Binary Rating Estimation with Graph Side
Information: Supplementary Material

I. PROOF OF OPTIMAL SAMPLE COMPLEXITY (THEOREM 1)

We first introduce a few more notations that will be used throughout the proof. Let C(?) be the collection of rating matrices
R such that ||ug — vg|lo = ym. Let

R(,Y) — +1, 2,(1—y)m ‘ +1, 2,ym :| c C('y) (1)
+Ln/2,0—ym | —1n/27m

(i.e., AR('Y) = [%]’ BR(‘Y) = [n] \ [%]9 URH) = +]—1,m and VR(v) = [+11,(1—7)m ‘ - ]-l.h/m])- LaSﬂY, let I, := p(m_\/g)2
Using the notations of I,. and I, one can succinctly write the conditions in Theorem 1:

o The sufficient condition < inl, +~ml, > (1 +¢)logn and Inl, > (1 +€)logm;
o The necessary condition < %n[s +ymlI. < (1 —¢)logn or %n[r < (1 —¢)logm.

Since the probability of error decreases as p, it suffices to prove for the boundary case p = O (10% + log%) Similarly, we
consider Iy = O (log”) ie, a,B=0 <1°g")
A. MLE Achievability

We will show that the maximum likelihood estimator vy satisfies Pem (YmL) — 0 if %n[s +yml,. > (1 +¢€)logn and
inl. > (14 ¢€)logm. As the event “ui (N, G) # R | R = X” is statistically identical for all X € C*?), we have

PO () = max Pr (b (N%G) # R) = Pr (vm(N%G) # R | R=R")) .
Recy

The event “t (N2, G) # R | R = R()” happens only if there exists some rating matrix X such that the likelihood of X is
greater than or equal to that of R(").

Lemma 1. The negative log-likelihood of X is equal to L(X) + ¢ for L(X) := ¢se(Ax, Bx) — ¢, I1(X) and some constant ¢
independent of the choice of X. Here, 11(X) is the number of observed ratings which coincide with the corresponding ratings

of X; cs :=log (8:3;) and ¢, := log (1%90) are positive constants. In particular, the likelihood of X is greater than or
equal to that of R if and only if L(X) < L(R).

Proof: See Appendix [A-A] [ |
By Lemma |1] together with the union bound,
Pr (wML(NQ, G)#R|R= RW) Y Pr ( ) < L(R(‘*))) 2)
X#RM

To enumerate all rating matrices different from R™ | we define X (k,a1,a9,b1,bs) to be the class of rating matrices X’s
such that (i) |[Ax \ Arn| = |Bx \ Br| =: k; (ii) ux differs from up+) at a; many coordinates among the first (1 — v)m
coordinates and at aa many coordinates among the next ym coordinates; and (iii) vx differs from vy at b; many coordinates
among the first (1 — v)m coordinates and at bo many coordinates among the next ym coordinates. Note that if X; and X5
belong to the same class, then Pr (L(X;) < L(M)) = Pr (L(X2) < L(M)) as the two events are statistically identical. Let Z be
the range of index, i.e., collection of tuples (k, ay, as, by, bs) # (0,0,0,0,0) such that 0 < k <n/4dand 0 < ay,b; < (1—7)m
and 0 < ag,bs < ym. Note that k < n/4 is sufficient as one can switch the role of ux and vy.

With these notations, RHS of ) is equal to

S % P (L( ) < L( RW)) Zw |Pr( )gL(RW))) , 3)
2€Z XeX(z)

where X, is an arbitrary rating matrix that belongs to X(z).

Lemma 2. For z = (k,a1,a9,b1,b3) € Z,

2(n/2—k)k

D.
Pr (L(XZ) < L(R(”’))) =Pr| e Z (B; — A;) + ¢ ZPZ-@@Z- -1)>0,
i=1

i=1



iid.

where D, = k- {ay + (ym — a2) + b1 + (ym — b2)} + (2 — k) - (a1 + az + by + b2), A; Hg Bern(«), B; ~ Bern(8),

{P;} " Bern(p), and {©;} "% Bern(0).

Proof: See Appendix [A-B| [ |
Due to Lemma 2| Pr (L(X.) < L(R™))) is equal to a tail probability of a sum of random variables of form ¢, >, (B; — A;)+
¢y, Pi(20; — 1). The following lemma provides a sharp bound on this tail probability.

i.id.

Lemma 3. For integers K,L > 0, let {A;}X, g Bern(a), {B;} X, e Bern(B), {P;}L, "< Bern(p) and {©;}L e

Bern(0). Assume that «, 5,p = o(1). Then, for any { >0

K
Pr <log (W‘) Z(Bi — A;) +log (?) Zpi@@i -1 > _g> < e3f=(Fo(1) KL —(1+0(1) LI (4)

(1-a)s i=1 i=1
Proof. See Appendix [A-C] O
By Lemma [ with £ =0, K = 2(% — k)k, and L = D.[|
Pr(L(X.) < L(RD))) < e72Hn/270L=De0r, 5)
Hence, one can bound the RHS of @) by
Z|X(2)|e—2(%—k)kls—Dzlr ) (6)
zeT

For the rest of the proof, we will show that (€) converges to 0. Due to the condition %n[s + ymlI,. > (14 €)logn, either
mnl, = Q(nlogn) or n?I, = Q(nlogn) holds. We only consider the former case and note that the other case can be proved
similarly.

