A Related works

Given the large body of relevant literature, even surveying the work on Q-learning in a satisfactory
manner is beyond the scope of this paper. Here we only mention the most relevant prior works, and
compare them to ours in terms of the assumptions needed, the algorithmic approaches considered, and
the performance guarantees provided. Table[I]provides key representative works from the literature
and contrasts them with our result.

Q-learning has been studied extensively for finite-state MDPs. [43] and [22] are amongst the first to
establish its asymptotic convergence. Both of them cast Q-learning as a stochastic approximation
scheme — we utilize this abstraction as well. More recent work studies non-asymptotic performance
of Q-learning; see, e.g., [41]], [18]], and [24]. Many variants of Q-learning have also been proposed
and analyzed, including Double Q-learning [20]], Speedy Q-learning [3], Phased Q-learning [23] and
Delayed Q-learning [40].

A standard approach for continuous-state MDPs with known transition kernels, is to construct a
reduced model by discretizing state space and show that the new finite MDP approximates the original
one. For example, Chow and Tsitsiklis establish approximation guarantees for a multigrid algorithm
when the state space is compact [[10, [11]. This result is recently extended to average-cost problems
and to general Borel state and action spaces in [37]]. To reduce the computational complexity, Rust
proposes a randomized version of the multigrid algorithm and provides a bound on its approximation
accuracy [36]. Our approach bears some similarities to this line of work: we also use state space
discretization, and impose similar continuity assumptions on the MDP model. However, we do not
require the transition kernel to be known, nor do we construct a reduced model; rather, we learn the
action-value function of the original MDP directly by observing its sample path.

The closest work to this paper is by Szepesvari and Smart [42], wherein they consider a variant of
Q-learning combined with local function approximation methods. The algorithm approximates the
optimal Q-values at a given set of sample points and interpolates it for each query point. Follow-up
work considers combining Q-learning with linear function approximation [28]]. Despite algorithmic
similarity, their results are distinct from ours: they establish asymptotic convergence of the algorithm,
based on the assumption that the data-sampling policy is stochastic stationary. In contrast, we provide
finite-sample bounds, and our results apply for arbitrary sample paths (including non-stationary
policies). Consequently, our analytical techniques are also different from theirs.

Some other closely related work is by Ormoneit and coauthors on model-free reinforcement learning
for continuous state with unknown transition kernels [33, [32]. Their approach, called KBRL,
constructs a kernel-based approximation of the conditional expectation that appears in the Bellman
operator. Value iteration can then be run using the approximate Bellman operator, and asymptotic
consistency is established for the resulting fixed points. A subsequent work demonstrates applicability
of KBRL to practical large-scale problems [4]. Unlike our approach, KBRL is an offline, batch
algorithm in which data is sampled at once and remains the same throughout the iterations of the
algorithm. Moreover, the aforementioned work does not provide convergence rate or finite-sample
performance guarantee for KBRL. The idea of approximating the Bellman operator by an empirical
estimate, has also been used in the context of discrete state-space problems [[19]. The approximate
operator is used to develop Empirical Dynamic Programming (EDP) algorithms including value and
policy iterations, for which non-asymptotic error bounds are provided. EDP is again an offline batch
algorithm; moreover, it requires multiple, independent transitions to be sampled for each state, and
hence does not apply to our setting with a single sample path.

In terms of theoretical results, most relevant is the work in [30], who also obtain finite-sample
performance guarantees for continuous space problems with unknown transition kernels. Extension
to the setting with a single sample path is considered in [1]. The algorithms considered therein,
including fitted value iteration and Bellman-residual minimization based fitted policy iteration, are
different from ours. In particular, these algorithms perform updates in a batch fashion and require
storage of all the data throughout the iterations.

There are other papers that provide finite-sample guarantees, such as [25) [12]]; however, their
settings (availability of i.i.d. data), algorithms (TD learning) and proof techniques are very different
from ours. The work by Bhandari et al. [8] also provides a finite sample analysis of TD learning
with linear function approximation, for both the i.i.d. data model and a single trajectory. We
also note that the work on PAC-MDP methods [34] explores the impact of exploration policy on
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learning performance. The focus of our work is estimation of Q-functions rather than the problem
of exploration; nevertheless, we believe it is an interesting future direction to study combining our
algorithm with smart exploration strategies.

B Proof of Lemmalll

Proof. Let D be the set of all functions u : X x A — R such that ||ul| , < Visax. Let £ be the set
of all functions u : X x A — R such that u(-,a) € Lip(X, M, + YVmaxMp),Va € A. Take any
u € D, and fix an arbitrary a € A. For any z € X, we have

[(Fu)(z,a)| = < Rumax + YVinax = Vinax,

E 7
r(@,a) +7 [r,;gu( ,b>|a:,a}

where the last equality follows from the definition of Vj,ax. This means that F'u € D. Also, for any
z,y € X, we have

|[(Fu)(z, a) — (Fu)(y, a)| =

— E Z —E Z
r(o.0) = r.0) 4 7 | Z D)o, | B |ca(Z,)lyea]

< (o) = ()] 47| | g u(a,8) 061, 0) = el ) (02
< Mpp(z,y) + ’y/X ‘rbnef:}i(u(z,b) (p(z|z,a) — p(zy, a))‘ A(dz)

< Myp(z,y) + 7 ||ull o - /X Ip(z|z,a) — p(zly, a)| AM(dz)
< My + Y Vimax M) p(z,y).

