
A Static Network Models

A.1 Proof of Theorem 1

Proof. We use Y to denote the hypothesis class, which has the size of |Y| = 2n. By Fano’s inequality
[12], we have for any Ŷ ,

P(Ŷ 6= Y ∗) ≥ 1− I(Y ∗, A) + log 2

log |Y|

= 1− I(Y ∗, A) + log 2

n log 2
. (1)

Our main step is to give an upper bound for the mutual information I(Y ∗, A) in order to apply Fano’s
inequality. By using the pairwise KL-based bound from [35, p. 428] we have

I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

= max
Y,Y ′∈Y

∑
A

P(A|Y ) log
P(A|Y )

P(A|Y ′)

≤(a) n
2

4
max

yi,yj ,y′i,y
′
j

∑
Aij

P(Aij |yi, yj) log
P(Aij |yi, yj)
P(Aij |y′i, y′j)

=(b) n
2

4
·
∑
Aij

P(Aij |yi = yj) log
P(Aij |yi = yj)

P(Aij |yi 6= yj)

=
n2

4
·
(
p log

p

q
+ (1− p) log

1− p
1− q

)
=
n2

4
·KL(p‖q). (2)

Among the equations above, (a) holds because A is symmetric, and Aij’s are independent and
identically distributed given Y , while (b) holds because for every i and j, we have∑

Aij

P(Aij |yi = yj) log
P(Aij |yi = yj)

P(Aij |yi 6= yj)
>
∑
Aij

P(Aij |yi 6= yj) log
P(Aij |yi 6= yj)

P(Aij |yi = yj)
,

given that p > q. Next we use formula (16) from [10]:

KL(p‖q) =

(
p log

p

q
+ (1− p) log

1− p
1− q

)
≤ pp− q

q
+ (1− p)q − p

1− q

=
(p− q)2

q(1− q)
.

(3)

By Fano’s inequality [12] and by plugging (3) and (2) into (1), for the probability error to be at least
1/2, it is sufficient for the lower bound to be greater than 1/2. Therefore

P(Ŷ 6= Ȳ ) ≥ 1− I(Y ∗, A) + log 2

n log 2
≥ 1−

n2

4 ·
(p−q)2
q(1−q) + log 2

n log 2
≥ 1

2
.

By solving for n in the inequality above, we obtain that if

(p− q)2

q(1− q)
≤ 2 log 2

n
− 4 log 2

n2
, (4)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .
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A.2 Proof of Corollary 1

Proof. Starting from the probability distribution of the adjacency matrix A, we have

P(A|Y ) =
exp(β

∑
i<j Aijyiyj)∑

A′∈{0,1}n×n exp(β
∑
i<j A

′
ijyiyj)

=

∏
i<j exp(βAijyiyj)∏
i<j(1 + exp(βyiyj))

=
∏
i<j

exp(βAijyiyj)

1 + exp(βyiyj)

=
∏
i<j

P(Aij |yi, yj).

Thus, Aij is Bernoulli with parameter exp(βAijyiyj)
1+exp(βyiyj)

. We denote p = P(Aij |yi = yj) = exp(β)
1+exp(β) ,

and q = P(Aij |yi 6= yj) = exp(−β)
1+exp(−β) . Plugging p and q into (4) and requiring the probability error

to be at least 1/2, we obtain that if

2(coshβ − 1) ≤ 2 log 2

n
− 4 log 2

n2
, (5)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .

A.3 Moment Generating Function of Multivariate Gaussian Distribution

We introduce the following result from [24, p. 40], which will later be used in the proof of Theorem 2
and 4.

Lemma 2. Let x ∼ Np(µ,Σ), Q = x>Ax, A = A>. Then the moment generating function of Q is
given by

MQ(t) = Ex∼Np(µ,Σ)[exp(tx>Ax)]

=

∫
x

exp(tx>Ax− 1
2 (x− µ)>Σ−1(x− µ)>)

(2π)p/2|Σ|1/2
dx.

Furthermore, if (Σ−1 − 2tA) is symmetric positive definite, we have

MQ(t) =|I − 2tΣ1/2AΣ1/2|−1/2

· exp
(
tµ>Σ−1/2(Σ1/2AΣ1/2) · (I − 2tΣ1/2AΣ1/2)−1Σ−1/2µ

)
.