For a small constant 6 € (0, min{~y,1 —~}), let

J :={(k,a1,a2,b1,b2) €T : ay,a2,b;,bo < dm} and K := {(k,a1,a2,b1,b2) €T : k < dn}

Then, we divide @ into three partial sums according to subsets Z \ 7, J \ K, and J N K. Below, we show that each partial

sum converges to zero.
1) T\ J: Among aq, as, by, bs, at least one is greater than equal to dm. Without loss of generality, assume a; > dm. From
the definition of D., one can see that D, > (5 — k)a; > gnm when z € 7\ J, which implies D, = Q(nm). Hence,

the summation for this case is upper bounded by

Z |X(Z)|6—DZIT < e—Q(nm)IT Z |X(Z)| < e—Q(n'rn)Ir2'r122m7
2EI\T 2€I\T

where the last inequality follows from the fact that the total number of rating matrices is bounded by 272%™, As
nmlI,. = Q(nlogn + mlogm), the last term converges to zero.

2) J\K: As D, > k- (ym —az) > dn(y — d)m = Q(nm) for z € J \ K, a similar proof follows.

3) J NK: Due to the facts that k(2 — k) > k(3 — §)n and D, > k(ym — az +ym — ba) + (2 — k) (a1 + az + by + bo) >
2k(y — 6)m + (3 — 0)n(ar + az + by + bs),

e~2(3—RkI.—D.1. < e~ 2k{(g=0)nla+(y=8)ml.} (5 —6)n(ar+az+bi+b2)l,
(a) (®)

We estimate (a) and (b) separately. As for (a), by taking & sufficiently small (depending on e), the condition $nl,+~ymlI, >

(14 €)logn guarantees that (1 — 6)nl, + (v — §)ml, > (1 + §)logn. This implies (a) < n=20+2)k,

As for (b), by taking 4 sufficiently small (depending on ), the condition nl, > (1 + €)logm ensures that (3 — &)nl, >

(14 §)logm. Hence, we get (b) < m~(1+e)(artaztbithy),

Now, we turn to |X'(z)|. When z = (k, a1, az, b1, b2), one can easily check that | X' (2)| is equal to (%)2 ((1_&)7”) ((1_1;1’)7”) (11;1) (17;’),
which can be easily upper bounded by n2Fm@:taztbitbz,

Combining above estimations, (6) is upper bounded by >°__, n~hm~&(@1+az+bi+b2) "which converges to zero as n — 0o
(m — oo follows since m = o(logn)).

'Note that o, B, p = o(1) due to the following reasons: (i) o, 8 = o(1) as we focus on the case o, f = O (10%); (ii) since we focus on the case

p=0 10% + 1“% , the conditions m = w(logn) and logm = o(n) ensure p = o(1).

2Indeed, the upper bound due to Lemma should read e~ (1+o(1))2k(n/2=k)Is—(1+0(1))P=Ir jnstead of (3). On the other hand, we will drop the
(14 o(1))’s for simplicity.



B. MLE Converse

Consider the (constrained) maximum likelihood estimator (¢ML|c(w)) whose output is constrained in C™) . We will first
prove that inf, rY (1) > Pr(tmileey (N?,G) # R | R = R1)). Suppose that R’ is a random matrix chosen uniformly

random from C(V), Then, we have

inf P{ (1) = inf max Pr(¢(N?,G)#R | R= X)
¥ b Xec

()
> %f Pr(¢(N®,G)#R| R=R')

® inf Pr(¢(N*,G)#R|R=R)

P p(N®,G)ec™
< Pr(¢melee (Nva) #R|R=FR)
d
(:) Pr(wML'c('v) (NQ7G) 7& R ‘ R = R(’Y)) )
where (a) holds since “max>mean”; (b) follows since the ¢)(N**, G) € C™ should be true for the optimal estimator; (c) is
due to the fact that ML is the optimal estimator under uniform prior; (d) holds since Pr(¢wmi|cy (N, G) # R | R = X)
is the same quantity for any X € C(). Thus, we will show Pr(¢miloey (N, G) # R | R = RY)) 4 0 if either
inl, +yml, < (1 —e€)logn or inl, < (1 —¢€)logm.

Let S be the success event:

S = N {L(X) > L(RM)] .
X#RMM, Xec

Under the occurrence of S¢ (i.e., failure), there is X € C() such that X # R( and L(X) < L(R("Y)), and hence
Pr(¢milee) (N, G) # R | R = R™) > 1. This implies Pr(¢(N?,G) # R | R = R") > 1 Pr(S°). Hence, it is enough
to prove Pr(S) — 0.

Owing to notation from the achievability proof, we have X(0,0,0,1,1) C ¢ and X(1,0,0,0,0) C C). Hence, the
following two inequalities hold:

Pr(S) < Pr N [L(X) > L(R(V))} )
X€x(0,0,0,1,1)

and

Pr(S) < Pr N [L(X) > L(R("))} . )
X€X(1,0,0,0,0)

We finish the proof by showing (i) the RHS of (7)) converges to O if %nIr < (1 —€)logm; and (ii) the RHS of (8) converges
0if $nl, +yml, < (1 —¢€)logn.

1) RHS(@) — 0 if nl. < (1 — €)logm: Suppose there exist X; € X'(0,0,0,1,0) and X» € X(0,0,0,0,1) such that
L(X1) < L(R™) and L(X2) < L(R™). Assume that vy, differs from vy, at 4;-th coordinate and vy, differs from vy
at io-th coordinate. Then, L(X3) < L(R(™) for X3 € X(0,0,0,1,1) whose vy, differs from vy, at i; and ip-th coordinates.
Thus, if L(X) > L(R™)) for any X € X(0,0,0,1,1), then either one of the following holds: (i) L(X;) > L(R™)) for any
X; € X(0,0,0,1,0); or (ii) L(X3) > L(RM) for any X, € X(0,0,0,0,1).

