1, aβbβ +aιιik,1 +
∑
u

(θuk +βuk,1))

(29)

The update of variational of initial states of local dynamic factor of user/item becomes:

(νshpuk,1, ν
rte
uk,1) = (aθ + aλ +

∑
i

yui,1φui,1,k, aθbθ + aλ
γshpuk,1

γrteuk,1
+
∑
i

(
µshpik

µrteik
+
µshpik,1

µrteik,1
)) (30)

(µshpik,1, µ
rte
ik,1) = (aβ + aι +

∑
u

yui,1φui,1,k, aβbβ + aι
ωshpik,1

ωrteik,1
+
∑
u

(
νshpuk

νrteuk
+
νshpuk,1

νrteuk,1
)) (31)

Auxiliary variables of the local dynamic factor of user/item are affected by the previous local
dynamic factor, the next local dynamic factor with the conjugate Gamma-Gamma distribution. Thus,
the complete conditionals of those vectors are

λuk,t|θuk,t, θuk,t+1 ∼ Gamma(aλ + aθ, aλθuk,t + aθθuk,t+1) (32)

ιik,t|βik,t, βik,t+1 ∼ Gamma(aι + aβ , aιβik,t + aββik,t+1) (33)

The update for variational of auxiliary variables of local dynamic factor of user/item becomes

(γshpuk,t, γ
rte
uk,t) = (aλ + aθ, aλ

νshpuk,t

νrteuk,t
+ aθ

νshpuk,t+1

νrteuk,t+1

) (34)

(ωshpik,t, ω
rte
ik,t) = (aι + aβ , aι

µshpik,t

µrteik,t
+ aβ

µshpik,t+1

µrteik,t+1

) (35)

Local dynamic factor of user/item at time t > 1 are affected by the observations, the previous
auxiliary variables, the next auxiliary variables and the global static factors with the conjugate
Gamma-Poisson distribution. Thus, the complete conditionals of those vector are

θuk,t|βik, βik,t, λuk,1, zui,k,t ∼ Gamma(aθ+aλ+
∑
i

zui,k,t, aθλuk,t−1+aλλuk,t+
∑
i

(βik+βik,t))

(36)

βik,t|θuk, θuk,t, ιik,1, zui,k,t ∼ Gamma(aβ+aι+
∑
u

zui,k,t, aβιik,t−1+aιιik,t+
∑
u

(θuk+βuk,t))

(37)

The update for variational of local dynamic factor of user/item at time t > 1 becomes

(νshpuk,t, ν
rte
uk,t) = (aθ + aλ +

∑
i

yui,tφui,t,k, aθ
γshpuk,t−1

γrteuk,t−1
+ aλ

γshpuk,t

γrteuk,t
+
∑
i

(
µshpik

µrteik
+
µshpik,t

µrteik,t
)) (38)

(µshpik,t, µ
rte
ik,t) = (aβ + aι +

∑
u

yui,tφui,t,k, aβ
ωshpik,t−1

ωrteik,t−1
+ aι

ωshpik,t

ωrteik,t
+
∑
u

(
νshpuk

νrteuk
+
νshpuk,t

νrteuk,t
)) (39)
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