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1 Proofs

Theorem If p(V U H) obeys the CG factorization relative to G(V U H), and H is block-safe then
p(V) obeys the segregated factorization relative to the segregated projection G(V).

Proof: Assume the premise of the theorem. Then, p(O U H) = [[g5g) P(B| pag(B)).
For every D € D(G(V)), let Hp = HNang,,,,, (D). Then p(V) is equal to

Yol II »p®Blpag®)) [I »Blvag(B)

H \BeB"t(G) {B}gB"*(g)
= II »®lpag(B)) I > ( 11 p(BIpag(B))>
BeB"(G) DeD(G(V)) Hp \BeD

=| I »®lpag®)) I aDlpag, D)

BEB™(9) DED(G(V))
= q(B"[ pag(v)(B"))g(D"| pag(y,(D")).

The fact that ¢(B*| pag v (B*)) factorizes according to the CCG G follows by construction.

Let B={B e VUH | {B} € B"(G)}. Then

¢Blpag(B))=  [[  »(Blpag(B))
B:(BI¢B(9)

factorizes according to the CADMG (in fact a conditional DAG) G(B, pag (B)) obtained from G(V U
H) by making all elements in pag, (f’)) fixed, and all elements B random, keeping all edges among
B in G, and all outgoing directed edges from pag (B) to B in G. The fact that ¢(D*| pag vy (D))
factorizes according G¢, the latent projection CADMG obtained from G (]§7 pag(f’,)) by treating
H as hidden variables now follows by the inductive application of Lemmas 46 and 49 in [2] to

4(B| pag(B)) and G(B, pag(B)). =

Theorem Assume G(V U H) is a causal CG, where H is block-safe. Fix disjoint subsets Y, A of
V. Let Y* = antg vy, Y- Then p(Y|do(a)) is identified from p(V ) if and only if every element

in D(GY) is reachable in G, where G% is the induced CADMG of G(V )y~
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Moreover; if p(Y |do(a)) is identified, it is equal to

Yo I #¢p-\naD[pag, (D)) 6% [I »B\Apagy),.(B),BNA)

Y*\Y |DeD(Gd) BeB(GY) A=a

(D

where q(D*| pagvy(D*)) = p(V)/(I1gepn (g(vy) P(Bl pagv)(B)), and G% is the induced CCG
Ofg(V)Y*.

Proof: We proceed by proving a series of subclaims.

Claim 1: Ifp(O) obeys the segregated factorization relative to G(O), then p(A) obeys the segregated
factorization relative to G(O)a for any subset A C O anterial in G(O). A set A is anterial if,
whenever X € A, antg(X) C A.

We show this by induction. Assume p(O) obeys the segregated factorization relative to G(O), and A
consists of all elements in O other than those in B € B"*(G(0)). Then by writing p(A) = > "5 p(O)
as a segregated factorization for p(O), we note that the nested factorization remains unchanged by
the marginalization, and the block factorization remains unchanged, except the factor corresponding
to B is removed.

Similarly, assume p(O) obeys the segregated factorization relative to G(O), and A consists of all
elements in O other than some element B not in any B € B"*(G(0O)) such that chg(B) is empty.
Then by writing p(A) = > 5 p(O) as a segregated factorization for p(O), we note that the block
factorization remains unchanged by the marginalization, and the kernel

. , . p(V)
q(B*\ {B} | pag0)(B")) =
«© zB: IBesn(g(v)) PBIPagy)(B))
is nested Markov relative to the CADMG G (O)¢ obtained from G(O)¢ by removing B and all edges
adjacent to B. To see this, note that reachable sets in Q(O)d are a strict subset of reachable sets in
g (O)d, since B is fixable in G (O)d, and moreover all kernels corresponding to reachable sets in
G(0)? may be obtained from g(B* | pag o) (B*)) by marginalizing B first, and applying the fixing

operator to remaining variables in B* \ {B}. As a result, the nested global Markov property for the
former graph is implied by the nested global Markov property of the latter graph, proving our claim.