This means that (F'u)(-,a) € Lip (X, M, + YVimaxM,;), so Fu € L. Putting together, we see that F'
maps D to D N L, which in particular implies that F' maps D N L to itself. Since D N L is closed and
F'is y-contraction, both with respect to ||-|| ., the Banach fixed point theorem guarantees that F has
a unique fixed point Q* € D N L. This completes the proof of the lemma. O

C Examples of Nearest Neighbor Regression Methods

Below we describe three representative nearest neighbor regression methods, each of which corre-
sponds to a certain choice of the kernel function K in the averaging procedure (2).

e k-nearest neighbor (k-NN) regression: For each x € X', we find its k nearest neighbors in
the subset X, and average their Q-values, where k € [n] is a pre-specified number. Formally,
let c(;y(x) denote the i-th closest data point to - amongst the set A,. Thus, the distance of
each state in A, to x satisfies p(z, c(1)(2)) < p(x, c2)(x)) < -+ < p(x, ¢(ny(x)). Then the
k-NN estimate for the Q-value of (z, a) is given by (I'nng) (2, a) = + Zle q(cy (), a).
This corresponds to using in (2)) the following weighting function

K(r,e) = 11{p(r, ) < pla,cqo(e))}.

Under the definition of A}, in Section|3;ll the assumption () is satisfied if we use k = 1.
For other values of k, the assumption holds with a potentially different value of h.

¢ Fixed-radius near neighbor regression: We find all neighbors of x up to a threshold
distance h > 0 and average their Q-values. The definition of A}, ensures that at least
one point ¢; € X, is within the threshold distance h, i.e., Vx € X, J¢; € A&}, such that
p(x, ¢;) < h. We then can define the weighting function function according to

I{p(z,ci) < h}
> i1 Ypla,cj) <h}

o Kernel regression: Here the Q-values of the neighbors of x are averaged in a weighted
fashion according to some kernel function [31, 48]|. The kernel function ¢ : Rt — [0,1]

K (x,¢) =
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takes as input a distance (normalized by the bandwidth parameter h) and outputs a similarity
score between 0 and 1. Then the weighting function K (z, ¢;) is given by

g (=)
Klw,e) = =iy o (1))’

For example, a (truncated) Gaussian kernel corresponds to ¢(s) = exp (—%) 1{s <1}
Choosing ¢(s) = 1{s < 1} reduces to the fixed-radius NN regression described above.

D Bounds on Covering time

D.1  Proof of Proposition

Proof. Without loss of generality, we may assume that the balls {;,7 € [n]} are disjoint, since the
covering time will only become smaller if they overlap with each other. Note that under e-greedy
policy, equation (6) implies that V¢ > 0, Vz € X, Va € A,

Y (). (10)

Pr(@myt € -, amyt = alzy =) > .
Al
First assume that the above assumption holds with m = 1. Let M £ n | A| be the total number of
ball-action pairs. Let (Py, ..., Pas) be a fixed ordering of these M pairs. For each integer ¢ > 1, let
K be the number of ball-action pairs visited up to time ¢. Let T 2 inf {t > 1 : K; = M} be the first
time when all ball-action pairs are visited. For each k € {1,2,..., M}, let T, = {t > 1: K; = k}
be the the first time when & pairs are visited, and let Dj, £ T}, — T;_ be the time to visit the k-th
pair after £ — 1 pairs have been visited. We use the convention that Ty = Dy = 0. By definition, we

have T' = S | Dy,

When k£ — 1 pairs have been visited, the probability of visiting a new pair is at least

min Pr( (xp,_ 41,07, _,+1) € U Pilxer, _
IC[M],|T|=M—Fk+1 (( k—1+1 W1+ ) ~ 1‘ k—1
K3

~rcm), \I}\HHM k+lz€;Pr (@141, 07y 41) € Pilor, )

(M k+ 1) m[}\r}] Pr, ((Z‘Tk71+1, akal_H) S 'Pill‘kal)
€
Z(M* k+ 1) * @Vmin * 7
Al
where the last inequality follows from Eq. (I0). Therefore, Dy, is stochastically dominated by a

geometric random variable with mean at most W It follows that

|A| |A|
< = .
ET = E EDy, E T+ Degvmm 0] - log M

This prove the proposition for m = 1.

For general values of m, the proposition follows from a similar argument by considering the MDP
only at times t = m, 2m,3m, . ... O

D.2 Proof of Proposition 2]

Proof. We shall use a line of argument similar to that in the proof of Proposition[I] We assume that
the balls {B3;,¢ € [n]} are disjoint. Note that under e-greedy policy 7, forall t > 0, forall x € X,
we have

m
Pr.,, (at:dl,.. s At 4m— 17(Zm‘.’£t—l’) (lvA‘> . (11)
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The equation (7)) implies that
Prr (Tt4m € |zt = )
ZPI‘ ($t+m S -|xt =X,at = d17 ey Qtpm—1 = dm) X PI'.,T (at = dl, ey Qtym—1 = dm|a:t = J])