Hence, the union bound yields that the right hand side of is upper bounded by

Pr N [ >wE] ) +pr N [t > LE)
X1€X(0,0,0,1,0) X2€X(0,0,0,0,1)
Below, we only show that the first term of the RHS converges to zero; the proof for the second term is identical. By Lemma [2]
when X € X(0,0,0,1,0), Pr(L(X) > L(R)) =1—Pr(L(X) < L(R)) is equal to
1-Pr CTZPi(zei —1)>0
i=1
The following lemma, which shows the tightness of the bound presented in Lemma [3] provides the upper bound of the last
term.



Lemma 4. For integers K,L > 0, let {A;}X, H Bern(a), {B} z}\(/z Bern(B), {P;}L lrlvd Bern(p) and {©;}L Y

Bern(0). Assume that o, 8,p = o(1) and max {\/ BK, pL} = w( Then the following holds for sufficiently large K if
vaBK > pL; sufficiently large L otherwise:

K

o <10g <8_Oﬂé)>g> Z(Bz —A;) +log (1 ; 9) ZP (20, — 1) > 0) i —(I40(1)) K I —(1+0(1))LIs )

i=1
Proof. See Appendix [A-D} O

By Lemma {4 with K = 0 and L = %, the last term is bounded by 1 — te= 27" < e—3¢ ?"" Note that the collection of
events {[L(X) > L(R)]}xcx(0,0,0,1,0) is mutually independent as different events are tied to different column vectors of N e,

Therefore, for a binary rating matrix matrix Xy € X(0,0,0,1,0), the RHS of (7) is equal to Pr (L(X,) > L(R))lX(O’O’O’l’O)l,
which is bounded by

]. n
exp {|X(0 0,0,1,0)|e(1rotD sl } = exp {47me(1+0(1))2['}

= exp {i,}/e(lJrO(l))gIr“rlOgm} . (10)

The RHS of (T0) goes to zero as m — oo (which is true when n — oo since m = w(logn)) due to $nl, < (1 — €)logm.
2) RHS@®) — 0 if %n[s + ymlI,. < (1 —¢)logn: For this case, we make use of a combinatorial property of random graphs:

logn

Lemma 5. Suppose a = O ( 5

1) Forr = ohr, let T :={1,2, - ,27“}U{%—|—1,%—|—2,--- ,%4—27"}.
2) Within T, we Wlll delete every pair of two nodes which are adjacent.
3) Denote the remaining nodes by U.

), and consider the following procedure:

With probability approaching 1, the above procedure results in |U| > 3—2—

log n'

Proof. See Appendix [A-E] O

Let A be the event {|U | > 3logL3n:|' We note that A is an event deﬁned over edges within 7. Conditioned on A, one can

find subsets Ap C A and Ag C Bp such that (i) |Ap| = |[Ag| = o257 and (ii) there is no edge between nodes in Ap U Ag.
Without loss of generality, assume that 1 € Ap.

For a rating matrix X, Let X () be the rating matrix obtained from X by replacing ith row with vx if i € Ax; with ux
otherwise. In other words, Ay = AxA{i} and By = Bx/A{i}. As Pr(A) =1 —0(1), the RHS of (8) is upper bounded
by

N
Pr N [L ((R@)) ) > L(R)] ‘ Al--o). (11)
i€Ap, jEAQ
Lemma 6. Suppose that L(R®) < L(R) and L(RY) < L(R) hold for i € Ap and j € Agq. Then, conditioned on A,
L((R)V) <L)
Proof. See Appendix O

Due to Lemma |6} if L ((R(i))(j)? > L(R) for any i € Ap and j € Ag, then either one of the following holds: (i) L(R(") >
L(R) for any i € Ap; or (i) L(RY)) > L(R) for any j € Ag. Hence, it can be deduced from the union bound that the RHS of

(TT) is upper bounded by Pr (miGAP [L(RY) > L(R)] A) (1—o0(1))+Pr (mjeAQ [L(RY) > L(R)] ‘ A) (1—o0(1)).

By symmetry, this upper bound is equal to 2 Pr (ﬂieAP [L(RD) > L(R)]

A) - (1—o0(1)). Due to the construction in

Lemma there are no edges between the nodes in Ap conditioned on A, implying that { [L (R™) > L(R)]},_ 4, is mutually
independent. Thus, the last upper bound is equal to

2Pr <L (RU)) > L(R) ‘ A>AP| ((1—o(1)). (12)



This leads us to compute Pr (L (R®M)) > L(R) | A). As Pr(A) > 1, Pr(L(RW) > L(R) | A) <2Pr(L(RW) > L(R)).
In light of Lemma [2| one obtains that Pr (L (R®Y)) > L(R)) is equal to

n/2—-1 ym
Pr|ce Y (Bj—Aj)+cBup+c» Pi(20;-1)<0] . (13)
Jj=1 j=1
Hence, by disregarding the term c,B,, /2, this is bounded by Pr (cg Z"/Q 1(B —Aj))+er P; (20, -1) < 0). By

Lemma |4 I with K =n/2 —1 and L = ym, the last term is upper bounded by 2 — 2¢~ (Ho(l))("/Q 1)15*(1“’(1))77"[", which
in turn is bounded by

2€Xp{_e—(1+0(1))(n/2—1)ls—(1+o(1))’ymlr} _

Hence, (I2) is bounded by

dexp { Tg e(1+0(1))(n/21)ls(1+o(1))'ym[,.} ((1-0(1)), (14)
log”n

which converges to zero as n — oo: due to the fact that nI + ymlI, < (1 —€)logn, it follows that for sufficiently large n,
—(1+0(1))(n/2—-1)I;—(14+0(1))ymI, > —(1— 6/2) log n, showing that (T4) is bounded by 4 exp {fl%—fn} (1-0(1)),
which evidently converges to 0.

