Appendix

The appendix in constructed as follows:

e We first present in Section A a new result for stochastic gradient recursions which generalizes
the work of [18] and [13] to more general norms. This result could be used in other contexts.

e The proof technique for Theorem 1 is presented in Section B.

e In Section C we give a proof of the various lemmas needed in the first part of the proof of
Theorem 1 (deviation between SGD and batch gradient descent).

e In Section D we provide new results for the analysis of batch gradient descent, which are
adapted to our new (A3), and instrumental in proving Theorem 1 in Section B.

e Finally, in Section E we present experiments for different sampling techniques.

A A general result for the SGD variance term

Independently of the problem studied in this paper, we consider i.i.d. observations (z¢, &) € H x H
a Hilbert space, and the recursion started from po = 0.

pe = (I — vz ® 2¢) pre—1 + V& (D

(this will applied with z; = ®(z;(;))). This corresponds to the variance term of SGD. We denote by
fiir the averaged iterate fiy = £ 3°0_, ju;.

The goal of the proposition below is to provide a bound on E [HH"/Qﬁt Hz} foru € [0, £ + 1], where
H = E [z ® 2] is such that tr 1/ is finite. Existing results only cover the case u = 1.
Proposition 1 (A general result for the SGD variance term). Let us consider the recursion in

Eq. (1) started at jiy = 0. Denote E[z; @ z;] = H, assume that trH'/® is finite, E[&] = 0,
E [(2t ® 2)%| < R*H,E[& ® &) < 02H and yR? < 1/4, then foru € [0, X + 1]:

2 l/oct Hl/a
2, 1—u r
:| Sdoty h tu—1/c

E UﬂH“/Qﬂt @

A.1 Proof principle

We follow closely the proof technique of [18], and prove Proposition 1 by showing it first for a
“semi-stochastic” recursion, where z; ® z; is replaced by its expectation (see Lemma 1). We will then
compare our general recursion to the semi-stochastic one.

A.2 Semi-stochastic recursion

Lemma 1 (Semi-stochastic SGD). Let us consider the following recursion jiy = (I — vH) prp—1+7&;
started at jio = 0. Assume that trH'/ is finite, E £ =0,E[& ®&] < 0?H and vH < 1, then
foru e [0, 4+ 1]:

2
E |:HHu/2MtH :| < 0271—u ,yl/atrHl/atl/a—u' (3)
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Proof. Fort > 1and u € [0, i + 1], using an explicit formula for y; and [ (see [18] for details),
we get:

t
pe=(I—vH) 1 +7& = (I —vH) po+~Y_ (I —vH)' " &

k=1
t t u
ﬂt:% HUZ%Z (I —~yH)" "¢ ZH‘ ( H)t"f“)gk
u=1 u=1 k=1
t
|:HHU/2— H :| f]EZtr |:(I _ (IifyH)tfk+1>2Hu72£k ®£k:|
k=1

2

t
< % Yt {(1 — (I - yH)k)Q H“_l} using E [& ® &] < o2H.

Now, let (X;);en+ be the non-increasing sequence of eigenvalues of the operator H. We obtain:

© o] < 5 LS (- =) e

We can now use a simple result’ that for any p € [0,1], k > 1l and u € [O,é + 1], we have :
(1— (1= p)*)? < (kp)t~+1/, applied to p = y\;. We get, by comparing sums to integrals:

o 2 0_2 t [e'e] L 2 .
E [HH g } <HEYY (1-a—mf) A
k=1i=1
t
< o2 i(k_ /\4)1_u+1/a/\u—1
S 2 YA i
k=1i=1
o2 ¢
1—u+l/a 1/« l—u+l/«
< 27 letrHY Zk /
k=1
o2 ¢
< t72,yl—u+1/atrH1/a/1 yl—u+1/ady
2 2—u+l/a
< g ’yl/atI‘Hl/a t /
12 2—u+1/a
271 u UatI‘Hl/atl/a_u,
which shows the desired result. O]

A.3 Relating the semi-stochastic recursion to the main recursion

Then, to relate the semi-stochastic recursion with the true one, we use an expansion in the powers of
~ using recursively the perturbation idea from [38].

For r > 0, we define the sequence (i} )ien, fort > 1,
(H— 2z @ 2, ifr > 1
2 =&

We will show that i, =~ 22 it To do so, notice that for r > 0, 1y — > ., p1 follows the recursion:

pe—y =1 —2®z) (Ntl - ZM§1> +9Er T, o)
i=0 i=0

so that by bounding the covariance operator we can apply a classical SGD result. This is the purpose
of the following lemma.

— (1 =+ o= wit = = { G @

’Indeed, adapting a similar result from [18], on the one hand, 1 — (1 — p)* < 1 implying that (1 — (1 —
p)F)t=t/etu < 1. On the other hand, 1 — (1 — yz)* < ~yka implying that (1 — (1 — p)¥)*+/e—v <
(kp)t+1/o=% Thus by multiplying the two we get (1 — (1 — p)*)? < (kp)L~u+1/*,

13



Lemma 2 (Bound on covariance operator). For any r > 0, we have the following inequalities:
E[E ®Zf] < v"R*0*H and E [} ® pj] < v" T R* o?1. (6)

Proof. We propose a proof by induction on 7. Forr = 0,and ¢ > 0,E [2) @ Zf| = E[§, ® &] <
o2 H by assumption. Moreover,
t—1 t—1
E[p@ul] =7 (I—vH) "E[E) @Z)] (I —vH)'* < 7°0* Y (I —yH)*""MH 5 70°I.
k=1 k=1
Then, forr > 1,
E[ET @5 SE[(H — 2 ® 20) iy ® pi_q (H — 2 © 2t)]
=E[(H — 2 ® 2)E[uy_1 ® py_1](H — 2t ® )]
< ,yr+1R2ro_2]E[(H — % ® Zt)2]
< ,_y'rJrl R2T+20'2H.