Claim 2: The algorithm specified by the equation (1)) is sound for identification of p(Y|do(a)).
Per claim 1, without loss of generality assume Y has no children in G(O). Consider the chain graph
g-formula:
p(Y@)= J[  »B\Alpag(B),BNA)a-a
BeB(G(OUH))
‘We can decompose this into factors relating to the non-trivial blocks and districts in the graph:

p(Y(a)) = 11 p(B\ Alpag(B),BNA)[a=a
BeB"t(G(OUH))

x JI  »D\Alpag(D),DNA)a—a
DeD(G(OUH))

Since H is block-safe, the factors in the first term — those that correspond to non-trivial blocks — are
the same in the segregated graph as in the original chain graph and thus we can re-write the above as:

p(Y(@)= J] »pB\Alpag(B),BNA)a-a
BeB™t (Gyx)

X Il »D\Apag(D),DNA)|a=a
DeD(G(OUH))

Meanwhile the factors in the second term describe a kernel ¢(D*| pag , ., (D*)) associated with

a CADG G(O U H, B*) which we can manipulate to obtain the desired result by following the
argument in the proof of Theorem 60 in [2].



Let A* = O\ Y* D A. By the global Markov property of conditional DAGs (CDAGS) proven in
2], p(Y*|dogoun,B+)(a)) = p(Y*|dogoun,B~)(a")).

Let G*((O\ A*) UH,B* U A*) = ¢a~(G(O UH,B*)). Let o denote the latent projection
operation such that oz (G(O UH) = G(O). Then, by commutativity of ogg and the fixing operator
(Corollary 53 in [2])), o (éa+(G(OUH,B*))) = ¢pa-(cu(G(OUH,B*))) = G*(Y*,B*U A*).
By definition of induced subgraphs, G(O, B*)y+ = (¢a+(G(0,B*)))y=~. By these two equalities,
we have G(O, B*)y- = G*(0, B* U A*)y- and thus D(G(O, B*)y-) = D{G*(Y*,B* UA*)).
For each D € D(G*(Y*,B* U A¥)), let Hp = H N angoun,B*)puu(D) and H* =
Ubeng(v+,B-ua~) Hp. Then, by construction, if D, D’ € D(G*(Y*,B* UA*) and D # D'
then Hp N Hp, = (. Additionally, for all D € D(G*(Y*,B* U A*), it is the case that
Pagoun,s+)(D UHp) N H* = Hp. And Y* U H" is ancestral in G(O U H, B*) which im-
plies that if v € Y* U H*, then pagoun g (v) N H C H".

By the DAG g-formula and the above features of the construction,
p(Y*|dogioun,B+)(a*))

—Z II »peivagoums-)®)

ve(HUY ™)
= Z H p(v |Pag(0uH B*) Z H p(U|Pag(0uH,B*)(U))
H* ve(H*UY*) H\H* ve(H\H*) 2)

=> 11 I »elpagoums @)

H* DeD(G*(Y*,A*UB*)) ve(DUHp)
- I (S I selvsoums ).
DeD(G*(Y*,A*UB*)) " Hp ve(DUHp)
For any district D € D(G*(Y*,B* U A*)),

Z H |pag(0uH B*)( v))

Hp v€eDUHp

:Z H p(v |Pag(0uHB* Z H P(U|Pag(0uH,B*)(U))

Hp ve(DUHD) H\Hp ve(H\Hp)

_Z H (v| pag OUHB*)( v))

H veDUHp
= Z ¢p-\p(¢(D*| pagioun,e+)(D"))); (O UH, BY))
H

3)

Once again, these equalities are a result of the above constructions of H and H*. By commutativity
(Lemma 55 in [2])), we can remove references to H:

p(Y"|dogioun,B-)(A"))

= H ¢p-\pq(D*| pago ~)(D")); G(0,B"))
DED(G(Y*,B*UA*))
= H éf’D*\DQ(D*\ pag(D*)); gd)

DeD(G(Y*,B*UA~))
= JI ¢p-\pa(D*|pag(D*));G?)
DeD(Gyx*)
The second equality is true because pag(D*) C Pag (o, B*)(D ) and by the assumption of a block-
safe chain graph. The final equality is true by block-safeness and the definition of induced subgraphs.

