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Early Stopping for Nonparametric Testing

A Proof

A.1 Proof of Theorem 3.1

Denote v = ﬁU T f,.then f, = \/nU~". The recursion equation of the gradient descent algorithm
in (2.3) is equivalent to

VU~ = /nUA — V/na KU~ + o Ky. (A.1)
Note that y = f* + € = /nU~* + /nw, where f* = (f*(z1), -, f*(xn)) = VnU~y*, € =
(€1, ,€n) ", and w = ﬁ For theoretical convenience, we suppose o = 1. Then (A.1) becomes
A =4t — Ay + Ay 4 cqw. (A2)
Recall the diagonal shrinkage matrices S at step ¢ is defined as follows
t—1
St = H (I, — arA) € R,
=0
Then based on (A.2), we have
V== (1= 8)w - Sy~ (A.3)
The test statistics D,, ; can be written as
_ o _ LT 4T o ity2
Dn,t—”.ft”n—ﬁft =77 =1" (A4)
where || - || is the Euclidean norm. Next, we analyze the null limiting distribution of ||v*||3. Under

the null hypothesis, v* = 0, plugging (A.3) in (A.4), we have D,,; = ||[7!]|3 = w ' (I, — S*)?w =
LeT (1, — Sz
We first derive the null limiting distribution of D,, ; conditional on x. By the Gaussian assumption of
e, we have i, = L tr (I, — S*)?) and 02 , = Z tr (I — S*)*). Define U = %, then for
any k € (—1/2,1/2), we have
log Ec (exp(ikU))
=logE. (exp(z'keT(In — St)Qe/(nUTM))) — tkptn 1/ (nOnt)
1
=-3 logdet(I,, — 2ik(I, — S")?/(nopnt)) — ikpin.i/ (N0t
=ik - tr((In — 8°)%)/(non,0) — K> tr((I, — §°)")/(n®o7 ;)
+OUR tr((Tn — SY°)/(030%.,)) — ikt s/ (nm)
=—k*/2+ O(k’ tr((L, — 8°)°)/ (a3, ),

where 1 = v/ —1, E. is the expectation with respect to €, and I,, is n X n identity matrix. Therefore,
to prove the normality of U, we need to show tr((1, — 5%)%)/(n®c3 ,) = op(1).

Note that S* = [[_{ (I, — a,A) = diag(St,,---,St,), where St = T2 (1 — arfiy) for

j=1,---,n. Thentr((I — §"%) = Y7_ (1 — 8L, tr((I — §%)*) = 2?21(7120_ St)%, and
(Lo —5Y° (I — 51 1 - 1
ndod, t((Ln—SHY  a((T, — SO~ (T, — SHY

where the last step is by Lemma A.2 that (1 — S%;) =< min{1,7;/;;} < 1. Then, it is sufficient to
prove tr((I, — S*)?) — oo asn — oo and t — oc.



Let iy = argmin{j : ji; < i} — 1, then

(I —ShH* Z (1- St > %Z min{l,ntﬁj})4
j=1

n ~

1 N
=Rt Y (nfi)*) > % (A.5)

j=R¢+1

\o}

Therefore, when n — oo and ¢ — oo, by Assumption A2, we have 1; — 00; and by Assumption A3
and Lemma 3.1 in Liu et al. [2018], we have k; — oo with probability greater than 1 — e, where ¢
2

is a constant. Then E,(e?*V) — e~ ' with probability approaches 1 as n — oo and ¢t — oo.

We next consider E,, E.(e?*V) by taking expectation w.r.t z on E.(e?*V). We claim E, E.(e?*V) —
2
e~z fork € (—%,1). If not, there exists a subsequence of r.v {z,, }, such that for Ve > 0,
. 2 . . P .2 . .
|Ea,, Ece* — =] > e. On the other hand, since E, e’*V(®».) — ¢~ which is bounded,
there exists a sub-sub sequence {zy, }, such that

ikU(wnkl) a.s _ k2

Ece —e 2.

. ; _ k2 L. ..
Thus by dominate convergence theorem, Ewnk E. e"*U —5 e~ %, which is a contradiction. There-
1

Dn,f,—lln,t

fore, we have U =
On,t

asymptotically converges to a standard normal distribution.