And,
t—1
E [ @u ] =42 Y (I —H) T E[ET @ 57 (- yH)
k=1 L
< ’}/T+3R2T+20'2 Z(I o ,YH)Q(tfk)H < ’}/T+2R2T+2U2I,
k=1
which thus shows the lemma by induction. O

To bound p; — Z;O i, we prove a very loose result for the average iterate, that will be sufficient
for our purpose.

Lemma 3 (Bounding SGD recursion). Let us consider the following recursion p; =

(I — vz @ 2¢) pu—1 + V& starting at pg = 0. Assume that B[z, @ z;) = H, E[&] = 0, ||z4]]* < R?,
E[& @ &) < 0?H and yR* < I, then for u € [0, X +1]:
2
E U’HW’“H } < 022 RUrH ¢, 7

Proof. Let us define the operators for j < i : M; = (I =72i(5) @ zi5)) - - (I = vzi(5) @ 2zi(5)) and
M}, = 1. Since g = 0, note that we have we have, p; = Sy M} & Hence, for i > 1,

2 X .
B[ H /2] = 12E > (M &, H M6
k.j
=VE) (Myabe, H' M 165)

k=1
7: .
= nytr <E Z Mlé-i—l HuM]i.Hgk ® &k
k=1
< o?y?R%i trH,

"H"M;, H) < R“trH. Then,

%
) < o*°E [Z tr (M,iH*H"M,iHH)]

k=1

because tr (M

+1 E+1
o = S ey
1 J : il 2
< (Xl ) < 1 3e | < otmn,
which finishes the proof of Lemma 3. O
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A.4 Final steps of the proof

We have now all the material to conclude. Indeed by the triangular inequality:

12 1/2

2
+

2 1/2 T 2
(Efmem]) < X | B
i=1 | N———

Lemma 1

E|H"? (ut - Zui)
i=1

Lemma 3

With Lemma 2, we have all the bounds on the covariance of the noise, so that:

o\ 1/2 r 1/2 12
(E HHW?'EtH ) < Z ( i B2 g2 1~ 1/atrH1/at1/a—u) + (7T+2R2T+utrH t)
i=1

< (Uz,yku ,_Yl/oztrHl/atl/afu)l/2 Z (7R2)i/2 4 (7T+2R2r+utrH t)l/Q.
i=1

Now we make r go to infinity and we obtain:

1

R2 + (’)/T+2R2T+UU‘H t) 1/2
Y

<EHH'IL/2 H ) g2yl 1/atrH1/at1/a—U)1/2

— 0

r— 00

Hence with yR? < 1/4,
EHHu/2MtH <40_2 1—u 1/atrH1/o¢t1/o¢—u’

which finishes to prove Proposition 1.

B Proof sketch for Theorem 1

We consider the batch gradient descent recursion, started from 7y = 0, with the same step-size:
’y n
N = N—1 ﬁz (-1, ®(2i))3¢) (),

as well as its averaged version 7; = %Z::o 1;. We obtain a recursion for 6; — 7;, with the
initialization 6y — 79 = 0, as follows:

O —me = [I - ‘I)(xi(u)) Qg q’(%‘(u))] (Or—1 —ne—1) + Vftl + ’Yfg,

with gtl = yz(u)@(xv(u)) - % Z?:l qu)(xz) and gtz = [@(xl(u)) ¢ (I)(xv (u) ) Zz 1 (I)(xZ) Q3¢
® ()] m—1. We decompose the performance F'(6;) in two parts, one analyzing the performance of
batch gradient descent, one analyzing the deviation 6; — 7, using

BF(0) — F(0.) < 2E (IS0, — n)lBd] +2(BF@) — F0.)]
We denote by 3, = L5 L ®(x;) ® ©(z;) the empirical second-order moment.

Deviation 6, — 7. Denoting by G the o-field generated by the data and by F; the o-field generated
by i(1),...,i(t), then, we have E(¢}(G, F; 1) = E(£2|G, F:_1) = 0, thus we can apply results for
averaged SGD (see Proposition 1 of the Appendix) to get the following lemma.

Lemma 4. Foranyt > 1, if E[(§ + &) @ (& + &D)|G] = 723, and 4yR?* = 1, under
Assumptions (Al), (A2), (A4),

87271/atr f],l/a

B[220 — 7)l319] < A1/a

(®)
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In order to obtain the bound, we need to bound 72 (which is dependent on §) and go from a bound
with the empirical covariance matrix 3J,, to bounds with the population covariance matrix X.

‘We have

E (&} ®3c&11S] <o¢ Byin @(@iw)) ®ac ®(@iw))1S] <o¢ [9]125n <oc (U+Su§<9*,q’($)>%)2in
xre

te{0,..., T—1} zeX
Therefore 72 = 2M? + 2sup,c(q. 71} SUP,ex (1, P(2))5¢ or using Assumption (A3) 72 =

2M? + 25upyeqo, o1y RPR2[|SV2H 2012

In the proof, we rely on an event (that depend on §) where 33, is close to Y. This leads to the the
following Lemma that bounds the deviation 6; — 7;.

Lemma 5. Foranyt > 1, 4yR? = 1, under Assumptions (Al), (A2), (A4),

1 (4logn\"/*
R—Q/(xtr Zl/(xtl/a (t + ( Og’n) ) 1

E[ISY2(6, — n0)l3c] < 1672 0 n

9

We make the following remark on the bound.
Remark 1. Note that as defined in the proof T, may diverge in some cases as

0(1) when p < 2r,
2 = 0(n*?) when 2r < u < 2r+1/a,
O(n'=2r/m) when p = 2r + 1/,

with O(+) are defined explicitly in the proof.