A.4 Proof of Theorem 2

First, we start with a required technical lemma:

Lemma 3. The model considered in Definition 3 is equivalent to the following Modified Latent Space
Model:

Let d ∈ Z+, µ ∈ Rd and µ 6= 0, σ > 0. A modified Latent Space Model with parameters (d, µ, σ) is
an undirected graph of n nodes with the adjacency matrix A, where each Aij ∈ {0, 1}. Each node
is in one of the two classes {+1,−1}. The distribution of true labels Y ∗ = (y∗1 , . . . , y

∗
n) is uniform,

i.e., each label y∗i is assigned to +1 with probability 0.5, and −1 with probability 0.5.

For every node i, the nature generates a latent d-dimensional vector xi ∈ Rd according to the
Gaussian distribution Nd(0, σ2I).

The adjacency matrix A is distributed as follows: if y∗i = y∗j then Aij is Bernoulli with parameter
exp(−‖xi − xj‖22); otherwise Aij is Bernoulli with parameter exp(−‖xi − xj + 2y∗i µ‖22).
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Proof. We claim that the Modified Latent Space Model is equivalent to the classic Latent Space Model
considered in Definition 3, by defining xi = zi − yiµ for every node i. Since zi ∼ Nd(yiµ, σ2I), we
have xi ∼ Nd(0, σ2I). As a result,

• if y∗i = y∗j , Aij is Bernoulli with parameter exp(−‖zi − zj‖22) = exp(−‖xi + y∗i µ− xj −
y∗jµ‖22) = exp(−‖xi − xj‖22),

• if y∗i = 1, y∗j = −1, Aij is Bernoulli with parameter exp(−‖zi− zj‖22) = exp(−‖xi +µ−
xj + µ‖22) = exp(−‖xi − xj + 2µ‖22),

• if y∗i = −1, y∗j = 1, Aij is Bernoulli with parameter exp(−‖zi− zj‖22) = exp(−‖xi−µ−
xj − µ‖22) = exp(−‖xi − xj − 2µ‖22).

This completes the proof of the lemma.

Now, we provide the proof of the main theorem.

Proof. Since X and Y are independent, we have the following equalities

P(Aij |yi, yj) =

∫
xi,xj

P(Aij , xi, xj |yi, yj)dxidxj

=

∫
xi,xj

P(xi, xj |yi, yj)P(Aij |yi, yj , xi, xj)dxidxj

=

∫
xi,xj

P(xi, xj)P(Aij |yi, yj , xi, xj)dxidxj

= Exi,xj [P(Aij |yi, yj , xi, xj)].

(6)

The second last equality holds because in the modified model, latent vectors are independent of
their labels. Now we are interested in the expectations Exi,xj [P(Aij = 1|yi = yj , xi, xj)] and
Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)]. By definition we know

Exi,xj [P(Aij = 1|yi = yj , xi, xj)] = Exi,xj [exp(−‖xi − xj‖22)],

and

Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)]

= P(yi = 1, yj = −1|yi 6= yj) · Exi,xj [P(Aij = 1|yi = 1, yj = −1, xi, xj)]

+ P(yi = −1, yj = 1|yi 6= yj) · Exi,xj [P(Aij = 1|yi = −1, yj = 1, xi, xj)]

=
1

2

(
Exi,xj [P(Aij = 1|yi = 1, yj = −1, xi, xj)] + Exi,xj [P(Aij = 1|yi = −1, yj = 1, xi, xj)]

)
.

Since xi, xj follow the distribution Nd(0, σ2I), we have xi − xj ∼ Nd(0, 2σ2I), xi − xj + 2yiµ ∼
Nd(2yiµ, 2σ

2I). Thus we can use Lemma 2 in Appendix A.3 with t = −1 and obtain the following
results:

Exi,xj [P(Aij = 1|yi = yj , xi, xj)] = (4σ2 + 1)−d/2

Exi,xj [P(Aij = 1|yi = 1, yj = −1, xi, xj)] = (4σ2 + 1)−d/2 · exp(− 4‖µ‖22
4σ2 + 1

)

Exi,xj [P(Aij = 1|yi = −1, yj = 1, xi, xj)] = (4σ2 + 1)−d/2 · exp(− 4‖µ‖22
4σ2 + 1

).