A.2 Proof of Theorem 3.3 (a)
Proof. Recall ||f,||2 =~ 4t with~yt = (I — St)e//n + (I — St)y*. Therefore,
1 2
ATt = ~eT (1= 8"t TJ(I — SN2 A (T — SOy =Wy + Wa + Wi (A6)

For W, since || f*[| = [[*[3 = C2d;

e¥n,t>
CQ 1 CZO' t
Wa = ||(I — St *2>7 * Sta* —opy) — — > et
= 10 = S8 2 51718 = 1871 2 5+ o) = o 2 =57
where C2 > % is a constant, and the specfic requirement of C2 will be illustrated later.
Recall Wy = ﬁeT(I — S)24*. Consider a' (I — S*)%a, where a = (ay, -+ ,a,) € R™is an

arbitrary vector. Then a’ (I — S%)%a < Apax (I — S*)?)a"a < a' a. For Wa, we have
Ee W22 Z’Y*T(I— St)4’)’* S ’Y*T(I_ St)2’y* _ Wg.

Then
<e

T~ eT 1W3
Define & = {Wla;ﬂt’” < C!}, where C! satisfies P(€;|x) > 1 — e forany t > t. and n > N,
with probability greater than 1 — e~ “*. Also define &, = {Ws > 75*1/2W31/2} and &3 = {W3 >
C20,,¢/2}. Finally, with probablility greater than 1 — e =",
Wi+ Wso + W3 —
Pf( 1+ Wo+ Ws — ting 221_a/2|$>
On,t

Wy + W3 I Wy — Hnt

On,t On,t

(\W2| > 2W1/2> (A7)

ZPf( > Z1_ay2, E1NEN 53|33)

>Py

(W3<1 — 2w
Un,t

1
A/ Ceon 1€
=P (& N&NEs|x)
>1—2e

SOl gy E1NE N €3|33)

ZPf(Cs(l— )—-CL> Z1fa/2,51ﬂ52053|$)



The second to the last equality is achieved by choosing C. to satisfy

1 1 1
< — and §C€ — Cé Z 21704/2'

\/CEO'n’tE 2

A.3 Proof of Corollary 3.4 and Corollary 3.5

We first prove Corollary 3.4.

Proof. By the stopping rule (3.1), at T, we have

1
nr

1 n
=1

On the other hand, suppose T < n, then with probability at least 1 — e~ "7,

n n
Zmin{lanT*ﬁi} = Kp= + 7= Z i X R,

i=1 i=Rp*+1

the last step is by Lemma A.4. Then we have

1 VEr

=S .

nr+ n

. . —dm/(2m—-1) _ "
By Lemma A.5 (a), with probability at least 1 — ¢~ “m"" = , Ky =< Kkp~. Then % = ¥I

nr n
with k-« satisfies (k7<) 2™ < 77% Finally we have 77~ < n*™/(4m+1) ‘and @ =< n=2m/(4m+1),

Corollary 3.5 can be achieved similarly.

O
A4 Proof of Theorem 3.6
(1) We first consider the case when ¢ << T™*.
Proof. Suppose the “true” function f(-) = [f*() = >, K(z;,)w; then f* =
(f*(x1),-, [*(zn)) = nKw, where w = (wq,--- ,w,). Let w = Ua, then f* = nUDa,
where & = (a1, - -+, ). We construct f*(-) with the coefficients {«, }7_; satisfies
2 _ 2n(,§_1)lu’g_,3t+}g for v = (g"{t+k) k= 1527"' y Rt -1
o, . (A.8)
0 otherwise

Since t < T, by the definition of s, we have xk; < k7». Choose g > 1 to be an integer satisfying
(9 + 1)k < K« and nn? ugm < ni /2. The existence of such g can be verified directly based on the
expression of the PDK and EDK eigenvalues.