Convergence of batch gradient descent. The main result is summed up in the following lemma,
with t = O(n'/*) and t > n.
Lemma 6. Let t > 1, under Assumptions (Al), (A2), (A3), (A4), (AS), (A6), when, with 4vR? = 1,

. G(na/(?ra+l)) 2ra —+ 1 > jeze’ (10)
lemYH (logn)¥) 2ra+1 < pa.
then,
B O(n*%a/(?mﬁrl)) 2ra+1> pa
EF(7,) — F(6,) < H
(1t) (6+) {O(n—%/u) 2ra+1 < po (4o

with O(-) are defined explicitly in the proof.
Remark 2. In all cases, we can notice that the speed of convergence of Lemma 6 are slower that the

ones in Lemma 5, hence, the convergence of the gradient descent controls the rates of convergence of
the algorithm.

C Bounding the deviation between SGD and batch gradient descent

In this section, following the proof sketch from Section B, we provide a bound on the deviation
0; — n;. In all the following let us denote p1; = 6; — 7 that deviation between the stochastic gradient
descent recursion and the batch gradient descent recursion.

C.1 Proof of Lemma 5

We need to (a) go from f)n to X in the result of Lemma 4 and (b) to have a bound on 7. To prove this
result we are going to need the two following lemmas:

Lemma 7. Let A > 0, § € (0, 1]. Under Assumption (A3), when n > 11(1 + k2, R**y# /') log %7
the following holds with probability 1 — ¢,

R 2
H(ZJr)\I)l/Q(ZnJrM)*l/QH <2 (12)
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Proof. This Lemma is proven and stated lately in Lemma 14 in Section D.3. We recalled it here for
the sake of clarity. O

Lemma 8. Let X > 0, 6 € (0, 1]. Under Assumption (A3), fort = O (- —L) then the following holds
with probability 1 — 6,

O(1), when pu < 2r,

and T2 = O (n#=2"), when 2r < 1 < 2r + 1/a, (13)
O (nl_g"/“) when = 2r + 1/,

72<T§O

where the O(-)-notation depend only on the parameters of the problem (and is independent of n
andt).

Proof. This Lemma is a direct implication of Corollary 2 in Section D.3. We recalled it here for the
sake of clarity. O

n\1/p
Note that we can take \° = (b%) so that Lemma 7 result holds. Now we are ready to prove
Lemma 5.

Proof of Lemma 5. Let As, be the set for which inequality (12) holds and let Bj, be the set for which
inequality (13) holds. Note that P(A§ ) = 6, and P(B§,) = d,. We use the following decomposition:

Ly, |

2
2 < 92 (I +IE2) < 16R22722, so that [|fu® <
%2;;1 lwill? < 16R%y272t2. We can bound similarly 72 < 4M?2¢2R%2, so that ||ji]]*> <
64R%M?~*t*. Thus, for the second term:

=

and for the third term:

E[| 27 <E[H21% 14, OB%ME[HE% u]w“\zl%

2.

First, let us bound roughly ||z

First, for ¢ >

2
1ac } S 64RPMPy't*E14: < 64R*M>y*t,,

2
E [Hz”%” 1ng] < GARS MYt E g < G4RSM2y't1,
And on for the first term,

E |:H21/2— 2
Mt

2 . 2
1AamBab] <E [HEW(EHiI)‘WH H(Eﬂif)l/z(zn+A;11)-1/2H

<21E{H(in+ﬁ ””H IS}

R 2
(Sn + A1) Y2 [

1a,,0Bs, | 9]

=2E [HE}L/ZMH | 9} +2)M°E {HﬁtHQ | 9}

AL/oR [tr 21/“}

< 167’ A-1/a

+ 8)\;517'30 ’yl/“E [tr i}/a} /e

using Proposition | twice with u = 1 for the left term and v = 1 for the right one.

1/«

As x — 2/ is a concave function, we can apply Jensen’s inequality to have :

E {tr(f]}/“)} < trxt/e,
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so that:

2 1/at Zl/a
E |:H21/2MtH 1A5QDB55:| < 167’020 ryﬂ%/cy+8)‘é OO’Y’Yl/atI" Zl/atl/a

1
< 1672 4 ot pl/ogt/e (t + /\‘:L> .

Now, we take §, = 0, = m and this concludes the proof of Lemma 5, with the bound:

2+ 2log M + 4log(yR?) + 4logt)1/u>

2
B[S < 1672y o0 st/egt/e (1 +(
n

O

D Convergence of batch gradient descent

In this section we prove the convergence of averaged batch gradient descent to the target function.
In particular, since the proof technique is valid for the wider class of algorithms known as spectral
filters [15, 14], we will do the proof for a generic spectral filter (in Lemma 9, Sect. D.1 we prove that
averaged batch gradient descent is a spectral filter).

In Section D.1 we provide the required notation and additional definitions. In Section D.2, in particular
in Theorem D.2 we perform an analytical decomposition of the excess risk of the averaged batch
gradient descent, in terms of basic quantities that will be controlled in expectation (or probability) in
the next sections. In Section D.3 the various quantites obtained by the analytical decomposition are
controlled, in particular, Corollary 2 controls the L> norm of the averaged batch gradient descent
algorithm. Finally in Section D.4, the main result, Theorem 3 controlling in expectation of the excess
risk of the averaged batch gradient descent estimator is provided. In Corollary 3, a version of the
result of Theorem 3 is given, with explicit rates for the regularization parameters and of the excess
risk.