C. Proof of Corollary 1

We remark how the proof changes for Corollary 1. In the achievability proof, Z becomes {(k,0,0,0,0) : k < n/4}; hence,
the RHS of () goes to zero only with the condition %nI s +ymI,. > (14 ¢)logn. The converse part is identical to the proof
of RHS@)— 0.

II. PROOF OF EFFICIENT ALGORITHM (THEOREM 2)

Since Iy = w( -), the spectral clustering is shown to output clusters with a vanishing error fraction [5, Theorem 6].

Hence, A§0 ,A(O)—by switching them if necessary—coincides with Agr, Bg, except vanishing fractions. In the following
subsections, we will show that (i) Stage 2 recovers ur and vg if %n[r > (14 €)logm and (ii) Stage 3 recovers Ar and Bp
if 3nl, +ymlI, > (14 ¢€)logn.

A. Stage 2 yields exact recovery of ur and vr

Under the success of Stage 1, we will show that Pr (u(l) # uR) = o(1); the proof for u(?) is similar. Let R := A(lo) \ Ar
and 7 := |R|/n. Due to Stage 1, lim,_,.n = 0 with high probability. For a fixed 1 < j < m, we first estimate the
probability Pr ((u!)); # (ug),). Without loss of generality, assume (ug); = +1. Since (uM)); # +1 < D iea® N;} <0,

1

the probability is equal to Pr (Zie Lo N2 < 0), which is bounded by
1

(3—mn
Pr( Y P(20,-1) ZP’ , (15)
i=1
where {P; }, {P’} e Bern(p) and {©;} Hg Bern(6). Indeed, this bound follows since — . A(o)\R Z(Z " p, (20; — 1)
and ;. p V; 2 ZzeR’ ‘ ~ =i P
We now estlmate . We ﬁrst show that :’21 P! in (15) using the following large deviation result.

Lemma 7. Suppose that X ~ Binom(en,p) for some 0 < ¢ < 1 and 0 < p < 1/2. Then for any k > 2e, one has
Pr (X > k"p) < 2exp( lmp).

Proof. See Appendix O
By Lemma for ¢ > 4e, Pr ( mopPl> "”p ) < 2exp (—52). As np = Q(logm), by taking c sufficiently large, we
obtain Pr (17, P! > 22 ) = o(m™). Thus ') is bounded by Pr (2<2 V" P (20, — 1) >~ ) +o(m™1). By

i = log L
Lemma I with K =0,L= ( —n)n, and £ = g"p this is then upper bounded by

1 1-6 1
exp (2 log (9> bg,linp —(1+40(1)) (2 - 77> nIT> +o(m™). (16)




Since np = O(nl,) and lim, o+ ﬁ = 0, the first term in the exponent is negligible compared to the second term in the
n

exponent as 7 tends to zero. Moreover, due to %nIr > (1 + €) log m, for sufficiently small > 0, the second term in the

exponent is lower bounded by (1 4 €/2) log m. Recalling the fact lim,,_, ., 77 = 0 with high probability, we can conclude that
is upper bounded by exp (—(1 + €/2) logm) + o(m~1), which is o(m~!). Now, the proof is completed after taking union
bound over all j’s.

B. Stage 3 achieves exact recovery of Ar and Br

We assume that up and vy are exactly recovered due to the analysis of Stage 2. For simplicity, we will focus on the case
where a« = O 10%) and p=0 log" + M) The remaining cases can be dealt with similarly.

Note that when we choose ¢} = log ( (i 5 ;) / log (1 9) instead of log (gg:i i) / log (%), the non-agnostic refinement

rule can be written as follows: put user i to Ag) if L(i; Agt D,Ag 1)) < 0; Ag otherwise, where L(i; A, B) is defined as
L(i; A, B) := cs{e({i}, A) —e({i}, B)} — ¢, {IL;(ur) — IL;(vg)} for clusters A, B. Due to Lemma |1} this is indeed the local
likelihood comparison, which updates each user’s affiliation by the one giving better likelihood.

Next, consider the refinement rule of interest, defined by ¢} = log (O‘El i ;) / log ( ) This refinement rule can be written

with E(i'A B) = & {e({i}, A) — e({i}, B)} — é {ILi(ur) — IL;(vr)} instead of L(i; A, B), where ¢, := log (28* ;) and

= log (152 ). It follows from the analyses of the previous stages that the rating matrix R(®) constructed based on the

outputs of Stage 1 and 2 almost coincides with the ground truth, and hence, ¢; and ¢, will provide accurate estimations of cs
and c,, respectively. This implies that L(z A, B) is close to L(i; A, B), meaning the refinement rule of interest is also roughly
equal to the local likelihood comparison.