Note that 1 < ﬁ < %, then by Lemma A.5, we have % 11g,., < Fgr, < 3 pig,, with probability

approaches 1. Consider the event A = {|fign, — ftgn,| < %fign, }. then P(A) — 1 asn — oo.
Conditional on the event A, we have

n rke—1
1£13, = 1) K (@i, Jwill}, =na"Da=n " o2, figr,+k < C.
=1 k=1

Furthermore, conditional on A,

Ke—1

T ~
I£117 = na"DPa=n )" ag., ilipe,4n =
k=1

~ ~ 1 "
B(g+1)me > Hrps 2 =d,,.
17

¢
1



By (A.6), we have

1
Dy = |fellz = gJ(I — 8" )2et+ —=e (I = Sy + 4" (I = 57" = Wy + Wa + W3,

2
NG
where 7* = ﬁUTf*. Note that

C re—1

n
W3_,-Y (I St) ’7 _NZO[ I_St — Z /“Lgfit-‘rk) —Cntiu“gnta

=1

where the first inequality is based on the property of shrinkage matrices St in Lemma A.2. Conditional
on the event A, we have

~ 27C 1/2
W3 < Cnffis,., < 7% 1, < wy?n,

where the last step is by the property on the integer g. Then we have W3 = o(0,, +). By (A.7), we
have Wy = Wll/QOpf(l) = op; (0p,t). Therefore,

Dn,t — Mn,t :Wl — Hn,t + W2 + WS

On,t On,t On,t
W _
T By o, ()
On,t
~4,N(0,1).

Then we have, as n — 0o, with probability approaches 1,

ferH}\IﬂfZC’d; Pf(¢n’t = 1|$) < Pf(¢n7t = 1|ZE) — Q.

(2) We next consider the case when ¢ > T™*.

Proof. We still suppose the true function f(-) = f*(-) = Y-, K(z;,-)w;, then f* = nKw, where

w = (wy, - ,wy,). Letw = Ue, then f* = nUDea, where = (g, -+ , o). Construct the
coefficients «, satlsfymg
G 1 for v = 1;
az = n nr* uu or v ] ) (A9)
0 otherwise.

Here (' is a constant independent with n. In the following analysis, we conditional on the event
A= {\ﬁ1 — ] < %ul}. First,

n R 301 3
171 = 32 K ey = me” Do = maidfn < &L < €
i=1
The last inequality is based on the fact that n7+« — oo as n — oco. Furthermore,
~ C .
|77 = na’ D2 = natpt > == > Cad;,
T+
with C satisfying Cl /4 > C5. By (A.6), we have
2 * *
= |lfell7 = —e" (I = 5%)% \/ﬁeT(I—St)QV*ﬂW (I =8y = Wi+ Wz + W,
where v* = ﬁUTf*(m). Note that
9C,
Ws =y*(I =Sy =n)Y a1 —S5)? <najps < ——
3 =7"( )" Z 1M1 = T

I e . N
ont =~ me{l,mm},



then we have W3 = o(o,,+). By (A.7), we have Wy = Wll/zOpf (1) = op; (0n,t). Therefore,
Dyt —ting Wi —pin, n Wy + W3

Jn,t Un,t Un,t
Wy —p
_ 17 Pt + op; (Un,t)
On,t
—4N(0,1).

Since P(A) — 1 as n — 0o, we have, as n — oo, with probability approaches 1,

fEBaH}ﬁln,ZC/d; Py (¢n,t = 1|m) < Py (d)n,t = 1|w) o

A.5 Proof of Sharpness in estimation

Proof. We first prove Theorem 4.2 (a) for PDK.

Suppose the true function f(-) = f*(-) = Y., K(x;,-)w;, then f* = nKw, where w =
(w1, ,wy). Letw = Ua, then f* = nUDa, where &« = (o, -+ - , ). Define ¢ = argmin{y :
i < ﬁ} — 1, and we construct f* with the coefficients «,, satisfying

o (A.10)

2 _ gt for v=FRi 4k k=1, K2

Y otherwise.

When 7z = n?™/ ™+ then k7 = argmin{j : p; < n%} — 1 < n!/@m+1) by direct calculation
T

with p; < i~2™. Since t < T, by Assumption A2, 1; < 74, then we have &y < Kz S plt/(@m+1)
and 3%:/2 < n.