> () (fAl)m

Thus for each a € A,
m—+1
Prr (Zt4m € -, Gtpm = |z = ) > Yv(+) (‘le) ) (12)

We first consider the case m = 1 and use the same notation as in the proof of Proposition [I. When
k — 1 pairs have been visited, the probability of visiting a new pair is at least

min Pr{ (zr,_ 411,07, 41 EUKP'CCT7
IC[M],|I|=M—k+1 (( k—1+1 YTk 1+ ) e Z‘ k—1

(M k+ 1) In[}\r}] Pry ((‘er—l"Fl? a’Tk—1+1) € ,PiIka71)

2
13

Z _k+1 : Vmin'() )
(M )¢ A

where the last inequality follows from Eq. (12). Therefore, Dy, the time to visit the k-th pair after
k — 1 pairs have been visited, is stochastically dominated by a geometric random variable with mean

2
at most %. It follows that

(|A] /e)? (4] /e)®
ET = ZED <Z G- ngovmm_O ——log M | .

PVmin

This prove the proposmon form = 1.

For general values of m, the proposition follows from a similar argument by considering the MDP
only at times t = m, 2m,3m, . ... O

E Proof of the Main Result: Theorem

The proof of Theorem [I|consists of three key steps summarized as follows.

Step 1. Stochastic Approximation. Since the nearest-neighbor approximation of the Bellman
operator induces a biased update for ¢ at each step, the key step in our proof is to analyze a
Stochastic Approximation (SA) algorithm with biased noisy updates. In particular, we establish its
finite-sample convergence rate in Theorem [3, which does not follow from available convergence
theory. This result itself may be of independent interest.

Step 2. Properties of NNQL. To apply the stochastic approximation result to NNQL, we need
to characterize some key properties of NNQL, including (i) the stability of the algorithm (i.e., the
sequence ¢* stays bounded), as established in Lemma é; (i1) the contraction property of the joint
Bellman-NN operator, as established in Lemma} and (iii) the error bound induced by discretization
of the state space, as established in Lemma

Step 3. Apply SA to NNQL. We apply the stochastic approximation result to establish the finite-
sample convergence of NNQL. In particular, step 2 above ensures that NNQL satisfies the assumptions
in Theorem Applying this theorem, we prove that NNQL converges to a neighborhood of ¢;, the
fixed point of the Joint Bellman-NN operator G, after a sufficient number of iterations. The proof
of Theorem E is completed by relating ¢; to the true optimal Q-function @*, and by bounding the
number of time steps in terms of the the number of iterations and the covering time.

E.1 Stochastic Approximation

Consider a generic iterative stochastic approximation algorithm, where the iterative update rule is has
the following form: let @ denote the state at time ¢, then it is updated as

0" = 0" + oy (F(0") — 0" +w't), (13)
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where a; € [0, 1] is a step-size parameter, w'*! is a noise term and F is the functional update of
interest.

Theorem 3. Suppose that the mapping F : R — R? has a unique fixed point 0* with ||0*|| o <V,
and is a y-contraction with respect to the £, norm in the sense that
1£(0) = F(0) ]l <7110 =0l

forall 0,0 € RY, where 0 < v < 1. Let {F'} be an increasing sequence of o-fields so that o
and w' are F'-measurable random variables, and 0' be updated as per (13). Let 61,02, M,V be
non-negative deterministic constants. Suppose that the following hold with probability 1:

[

1. The bias A™" = K [w'™ | F!] satisfies || ATF|| < 61 + 62 [|0"|| ., for all t > 0;
2. ||w'tt = AT < M, forall t > 0;
3. 104 < V. forallt> 0.

Further, we choose

__B
B+t
where 3 = ﬁ Then for each 0 < & < min{2V 3,2M 32}, after

_ 48V M2B! log (32dM264> OACERY

(14)

Qi

T
g3 0e? €

iterations of (I3), with probability at least 1 — &, we have
|67 —6%||. < B(61+62V) +e.

Proof. We define two auxiliary sequences: for i € [d], let u) = 69, r? = 0 and
t+1 t t+1 t+1
Uﬁ =1 -a)u; + o (wi+ - Aﬁ ),
—_———
witt
t+1 _ pt+1 t+1
=0 —u .
By construction, #* = u! + r for all . We first analyze the convergence rate of the (u!) sequence.
One has
1 )
uf+ =(1- at)uf + atwf+
_ t—1 —t —t+
=1 —a)(l—a—1)u;, ~ + (1 — ap)oy_10; + aw;
41

— E : t+1,5,57
- 77 ]U),“
Jj=1

1

where we define
t

Nt =y H(l —qp).
1=
Note that the centered noise @! ™ := w!™ — Al satisfies
E [0 |F] = E [w!*|F] - A+ =,
E [|@f "' [F] = B [Ju;™ - AT 1F] < M. (15)
Now
E [y 9a] | FI7Y] =t E (@] | Y] =o. (16)

With the linear learning rate defined in Eq. (14)), and the fact that 3 = ﬁ >1,V5 € [l,t+ 1], we
have
t

t
t+15 _ s . l <§ L :76 17
g i—1+8 le+5 jgl—H t+1 a7

=J
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Since the centered noise sequence {w;},w?,...,w, "'} is uniformly bounded by M > 0, it follows
that

Mp
t+1,5 18
K St (18)
Define, for1 < s <t +1,
A=Y gt a, (19)
and zt+1 ® = 0. Then it follows that
E[[11°|F] = 241 (20)
And from (16)-(18), it follows that
. M§B
t+1,¢ _ tJrl 7 < . 21
|Zs+1 | — t+ 1 ( )

That is, z*1+% is a Martingale with bounded differences. And u™' = zfi% . This, using Azuma-

Hoeffding’s inequality, will provide us desired bound on |uf+1|. To that end, let us recall the
Azuma-Hoeffding’s inequality.