(7)
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Notice that 0 < Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)] < Exi,xj [P(Aij = 1|yi = yj , xi, xj)] < 1. By
using the pairwise KL-based bound from [35, p. 428] we have

I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

= max
Y,Y ′∈Y

∑
A

P(A|Y ) log
P(A|Y )

P(A|Y ′)

≤ n2

4
max

yi,yj ,y′i,y
′
j

∑
Aij

P(Aij |yi, yj) log
P(Aij |yi, yj)
P(Aij |y′i, y′j)

=
n2

4
max

yi,yj ,y′i,y
′
j

∑
Aij

Exi,xj [P(Aij |yi, yj , xi, xj)] · log
Exi,xj [P(Aij |yi, yj , xi, xj)]
Exi,xj [P(Aij |y′i, y′j , xi, xj)]

=
∑
Aij

Exi,xj [P(Aij |yi = yj , xi, xj)] · log
Exi,xj [P(Aij |yi = yj , xi, xj)]

Exi,xj [P(Aij |yi 6= yj , xi, xj)]

<(c) Exi,xj [P(Aij = 1|yi = yj , xi, xj)] · log
Exi,xj [P(Aij = 1|yi = yj , xi, xj)]

Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)]

= n2(4σ2 + 1)−1−d/2‖µ‖22, (8)

where (c) holds because for every i and j, we have

Exi,xj [P(Aij = 0|yi = yj , xi, xj)] · log
Exi,xj [P(Aij = 0|yi = yj , xi, xj)]

Exi,xj [P(Aij = 0|yi 6= yj , xi, xj)]

= (1− Exi,xj [P(Aij = 1|yi = yj , xi, xj)]) · log
1− Exi,xj [P(Aij = 1|yi = yj , xi, xj)]

1− Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)]

= (1− (4σ2 + 1)−d/2) · log
1− (4σ2 + 1)−p/2

1− (4σ2 + 1)−d/2 · exp(− 4‖µ‖22
4σ2+1 )

< 0.

Thus, we only need to consider the case for Aij = 1.

By Fano’s inequality [12] and by plugging the result (8) into (1), for the probability error to be at
least 1/2, it is sufficient for the lower bound to be greater than 1/2. Therefore we obtain that if

(4σ2 + 1)−1−d/2‖µ‖22 ≤
log 2

2n
− log 2

n2
, (9)

then for any estimator Ŷ , P(Ŷ 6= Y ∗) ≥ 1
2 .
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B Dynamic Network Models

B.1 Proof of Lemma 1

Proof. For the first part, starting from the left-hand side, we have

KL(PA|Y ‖PA|Y ′) =
∑
A

P(A|Y ) log
P(A|Y )

P(A|Y ′)

=
∑
A

(∏
i<j

P(Aij |Aτij , yi, yj) · log

∏
k<l P(Akl|Aτkl , yk, yl)∏
k<l P(Akl|Aτkl , y′k, y′l)

)

=
∑
A

(∏
i<j

P(Aij |Aτij , yi, yj) ·
∑
k<l

log
P(Akl|Aτkl , yk, yl)
P(Akl|Aτkl , y′k, y′l)

)

=
∑
k<l

∑
A

(∏
i<j

P(Aij |Aτij , yi, yj) · log
P(Akl|Aτkl , yk, yl)
P(Akl|Aτkl , y′k, y′l)

)

=
∑
k<l

∑
A

(
P (Akl|Aτkl , yk, yl) · log

P(Akl|Aτkl , yk, yl)
P(Akl|Aτkl , y′k, y′l)

)
=
∑
i<j

KL(PAij |Aτij ,yi,yj‖PAij |Aτij ,y′i,y′j )

≤
(
n

2

)
max
i,j

KL(PAij |Aτij ,yi,yj‖PAij |Aτij ,y′i,y′j ). (10)

The proof for the second part follows the same approach.

