Appendix A  Proofs

A.1 Proof of Theorem 2.3

The proof of Theorem 2.3]requires the following preparatory lemma, which we borrow from [6].

Lemma A.1 ([6] Proposition 2.8]). Forany v € Ry, D € S’i\{O} and ¥ € S++, we have

] 1oet\2| (Y (vIa— D)7, %) ifyls - D,
Zlépo <D7S> —vh {5_2 <E2522> } N {+oo otherwise.

Moreover, if 714 > D, the unique optimal solution of the above maximization problem is given by

S* =~2(yIq — D) 'S(y1; — D)L

Proof of Theorem[2.3] The optimal value of the minimax problem (2) satisfies

inf sup E [|jz — > sup inf B[]z — 2 A.la
i sup B [l —v(w)|P] = sup inf B o~ v(o)]) (A2
= sup inf E? [z — Gy —g|*], (A.1b)

QeP Gy

where (A.Ta) follows from the max-min inequality, and (A.Tb) holds because the inner minimization
problem over ¥ is solved by the conditional expectation function ¢* (y) = E?[z|y], which is affine
in y for every fixed Gaussian distribution Q € P, see, e.g., [7, page 522]. Without loss of generality,
one can thus restrict the set of measurable functions L to the set of affine functions parametrized
by a sensitivity matrix G € R™*™ and an intercept vector g € R™. Recalling the definition of the
Wasserstein amblgulty set P in (3) and encoding each normal distribution Q € P by its mean vector
c € R? and covariance matrix S € S¢ &, we can use Propos1t10nt0 reformulate (A:TH) as

sup gl{fJ <In,5m—|—cch> <GTG Syy + cyc y> <G Sy + cxcy >
—(GT,Sys+cycg ) +2(9,Gey —ca) +9' g

s.t. ceRY ¢, € R, ¢y, € R™

Sest, Sep€Sh, Sy, €SP, Sy =5, cRV™ (A.2a)
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Solving the inner minimization problem over g analytically and substituting the optimal solution
g* = ¢ — G, back into the objective function shows that (A.2a) is equivalent to

I, -G
sup 1nf<{ aT GTG]’S>

s.t. ceRY Sest (A.2b)
1
e = pll? + T [s 452 (shssh) ] <
The minimization over G may now be interchanged with the maximization over ¢ and S by using
the classical minimax theorem [2, Proposition 5.5.4], which applies because ¢ and S range over

a compact feasible set. The inner maximization problem over c is then solved by ¢* = pu, which
maximizes the slack of the Wasserstein constraint. Thus, the minimax problem (A:2b) simplifies to

. 1, -G
inf sup <{—GT GTG]’S>

(A.2¢)
s.t. Tr [S+ Y2 (z%sz%)
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Assigning a Lagrange multiplier v > 0 to the Wasserstein constraint and dualizing the inner maxi-
mization problem yields

I, -G , L oein?
inf nf sup <[—GT GTG},S>—|—7<p Ty {S+z—2(z Sy ) D (A.2d)

Strong duality holds because S = ¥ > 0 represents a Slater point for the primal maximization
problem. Finally, by using Lemma[A-T] problem (A:2d) can be reformulated as

inf (p2 —Tr [E]) +72<(’yfd — [Ln, —G] [, G])*l, E>
st GER™™, yeR, (A3)
vl - [Inv _G] [ ny _G]

By construction, the optimal value of (A-3)) provides a lower bound on that of the minimax problem (2)).
Next, we construct an upper bound by restricting £ to the class of affine estimators.

inf sup EQ [||z — 2] <inf sup EQ [||z — Gy — ¢|? A4
Juf, sup Il (y)ll]_GngEg [l y—9gl?] (A4)