D.1 Notations

In this subsection, we study the convergence of batch gradient descent. For the sake of clarity we
consider the RKHS framework (which includes the finite-dimensional case). We will thus consider
elements of JH that are naturally embedded in Ly (dpx) by the operator .S from H to Lo (dpyx) and
such that: (Sg¢)(x) = (g, K,;), where we have ®(z) = K, = K(-,x) where K : X — X — Ris the
kernel. We recall the recursion for 7, in the case of an RKHS feature space with kernel K:

Ne="Ne—1+ — Z (M1, Kz, )30) K,

Let us begin with some notations. In the followmg we will often use the letter g to denote vectors
of 3, hence, Sg will denote functions of Ls(dpx ). We also define the following operators (we may
also use their adjoints, denoted with a *):

e The operator S,, from H to R", S,,g = ﬁ(g(xl), o g(xn)).

e The operators from JH to J, ¥ and 3., defined respectively as ¥ = E[K, ® K,] =
fx K, ® K,dpx and 2, = 1 L3 Kg, ® K,,. Note that X is the covariance operator.

e The operator £ : La(dpy) — La(dpx) is defined by
0= [ K@2fEnta). Vf € La(dpx).

Moreover denote by N(\) the so called effective dimension of the learning problem, that is
defined as
N = tr(L(L + M),
for A > 0. Recall that by Assumption (A4), there exists & > 1 and @) > 0 such that
N <A~V va>o.

We can take Q = trx1/e.
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e P : Ly(dpx) — La(dpx) projection operator on H for the Ly(dpyx) norm s.t. ranP =
ransS.

Denote by f, the function so that f,(z) = E[y|z] € La(dpyx) the minimizer of the expected risk,
defined by F'(f) = [y, (f(z) —y)*dp(z,y).

Remark 3 (On Assumption (A5)). With the notation above, we express assumption (A5), more
formally, w.rt. Hilbert spaces with infinite dimensions, as follows. There exists r € [0,1] and
¢ € La(dpx), such that

Pf,=L"¢.

(A6) Letq € [1,00] be suchthat || f, — P fpll120(x,py) < 00

The assumption above is always true for ¢ = 1, moreover when the kernel is universal it is true even
for ¢ = co. Moreover if > 1/2 then it is true for ¢ = co. Note that we make the calculation in this
Appendix for a general ¢ € [1, oc], but we presented the results for ¢ = oo in the main paper. The
following proposition relates the excess risk to a certain norm.

Proposition 2. When g € H,
~ . o ~ 2
F(g) - glg_,{c F(9) = 115G = PfollT,apx):

We introduce the following function g, € J{ that will be useful in the rest of the paper g) =
(S 4+ AI)71S*f,.

We introduce the estimators of the form, for A > 0,

9r = (E0) 537,
where ¢ : R, — R is a function called filter, that essentially approximates 2~ with the approxi-
mation controlled by A\. Denote moreover with r the function ) (x) = 1 — x¢x(x). The following
definition precises the form of the filters we want to analyze. We then prove in Lemma 9 that our
estimator corresponds to such a filter.
Definition 1 (Spectral filters). Let gy : Ry — R be a function parametrized by A > 0. qy is called
a filter when there exists cq > 0 for which

A (z) < g, Talx)z® < gAY, Yo >0,A>0,ue(0,1].

We now justify that we study estimators of the form g, = q,\(in)gjbg) with the following lemma.
Indeed, we show that the average of batch gradient descent can be represented as a filter estimator,
ax, for A = 1/(~t).

Lemma9. Fort > 1, A = 1/(vt), T = g, with respect to the filter, ¢ (z) = (1 - M) L

ytx x*

Proof. Indeed, fort > 1,
N =M-1+t % Z (i = (-1, Ko )30) Ko,
i=1

=M1+ ’Y(SZQ - 2A3n77t71)
=(I—- 7in>77t71 + ’YS;:ZQ

leading to
1< A\ A
mo— ,E " * 5
e = ; L i =4 <2n> Sny
1

Now, we prove that g has the properties of a filter. First, for £ > 1, %q”(m) = (1 — %}'mt) Siz

is a decreasing function so that -;¢"(z) < =;¢"(0) < 1. Second for u € [0, 1], z*(1 — z¢"(z)) =
1—(1—~x)?

~ytx

ﬁ, this concludes the proof that ¢" is indeed a filter.

)1—u

x%. Asused in Section A.2, 1 — (1 —~x)! < (ytz)!™%, so that, r(x)z" < %

:I/,’IJ,

O
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D.2 Analytical decomposition
Lemma 10. Ler A > 0 and s € (0,1/2]. Under Assumption (A5) (see Rem. 3), the following holds
—sQ(n s 1/2 &% ~ <
1675 @ = 9 zagapn) < 22 Beall (879 = Bngn)
where 3 := ||El/22_1/2||

(o) %

Proof. By Prop. 2, we can characterize the excess risk of gy in terms of the Ls(dpx ) squared norm of
Sgx — Pf,. In this paper, simplifying the analysis of [14], we perform the following decomposition

L75S(Gx — g2) = £758Gx — £L7°Sqx(2,) L9
+ L_SSQ)\(in)i;ng)\ - L_SSg)u

Upper bound for the first term. By using the definition of g and multiplying and dividing by xY/ 2,
we have that

L7SGx — L7580 (30)Snga = L7790 (20) (S50 — Snga)
= L7S0A(E0) 2 572 (S50 — Sagn),
from which
1£7S@x — 0 En) S0 | Latapn) < 17 Sar(En) S5 1252 (S55 = Snga) e
Upper bound for the second term. By definition of 7 () = 1 — 2¢) () and g\ = X, 'S*f,,
L758qx(2n)Snga — £7°Sgx = L7°S(ar(30) 50 — Dgr
= LS () B T s g,

where in the last step we used the fact that S* f, = S*Pf, = S*L"¢, by Asm. (A5) (see Rem. 3).
Then