B.2 Proof of Theorem 3

Proof. For simplicity we use the shorthand notation fij = f|τij |(Aτij ). By using the pairwise
KL-based bound from [35, p. 428] and Lemma 1, we have

I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
yi,yj ,y′i,y

′
j

(
n

2

)
max
i,j

KL(PAij |Aτij ,yi,yj‖PAij |Aτij ,y′i,y′j )

=

(
n

2

)
max
i,j

∑
Aij

P(Aij |Aτij , yi = yj) · log
P(Aij |Aτij , yi = yj)

P(Aij |Aτij , y′i 6= y′j)

=

(
n

2

)
max
i,j

(
pfij log

pfij
qfij

+ (1− pfij) log
1− pfij
1− qfij

)
=

(
n

2

)
max
i,j

KL(pfij‖qfij)

≤
(
n

2

)
max
i,j

pfij
pfij − qfij

qfij
+ (1− pfij)

qfij − pfij
1− qfij

=

(
n

2

)
max
i,j

fij(p− q)2

q(1− qfij)

≤
(
n

2

)
(p− q)2

q(1− q)
. (11)

15



By Fano’s inequality [12] and by plugging (11) into (1), for the probability error to be at least 1/2, it
is sufficient for the lower bound to be greater than 1/2. Therefore

P(Ŷ 6= Ȳ ) ≥ 1− I(Y ∗, A) + log 2

n log 2
≥ 1−

n2−n
2 · (p−q)2

q(1−q) + log 2

n log 2
≥ 1

2

By solving for n in the inequality above, we obtain that if

(p− q)2

q(1− q)
≤ n− 2

n2 − n
log 2, (12)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .

B.3 Proof of Theorem 4

First, we start with a required technical lemma:
Lemma 4. The model considered in Definition 6 is equivalent to the following Modified Dynamic
Latent Space Model:

Let d ∈ Z+, µ ∈ Rd and µ 6= 0, σ > 0. Let F = {fk}
(n2)
k=0 be a set of functions, where fk :

{0, 1}k → (0, 1]. A modified Latent Space Model with parameters (d, µ, σ, F ) is an undirected graph
of n nodes with the adjacency matrix A, where each Aij ∈ {0, 1}. Each node is in one of the two
classes {+1,−1}. The distribution of true labels Y ∗ = (y∗1 , . . . , y

∗
n) is uniform, i.e., each label y∗i is

assigned to +1 with probability 0.5, and −1 with probability 0.5.

For every node i, the nature generates a latent d-dimensional vector xi ∈ Rd according to the
Gaussian distribution Nd(0, σ2I).

The adjacency matrix A is distributed as follows: if y∗i = y∗j then Aij is Bernoulli with parameter
f|τij |(Aτij ) ·exp(−‖xi−xj‖22); otherwiseAij is Bernoulli with parameter f|τij |(Aτij ) ·exp(−‖xi−
xj + 2y∗i µ‖22).

Proof. We claim that the Modified Dynamic Latent Space Model is equivalent to the model considered
in Definition 6, by defining xi = zi − yiµ for every node i. Since zi ∼ Nd(yiµ, σ

2I), we have
xi ∼ Nd(0, σ2I). As a result,

• if y∗i = y∗j , Aij is Bernoulli with parameter f|τij |(Aτij ) · exp(−‖zi− zj‖22) = f|τij |(Aτij ) ·
exp(−‖xi + y∗i µ− xj − y∗jµ‖22) = f|τij |(Aτij ) · exp(−‖xi − xj‖22),

• if y∗i = 1, y∗j = −1, Aij is Bernoulli with parameter f|τij |(Aτij ) · exp(−‖zi − zj‖22) =

f|τij |(Aτij ) · exp(−‖xi + µ− xj + µ‖22) = f|τij |(Aτij ) · exp(−‖xi − xj + 2µ‖22),

• if y∗i = −1, y∗j = 1, Aij is Bernoulli with parameter f|τij |(Aτij ) · exp(−‖zi − zj‖22) =

f|τij |(Aτij ) · exp(−‖xi − µ− xj − µ‖22) = f|τij |(Aτij ) · exp(−‖xi − xj − 2µ‖22).

This completes the proof of the lemma.

Now, we provide the proof of the main theorem.