As P is non-convex, we cannot simply use Sion’s minimax theorem to show that the right-hand side
of (A:4) equals (A:Tb). Instead, we need a more involved argument. Recalling the definition of P
in (3) and encoding each normal distribution Q € P by its mean vector ¢ € R? and covariance matrix
Sesd &, we can use Propos1t10nt0 reformulate the right-hand side of (A-4) as

glf sup <In7 See + cch> <GTG Syy + cycT> — <G, Sy + cxc;/r>
.9
—{(GT,Sys 4+ cyel Y +2(9,Gey —ca)+9'g

s.t. ceR? ¢, € R, cy € R™

SeSt, S, €S%, 8, €ST, Spy=S,, €Rm™ (A.52)
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Next, we introduce the set C = {c € R? : ||c — u|| < p} as well as the auxiliary functions

D(G) & [_I(’;T (}%] and B(G,g) 2 {G‘ng}

to reformulate problem (A.3a) as

iélf sup (D(G),S+cc")+2(b(G,g),c)+g'g
9 celC
S20 . (A.5b)

st le—pl*+ Tr {S—&—Z -2 (EéSXﬁ)Q] < p2

We emphasize that the constraint ¢ € C is redundant in (A-3b)) but will facilitate further simplifications
below. Note also that D(G) = 0, and thus the minimax problem (A.3b) involves a cumbersome
convex maximization problem over c. By employing a penalty formulation of the Wasserstein
constraint, the inner maximization problem over ¢ and S in (A.3b) can be re-expressed as

sup 1nf < (@),S+ ccT> + 2<b(G,g),c> +4g'yg
ceC >
5=0

+7(02—|0—u||2+Tr [5+2—2(25525)2D.

Here, the minimization over y and the maximization over S may be interchanged by strong duality,
which holds because S = ¥ > 0 constitutes a Slater point for the primal problem, see, e.g., [2|
Proposition 5.3.1]. We note that when ||c — || = p, the feasible set of S reduces to a singleton, and



thus strong duality holds trivially. The emerging inner maximization problem over S can then be
solved analytically by using Lemma[A.T] In summary, the minimax problem is equivalent to

inf sup  inf  (D(G),ccT) +2(b(Gg).c) + 979+ (p° — lle— pl* = Tr[=])
9 ceCc V=2

+7*((vla = D(G))~1, %) (A.5c)

s.t. ~vI; = D(G).

Observe now that the optimal value function of the innermost minimization problem over v in
is convex in g and, thanks to the constraint vI; — D(G) > 0, concave in ¢ for every fixed G. By the
classical minimax theorem [2, Proposition 5.5.4], which applies because c ranges over the compact
set C, we may thus interchange the infimum over g with the supremum over c. After replacing D(G)

and b(G, g) with their definitions, it becomes clear that the innermost minimization problem over g
admits the analytical solution g* = p1, — G t,. Thus, problem (A.5¢) is equivalent to

inf sup inf (5 = lle— pl2 = T [S)) +92((3 0 — [T, —G]T [, —G])7L, %)
e

ceC
sit. ylg = [I,, —G)"[I,, —G].

(A.5d)
By invoking the minimax theorem [2, Proposition 5.5.4] once again, the inner infimum over v can
be interchanged with the supremum over c. As the resulting inner maximization problem over c is
solved by ¢* = p, problem (A.5d) is thus equivalent to (A-3). In summary, we have shown that (A.3)
provides both an upper bound on the left-hand side of as well as a lower bound on the right-hand
side of (A.T). Thus, the inequality in (A-T)) is in fact an equality. O

A.2 Proof of Theorem 2.3

The proof of Theorem [2.5]relies on the following lemma, which extends a similar result from [6]).
Lemma A.2 (Analytical solution of direction-finding subproblem). For any fixed ¥ € S‘i 4 and
D € S4\{0}, the optimization problem
sup <S , D>
sest
1
s.t. Tr {5+ ) (2%52%) ] < p?
is solved by
§*=(y")*(y"1a = D)'S(y* 1a = D),
where v* is the unique solution with v*I; > D of the algebraic equation
182
p* = (S, (la—7"(v"Ia—D)"1)")=0.
Moreover, we have S* = gl , where ¢ 2 A\pin(2).

Proof of LemmalA.2] The optimality of S* follows immediately from [6| Theorem 5.1]. Moreover,
the spectral norm of (S*)~! obeys the following estimate.