Lemma 2 (Azuma-Hoeffding). Let X; be Martingale with respect to filtration F;, i.e. E[ X1 1|F;] =

X for j > 1 with Xo = 0. Further, let | X; — X;_1| < ¢; with probability 1 for all j > 1. Then for
alle > 0,

&2
Pr(| X, >¢] <2exp| = |-
2351 ¢
t+1,2

Applying the lemma to zt+ " for j > 0 with 24" = 0, 1) and the fact that u} "' = 2/}, we
obtain that

2
Pr (‘uﬁl’ > 5) < 2exp (—%) . (22)

Therefore, by union bound we obtain

Pr (Elt > T3 such that ‘uf’ > 5) < Z Pr (|uf| > 5)
t=T1

2
<2y e (-5

t=T1
2
2 exp (—725}25/32 )
1 — €xXp <_%)
< 8M?3? T2
exp | ————

where the last step follows from the fact thate™ <1 — 5 for0 <z < %, and ¢ < M (. By a union
bound over all ¢ € [d], we deduce that

Pr (3t > Ty such that ||utHC>O >e) < Z Pr (3¢ > T} such that |uf| > ¢)
i€[d]
8dM? 32 ( T)e2 )
< ———exp | —

g2 2M232 23)
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Next we focus on the residual sequence (r*). Assume that V¢ > T, ||u’|| < &1, where 0 < &1 <
min{V, M 3}. Foreach i € [d] and ¢t > T}, we get

e
=00t — it — oy by definition

=10 + oy (Fi(u' +7") —ul —rl + with) —ul — ay (—ul + with — AIT') — 67| by definition

=|rf + o (Fi(u' +7") = rf) = 0] + s AT rearranging

— |(1 —a)(rt = 05) + oy (Fl(ut + 7t — 9:‘) + atA§+1| rearranging
<(1-—oy) |rf - 9:‘| + agy Hut +rt— O*HOO + oy HAtHHOO F is y-contraction
<(1— o) |rf — 07| 4+ ayy Hrt = 0% +ayer + oy ((51 + 9 ||9tHDO) HutHoo <e,Vt>Ty
<(1— ) |th - 9:‘| + agy Hrt - 9*”00 + oy (ye1 + 61 + 52V) ||9t||Oo <V

Taking the maximum over 4 € [d] on both sides, we obtain

[Pttt — 6 o S (=) |rt — 6"

o Ty Hrt —0*

oo + oy (781 + 61 + (52V)

= (1—(1—7)%) Hr"‘—@* Oo—i—ozt(fyel—&—él + 55V), vt > T.
HI/—/ —_—— _};—/
1 D,

B

For any €5 > 0, we will show that after at most

2 V(T +p-1)
€2

T =
iterations, we have
77— 0|, < HO+ e
If for some T' € [T}, 00) there holds Dy < H 3 + e9, then we have

DT+1§<1—/8> (Hﬂ+€2)+0&tH Oétgﬂ

<HB+e

Indeed by induction, we have
DtSHﬁ—FEQ, thT
Let T 2 sup{t > T, : Dy > HB + &3} be the last time that D; exceeds Hf + e3. For each

Ty <t < T, the above argument implies that we must have D; > Hf3 + 5. We can rewrite the
iteration for Dz as follows:

ngjﬂag(pfq5fﬂﬁ (1 aTl)

< (Dr, — H ( ) Iteration, D; — H3 > €5 > 0
j=T1
Ti+5-1
= (D, —HB) =——— o ajzi,/@ :
T+p-1 J+B

But we have the bound
Dy, = [[r™ = 6"l
= [0 — " "

<10 oo + [lu™ floo + 1107l
<3V,
where the last step holds because |07 || <V, [|0*|| < V and ||uT!|| < &1 < V by assumption. It
follows that V(T )
Dy~ HB < M
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Using the fact that eo < D7 — H 3, we get that

V(T +6-1)
1S ’

T<T,=
Therefore, for each 5 > 0, conditioned on the event
{vt > T, uf| <er},
after at most 75 iterations, we have

o= <
It then follows from the relationship §* = u! + 7! that
o~ o

By (23), taking

oo < ||7’T2 —H*HOO + HUT2||OO < HB+e +ey= 6(51 +52V) + Bey + €.

8dM?3? Tlg%
=g o Taee )
ie.,
7 2M?3? ) 8dM?3?
= (o)
1 5% g 56% )

we are guaranteed that
Pr (Vt > 1Ty, HutHOo < 51) >1-4.

By setting e1 = % < min{V, MB}, and T, = %‘;5_1), ie.,

2 04 2 04 .
75:4&m45 bg(deL3)+6Vw 1)

0e?