Condition on the event A = {|1; — y1;| < 111}, itis easy to see
1113 = na” Da < C.
Note that
x . 2 T x
Ife = £07 = NBefe—fI7 + 1fe = Be felln + ~(fe = Ec fo) (B fo = F7)
= Wi+ Wy + Ws. (A.11)

Consider the bias term W7y, since f, = /nU~" with v = (I — SHw — (I — S*)y*, where
v* = /nDa, we have

n
Wi = =75 =7 TSy =na"D*S*a =nY_ alfi; S
=1

By Lemma A.2, we have S, > 1 — min{1, n;7i; }. Condition on the event A = {[f; — p1;| < $ 1},

we have Utﬁ»“«,t-s-l < %ntu;ﬁ_ﬂ < %, then 0 < mln{l,ntﬁz} < % for ¢ = /v{t + 1, s ,;‘uﬂlt + l\%t/2
Then
n n Rt/2
2 : ~1\2 2 ~2
Wy ana'ﬂf(l —min{1, nefi; })° > 1 %, 4 kM3, +k
=1 k=1
Ki/2
C C C 9 c
> Tix > —Tise, > — sk, > m> e > -
= ]; 8vtlu%t+k = 16/}43Tt = 32N3Tt Cm(’{’t) Z Cpliy = nt,

where the sixth inequality is based on the PDK’s property that p; < i~2™, ¢, cl, are constants
depend on m.



On the other hand, by Lemma A.3, W; < % Therefore, W7 = O p(i). Furthermore, by the

proof of Lemma A.1, we have Wo = Op (i ¢). By the stopping rule defined in (4.1), when ¢t < T,
n—lt > pnt. Then we have Wy = 0,(W7), and W3 = op (1) due to Cauchy-Schwarz inequality

W3 < I/Vl1 / 2VVl/ 2 Finally, by Lemma A.5, with probability approaching 1,

1
sup || fi — f*112 2 sup IEc fe = [ Z — > —
fen Nt 77T

We next prove Theorem 4.2 (b) for EDK. Similar to the proof of Theorem 4.2 (a), we construct the
coefficients {c, }7_, as

C -1 —F a1
a2 = 2 Mk 41 for v = Ry 1 (A.12)
0 otherwise.

Then, it is easy to see that, conditional on A, || f||3, = na " Da < C. Equation (A.11) also holds in
EDK. W1 = || Ee fe — f*||2 can be lower bounded as follows

n . C . C 1
W, >nza (U= min{1,mfii})* 2 0% 1B 41 2 Glecrs 2 Jgheen > g > oo
T

where the second to last step is based on &; + 1 < 7, which will be shown in the following. By
the definition of i, pg, > ﬁ, then i < (Iog 310 )1/P by plugging in ; =< exp(—3iP). Similarily,
K > (log%)l/p — 1. By Assumption A2, as t < T, ), < nz = n/(logn)/? with n diverges, we
have

log 37]t)1/p log ﬂf)l/p

Fe+1<( +1<( — 1< kg

The analysis of W5 and W3 are as the same in the proof of Theorem 4.2 (a). Finally we have with
probability approaching 1,

. 1
Supr 7 Sup | Be fe — £*112 > o
T

We provide the following lemma to bound the variance of f;.
Lemma A.1. Suppose Assumption A2 is satisfied. Then fort = 1,2, - -, it holds that

| fi — Ee ftHi = Op(pn,t)
where i, =< £ 377, min{1, m;}.

Proof. First, by (A.3) and the fact that f, = /nU~", we have E. f, = (I, — S*)f". Thus the
squared bias || Ec fy — f*[2 = [IS"f*[% = [IS*y*[3. By Lemma A.3, || Ec fi — f* Hn < o
Next, we consider the variance || f; — E. f;||?. Note that || f; — E. f:||2 = (I St) —, where
Hﬁ”w < ﬁ and |[(I — S%)?|,, < 1. Recall || - ||, is the sub-Gaussian norm defined as || ly =
sup, >, p~/2(E |¢[?)}/P. Here ||¢||y, < L, with L as an absolute constant. Then by Hanson-Wright
concentration inequality (Rudelson and Vershynin [2013]),

tr((I — S)?) |:1:)

P(Ifi = B fll2 — Be | — Ec £l 2 =
LT ne, (I =8%%) _ (I - 8Y?)