For § € [n71,1/2), let Z5 := {(A,B) : AUB=[n], ANB =10, |AAAg| = |BABg| < dn}. We will show that there
exists a constant dy > 0 such that if § < &y, the following statement holds with probability 1 — O(n~/?): whenever (A, B)
belongs to Z;, the result of single step of iteration belongs to Zs 5. Then, T' = lofégoz") many iterations will suffice to guarantee
exact recovery.

Remark 1. One might wonder why we prove that the refinement corrects every almost-correct rating in Zs rather than just
R©) | the output of Stage 1 and 2. This is because of subtle dependencies, which precludes the error analysis developed in
Sec. More specifically, the entries of R(?) are no longer independent of each other, and hence, the error event cannot be
expressed as in Lemma [2| This technique, called uniform analysis, is inspired by [3].

We first show that (Ag, Br) is a strict local optimum of the likelihood function under the condition %n[s + yml, >
(1+ €)logn, i.e., the ground truth clusters are unaltered by an iteration of local refinement based on L.

Lemma 8. Suppose %n[s +yml,. > (1 + ¢€)logn. Then, there exists a small constant T > 0 such that the following holds
with probability 1 — O(n=/?): L(i; Ag, Br) < —7logn if i € Ag; L(i; Ar, Bg) > 7logn otherwise.

Proof. See Appendix O

Let (A, B) € Zs. Due to Lemma [8 to show that the affiliation of node 7 is the same as that of the ground truth after an
iteration of refinement, it suffices to show:

‘E(z‘;A,B) ~ L(i; Ar, Br)| < Tlogn. (17)

Indeed, if one can show , it follows that
E(i;A, B) < L(i; Ar, Br) + E(i;A,B) — L(i;Ar, Br)| <0 foric Ap; "
L(i; A, B) > L(i; Ag, Br) — |L(i; A, B) — L(i; Agr, Br)| > 0 otherwise.

Lemma 9. Suppose na = © (logn). Then, for any constant T > 0, there exists 5o < 1/2 such that if § < 0y, the following
holds with probability 1 — O(n™1): for any (A, B) € Z5, |L(i; A, B) — L(i; Ag, Br)| < % logn, for all except § many nodes

1’s.
Proof. See Appendix O
Lemma 10. Suppose na = © (logn), p = © (lc’% + W%) and m = O(n). Then, for any constant T > 0, the following

holds with probability approaching 1: for any A, B C [n], and i € | 'L i; A, B) — L(i; A, B)| < 5 logn.
Proof. See Appendix O

The above two lemmas together with the triangle inequality conclude that the output of refinement belongs to Z;s /5.
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APPENDIX A
PROOF OF LEMMAS

A. Proof of Lemma

In this section, we compute the likelihood of a binary rating matrix matrix X given N and G. Direct calculations yield
Pr (NQ | R — X) — (1 _ p)lﬂ‘pnm—‘ﬂlo‘ﬂl—n(x)(1 _ 9)H(X)

and
Pr (G ‘ R= X) _ a|E\fe(Ax,Bx)(1 704)2( ) {|E|—e(Ax,Bx) }ﬂe(AX’BX)(]_ B)(%ffe(Ax,Bx).

By taking log on the both sides, we obtain logPr (N | R = X) = II(X)log (45%) + ¢ and log Pr(G | R=X)

e(Ax, Bx)log (87235) + ¢, where ¢ : log{ (1 — p)l@lpnm= |m9|m} and ¢’ := log{oﬂE‘( 704)2( °)- ‘E‘ B)(z )2}
are constants independent of the choice of X. Hence, the negative log-likelihood of X is equal to — log( )H )+

log ({1225 ) e(Ax, Bx) +c+ .
B. Proof of Lemma E|
Let z = (k, a1, as,b1,bs) € Z. Due to the definition of L,
Pr (L(XZ) < L(RW)) —Pr (cs {e(Age, Bpy) — e(Ax., Bx.)} — ¢ {H(RW)) - H(XZ)} > o) .

First, it is straightforward from the facts [Ax_ \ Ag | = |Bx, \ Bren| = kand [Ax, N Are| = |Bx, N Bre| = § —Fk that

e(Are, Bpe) —e(Ax_ ,Bx.) => ;" (n/2 Rk (B; — A;) (e.g. see Sec. 6 in [1])). Next, we compute TI(R(")) —TI(X). Note

that II(R™)) ~TI(X.) = Z(”)EQ T{NG = (RO));} ~T{N = (X.);;}]. Since 1{Ng = (R w} =I{N} = (X2)i;}

whenever (R0));; = (X.);;, the last term is equal to > (i jyen . |1 {NQ (R™);5} — ]I{ = (X.)i; }], which can
(RO #(X2)i;

be written as
[{(g) = (RO)ij#(X2) 5}

> [Py(1 —©) — P,Oy]
=1
[{(isg) + (RO)ij#(X2)i5}|
= > [Po(1 - 20,)] .
=1

A simple calculation yields |{(i, j) : (RM);; # (X.)i;}| = D.. Hence, IM(RM) —TI(X,) = ZZ P11 —20;)].
C. Proof of Lemma E
Let Z := log (gl ﬂgg) SR (Bi—A)+log (352) SF Pi(20, — 1) +6, My (t) := Mg =00 (3, — 2, (1)> and Mo (2) :=

-
Mlog(%)a(zerl)(ﬂ'
By Chernoff bound [4],

. 1 ]. ]_ 1y _
Pr(Z>0)< %EEMZ(U < GQZMf <2> MQL <2) — e3t-KNi-LJ2

where .J; := —log M} (1/2) and J, := — log M>(1/2)f]