Proof. Since X and Y are independent, we have the following equalities

P(Aij |Aτij , yi, yj) =

∫
xi,xj

P(Aij , xi, xj |Aτij , yi, yj)dxidxj

=

∫
xi,xj

P(xi, xj |Aτij , yi, yj) · P(Aij |Aτij , yi, yj , xi, xj)dxidxj

=

∫
xi,xj

P(xi, xj)P(Aij |Aτij , yi, yj , xi, xj)dxidxj

= Exi,xj [P(Aij |Aτij , yi, yj , xi, xj)]. (13)
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The second last equality holds because in the modified model, latent vectors are independent of their
labels. Using Lemma 2 in Appendix A.3 and following the analysis in (7), we have

Exi,xj [P(Aij = 1|yi = yj , xi, xj)] = f|τij | · (4σ
2 + 1)−d/2

Exi,xj [P(Aij = 1|yi 6= yj , xi, xj)] = f|τij | · (4σ
2 + 1)−d/2 · exp(− 4‖µ‖22

4σ2 + 1
).

(14)

Using the pairwise KL-based bound from [35, p. 428] and Lemma 1, we have

I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
yi,yj ,y′i,y

′
j

(
n

2

)
max
i,j

KL(PAij |Aτij ,yi,yj‖PAij |Aτij ,y′i,y′j )

= max
yi,yj ,y′i,y

′
j

(
n

2

)
max
i,j

∑
Aij

P(Aij |Aτij , yi = yj) · log
P(Aij |Aτij , yi = yj)

P(Aij |Aτij , y′i 6= y′j)

= max
yi,yj ,y′i,y

′
j

(
n

2

)
max
i,j

∑
Aij

Exi,xj [P(Aij |Aτij , yi, yj , xi, xj)]

· log
Exi,xj [P(Aij |Aτij , yi, yj , xi, xj)]
Exi,xj [P(Aij |Aτij , y′i, y′j , xi, xj)]

=

(
n

2

)
max
i,j

∑
Aij

Exi,xj [P(Aij |yi = yj , Aτij , xi, xj)]

· log
Exi,xj [P(Aij |yi = yj , Aτij , xi, xj)]

Exi,xj [P(Aij |yi 6= yj , Aτij , xi, xj)]

<

(
n

2

)
max
i,j

Exi,xj [P(Aij = 1|yi = yj , Aτij , xi, xj)]

· log
Exi,xj [P(Aij = 1|yi = yj , Aτij , xi, xj)]

Exi,xj [P(Aij = 1|yi 6= yj , Aτij , xi, xj)]

=

(
n

2

)
max
i,j

f|τij |(Aτij ) · (4σ
2 + 1)−d/2 · log

(
1/ exp(− 4‖µ‖22

4σ2 + 1
)

)
=

(
n

2

)
max
i,j

f|τij |(Aτij ) · 4(4σ2 + 1)−1−d/2‖µ‖22

≤
(
n

2

)
4(4σ2 + 1)−1−d/2‖µ‖22

= 2(n2 − n)(4σ2 + 1)−1−d/2‖µ‖22. (15)

By Fano’s inequality [12] and by plugging (15) into (1), for the probability error to be at least 1/2, it
is sufficient for the lower bound to be greater than 1/2. Therefore

P(Ŷ 6= Ȳ ) ≥ 1− I(Y ∗, A) + log 2

n log 2
≥ 1− 2(n2 − n)(4σ2 + 1)−1−d/2‖µ‖22 + log 2

n log 2
≥ 1

2
.

By solving for n in the inequality above, we obtain that if

(4σ2 + 1)−1−d/2‖µ‖22 ≤
n− 2

4(n2 − n)
log 2, (16)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .
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C Directed Network Models

C.1 Proof of Theorem 5

Proof. For simplicity we use the shorthand notation oji =
∑i−1
k=1Ajk to denote the number of

directed edges from node j to the first i nodes. Thus we have wji =
(oji+1)(1[yi=yj ]s+1)∑i−1
k=1(oki+1)(1[yi=yk]s+1)

and
0 ≤ oji ≤ i − j − 1. This is because a node can never connect to its previous nodes according to
the definition. Additionally oki ≤ i−m− 1 for k ≤ m since the first m nodes are not connected to
each other.