_s 2 S —s < —(1/2—r —1/2—r o pr
1£7°5(ar(E0) 0 — D) adpr) < NE*SAEIEY 2SS L6 L)
<A W27 73S (S 1G]] 1 (dprc)

)
where the last step is due to the fact that |£"/*77|| < A=(1/2-7) and that $*£*'S =
S*(85%)%rS = (5*5)?7S*S = ¥1+2" from which

HZ 1/2 ’I"S LTHQ ||Z 1/2 ’I‘S L2T-SE 1/2 ’I“|| ||271/277‘21+2r271/277’” . (14)
Additional decompositions. We further bound ||£ 557 (3,,)|| and [|£~5Sq\ (2 n)Xy 1/2 ||. For the
first, by the identity £=5S7x(3,) = £ 552_1/2 1/27’,\(2 ,), we have

s s —1 2 1/2
1E72SrA(Sn) | = 1£7*SS L 2SR (S,
where
ISY2r S = sup (o 4+ N)Y2ra(0) < sup(o + A2 (o) < 2c,A2.
o€o(Sh) 020

Similarly, by using the identity
L8 (BB = £70S50 2 S (S5 S0,
we have
_ al 1/2 —s 1/2 1/2 al 1/2 1/2w1/2
1£75SaA(E) 31 = (L7 SE 2 IEM o (En) SR S22Vl
Finally note that
1£=2SE 2 < 18~ S22 Y 2 S0l
and ||L‘55271/2+5|| < 1, [|X5°]| < A~%, and moreover
ISR EDER = sup (0 + Naa(o) < sup(o + Naa(0) < 2¢q,
aca(Sn) 020
S0, in conclusion
1£75Sm(E0) | < 26, A28, [|£755a5 (20) DY | < 2e,075 6%

The final result is obtained by gathering the upper bounds for the three terms above and the additional
terms of this last section. O
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Lemma 11. Ler A > 0 and s € (0, min(r, 1/2)]. Under Assumption (A5) (see Rem. 3), the following
holds
1£72(59x = Pfo)llaapr) S A0l Laapn)-

Proof. Since SY'S* = LL1 =1 — AL}, we have
L7%(Sgy — Pf,) = L™°(SE 'S f, — Pf,) = L™5(SE,'S*Pf, — Pf,)
= L7588 1S* — )Pf, = L75(SS IS — )L™ ¢
_ _)\LstglLr(ﬁ — _)\"S AlfrJrsL;(l—r—i-s) L;(r—s)’crfs ¢,
from which
—S r—s8 —r+s p—(1—7r+s —\r—s r—S8
1£75(Sgx = Pl zatape) < AN LT L0 1@l 2o gape)
< AT_SH¢||L2(dpx)~
O

Theorem 2. Let A\ > 0 and s € (0, min(r, 1/2)]. Under Assumption (A5) (see Rem. 3), the following
holds

1£7°(SGx = P o) Latdpr) < 227" B%¢qIZ5
where (3 := ||E}\/2§];;/2||.

Y2855 — Zaga)llae + (14 B2¢l16 ]| agapm)) X

Proof. By Prop. 2, we can characterize the excess risk of gy in terms of the Lo (dpx ) squared norm of
Sgx — Pf,. In this paper, simplifying the analysis of [14], we perform the following decomposition

L75(Sgn — Pf,) = L7°Sgxn — L7°Sga
+ L7°(Sgx — Pf,).
The first term is bounded by Lemma 10, the second is bounded by Lemma 11. O

D.3 Probabilistic bounds

In this section denote by N (1)), the quantity

Noo(N) = sup [|Z3 /K, |12
x€eS

where S C X is the support of the probability measure px.
Lemma 12. Under Asm. (A3), we have that for any g € H

sup  |g(a)| < K RUISYEOM gllae = K, RHILTH2Sg| 1y (dpe)-
xEsupp(px )

Proof. Note that, Asm. (A3) is equivalent to
Hz—l/Q(l—u)KxH < K R%,
for all x in the support of py. Then we have, for any x in the support of p~,
9(@)] = (g, Kabgg = (12070g, 27120700, )
<=2 gla | STV | < Ry RYEY207W g 5.
Now note that, since X1~# = S*£L~*S, we have
|=1/20mg) 3 = (9,51 Fg), = <E’“/259,£’“/259>

La(dpx) .

Lemma 13. Under Assumption (A3), we have
Noo(A) < &, R#ATH,
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Proof. First denote with f ,, € I the function Z;l/ %y for any u € J{ and A > 0. Note that
~1/2 ~1/2
fxallse = 155" *ulloc < IE5 2 llullse < A2 lullsx.
Moreover, since for any g € JH the identity ||g|| £, (dp,) = [1S9]|5¢. we have

1/2 1/2
| Fxullzatapny = 1S3 ullsc < ISZXllullac < llulsc
Now denote with B(J) the unit ball in 3, by applying Asm. (A3) to f» . we have that
2
Noo(A) = sup ||E;1/2K$||2 = sup <u N 1/2KI>
€S zeS,ue B(H) H

= sw  (frwK)i = sup sup|fru(@)]®
z€S,u€B(H) u€B(H) xzeS

<R3R2“ sup
u€B(H
2 P2y — 2
< K, RHATH sup |ul|3 < K 2 R2N\TH,
u€B(H)

2—2
”f)\ uHLQ((ﬁtpx)