Indeed, one can check that 5 = argmin,- g Mlog(gii))g)(B*A)(t) = arg min, ¢ M]Og(¥)P<2®71>(t), meaning (¢t = 1/2) is the optimal

choice.



o(1))I,.. A simple calculations yield

1+
G) ¢@+ﬂiﬂﬁfﬂf; (19)
(;) o/ =000+ 1 (20)

We show that J; = (1 + o(1))I, and Jy =

Thus,
) 1) (- o)
=—2log<1+\ﬁ+—1a—ﬂ+0(a + 5 )) © —2<\/@—;a—;ﬁ+0(a2+52)

C

= (Va— /B +0(a*+ %) = (1+0(1);

J2 = —log (2p/(T=0)8 + 1= p) L p(1 = /1= 0)9) + O(*) = p(V1 =0~ VO)* + O(?) < (1+ (1)1,
where (a) follows from the fact that /1 —x =1 — %z + O(z?) as z — 0; (b) and (d) follow from the fact that log(1 + x) =
x + O(2?%) as z — 0; (c) follows since o, 3 = o(1); (e) follows as p = o(1).

D. Proof of Lemma
We adopt the techniques from [7] and [6]. Let Z := log ((1 i;ﬁ) Z (B — A;) +log (152) Zle P20, - 1), X; :=
log (““”“) (Bi— A;), fori=1,...,K, and Y := log (152) P;(2 ), fori=1,...,L.

—~

(1-a)B
Then, for a positive quantity ¢ (to be determined later),

L L
Pr(Z>0)= Z prl T l_Ipy1 ;) = Z prl T th Yi)

(T1, s @K Y15 YL )0 b Jj=1 (150 s @K Y1 5 YL )0 b Jj=1

Z 1+Z y; >0 Z m+2 y;€(0,8)

@ (Mx, (1/2))% (My, (1/2))" CretTipy e2Vipy, (y:)
= . 2 HM X/z HMylyl/Q

3¢
e2
(150 TR YL,y ) 1=1

> I#Z i ¥ €(0,8)

iy
e2Y

O ~Kh-Ll—4¢ Z H 61\2/[[sz1/2 ﬁ My,
" X1

(T1,T K Y15--,YL ) 1=1 =

2wt y;€(0,6)

K L
(é)e—K‘]l_L‘]Q_%gPr 0<Z‘/Z+ZWJ<§ ,
i=1 j=1
(R1)
where (a) follows from the fact that ez¢ > 2 (22425 95) when D ®i+ 225 y; < & we define Jp := —logMx, (1/2)
and Jy = —logMy, (1/2) at (b); at (¢), we define Vi,...,Vk to be i.i.d. random variables with distribution function
L
py, (w) = ezpifll/gw)), and Wy, ..., Wy, to be i.i.d. random variables with distribution py, (w) = %ﬁl/(;;). Here, the proof
1

of Lemmal 3| (see Appendix [A-C| E ) guarantees that J; = (14 o(1))I, and Jo = (1 + o(1))1,.

Thus, it is enough to choose £ so that the followings holds for sufficiently large K if \/aSK > pL; sufficiently large L
otherwise: (i) e %1=172=38 = (1 4 o(1))e K1 —L72; (ii) (R1) > 1.

We will focus on the case of pL > +/afK; the other case follows similarly. Take & = (pL)3/ 4. Then, (i) is true due to the
fact that pL = w(1). The following lemma verifies (ii):

Lemma 11. As L — oo, we have Pr (Zfil Vi + Zle W, > (pL)3/4) — 0.

Proof. See Appendix [A-K]
Using the fact that V;’s and W;’s are mean zero random variables together with Lemma @, we obtain

K L
1
(R1) =5~ Pr SVit > Wi = (L)t —

i=1 j=1

1
5"

Hence, for sufficiently large L, we obtain (R1) > %.



E. Proof of Lemma ﬁ

The proof is based on the deletion technique (alteration technique) [2]. Let F be the number of nodes that are deleted in the
step 2 of the procedure. Note that F is statistically dominated by D := 2 ZZ( 1) A;, where A; ' X "Bern(a).
By definition, E[D] = (4r) 2a < (4r)2%a. Thus, by Markov’s inequality,

E[D log 1
P<D> >§ [T}§167'alogn0<r0g n)0< >
logn Togm n logn
This concludes that D is almost surely of size o(1) - v, which implies |U| is larger than 3r.
FE. Proof of Lemma @

For fixed i € Ap and j € Ag, it suffices to show that conditioned on A, L ((R(i))(j)) —L(R) = (L(RW) — L(R)) +
(L(R(j )) — L(R)). By definition, showing the above is equivalent to checking the following two equalities:
I((R)D) — TI(R) = (H(R(i)) - H(R)) + (H(RU)) - H(R)) and @1
e(A(rt), Brry) — e(Ar, Br) = (e(Agw), Bre)) — e(Ar, Br)) + (e(Arw, Bry)) — e(Ar, Br)) . (22)
First, (21) is straightforward from the definition of II(-). Next, observe that
€(A(R<i))(j))7 B(R(i))(j)) — (AR, Br) = e(i, Ar) + e(j, Br) — e(i, BRA{j}) — e(j, ArDi}),
e(Agw), Brw) — e(Ar, Br) = e(i, Ar) — e(j, BRA{j}) — I{{ij} is an edge}, and
e(Arw, Brw) — (AR, Br) = e(j, Br) — e(j, ArA{i}) — I{{ij} is an edge} .
Since ¢ and j are not adjacent conditioned on A, (22) follows.
G. Proof of Lemma E