)

g3 €

we obtain that the desire result. O

E.2 Properties of NNQL

We first introduce some notations. Let J* be the set of all samples drawn at iteration k& of the NNQL
algorithms and F* be the filtration generated by the sequence J°, Y1, ... Y*~1. Thus {F*} is an
increasing sequence of o-fields. We denote by Vi (c;,a) = {Y: € Vk|Y; € B;,a; = a} the set of
observations Y; that fall into the neighborhood B; of ¢; and with action a; = a at iteration k. Thus
the biased estimator G* (8) for the joint Bellman-NN operator at the end of iteration k can be written
as

1

k CiyQ) = T
(G"q)(ciya) |Vi(ci,a)l

Z {Rt + I&%(FNqu)(YiJrla b)
Yi€Vk (ci,a)

The updater rule of NNQL (9) can be written as
qk+1(ciﬂ a) = qk (Ci7 CL) + ag [(qu)(cla a) - qk(civ CL) + wk+1(ci7 a)] ;
where
w*(es, a) = (G*¢*)(ci a) = (Gg¥)(ci, a)

1
= R; + vy max(T'xng®) (Y ,bﬂ
Vi(es,a)l ”2(:) [ P hea i

—7r(ci,a) —yE Inng®) (2 ; k1.
T(C“a) Y |:Il¥l€af}l{< NN(G )(I 7b) ‘ Cz,CL,]: :l
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E.2.1 Stability of NNQL

We first show the stability of NNQL, which is summarized in the following Lemma.

Lemma 3 (Stability of NNQL). Assume that the immediate reward is uniformly bounded by R, ax
and define f = ﬁ and Viay = BRmax. If the initial action-value function ¢ is uniformly bounded
by Vinax, then we have

quHOO < Viax, and |wk+1(ci,a) —E [w* ! (ci,a) \}"kH < 2Viax, Vk > 0.

Proof. We first prove that qu HOC < Vmax by induction. For k& = 0, it holds by the assumption. Now
assume that forany 0 < 7 < k, ||¢"|| ., < Vinax. Thus

|qk+1 (Civ CL) |

= |¢"(ci,a) + ar [(G*4")(ci,0) — " (ci,a)] |

o
(1= ax) " (ciya) + rlesa)| Z |:Rt + VI&%(FNN(]]C)(EH, b)}
Yi€Yx(ci,a)
o
<|(1- k(e "k k
<l-adeal+ o X (1Rl e v ))
Y1 €Yk (ci,a)
—(1— k(e Xk Y Vo (e
—(1—ax)g (C“a)|+yk(ci7a)|my§; ) | Re] + 7y max JZlK(YtH,c])q (c;,b)
tCVk(Ci,a =

<(1- max max K(Y; » &g Vmax
< (1= ak) Vinax + k| Rimax + 7 1max 221 (Yet1,¢5)
i=

= Vmax7
where the last equality follows from the fact that Z?:1 K(Yiyq, cj) = 1. Therefore, for all kK > 0,
||quOO < Vinax. The bound on w**1 follows from

’wk"’l(ci,a) —E [w**!(c;, a) |]:k”
=(G*¢")(cisa) — (Gg")(ei a) — E [(G*q")(ci, a) — (Gg*) (i, a) | F*]|
=[(G*¢")(ci,a) —E [(G*¢")(ci,a) | F*]|

1
N |Vi(ciya)l Z {Rt + 7%16%31((FNNQI€)(§Q+17 b)}
k\Ciy YieVn(eia)

1

B R I k Y, 7b JT_'k

Vileia)l ,, > Rt e Vi 0] | ’
1€EVK(ci,a)

1 n

2Rpmax + ————— ~ |max K(Yi41, cj)qk(cj, b)
T, 2
+ €Yk (ci,a) Jj=1

1 n
Bl Seal 2 K (Yi1,0)¢ (e, b) | eiya, P
+v AN max (Yit1,¢5)q" (¢5,b) | cisa

YieVi(cia) =1
<2Rmax + 27Vinax
=2Vinax-

E.2.2 A contraction operator

The following Lemma states that the joint Bellman-NN operator G is a contraction with modulus +,
and has a unique fixed point that is bounded.
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Lemma 4 (Contraction of the Joint-Bellman-NN operator). For each fixed h > 0, the operator G
defined in Eq. (5) is a contraction with modulus ~ with the supremum norm. There exists a unique
function g, such that

(GQZ)<Ciaa) = QZ(Civa)v V(Ci,a) € Zp,

where [|q}:||cc < Vimax-

Proof. Let D be the set of all functions g : X}, x A — R such that |||, < Vinax. We first show that
the operator G maps D into itself. Take any ¢ € D, and fix an arbitrary a € A. For any ¢; € &}, we
have

(©a)(es0) = |r(en) + 98 magCona) ' i
Ny,
<trtena)l 4| [ (Yo Kea(er) || puleard)
X €A =

Ny,
Slr(cz»a)lJrv/X rgngK(yvcj)lq(%b)\ p(yleia)Mdy)
j=1

< Rmax + ’Y‘/max
= Vmaxa

where the last step follows from the definition of V},,,x. This means that Gq € D, so G maps D to
itself.