Lemma 14. Let A > 0, 6 € (0,1] and n € N. Under Assumption (A3), we have that, when

8R?
n > 11(1 + &, 2 R21\"H) log —— R

then the following holds with probability 1 — ¢,
||21/2 1/2H2 <2
Proof. This result is a refinement of the one in [39] and is based on non-commutative Bernstein
inequalities for random matrices [40]. By Prop. 8 in [21], we have that
DYV S < -7 =4S - S n ),

When 0 < A < ||X]|, by Prop. 6 of [21] (see also [41] Lemma 9 for more refined constants), we have
that the following holds with probability at least 1 — 4,

2n(1 + N (N)) n 27 Noo (N)
3n n ’

with n = log ﬁ; Finally, by selecting n > 11(1 4 x2, R**X\™#)n, we have that ¢ < 1/2 and so
HZUZ 7:;/2H2 < (1 —t)~! < 2, with probability 1 — 4.

To conclude note that when A > , we have

X b
=042 _ 1m0,

1/28-1/2
D D R o Y .

Lemma 15. Under Assumption (A3), (A4), (AS) (see Rem. 3), (A6) we have

1. Let A\ > 0, n € N, the following holds

242 R2 )\~ (n=2r) 4H2R2ﬂAQA—ZIia

—1/2, 8% ~ < r 7
EIZ3 2859~ g0 3] < N1 sap V7 + S

2-2/(g+1
where A := || f, — pr||L2‘1(/3qux))
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2. Let 6 € (0,1], under the same assumptions, the following holds with probability at least
1-9

(cl)\_% + oA H) log %
n
_gtna
N \/16&3]%2“()\—(“—2’”) + 2AQ\ " w+a ) log 2
n

1552525 — Snga)llsc < coX” +

with co = |PlLapn)y ¢ = KuBR'M + KR (2R 0|l Ly(dpr)y 2 =
Ko, B2\l Ly (dpec)

Proof. First denote with (; the random variable

G=(yi — gx(xi))Eil/QKx,

In particular note that, by using the definitions of S, 4 and f]n, we have
—1/2/ & A 1 2
Z)\ / ( nY — an/\ / ZKL:‘J% Kﬂ:z ®Ka:l gA ZCz
I So, by noting that (; are independent and identically distributed, we have

E[I£5" 2 (820 — Suga) |2 = Hchzn% QZ [(Gir &) ae

3,5=1

" LGB

LBz +
Now note that
E[G] = =3 P E[K,,y1] — E[K,, © Ki,lga) = 372 (5™ f, — Sg»).

In particular, by the fact that S*f, = Pf,, Pf, = £"¢ and Bg\ = EX,'S*f, and £, =
I— AE;l, we have

SRS, — Sg) = AD 2 f, = A Al T g g
So, since HZ;U?*TS*LTH < 1, as proven in Eq. 14, then
I llae < XIN "S5 IS 278 L7 10 atapn) < A N0l Latpn) = 2-
Morever
EllI¢113] = EIIS3 " Koy 31 — 92 (21)%) = By By 10 (125 Koy [3c (1 — 9 (21))?)
= B, 155 Ky 1B (1) — ga(@1))?):
Moreover we have
EllG 3 = Ball =3 2 Kall3c(f5(2) — 9r(2))?]
=B, [I= KL 3o (@) — (PF)(@) + (PF,)(@) — ga(x)))?]
2B [IZN P KR (fo(x) — (PFo) ()2 + 2B, (|23 P K |2 (P £,) () — ga(2))2).
Now since E[AB] < (esssup A)E[B], for any two random variables A, B, we have
E.[|Z5 2K B ((Pf,) (@) — 9a(2))?] < Noo (NEL[(P,) () — gx(x))?]
= Neo WP fy = 5957, dpr)
< ﬁiRmAf(u*?T),
where in the last step we bounded N (\) via Lemma 13 and |Pf, — SgA||2L2(dpx), via Lemma. 11
applied with s = 0. Finally, denoting by a(z) = |3} /> K, |2 and b(z) = (f,(z) — (Pf,)(x))?
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and noting that by Markov inequality we have E,[1{4(2)>¢)] = px({b(z) > t}) = px({b(x)? >
t7}) < E[b(x)?]t 1, for any ¢ > 0. Then for any ¢ > 0 the following holds
Es[a(2)b(2)] = Ex[a(2)b(2)Lip@)<ey] + Eala(2)b(2)11p(2)>1)]
< tEe[a(2)] + Noo (A Ee [0(%) 1 (p(2)> 1]
<EN(A) + Noo(V)E, [b(x)9)t 1.
By minimizing the quantity above in ¢, we obtain

Ea[I55 Y 2Kal3(f(@) = (P1)@)?) < 20fp = Plall Lai o NOV T No (A) 71

atpa

< 2k, RPAQA™ ara

So finally
atpo

E[[[G1[I5] < 265 RPN~ 4 4k2 RP#AQA™ avve = W2

To conclude the proof, let us obtain the bound in high probability. We need to bound the higher
moments of (7. First note that

Efl¢ - ElGll5] < EllG = Glise) < 27 EllIG 5 + l1Gll5] < 2PE[lIcal5].