B 1 _ 1 _ _
I(S*)7H < Ia = ?DH BT e~ ?DII <=M =c"!
As the largest eigenvalue of (S*)~! is bounded by ¢!, we may conclude that S* = o 1,. O

Proof of Theorem The proof of Theorem [2.3|has shown that the original infinite-dimensional
minimax problem (2) is equivalent to the finite-dimensional minimax problem (A.2¢). By Lemma[A.2]
the solution of the inner maximization problem in satisfies S* = olgq. Thus, one may
append the redundant constraint S > ¢ to this inner problem without sacrificing optimality. By
interchanging the minimization over G with the maximization over S, which is allowed by [2]
Proposition 5.5.4], problem can thus be reformulated as

. 1, -G
o (|G o6 9)

1/2 A.6
s.t. Tr [5+2—2(21/2521/2) } < p? (A.6)
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Recall that ¢ > 0, which implies that S > 0. Hence, the unconstrained quadratic minimization
problem over G in has a unique solution G*, which can be obtained analytically by solving the
problem’s first-order optimality condition. Specifically, we have

2G*Syy — 25,y =0 <= G'=5,5,"

Substituting G* into yields the desired maximization problem (3. By construction, this convex
program is equivalent to nature’s decision problem on the right-hand side of (@), and thus it is easy to
see that the least favorable prior is given by Q* = Ny(u, S*). Next, we solve the Bayesian estimation
problem

inf B [z~ v(v)|].

An elementary analytical calculation reveals that this problem is solved by ¢*(y) = S5, (Sy,) ™" (y —
Hy) + pg. Moreover, this solution is unique because S* > oI, which implies that the objective
function is strictly convex. By Theorem[2.3]and [3| Section 5.5.5], we may then conclude that ¢* is
also optimal in (2)). This observation completes the proof. O

A.3  Proof of Theorem

The following lemma suggests upper and lower bounds on the (unique) root v* of the function A(~)
defined in (). Note that this root is computed approximately using bisection in Algorithm T]

Lemma A.3 (Bisection interval). For any p > 0, the solution of the algebraic equation A(7*) = 0
resides in the interval [Ymin, Ymax|, Where

Ymin = A1 (1 + UlTEvl/p> , Ymax = A1 (1 +Tr [E]/p) , (A7)
the scalar )\, is the largest eigenvalue of D £ V f(.S), and v; is a corresponding eigenvector.

Proof of LemmalA.3] Let D = Z?Zl A\;v;v; be the spectral decomposition of D. The function h
can be equivalently rewritten as

d \s 2
-3 (25) oz,

=1

where the summation admits the following bounds:

A 2 d A 2 A 2
(7 1A1) wEe s (v z/\') i B < (v 1/\1) Tz
i=1 g

Equating the two bounds to p? yields Yinin and Ymax, respectively. O

Proof of Theorem3-2} The proof of LemmaA.2)implies that L(~) £ 42(yI; — D)~ 'S(yI; — D)~
is feasible in for every v with yI; > D and h(vy) > 0; see [4, Theorem 2]. Moreover, L(v*)
is optimal in (7b) if v*I4 > D and h(~*) = 0. Algorithm uses a bisection procedure to compute
an approximation « of * such that L(v) is feasible and e-suboptimal in (7b). The degree of
suboptimality of L () equals (L(y*) — L(7), D). The true optimal value { L(v*), q% is inaccessible
but can be estimated above by the objective value of v in the Lagrangian dual of , which can be
expressed as
. 2 2 -1
Lmin a(p? =T [E]) +9*((01a = D)~ E),

see also [6, Proposition 2.8]. Thus, the suboptimality of L(+) is bounded above by

(LOY") = L(v), D) < 74(p* = T [Z]) +7*((v1a — D)1, %) = (L(7), D).