Finally by the fact that p(Y|dogoun,B+)(A)) = Yy y P(Y"|dogioun,B+)(A")), we can re-
write the above as:
p(Y|dogioun,B+)(A)) = Z H #p-\pq(D"|pag(D*)); g%

Y*\Y DED(Gy+)



We combine this with the block portioned derived above via chain-graph g-formula to obtain the
result of the sub-claim

Claim 3: If there is a district in D(G(O)y~) that is not reachable in G%, then p(Y|do(a)) is not
identifiable.

LetD € D(G(O)vy-) be unreachable. Let R = {D € D|chg(D)ND = 0}. Let A* = ANpag(D).
Then there exists a superset of D, D’, such that D and D’ form a hedge for p(R|do(a*)) and thus
p(Rl|do(a*)) is not identified [3]].

Let Y’ be the minimal subset of Y such that R C antg (o) o\a (Y'). Consider an edge subgraph G

of G consisting of all edges in G in the hedge formed by D, D’ and edges on partially directed paths
in G(O)o\ a from every element in R to some element in Y’, such that the edge subgraph does not
contain any cycles (directed or otherwise).

We proceed as follows. We first define an ADMG G from G as follows. The vertices and edges
making up the hedge structure [3] in G' are also present in G'. For every partially directed path o
from an element in R to an element in Y’, we construct a directed path from R in Q 1 containing
vertex copies of vertices on the undirected path o, and which orients all undirected edges in ¢ away
from R and towards the element copy in G' of the appropriate element of Y’ in G1.

We then prove non-identifiability of p(Y’|do(a*)) in G, where Y” is the set of all vertex copies in

_C’; T of vertices in Y’ in GT, using standard techniques for ADMGs. In particular, we follow the proof
of Theorem 4 in the supplement of [4].

We next show that p(Y’ | do(a*)) is not identified in G'. For the two counterexamples in the causal
model given by G witnessing non-identifiability of p(Y’ | do(a*)) in the above proof, we will

construct two counterexamples in the causal model given by GT witnessing non-identifiability of
p(Y' [ do(a”)).

To do so, we define new variables along all partially directed paths from R to Y’ in G as Cartesian
products of variable copies in counterexamples constructed. Note that any such variable containing
only a single element in R in its anterior in G will only have a single copy, while a variable containing
two elements in R, in its anterior in Gt will contain two copies, and so on. It’s clear that the two
resulting elements contain vertices in G, agree on the observed data distribution, and disagree on
p(Y' | do(a”)).

What remains to show is that the distributions so constructed obey one of CG Markov properties

associated with a CG GT. Fix a (possibly trivial) block B in Gt. We must show for each B € B that
p(B | B\ B,pag:(B)) = p(B | nbgt, pag(B)).

For any B € B in G1, there exists a set Bi, ..., By of variables in @L such that B is defined as
Bi x ... x By. Moreover, any variable A € nbg+(B) U pag; () corresponds to a Cartesian product
Ay x Ay, of variables where A; is a child or a parent of some variables B;. The result then follows
by d-separation in G', and the fact that the part of G' outside of the hedge structure does not contain
any colliders by construction. O

2 Derivations

Consider Figure[l|(a). We are interested in identifying p(Y2(a1, az)). We set Y* to the anterior of Y
inGy\a: Y* ={C,C, My, Ma, Y} (see Gy~ shown in Fig. (b)) with B(Gy+) = {{M7, Ma}}
and D(Gy~ = {{C1},{C2}, {Y2}}. We can now proceed with the version of the ID algorithm for
SGs. The CCG portion of the algorithm simply yields p(M7, M3|A; = a1, A3, Cq, Cy). Note that
this expression further factorizes according to the factorization of blocks in a chain graph. For the
ADMG portion of the algorithm, we must fix variables in three different sets {Cs, A1, A2, Y1, Y2},
{01, A1, A2, Y1, Yo}, {C1,Co, Ay, A3, Y1} in G2, shown in Fig. [1] (c), corresponding to three