By definition, we have

Pr (X > ligpl) - Y px=i= Y (Gf)pi(l pyeni

P>y i>-hne
log e - log <

. b
Due to the estimate (z) < (%) , the last term can be bounded as

i

g (P voenes ¥ (M) s o () - 2 ()

2t 225 ity \ g7 )iz
. knp
2e\/e\" 2e\/€ los 1 k knp knp
< <2 =2e —lo <2e -
- zk: ( k > - < k P & 2e\/e) logt ) — P 2 )7
i>knp €

_log—

where the first inequality follows since 1 —p > l' the second inequality is due to ¢ > lk”p the third 1nequa11ty holds since
elog < /e is true for any 0 < e¢ < 1; the fourth inequality is true due to the inequality Zl>ba < 4 < 2g® when

ac (0 1/2); the last inequality holds since k& > 2e.
H. Proof of Lemma @

Let 7 > 0 be a constant to be chosen later. Without loss of generality, we assume i € Ai. Note that it is enough to show
Pr(L(i; Ag, Bg) > —7logn) = O(n~'=¢/?)

since the lemma will follow after taking the union bound.

In light of Lemma L(1; Ar, Bg) = log (El ﬂgg) Z?/Ql Y(Bj — Aj) + B,y + log (159) S P (20, —1).
Thus, Pr (L(1; Ar, Bg) > 7logn) = Pr (log (8 igg) Zn/2 1(B — Aj) + By +log (Te> ] " P (20, — 1) > —Tlogn)
<Pr(1og<8 53%) 2"/2 Y(B; — A;) +1og (52) P; (20, — )>—Tlogn—1>

(a) , (b)
< epmlognti—(§-1)hi-ymh e%Tlog"_(1+€)(1+°(1))log”, where (a) is due to Lemma (b) follows from the fact that

nls + 2yml,. > (1 4 €) logn. Hence, by taking 7 sufficiently small, we complete the proof.



L. Proof of Lemma E’]

Let (A, B) € Z5 be fixed. Let us say node ¢ is bad if |L(i; A, B) — L(i; Ag, Br)| > 7logn. Note that there are at most
(5) - 2°™ many partitions in Zs. As () - 2°" < n®" . 297 < e20nlogn it suffices to prove

Pr <Z I{i is bad} > gn> <0 (6—3'5nlogn)

i=1

Note that standard concentration inequalities for indicator variables (e.g. Chernoff bound) cannot be directly applied to show
this since {I{7 is bad}}!_; are not mutually independent. For instance, the events [1 is bad] and [2 is bad] both depend on the
occurrence of the edge {1,2}. Inspired by [3]], we resolve this issue via decoupling analysis. Observe the following upper
bound

(1-pPa

|L(i; A, B) — L(i; Ar, Br)| = log ((l—a),@

) le(i, A) — e(i, Ar) — e(i, B) + e(i, Br)|

&
—tog (=05 ) el 4\ An) — elic Ar \ 4) = (i, B\ B) + el B\ B)
1- . . 1-p8)a .
<log (El i; > {e(i, ANAR) + e(i, BABR)} = 2log (El—fx%ﬁ) e(i, ADNAR). (23)
The last term can be split into two last term can be split into 2log (8 a)ﬁ) A(l) + 2log (8 ggg) A(Q) where A( )

e(i, (AANAR)N{1,2,--- ,i}) and AEQ) = e(i, (AANAR)\{1,2,--- ,i}). With this splitting, note that the collection of random

variables {A( } is mutually independent for each x = 1,2. Now, by letting I[Ex) =1 {AZ(.I) > m log n} for
i=1 8\ T-a)B
r = 1,2, we obtain

n (a) n
Pr <§ 1{i is bad} > gn> < Pr (P It > gn
=1

i=1

" 5
ulse- )
Pr (Zl 1M > in) +Pr (Z_; 1 > in) ,

where (a) is due to the fact that when both Z ) HfQ) < 4n are true, there could be at most 2 - n many

n
bad nodes. Hence, it is sufficient to prove Pr (Z" > 4n) <O (e —3-0n logm)

1=1"1

1M < Snand Y1

i=1"1

Lemma 12. For any constant { > 0, there exists 69 > 0 such that the following holds: whenever (A, B) € Z5 for § < &y,
Pr <€(7:, AAAR) > m log TL> S 2’)’)}7[

a=a)p
Proof. See Appendix O
Let £ > 0 be a constant to be chosen later. By Lemma [12} for 1 <7 < n and § < do,

(1) _ _ (1) T
e o =y

. logn | <Pr|e(i,ANAR) > logn | <2n*

T
Hog (=35

By Chernoft-Hoeffding [4],

Pr <Z I[Z(l) > in) < exp (—nDKL (i H Qn_z>> < exp(—3dnlogn) ,

i=1

where the last inequality follows by taking ¢ > 0 sufficiently large as follows:

b b} s 5 1-3
D (2 || 2n¢) = 21 1 1- 2 ) log [ —— 1
KL(4‘ " ) 4Og<2n4>+( 4) °g<1—2nf>
@ § ¢ 1-2¢ 5 s 5
> % 1 log [ ——4 | > % 1 log [1-2
—4Og<2n4>+0g<1—2n4>—40g<2nf +°g( 4)




_s
where (a) follows from the fact that for ¢ > 1, 2n=¢ < n~! < %, implying log (#) < 0; (b) is due to the fact

log(1 — z) = —z + O(2?) as  — 0; (c) follows from the fact that § > n~!. The last term can be surely made greater than
36 logn by taking £ > 0 sufficiently large.