—P(= . — >

P(ne (I—5")%€ " > o™ |:c>

tr2((I — SH?)  tr((I - St)Q)))
AR = ST IT = 5%)?[op

<exp(—ctr((I - 5%)?)),

where || - || is the Frobenius norm. The last inequality holds by the fact that ||(] S’t)2\|2
[(I — S%)?|op tr((1 — S*)?) and | (I — S*)?|,, < 1. Lastly, by (A.5), tr((I — S*)?) > 24, which
goes to 400 as t — co. Then we have, with probability approaching 1, || f; — Ec fi[|2 < 31,

Sexp(—cmin(

O



A.6 Proof of Lemma 5.1

Proof. Note that tr (A + )\In)’lA)4 = tr (I - St)4 is equivalent to tr ((A 4+ Al,,)"*A) =
tr (I - St). Let k) = argmin{j : i; < A} — 1, then

tr ((A+ AL)” ZA‘“ + Z

zl'u7 zn)\-‘rl

Fori < k), we have 0 < A < [i;, then 1k < 30

+/\ < k. Fori > k), wehave 0 < [i; < A,
1 n ~ n ai 1 n
then 55 Zi:m_ﬂ i < Zz‘:m+1 Y < Zi:m_ﬂ 11;. Therefore,

n

1 Ne g L
tr (A + AL,) " "A) XI@',\—&—X Z uimeln{l,X,ui}.

i=rx+1 i=1

On the other hand, by Lemma A .2, we have tr (I — S*) < 3" | min{1,n:i;}. Then, it is obvious
that tr ((A + AJ,)'A) < tr (I — S*) holds if and only if A =< ;- O

A.7 Some auxiliary lemmas

Lemma A.2 (Raskutti et al. [2014]Property of Shrinkage matrices S?). For all indices j €

{1,2,--- ,n}, the shrinkage matrices S* satisfy the bounds
1
St and
SCRIE 267715//47

1 . ~ . —~
§mm{1777tﬂj} < 1-8}; < min{1, /i, }

Lemma A.3 (Raskutti et al. [2014]Bounding the squared bias). ||Sty*||3 < e—% where C is the
constrain that || f||% < C.

Lemma A.4 (Liu et al. [2018]). Fort > 0, if ny < n, then with probability at least 1 — 4e™"*,
Zz et ti < Ckipiys,, where C > 0 is an absolute constant.

Lemma A.5 (L1u et al. [2018]Properties of elgenvalues) (a) Suppose that K has eigenvalues sat-
isfying ju; < i =™ withm > 3/2. Thenfori =1, ., nt/@m),

o~ 1 —Cmnt
P<|Hi—m§2m> >1l—em

where c,,, is an universal constant depending only on m.

am/(2m—1)

(b) Suppose that K has eigenvalues satisfying p; =< exp(—p3iP) with 8 > 0, p > 1. Then for
i =o(n'/?),

~ 1 i
P(|fi — pal < g,ui) S
where cg ;, is an universal constant depending only on (3 and p.
For i = O(n'/?), we have
P (i — gl < ipi) > 1 — e %m,

where c’ﬁ p Is an universal constant depending only on 3 and p.

A.8 Additional Numerical study
In this section, we further compare our testing method (ES) with an oracle version of stopping rule
(oracle ES) that uses knowledge of f*, as well as the test based on the penalized regularization.

Data were generated from the regression model (2.1) with f(x;) = ¢(0.8(x; —0.5)2 +0.2 sin(47z;)),

where x; i Unif[0, 1] and ¢ = 0, 0.5, 0.8, 1, 1.2 respectively. ¢ = 0 is used for examining the size
of the test, and ¢ > 0 is used for examining the power of the test. The sample size n is ranged from



100 to 1000. We use the second-order Sobolev kernel with polynomial eigen-decay (i.e., m = 2)
to fit the data. Significance level was chosen as 0.05. Both size and power were calculated as the
proportions of rejections based on 500 independent replications. For the ES, we use boostrap method
to approximate the bias with B = 10 and the step size a = 1. For the penalization-based test, we
use 10—fold cross validation (10-fold CV) to select the penalty parameter. For the oracle ES, we
follow the stopping rule in Section 5.1 with constant step size « = 1. The power increases when the
nonparametric signal c increases for ¢ > 0. Overall, the interpretations are similar to Figure 2 for
EDK in Section 5.1.

1
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Figure 4: (a) is the size with signal strength ¢ = 0; (b) is the power with signal strength ¢ = 0.5; (c)
is the power with ¢ = 0.8; (d) is the power with ¢ = 1.0; (e) is the power with ¢ = 1.2;(f) is the
computational time (in seconds) for the three testing rules.
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