Figure 1: (a) A latent projection of the CG in (Fig. 1a in the main paper) onto observed variables.
(b) The graph representing Gy« for the intervention operation do(aq ) applied to (a). (c) The ADMG
obtained by fixing My, M> in (a).

districts in Fig.[T] (b). We have:

BLCo, AL, A0, 11,2} (P(Y1, Yo | Ay, Ao, My, My, Cy, Co)p(Ay, Az, Ch, Co))

= 010,41, 45,71} (P(Y1|Ar, Ao, My, My, Cy, Co, Ya)p(Ai, Aa, C1, Cy))
= ¢{CQ,A1,A2}(p(A17A27clac2)) @

= (0y,4,} (P(A2,C1, C2))

= @1y} (p(C1, C2))

=p(C1)

BLCr, AL, A0y, e} (P(Y1, Yo | Ar, Ao, My, My, Oy, Co)p(Ay, Az, Ch, Ca))

= 010,41, 45,713 (P(Y1| A1, Ao, My, My, Cy, C1, Ya)p(Ay, Aa, C1, Cy))
= ¢1cy,A1, 40} (P(A1, Ao, C1, Cy)) )

= ¢(cy, 4,3 (P(A2, C1, C2))

= ¢{Cl}(P(C1,C2))

= p(CQ)

BLCy,Co Ay, As 1} (P(Y1, Yo | Ar, Ao, My, Mo, Oy, Co)p(Ay, Az, C1, Ca))

= ¢{A1,Y17A2}(p(Y17 Y2|A17 AQa M17 M27 017 02)p(A13 A2|Clﬂ 02))

= ¢ra,, 4,1 (P(Ya| A1, Ag, My, My, Cy, Co)p(Ar, A2|C1, Cy))
=" p(Ya|A1, Ay, My, My, Gy, Ca)p(A2|C) ©)

As
= p(Ya|A1, A, My, Ca)p(A2|C2)
As
with the last term evaluated at A; = a;. Thus, the identifying functional is:
p(ena) = 3 b Mol 02, Cr, o)

{C1,C2,M1,M2} )

X [Zp(ngl, Ay, My, Cg)p(A2|02)p(Cl)P(02)H

Az



3 Simulation Study

3.1 The Auto-G-Computation Algorithm

To estimate identifying functionals corresponding to causal effects given dependent data, we generally
use maximum likelihood plug in estimation. The exception is the factor p(M | pag(M)), which may
not be estimated if M; variables for all units ¢ are dependent, as is the case in our simulation study.
In this case, the above density must be estimated from a single sample. Thus, standard statistical
methods such as maximum likelihood estimation fail to work. We adapt the auto-g-computation
algorithm method in [S]], which exploits Markov assumptions embedded in our CG model, as well
as the pseudo-likelihood or coding estimation methods introduced in [1]]. We briefly describe the
approach here.

The auto-g-computation algorithm is a generalization of the Monte Carlo sampling version of the
standard g-computation algorithm for classical causal models (represented by DAGs) [6] to causal
models represented by CGs. Auto-g-computation proceeds by generating samples from a block using
Gibbs sampling. The parameters for Gibbs factors used in the sampler (which, by the global Markov
property for CGs, take the form of p(X; | pag(X;) Unbg(X;))) are learned via parameter sharing
and coding or pseudo-likelihood based estimators. For any block B, the Gibbs sampler draws samples
from p(X | pag (X)), given a fixed set of samples drawn from all blocks with elements in pag(X),
or specific values of pag(X) we are interested in, as follows.

Gibbs Sampler for X:

fort = 0, let x(9) denote initial values ;

fort=1,...,T
draw value of X" from (X |x(t_1) ));
1 PAALIX b (X1)Unbg (X1) /)5
t t—1
draw value of XQ( ) from p(X2|x1()ag()X2)Unbg(X2)));

- )i

t
draw value of X! from p(Xm|Xpag(Xm)Unbg(Xm)

Since we are interested in estimating a functional similar to , we use observed values of C, and
intervened on values a;, a; as the values of pag (M) in the Gibbs sampler.