Lemma ensures that v* € [Ymin, Ymax)> and therefore it suffices to search over this interval.
Note that the function h is Lipschitz continuous in the bisection interval, and therefore, the bisection
Algorithm[T] will terminate in finite time. O



A.4 Proof of Theorem 3.3

The proof of Theorem [3.3| widely parallels that of [5| Theorem 1]. The key ingredient is to prove that
the curvature constant of the problem’s (negative) objective function — f is bounded.

Definition A.4 (Curvature constant). The curvature constant C of the convex function g with respect
to a compact domain S is defined as

sup = (9(Z) — 9(X) —(Z - X, Vg(X)))
XY, 7,
Co=1 st. Z=(1-a)X+aY
X, YeS8 ac]0l].

In order to bound the curvature constant of — f, we need several preparatory lemmas.
Lemma A.5 ([1| Fact 7.4.9]). Forany A € R"*™ B € R™*! C' € R"*¥ and D € R¥*"™, we have

Tr [ABCD] = vec(A) " (B® D7) vec(CT),
where ‘®’ stands for the Kronecker product, while ‘vec(-)” denotes the vectorization of a matrix.
Lemma A.6 (Bounded feasible set). If S is feasible in (5), then S < 71,4, where & = (p++/Tr [X])%.

Proof of LemmalA.6] We seek an upper bound on the maximum eigenvalue of S uniformly across all

covariance matrices S feasible in @), that is, we seek an upper bound on the optimal value of
sup 151

= 3 A.8

s.t. Tr {S+22(25525> ] < p. (A-8)

Problem (A:8) is a non-convex optimization problem because we maximize a convex function (the
spectral norm of .S') over a convex set. An easily computable upper bound is obtained by solving

sup <S, Id>
S0 1

3 A9
s.t. T {S+2—2(2é52%)2] < P2 (A.9)
Indeed, note that Tr [S] = (5, 1) > ||S||, where the inequality holds because S = 0. By Lemma
which studies a more general problem with an arbitrary linear objective function <S, D>, prob-
lem (A.9) has an analytical solution that is found by solving the following algebraic equation in 7.
1
=1

5 2
= (S, (la =7y (v 1a—1)7") ) =0 <= p2—( ) Tr[2] =0

In the special case considered here, this equation can be solved in closed form, and there is no need
for a bisection algorithm. Specifically, we have v* = 1 4+ /Tr [X]/p, and thus (A.9) is solved by

8 = 00 0"l T 20 - ) = () (HT@E

Therefore, problem (A8) is upper bounded by Tr [S*] = (p + /Tr [%])% O
For ease of exposition, we now define the (compact) feasible set of problem (3) as
Sé{SeSi:Tr[S+E—2(2%SE%)%] <2 Stg]d} (A.10)

Lemma A.7 (Curvature bound). The curvature constant C'_; of the (negative) objective function
— f over the feasible set S satisfies C_y < = 254/g3.

Proof of Lemma @ We ﬁrgt expanc'l the negative objectiv.e function —fatSe Si. By Lemma
for any symmetric perturbation matrix A with a characteristic block structure of the form

A A
A= |Rm Dol esd,
5 8



the negative objective function —f(S + A) can be expressed as
Tr [—Sax — Daa + (Say + Day)(Syy + Ayy) 7 (Sya + AL)]
= Tr [~ Suw — Aua] +
Te [(Shy + Aay) Syt (I — Ay St + (B4 Sy + 0|y [2))(Sye + AL)]
=Tr [~Sea + SaySyy Sya] — Tr [Aze — AaySy,) Sya + SeySyy DyySyy Sye — SaySyy AL,
— Tr [Auy Sy DyySyy Sye — DaySyy AL, + SaySy)t AyySyt Al — SuySy (Ayy S, )2 Sy ]
+O(lAl*)

vee Agy T vee Ay
=Tr [~Saa + Say Sy, Sya] — (D, A) + = [vec Agy | H |vecAgy | +O(|A?),
vec Ay, vec Ay,
where
1 —8 STt
D—[ - e yy_}egd (A.11)
—SyylsygE SyylSyw,S’gcySyy1 +
and
0 0 0 ? 2
— — —1 n“+nm+m
H=10 QS%; ® I,lL 712Syy1 @1) SzySyy X esy .
0 —2Sy_y ® Sy_y Sya 2Sy_y ® Sy_y SnymyS;y