Moreover, denoting by S C X the support of px and recalling that y is bounded in [— M, M], the
following bound holds almost surely

—~1/2 —1/2
lGull < sup 5, PE(M + [ga(2)]) < (sup = / Kol (M 4 sup g (2)])

< R RN (M + R RESY2EH gy ).

where in the last step we applied Lemma 13 and Lemma 12. In particular, by definition of gy, the fact
that S* f, = S*Pf,, that Pf, = L" ¢ and that HZ;(I/QH)S*LTH < 1 as proven in Eq. 14, we have

520 gy e = 20151547 g

H21/2(1—u)2—1/2(1—u)HHZ;(#/Q—T)||||E>—\(1/2+T)S*LT
r—up/2

IS5 21016 2 ()

Finally note that if r < p/2 then HEZ\_“/QH < ATW/277) i > /2 then

< MMz (apx)
<

r—p/2 r— r— r—
=521 = (e + A2 < @lCl) % < (2R)> .
So in particular
IZ57720 < @Ry A2,
Then the following holds almost surely
Gl < (5 R*M + 52 R (2R)*™ (|0 Ly (dpoe) A% + KRRl 1y (dp) N 2= V.
So finally
p! _
E(llG — E[GII5] < 2PE[llGI5] < 5 (V)72 (4W?).
By applying Pinelis inequality, the following holds with probability 1 — §

1 — 4V log 2 8W log 2
bl E C_RIcs < LEENY. Ny
”n i:1(<z [CZ])”% n n

So with the same probability

1 — 1 & 4V log 2 8W log 2
1= 3" Gillse <I1= DG = Bl e + [ElGllse < 2+ ——=2 +14/ —==.
i=1

i=1
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Lemma 16. Let A > 0, n € Nand s € (0,1/2]. Let 6 € (0,1]. Under Assumption (A3), (A4), (A5)
(see Rem. 3), (A6G), when
16R?

PY

n > 1114k, R*A™*)log
then the following holds with probability 1 — 6,
(cIA™575 4+ coA" 1% log 3
n

1L75S(Gx — )| La(dp) < oA ™% +

N \/(03)\(M+282T) + 64)\_%_25) log %.
n
with co = Tegl|¢llLa(pn) @1 = 16¢q(kuRIM + KERH#Q2R)* H||Gl|Lydpe)) 2 =
16¢yk2 R? (|0l Ly (dps ) €3 = 64K% R, cq = 1287 R*AQCL.

Proof. Let T = §/2, the result is obtained by combining Lemma 10, with Lemma 15 with probability
7, and Lemma 14, with probability 7 and then taking the intersection bound of the two events. [

Corollary 1. Ler A > 0,n € Nand s € (0,1/2]. Let 6 € (0, 1]. Under the assumptions of Lemma 16,

when
16 R?

PY

n > 1114k, R*A™*)log
then the following holds with probability 1 — 6,
(e1IA™ 275 + A" %) log 3
n

1£7°8Gx | 2a(apn) < B2+ (L4 )N +

caA—(r+25=2r) 4 ¢, A" daka ~28) g 4
N \/( 3 4 )log 5 N

n
with the same constants cg, . . ., c4 as in Lemma 16.

Proof. First note that

1£7°SGA Lo dpr) < NETS@x = 9\ | Laapr) + 1€ Lo dpa)-
The first term on the right hand side is controlled by Lemma 16, for the second, by using the definition
of g) and Asm. (A5) (see Rem. 3), we have

1789 Latapr) < 1€ SER 2 ZR T NIER 27 S L7l o)
<ESP SN L (dp)»
where ||Z;1/2_TS*LTH < 1 by Eq. 14 and analogously ||L*SSE;1/2+S|| < 1. Note that if s > r
then || 25 % < A=~ If s < 7, we have
=375 = I+ 072 < IO + A7 S RP20 4 A7,
So finally [|S7°| < R?" =28 + A"—5. O
Corollary 2. Let A > 0, n € Nand s € (0,1/2]. Let 6 € (0,1]. Under Assumption (A3), (A4), (AS5)
(see Rem. 3), (A6), when
16 R?
DY

n > 11(1+ &, R*A\™") log
then the following holds with probability 1 — 6,

0 ATH 4+ AT/ 21 Jog 4
sup |g)\ (1‘)‘ < KMRMRQT_QS + K#Rﬂ(l + CO))\T—M/2 + HHRM (Cl C2 ) g5
zeX n

oo EPETT S
+m1~zﬂ\/(03A @20 + mpRre A" e ) log §-
n

with the same constants cy, . . ., c4 in Lemma 16.

Proof. The proof is obtained by applying Lemma 12 on g and then Corollary 1. O
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D.4 Main Result

Theorem 3. Let A > 0, n € Nand s € (0,min(r,1/2)]. Under Assumption (A3), (A4), (AS5) (see
Rem. 3), (A6), when

Ly — Co
n > 11(1 + KZZRQA )\ M) log m,
then
_ N 9 A—([L+2$—2T) A*%725 -
E[[[£7°(Sgx — PfP)HLQ(dpx)] < - ter——— AT,
where my = M4, = 32R* g + 32R¥ VG|, gy @1 = 16cGRERP, o =

3202,%2R2“AQ c3 = 3 + 802||¢||L2 (dpx)’

Proof. Denote by R(g» ), the expected risk R(gx) = €(gx) —inf e E(g). First, note that by Prop. 2,
we have

Ro(Gr) = 1£7°(5G = PLo)l17 0 (ape)-
Denote by E the event such that 5 as defined in Thm. 2, satisfies 8 < 2. Then we have

E[R;(9x)] = E[Rs(9x)1E] + E[R(gx)1E].
For the first term, by Thm. 2 and Lemma 15, we have
E[R(30)15] < E[(2072 82557 (555 — Suon Il
+2 (14 8226201613 gy ) X2 18]