Now, by the definition of G in Eq. (3)), V¢, ¢’ € D, we have
IGa—Gq'llo = max [(Gg)(ci,a) — (Gq')(ci, a)
i€[n],ae A

/ !
S’yie[rw?],aaXeAE max ;K(m7Cj)(Q(Cjab)_Q(Cjab>) | civa

/ !/
<7, max E|max ;K(w,Cj)lq(cg»b)—q(c]wb)l | cia

i€[n],ae A be A

n
<~ max E |max ZK(m’,cj)Hq—q'Hoo | ciya
j=1

<7lle—dl
Therefore G is indeed a contraction on D with respect to the supremum norm. The Banach fixed
point theorem guarantees that G has a unique fixed point ¢; € D. This completes the proof. O

E.2.3 Discretization error

For each ¢ € C'(Z},), we can obtain an extension to the original continuous state space via the Nearest
Neighbor operator. That is, define

Q(z,a) = (Tnng)(z, a),V(z,a) € Z.

The following lemma characterizes the distance between the optimal action-value function Q* and
the extension of the fixed-point of the joint NN-Bellman operator G to the space Z.

Lemma 5 (Discretization error). Define

Q= T'avay,-
Let Q* be the optimal action-value function for the original MDP. Then we have
1Qh — Q" < BCh,
where C = M, + YVnax My, and 3 = ﬁ
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Proof. Consider an operator H on C(Z) defined as follows:

(HQ)(x,a):(FNN(FQ))( a)
_ZKQ:Q { r(ci,a) +E {maXQ(a: b) | e, ]} (24)

We can show that H is a contraction operator with modulus ~.
[HQ1 — HQ2l|, = max sup [(HQ1)(z,a) — (HQ2)(x, a))|
acA gex

E | max <;K(x,ci) (Ql(wl,b)QQ(Qz',b))> |C¢,a]
max (iK z,¢;) |Q1(x',b) — Qg(l‘/,b)|> |Ci7a]
< ymaxsup E

ata ook nax (ZKsz)Ql Q2| ) Civa‘|

=7]Q1 — Q2|

We can conclude that H is a contraction operator mapping C(Z) to C'(Z). Thus H has a unique
fixed point ) € C(Z). Note that

H(I'nng) = Tnn(F(P'nng)) = ' (Ga),

= 7Yy max sup
acA TzeEX

< ~vymaxsup E
acA xEX

we thus have
HQj, = H (Inngy) = Tnw(Gay,) = Taa(ar) = Q-
That is, the fixed point of H is exactly the extension of the fixed point of G to Z. Therefore, we have
1Qh — Qe = [HQ}, — HQ™ + HQ™ — Q7|
<HQL - HQ™ || + [HQ™ — Q7]
<7@h = @l + 1HQ™ = Q%[
It follows that

A

1
194 = @'l < 7= I1HQ" Q"

1
T T (FQ) — Q7|

1; P (@)~ Q"

o *
- o ZK“% (o) = Q)

Recall that Q*(+, a) is Lipschitz with parameter C’ = M, + YVmax M, (see Lemma , i.e., for each

a€A,

Q% (x,a) = Q"(y,a)| < Cp(x,y).
From the state space discretization step, we know that the finite grid {c;}; "1 is an h-net in X.
Therefore, for each z € X', there exists ¢; € X}, such that

plx,¢;) < h.

Thus >, K(x,¢;) = 1. Recall our assumption that the weighting function satisfies K (z,y) = 0 if
p(x,y) > h. For each a € A, then we have

sup ZK Z, cz cza ) Q*(a:,a) = sup Z K(Z‘,Ci)Q*(Ci,CL)—Q*($,GJ)

rzeX reX

ci€Bs n
< sup Z K(z,¢)|Q"(¢ciya) — Q% (x, a)]
X, €Byn
<Ch
This completes the proof. O
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E.3 Applying the Stochastic Approximation Theorem to NNQL

We first apply Theorem E to establish that NNQL converges to a neighborhood of ¢j;, the fixed
point of the Joint Bellman-NN operator G, after a sufficiently large number of iterations. This is
summarized in the following theorem.

Theorem 4. Let Assumptions[Ijand 2\ hold. Then for each 0 < & < 2Vi,axf3, after

192V3 54 128dV2. 34 Vinax (8 — 1
k 9 ‘/maxﬁ log 8 Vm'lxﬂ + a: (ﬂ )
g3 0e? €

iterations of Nearest-Neighbor Q-learning, with probability at least 1 — §, we have

|¢* = gl < B(61 + 62Vinax) + €.