Note that the matrix D represents the gradient of f, which plays a crucial role in the Frank-Wolfe
algorithm. Similarly, H can be viewed as a compressed version of the Hessian matrix of — f, where
the redundant rows and columns corresponding to .Sy, have been eliminated. Thus, the Lipschitz
constant of the gradient V f can be upper bounded by the largest eigenvalue of H, which is given by

— -1 _ -1
IH| = 2[|S,, © DIl = 2[Sy, || - | D] (A.12)

By a standard Schur complement argument, we then have

S.r S. I, SgySTH] [Sez — SzySitS 0 } [ I, 0}
S — T zy| _ [4in zyPyy T TY~yy FYT _ .

{ ye Syy] {0 I, } { 0 Syy Sy 1Syvﬂ L,
Next, define the set

S {z =[z",y"]" eR?: S;;Syxa:+y = O},

1 = .
Syt Sye I 0

Thus, by the definition of the smallest eigenvalue, we have

and note that any z € V satisfies

. 2182 . 2'82 1 1
Amin(S) = rzrig T2 < rzn;igl T2 < )\min(Smc*Sa:ySyy Syr) = Sz *S:cysyy Syz = aln.
z€V

Moreover, by the Cauchy interlacing theorem [[1l Theorem 8.4.5], Lemma[A 6] and basic properties
of the spectral norm, we have

—_

1S5 1 <USTH < =, [ISeall <& and ISy, ]| < 5.

Q

USing the abo\/e inequalities, one can ShOW that

and
5'In = Sac:c = Saca: - SacyS;ylsyx = an - S;cysgjylsyac = (5' - Q') In-



Setting B = [I,,, =S1yS,,' |, the above inequalities imply that
IDIl =BT Bl = BB || = |lIn + Suy Sy Syall = 1+ [SzySyy Syal
=1+ 15, Sy SeySy, |
<1+ 185, 1% - [1SyaSayll
~2

g(c—0ag) &
<1+ —Q7 =
By combining the last estimate with (A.12)), we then find that the Lipschitz constant of V f satisfies

, 252
Lip(Vf) =[H| < 3

The diameter of the feasible set S with respect to the Frobenius norm satisfies

diam(S) = sup ||S1— S2llrp £ sup  Tr[S; — Sq] < sup Tr[S] <7,
S1,52€8 S1,52€8 Ses
where the first inequality holds due to [1, Equation (9.2.16)], and the last inequality follows from the
proof of Lemma Therefore, by [5, Lemma 7], the curvature constant C'_ ; admits the estimate
254

C_; < (diam(8))*Lip(V f) < et

This observation completes the proof. O

Proof of Theorem[3.3] By Lemma the curvature constant C_ is bounded, and thus one can
directly apply [S, Theorem 1] to find the convergence rate. O

Appendix B Sequential versus Static Estimation

We have resolved the filtering problem underlying Figure 4(c) as a single (static) estimation problem
in the spirit of Section 2, where the entire observation history Y; = (y1,..., %) is interpreted as a
single observation used to predict x;. To our surprise, we found that the sequential filtering approach
advocated in Section 4 outperforms this alternative static approach even if an oracle reveals the
optimal radius of the ambiguity set (for ¢ = 100, e.g., the static estimation error is 37.5 dB, while the
sequential estimation error is only 24.5 dB). In fact, for the static estimation problem the optimal
radius of the Wasserstein ball is p = 0 whenever ¢ > 5, that is, robustification does not improve
performance. In contrast, in the sequential filtering approach robustification always helps. A possible
explanation for this observation is that in the static approach our lack of information about the system
uncertainty propagates through the dynamics. As such, it renders robust estimation ineffective when
applied globally to the entire observation history at once. In contrast, in the sequential approach the
robustification at each stage appears to limit such an uncertainty propagation.
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