The coding-likelihood and pseudo-likelihood estimators we use are described in more detail in [5]].
Both estimators rely on parameter sharing for densities p(M; | pag(M;) Unbg (M;)) across different
units ¢, and for the network to be sufficiently sparse such that each M, depends on only a few other
variables in the model, relative to the total number of units.

The coding estimator uses a subset of the data that corresponds to units that form independent sets in
the network adjacency graph (where units are adjacent of they are friends in the network, and not
adjacent otherwise). A set of units is a maximal independent set in the network adjacency graph if a)
no two vertices in the set are adjacent, and b) it is impossible to add another unit to the set without
violating the adjacency constraint. A maximum independent set is a maximal independent set such
that there does not exist a larger maximal independent set in the same graph. Finding maximum
independent sets is a classic NP-complete problem; in practice we find several maximal independent
sets and pick the one with largest cardinality as a heuristic. See Table [I|below for the size of Sy,q4
for each network size in our experiments. The coding likelihood estimator was proven consistent

N 400 | 800 | 1000 | 2000
[Smaz| | 159 | 309 | 384 | 763

Table 1: The size of S, 4. used for the coding-likelihood estimator in each network

and asymptotically normal in [5] whereas pseudo-likelihood estimation is, under mild assumptions,
consistent but not asymptotically normal. On the other hand, pseudo-likelihood estimation is more
efficient than coding likelihood estimation since it makes use of all of the data.



3.2 Simulation Specifics

For data generation we use the following densities for A;, M;,Y;, parameterized by
TA {7077017"'afycpa’YU1a"'a7Uq}7TM {60aﬂAaﬁCla"'7ﬁcpﬁA”baﬂM7Lb}aTY
{ag, a0y,...,ac,,au,,...,au,,aa,,, o}

P q

p(A; = 1|C;, Uy;7a) = expit(yo + (ZVCZOU) + (ZVUle‘l))
=1 =1

p(M; = 1]A;,C;, {A;, Mj|j € Ni}iTar)

b
= expit(Bo + Badi + (Zﬁclcil) + ( Z (BanAj + B, M;)))

=1 JEN;
p(Yi = 1|C;, Uy, M, {Ajl5 € N 1v)

p q
= expit(ao + (Zach’il) + (ZaUlUil) + ( Z O‘AnbAj) + OéMMZ)
=1 =1 i=N;

The values of the parameters for the beta distributions we use to generate C;, U; can be found in
Table [2a while the values of 74, Tas, Ty can be found in Table 2b]

Variable a b
gl 165 ; Parameter Value
C2 08103 TA (-1,0.5,0.2,0.25, 0.3, -0.2, 0.25)
U3 2'3 . ™ (-1,-0.3,04,0.1, 1, -0.5, -1.5)
Ul 0'9 Ty (-0.3,-0.2,0.2,-0.05, 0.1, -0.2, 0.25, -1, 3)
2 . .
Us 5) ) (b) Parameters for 74, 7ar, 7Y

(a) Parameters for C and U
Table 2: The parameters for each generating distribution

3.3 Extended Results

In the main paper we gave confidence intervals and the mean and standard deviation of the bias of
our estimators. All results were calculated by averaging over 1000 simulated networks.

Ground Truth Network Average Effects
N 400 800 1000 2000
Ground
Truth -455 -.453 -.455 -.456

Table 3: The ground truth effects for each network, calculated by averaging over 5 samples of the
data generating process for each network under the relevant interventions

As discussed in the main body of the paper, the estimators we use are able to recover the effects of
interest reasonably well. The approximate ground truth values for these effects can be found in Table
The fact that the coding estimator restricts the network to a small fraction of its total units means it
is considerably less efficient than the pseudo-likelihood estimator.

Though the pseudo-likelihood estimator is not in general asymptotically normal, it does not perform
substantially worse than the provably asymptotically normal coding-likelihood estimator. In both
cases, the true effect is covered by the 95% confidence interval of the estimator.
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