Proof. We will show that NNQL satisfies the assumptions of Theorem 3] It follows from Lemma ]
that the operator G is a ~y-contraction with a unique fixed point ||¢}|lcc < Vinax. For each Y; €
Vi (ci,a), we have p(Yi, ¢;) < h, a; = a. Thus

‘IE [wkH(ci,a)\]:k] ’

:‘E[D)k(l > [Rt + ’Yflflefﬁ((FNqu)(Ytﬂa b)} | ]:k]

G a)| Yi€Vk (ci,a)

_ . _ k / . k
r(c;,a) ny[Il}neez((FNNq (&', b) | ¢iya, F }

Pl X m-riea 1 7]

€y )|Y€)/k(c,,a)
1 k k Ny ) k
”’E[W > max(Dwe’)(Yier,b) | F¥| — B max(Tag*)(@',b) | civa, 7 |

Yi€Vi(ci a)

We can bound the first term on the RHS by using Lipschitz continuity of the reward function:

1
E R i, Q ]:k
‘ [D)k(cz, a)| Ye)%(:cl ) ¢ — r(cisa) | }
1
—ElE[—— Ry — r(cs, y’fk‘fk}
‘ [ {|yk(ci,a)| YtG)%(:ci}a)( ¢ —1(ci,a)) | A }
1
) . Yi.a) - (e w
‘ [yk(0i7a)| YtEJ;(Ci,a)( ( t ) C
5 Y’ - i) ‘ k
a [D)k (cia Yeyzk(:%a)’r( ta) —r(ci,a) ]-'}
<E [ Z M,p(Yi, i) ’]—"’“} Lipschitz continuity of r(-, a)
Cu Yfeyk ((.7 7{1)
S r p(}/tacz) S h
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The second term on the right hand side can be bounded as follows:

1 k k| kg ‘ k
B g 2wy d) | 7| < B oyl )00 | 7
Yi €V (ci,a)
1
k|1 ¥ / (T )01)| 0 | Vi)
|yk(ci7 Yeyk cL,a

- /X [rzfle%i{(FNqu)(ya b)} p(y | iy a)A(dy)

| f’“]

1
=E 3 ean Trng®) (9, Yi,a) — L a) Ady)| | FF
e, 2 /X[mA< wa")(9, >] (p(y | Yira) — ply | cs,)) Ady)| |
L 1€V (ci,a)
1
<E | 55— max(Taxg" ,b] Yira) — py | i a)| Mdy) | F*
= D}k(ci’a)Y@;_ )/X [beA( ), 0) | Ip(y | Ye,a) — p(y | )| A(dy) |
t k\Ci,Q
I'nng®)(y, b
. SUDPyex m|3;>}<b(ej(a)1qu )(y,0) Z Ip(y | Yi,a) — ply | ¢, a)| Mdy) | F*
L R Y€V (ci,a) X
- 1

= sup max K(yvc.)qk(o’b) XE|——— / |p(y | Y’a) ,p(y ‘ C',a)|/\(dy) |f’k

yex bEA ; J J |yk(ci,a)| Yte)%(:%a) gy t i

1

< max max ci,b)| XE | ——— W, Yy, ci)\(d ]_—k

c; EXp bEA |q 7 | |yk(ci7a)| Yte;)%(:ci’a) X p(y)p( t Z) ( y)|

1
'l xE w2 Wy (y)hA(dy) | F*
|Vi(ci,a)l Viehenay I X

<||q"|| . hM,.

Putting together, we have
[wk+1(ci,a) | }"k]| < h(M, +~vM, quHoo), Y(ci,a) € Zp,.

Hence the noise w**1 satisfies Assumptionmof Theoremwith
0y = hM,, 63 = hyM,,.
From Lemma 3] we have
‘warl(ci,a) —-E [wk“(cl-,a) | }"kH < 2Viax, VY(ci,a) € Zy,
"]l < Vinas

Therefore, the remaining Assumptions of Theorem [3are satisfied. And the update algorithm uses
the learning rate suggested in Theorem [3. Therefore, we conclude that for each 0 < € < 2V,
(since B > 1 and hence 2V, 3 < min{2Vinax 3, 4Vinax 32 }), after

192V3, B4 128N}, |A| Vinax B 6Vimax (8 — 1
k= ;naxﬁ g( h| | B >+ (B )

0e? €
iterations of (9), with probability at least 1 — 4§, we have

|d* = ]| . < BR(M, + Y MpVinax) + €
O

To prove Theorem|[I] we need the following result which bounds the number of time steps required to
visit all ball-actions k times with high probability.
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Lemma 6. (Lemma 14 in [2)], rephrased) Let Assumption?]hold. Then for all initial state xo € X,
and for each integer k > 4, after a run of T' = 8k Ly, log 5 steps, the finite space Zy, is covered at

least k times under the policy w with probability at least 1 — 0 for any 6 € (0, é)

Now we are ready to prove Theorem I}

Proof. We denote by Q’,ﬁ the extension of ¢* to Z via the nearest neighbor operation, i.e., Q’,j =
I'nng®. Recall that @7, is the extension of ¢;, (the fixed point of Gg = ¢) to Z. We have

|ah - | <@k -an|_+1ei- @i
nlloo T 1@ — Q%o
< qu - qZHOO +11Q5 — Q| 'y is non-expansive
¥ . T B8Ch Lemmal[3j

It follows from Theorem [4] that, after

192v3 g4 128N, (B —1
k 9 Vmaxﬁ Og ( 8 h |A| max ) _|_ GV a (B )
del €0

€
iterations, with probability at least 1 — , we have

|ah-e|_

< Bh(M, + Y MpVinax) + BCh + g = 28Ch + €.

By setting g = 5 and h*(e) = 455, we have HQh Q* < e. Let Ny~ be the h*-covering

number of the metric space (X, p). Plugging the result of Lemma@concludes the proof of Theoreml
O

F Proof of Corollary

Proof Since the probability measure v is uniform over X', we have v, = min;ey,. v(B;) =

O(+ N ). By Proposition Iﬂ the expected covering time of a purely random policy is upper bounded
by
mNp«|A
e = 0" oy 14 ).