< 8AECER(IZ 2 (855 — Sagn ] + 2 (1442613, gy ) X2

q K
n n

1602 K2 R21 )\—H+2r—2s 32¢2 k2 RQHAQA_W_% -
< — + (24 82011 4y ) AT

For the second term, since i;{fq,\(f}n)f]%f = S (Sn) < SUp,wo(od + Nagr(o) < ¢4 by

definition of filters, and that P f, = L" ¢, we have

Ry(@)Y? <IIL7°SG\ | Latape) + 1£7 P FollLatapn)
—s 1/2 1/2 -~ 1 2 1/2 Ax —s
1S P NEZar E) ERNEAN2S2 91+ 1672 L7 1] 1 (dpoe)

<
< RNV 4 R 0]
SATERYP (7Y T ya) + R0 L (o),

i=1

where the last step is due to the fact that 1 < A\~1/2||£]|1/2 since A satisfies 0 < A < ||2]| = || £] <
R2. Denote with § the quantity § = A2+t47=45 /¢, Since E[14] corresponds to the probability
of the event E°, and, by Lemma 14, we have that £ holds with probability at most § since

n>11(1+ niRQ“)\’“) log %, then we have that

E[R(G2) 1] < E[ISGANT, (apey L] < 1/ElISGANT, (dp)| VE[1 ]
_ %uﬁ o2 1E[y3yi]2>+4R4 il L PP
\/4R2 4smy + 4RA-87- SS||<l5||L2 (dpx)
= w <ANFTE,
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Corollary 3. Let A > 0 andn € N and s = 0. Under Assumption (A3), (A4), (A5) (see Rem. 3), (A6),
when

A = p=o/@ra+1+825) 9, +1+ M:Hl > po (15)
R (log Bgn)ﬁ 2ra+ 1+ ”a 1 < pa.
then,
727“04/(27‘a+1+@) po—
"N n a1 2rae+ 1+ > po
Eé& — inf & q+1 16
(@) geEH (9) < Bs {n—%'/ﬂ 2ra+ 1+ “a 1 < pa (16)

where By = 3V (32R6m4)ﬁB1_“ and By defined explicitly in the proof.

Proof. The proof of this corollary is a direct application of Thm. 3. In the rest of the proof
we find the constants to guarantee that the condition relating n, A in the theorem is always
satisfied. Indeed to guarantee the applicability of Thm. 3, we need to be sure that n >

(1 + &5, 2 RN\ "H) log 3?\%1? This is satisfied when both the following conditions hold n >

22 log 3?\?7’?4 and n > 252 R* X\~ # log 3%‘11?“ . To study the last two conditions, we recall that for
A, B, s,q > 0 we have that An~*log(Bn9) satisfy

qAB®/91og B*/1n® qABS/q
s Bs/ans s es

An~%log(Bn?) =

)

for any n > 0, since lofm < L forany z > 0. Now we define explicitly By, let 7 =
af <2ra + 1+ L2 1) we have

q+1
22 4 O\ #
B, = (M(3236m4)3+4,«> v A7)
ef

2M (3+4r) r—pu\T o

(W(32R6 ) 3+4r ) 27"0[ + 1 + #q+1 > jeze; (18)
2M (3+4r) ; a—1 '

()" Zro+1+ 057 S pa

For the first condition, we use the fact that ) is always larger than B;n~'/#, so we have

22 32R%my 22 32RSmynGtan/w 22(3+4r)(32R6m4)“/(3+4T)

— logw XX ; log B3+4T < e'uB# < 1.
For the second inequality, when 2ra + 1 + ‘“" 1 > pa, we have A = Bin™", so
2/4’;2LR2# A M 32R6m4 2/4/MR2P‘ 32R6m4n(3+47’)‘r
o © )\3+4T = B"f’nlfl“' 08 B?+47‘

262 R2(3 + 4r)7 (32R%my) M
e(l— pur) BI™

Finally, when 2ra + 1 + “O‘ 1 > pa, we have A = Byn~/#(log Byn)/#. So since log(Byn) > 1,
we have

32R6m4n(3+47')/“

9 D2 2 p2u log 32BEman A/ 9 p2 1 (32R%my)H/ G+iry
2K5 R 32R%my, . 2k R21 108 BT 26, RP#(3 + 4r) 108 ———pm———
o < =
& T\t By log(B2n) uBY log(Ban)

So by selecting A as in Eq. 15, we guarantee that the condition required by Thm. 3 is satisfied.
Finally the constant Bj is obtained by

p+2s—2r) )27"725
)

Bs = ¢; max(1,w) ™ + comax(1l,w)” fata 20 e max(1, w

with w = Bjlog(1 4+ Bs) and ¢y, ¢g, ¢z as in Thm. 3. O
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E Experiments with different sampling

We present here the results for two different types of sampling, which seem to be more stable, perform
better and are widely used in practice :

Without replacement (Figure 4): for which we select randomly the data points but never use two
times over the same point in one epoch.

Cycles (Figure 5): for which we pick successively the data points in the same order.
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Figure 4 — The sampling is performed by cycling over the data The four plots represent each a different
configuration on the (v, ) plan represented in Figure 1, for r = 1/(2«). Top left (o« = 1.5) and right (o = 2)
are two easy problems (Top right is the limiting case where r = ‘12—;1) for which one pass over the data is
optimal. Bottom left (o« = 2.5) and right (o = 3) are two hard problems for which an increasing number of
passes is recquired. The blue dotted line are the slopes predicted by the theoretical result in Theorem 1.
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Figure 5 — The sampling is performed without replacement. The four plots represent each a different
configuration on the (o, ) plan represented in Figure 1, for r = 1/(2«). Top left (o« = 1.5) and right (o = 2)
are two easy problems (Top right is the limiting case where r =
optimal. Bottom left (o« = 2.5) and right (o = 3) are two hard problems for which an increasing number of
passes is recquired. The blue dotted line are the slopes predicted by the theoretical result in Theorem 1.
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2;1) for which one pass over the data is
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