J. Proof of Lemma
By definition, ’E(z, A, B) — L(i; A, B)| is bounded by

les — &l - {e({i}, A) + e({i}, B)} + [er — & [ - {TLi(ur) + Ii(vr)} - 24

First, note that for any subset A, e({i}, A) is bounded by deg(:) := e({i},[n] \ {¢}). Moreover, II;(ur) and II;(ug) are both
bounded by Q; :={j : (i,j) € Q}. Since we are in the regime where na = ©(logn), one can use a standard large deviation
inequality to prove that there exist a constant c¢1 > 0 such that w1th high probability, deg(i) < ¢; log n for any i. More specifically,
deg(i) is statistically dominated by > 7| ' A;, where A; '~ "Bern(a). Hence, Pr(deg(i) > t) < Pr (Z?;ll A; > t), and by

2

Bernstein inequality, the last term is bounded by 2 exp ) By choosing ¢ = c; logn for sufficiently large ¢; > 0,

¢
((nflz)oz+t
one can ensure Pr(deg(i) > cjlogn) = o(n~!), which finish shows the claim after taking the union bound. Similarly,
since p = © (e&n 4 1‘”% and m = O(n), mp = O©(logn), and hence, one can show that there exists ¢z > 0 such that

Q; < cologn for any 1.

Hence, (24) is bounded by 2¢; logn |cs — Cs| + 2c2logn ¢, — €|, meaning it is sufficient to show (i) |cs — ¢ < ;7= and
@) |, — & <= & . The proof of (ii) is similar to (i), and indeed easier, so we omit the proof. Note that |c; — é;| < |10g f| +
‘log§‘+ log1 ‘log1 5’ which is equal to |1og (1—1— |—|—‘log (1+ B 5)‘ ’log (1——) ‘1og< —%)‘
Lemma 13. Let 1) := w If n is sufficiently small, we have ‘a "‘| = ) and ‘%‘ = O(n) with probability 1 — o(1).
Proof. See Appendix O

Due to Lemma the last term is O(7), and as the analysis of Stage 1 guarantees that 77 = o(1), the proof is completed.
K. Proof of Lemma

From (I9) and (20), it follows that My, (1/2) = (\/ B+/I-a)d -7 ) and My, (1/2) = 2p/0(1 — 0) +1—p

Simple computations yield the distribution of V; and W: For simplicity, let ¢, := log (8:5 %g) and ¢, := log ( ) Then,

we have: Pr (Vi =¢,) =Pr (Vi = —¢4) = (\/@:-1\_/(2(—1;%)2 and Pr(V; =0) = (\/ﬁgj%) r(Wy =cp) =

£\ 0(1—-6 —
Pr (Wl = —cm) = u and Pr (Wl = 0) = Wﬁ

2p,/0(1—-0)+1—p
(1-a)(1-B)ap 2
We now compute the second moments of V; and Wi: E[V?] = = O(v/apB) and E[W?] =
(r-ﬁ-\/(l (-5
2 py/0(1-0)

cmm = O(p). Hence, by Chebyshev’s inequality (note that V;’s and W;’s are mean zeros),

E[W?]

K L K 2 L
KEVA 4+
Vi W, 3/4 2271 7 j=1
; Z ; ) v = (pL)3/2

OWaBK) +0(pL) @ O(pL) (
G = G 0

where (a) follows from the fact that pL > /aSK; (b) follows from the fact that pL = w(1).
L. Proof of Lemma

As (A, B) € Zs, e(i, AAAR) is a sum of at most 6n independent random variables each of which has distribution either
Bern(a) or Bern(3). Hence, e(i, AAAR) is statistically dominated by Z?Zl A;, where A; "~ Bern(a). Thus,

on
logn | <Pr ZAi >

‘ T
A e ) TG e ()

logn



On the other hand, by Lemma [7| with £ = max {56, l- 21;% }ﬂ one obtains

on
kno kno _
Pr <2Ai > 10g(15> < 2exp <—2> <on~*t.
i=1

As lims_, 04 @ = 0, by taking §, sufficiently small, one can ensure lig"% < W logn whenever 6 < dg, which
(I-a)B

completes the proof.

M. Proof of Lemma

K . (a=mny (mn
We will only prove | 2=2%| = O(n); the proof of ‘ ’B;fﬂ’ = O(n) follows similarly. Note that e(A(lO)7 Ago)) = 25:12 )+(%) Ai+
(3)-(“57)=(%) o i, iid. (@)= () . .
> B;, where A; =~ Bern(a) and B; ~ Bern(8). Let v := ~22——2-2 2/ Then, it is straightforward
2
e(A®,49) 1— 1 1-7(3)
_ 21(7142)1 ( 27)0[ _ 2(;) Zi:l 2 Ai
Simple applications of Bernstein inequality deduce that with high probability, ‘(1;’)a -3 (1n) 25:17)(2) A;
2

1, A
n/2
? (")

to check that v = O(n). By triangle inequality, |1a

()
+aa+ 2(13) > i1 Bi-

=0 (fsg/g)

< O(«)a. Similarly, one can show

and

. (1;) Ejz(i) B; < 28 = O(a). Taking collectively, we have

1 e(a?, AP ~
o — 2(n72/2) < O(¥)«, which concludes the proof.

n

4Note that 21:1’# is a constant as we assumed o = ©(1°8™) at the beginning of Sec.
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