From Algorithm 1 we can observe that w̃ji ≤ 1
m and w̃ji ≥ minwji. Thus we have w̃ji ≥ minwji ≥

2(1[yi=yj ]s+1)
(i−m)(i+m−1)(s+1) by assuming oji = 0, oki = i−m− 1 for every k ≤ m, and oli = i− l − 1 for
every l > m.

By using the pairwise KL-based bound from [35, p. 428] and Lemma 1, we have

I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

(
n

2

)
max
j,i

KL(PAji|Aτji ,y1,...,yi‖PAji|Aτji ,y′1,...,y′i)

≤ max
Y,Y ′∈Y

(
n

2

)
max
j,i

mw̃ji · log
mw̃ji
mw̃′ji

≤
(
n

2

)
log

1
2m

(n−m)(n+m−1)(s+1)

= (n2 − n)/2 · log
(n−m)(n+m− 1)(s+ 1)

2m

≤ (n2 − n)/2 · log
n2(s+ 1)

8m
. (17)

By Fano’s inequality [12] and by plugging (11) into (1), for the probability error to be at least 1/2, it
is sufficient for the lower bound to be greater than 1/2. Therefore

P(Ŷ 6= Ȳ ) ≥ 1− I(Y ∗, A) + log 2

n log 2
≥ 1−

n2−n
2 · log n2(s+1)

m + log 2

n log 2
≥ 1

2
.

By solving for n in the inequality above, we obtain that if

log
s+ 1

8m
≤ n− 2

n2 − n
log 2− 2 log n, (18)

or equivalently,
s+ 1

8m
≤ 2(n−2)/(n2−n)

n2
, (19)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .

C.2 Proof of Theorem 6

Proof. From Algorithm 1 we can observe that w̃ji ≤ 1
m and w̃ji ≥ minwji. Thus we have for any

node j ∈ {i−m, . . . , i− 1}, w̃ji ≥ minj∈{i−m,...,i−1} wji ≥
p(1[yi=yj ]s+1)

m(s+1) by assuming yi = yk
for every k ∈ {i−m, . . . , i− 1}. Similarly, for any node j ∈ {1, . . . , i−m− 1}, we have w̃ji ≥
minj∈{1,...,i−m−1} wji ≥

(1−p)(1[yi=yj ]s+1)
(i−m−1)(s+1) by assuming yi = yk for every k ∈ {1, . . . , i−m−1}.

By using the pairwise KL-based bound from [35, p. 428] and Lemma 1, we have
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I(Y ∗, A) ≤ 1

|Y|2
∑
Y ∈Y

∑
Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

KL(PA|Y ‖PA|Y ′)

≤ max
Y,Y ′∈Y

m(n−m) max
j∈{i−m,...,i−1}

KL(PAji|Aτji ,y1,...,yi‖PAji|Aτji ,y′1,...,y′i)

+

(
n−m

2

)
max

i′,j′∈{1,...,i′−m−1}
KL(PAji|Aτ

j′i′
,y1,...,y′i

‖PAj′i′ |Aτj′i′ ,y′1,...,y′i′ )

≤ m(n−m) log
1
p
s+1

+

(
n−m

2

)
log

1
m(1−p)

(n−m−1)(s+1)

= m(n−m) log
s+ 1

p
+

(
n−m

2

)
log

(n−m− 1)(s+ 1)

m(1− p)

≤ n2

4
log

s+ 1

p
+
n2

4
log

n(s+ 1)

m(1− p)

=
n2

4

(
log

(s+ 1)2

mp(1− p)
+ log n

)
. (20)

By Fano’s inequality [12] and by plugging (11) into (1), for the probability error to be at least 1/2, it
is sufficient for the lower bound to be greater than 1/2. Therefore

P(Ŷ 6= Ȳ ) ≥ 1− I(Y ∗, A) + log 2

n log 2
≥ 1−

n2

4

(
log (s+1)2

mp(1−p) + log n
)

+ log 2

n log 2
≥ 1

2
.

By solving for n in the inequality above, we obtain that if

log
(s+ 1)2

mp(1− p)
≤ 2 log 2

n
− 4 log 2

n2
− log n, (21)

or equivalently,
(s+ 1)2

mp(1− p)
≤ 22(n−2)/n2

n
, (22)

then we have that P(Ŷ 6= Ȳ ) ≥ 1
2 .
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