By Proposition 4.2.12 in [46] the covering number Nj+ of X = [0, 1] scales as O ((1/h*)%), which
is O((B/e)?) with h* =

4ﬂC
From Theorem with probability at least 1 — § we have HQ;{ - Q* ||Oo < g, after at most

A 6d+7 A 5(1 A ﬂd+6
TZO('Jmlog (5)10 (‘ 5‘ )k’g <|5€|d+2>>

steps. Corollary [I follows after absorbing the dependence on |A|, d, 8 into k = x(|A],d, ) and
doing some algebra. O

G Proof of Theorem [2|

We prove Theorem [2 by connecting the problem of estimating the value function in MDPs to the
problem of non-parametric regression, and then leveraging known minimax lower bound for the
latter. In particular, we show that a class of non-parametric regression problem can be embedded
in an MDP problem, so any algorithm for the latter can be used to solve the former. Prior work on
non-parametric regression[45, [39] establishes that a certain number of observations is necessary to
achieve a given accuracy using any algorithms, hence leading to a corresponding necessary condition
for the sample size of estimating the value function in an MDP problem.
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We now provide the details.

Step 1. Non-parametric regression

Consider the following non-parametric regression problem: Let X' := [0, 1] and assume that we
have T independent pairs of random variables (z1,¥1), ..., (7, yr) such that
E [ye|ze] = f(24), T eX (25)

where x; ~ uniform(X’) and f : X — R is the unknown regression function. Suppose that the
conditional distribution of y; given x; = x is a Bernoulli distribution with mean f(x). We also
assume that f is 1-Lipschitz continuous with respect to the Euclidean norm, i.e.,

|f(@) = fzo)| < |o — 20|, Va,z0 € X.
Let F be the collection of all 1-Lipschitz continuous function on &, i.e.,
F = Lip(X,1) = {h|his a 1-Lipschitz function on X'},

where Lip(-,-) is as defined in Section |Z The goal is to estimate f given the observations
(z1,v1),- .., (zr,yr) and the prior knowledge that f € F.

It is easy to verify that the above problem is a special case of the non-parametric regression problem

considered in the work by Stone [39] (in particular, Example 2 therein). Let fr denote an arbitrary
(measurable) estimator of f based on the training samples (21,y1), ..., (21, yr). By Theorem 1
in [39], we have the following result: there exists a ¢ > 0 such that

. 2 log T\ zta .
Th_r}n@ljgf;lelgPr(HfT—fHoozc< T ) )—17 (26)

where infimum is over all possible estimators fr.

Translating this result to the non-asymptotic regime, we obtain the following theorem.

Theorem 5. Under the above assumptions, for any number 6 € (0, 1), there exits some numbers
c > 0 and Ty such that

_1
inf sup Pr (HfT —fll. > c(b?T) “d) >5,  forallT >Ty.

fn fEF
Step 2. MDP
Consider a class of (degenerate) discrete-time discounted MDPs (X, A, p, r,v) where
X =[0,1)7,
A is finite,

p(+|z,a) = p(+|z) is uniform on X for all z, a,
r(z,a) = r(z) for all a,
~v € (0,1).

In words, the transition is uniformly at random and independent of the current state and the actions
taken, and the expected reward is independent on the action taken but dependent on the current state.

Let R; be the observed reward at step t. We assume that the distribution of R; given x; is
Bernoulli(r(z;)), independently of (z1,2,...,24—1). The expected reward function r(z;) =
E [R(x¢)|z] is assumed to be 1-Lipschitz and bounded.

It is easy to see that forall z € X, a € A,
Q" (z,a) =V*(z) = r(z) +E[V*(X')|z]

:r(x)+7/XV*(y)p(y\af)dy

=7r(z) +v / V*(y)dy, @7
X

———
C
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where the last step holds because p(-|x) is uniform. Integrating both sides over X', we obtain

C:/ r(z)dz +~C,
X

whence
1
= — (z)dx
1=7vJx
It follows from equation that
V*(z) =r(z)+ ¢ - r(y)dy, Vre X, (28)
1-=7vJx
and
r(x) =V*(x) — ’y/ V*(y)dy, Ve X. (29)
X
Regardless of the exploration policy used, the sample trajectory (x1, xa, ..., zr) is i.i.d. and uni-
formly random over X, and the observed rewards (Ry, Ra, ..., Rr) are independent.

Step 3. Reduction from regression to MDP

Given a non-parametric regression problem as described in Step 1, we may reduce it to the problem
of estimating the value function V* of the MDP described in Step 2. To do this, we set

T(w)=f(x)—7/xf(y)dy, Vo e X
and
Rt:yt, t:1,27...,T.

In this case, it follows from equations and that the value function is given by V* = f.
Moreover, the expected reward function r(-) is 1-Lipschitz as it is just f(-) minus a constant, so the
assumptions of the MDP in Step 2 are satisfied. This reduction shows that the MDP problem is at
least as hard as the nonparametric regression problem, so a lower bound for the latter is also a lower
bound for the former. Applying Theorem [5]yields the result stated in Theorem 2}
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