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Appendices

A Basic results in Fourier space

A.1 Fourier transform conventions

Fourier transforms are defined with different scaling conventions in different branches of science.
Here, the symmetric version of the Fourier transform written in terms of angular frequencies is used:
for f a function on RP, we define
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Parseval’s identity states that for two functions f and g,

f@)g(@)de = [ f(k)g(k)dk,

RP RP

where - denotes complex conjugation. For more details, see [1, Chapter 11].

A.2 Relation between convex duality and the Fourier transform

The motivation for using the Fourier transform to study Bayesian inference problems stems from
the correspondence between the Fourier and Legendre-Fenchel transforms of convex functions. This
correspondence is an example of so-called idempotent mathematics, and a survey of its history and
applications can be found in [2], while a formal treatment along the lines below can be found in [3],
and a summary of analogous properties between the Legendre-Fenchel and Fourier transforms can
be found in [4]]. The basic argument is presented here, without any attempt at being complete or
rigorous.

Let i be a convex function on RP and assume it is sufficiently smooth for the statements below
to hold without needing too much attention to detail. The Gibbs probability distribution for A at

inverse temperature 7 is defined as p(z) = e~ ™"®), with Z = [, e~""(®)dx the partition function.
Define for z € CP

hi(z) = l1n/ e~mlh@ =" el gy
RP

T
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By the Laplace approximation, it follows that for 7 large and u € RP, to leading order in 7,

hi(u) = h*(u) = m%x[uTx — h(z)], (1)
TrERP
the Legendre-Fenchel transform of h. The Fourier transform of e~ 7" is
h 1 hzx irkT eThi(_ik)
Fle ™| (rk) = - / e L i — ()
(2m)2 Jre (2m)=2

Now assume that h = f + ¢ can be written as the sum of two convex functions f and g. It is
instructive to think of A(z) as minus a posterior log-likelihood function of regression coefficients
x, with a natural decomposition in a part f(z) coming from the data likelihood and a part g(z)
representing the prior distribution on . We again assume that f and g are smooth.

The Parseval identity for Fourier transforms yields

/ o TlF @)@ gy / ;[efrf}(kj;[efrg}(k)dk:(L)p / (T3 iR 3 (=) g,
RP RP 27 RP

where a change of variables k¥ — 7k was made. When 7 is large, the Laplace approximation of the
Lh.s. states that, to leading order in 7

= ln/ e TH@+9@] gy ~ — min [f(z) + g(z)] = max[—f(z) — g(z)]. 3)

T RP r€ERP zERP
The integral on the r.h.s. can be written as a complex contour integral

/ o7l @)+t =ik g — L / T+ (=) g,
RP P iRP

where ¢RP denotes a p-dimensional contour consisting of vertical contours running along the imag-
inary axis in each dimension. The steepest descent or saddle point approximation [S]] requires
that we deform the contour to run through the saddle point, i.e. a zero of the gradient function
V[f#(z) + ¢g%(—z)]. Under fairly general conditions (see for instance [6]), f*(z) + g:(—z) will
attain its maximum modulus at a real vector, and hence the new integration contour will take the
form z = u, + ik where @, = argmin,cg,[f;(u) + gZ(—u)] and k € RP. Note that in the limit
T — 00, Uy — 4 = argmin, g, [f*(u) + ¢*(—u)]. The stationary phase approximation yields,
again to leading order in 7

1y / el Rtk g — Ly / oL iR+ g3~ —ih)] g
RP T RP

min [ /7 (w) + g7 (—w)] & min [f*(u) + g"(-u)] @

uERP
Combining egs. (3) and @), we recover Fenchel’s well-known duality theorem
o o , _ . * *( .
max[—f(z) = g(z)] = min [f*(u) + " (-u)]
In summary, there is an equivalence between convex duality for log-likelihood functions and switching
from coordinate to frequency space using the Fourier transform for Gibbs probability distributions,
which becomes an exact mapping in the limit of large inverse temperature. As shown in this paper,
this remains true even when f or g are not necessarily smooth (e.g. if g(x) = ||z||; is the ¢;-norm).

A.3 The Fourier transform of the multivariate normal and Laplace distributions
To derive eq. (I0), observe that f(x) is a Gaussian and its Fourier transform is again a Gaussian:
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To calculate the Fourier transform of e~79, note that in one dimension
/ ezl g—ikz o 2y ’
R k2 +~2
and hence
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After making the change of variables k; = %kj, eq. is obtained.




A.4 Cauchy’s theorem in coordinate space

Cauchy’s theorem [7, 8] states that we can freely deform the integration contours in the integral
in eq. as long as we remain within a holomorphic domain of the integrand, or simply put, a
domain where the integrand does not diverge. Consider as a simple example the deformation of the
integration contours from z; € iR in eq. to z; € wj + iR, where |w}| < p for all j. We obtain

Y w]+ioco w) +ico
7= (p_“‘)p / P e w) O (e w)H dzl Ldz,
5\/ w) —ioco wy, —ico
e—T('LU —w+ik) T CT (w' —w+ik) H 1 - dk,

L = (w) + ik;)?

5‘/ Rp

where we parameterized z; = w + ik;. Using the inverse Fourier transform, and reversing the
results from Section 2] and Appendlx@, we can write this expression as

7 _ / ¢~27F(@) ~273(a)
RP

where
f(z) = %xTC’x — (w—w")Tx (6)
P
g(x) =Y (pla;| — wja)). (7)
j=1

Comparison with eqgs. (8)—(9) shows that the freedom to deform the integration contour in Fourier
space corresponds to an equivalent freedom to split e =7 (*) into a product of two functions. Clearly
eq. (@) only defines an integrable function e =277 if [w’| < y for all j, which of course corresponds to
the limitation imposed by Cauchy’s theorem that the deformation of the integration contours cannot
extend beyond the domain where the function [T, (1* — 27)~" remains finite.

A.5 Stationary phase approximation in the zero-effect case

Assume that |w;| < p for all j. It then follows immediately that the maximum-likelihood or
minimum-energy solution & = argmin, H(z) = 0. As above, we can deform the integration
contours in (II)) into steepest descent contours passing through the saddle point 25 = w of the
function h(z) = (2 — w)” C~* (2 — w) (cf. Figure[S1h). We obtain

( ’L )p w1 4100 /w,,-‘rzoo T .
A ) o (z—w)T O (s—w) dzl ds
i \/ w1 —100 wp —100 H “p
p
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where we parameterized z; = w; + ¢k;. This integral can be written as a series expansion using the
following standard result, included here for completeness.

Lemma 1. Let C € RP x RP be a positive definite matrix and let A¢ be the differential operator
P

82

Ac = Cii———.

¢ ”Zﬂ 7 Ok;0k;

Then
e O () dk = (eZAcf) (0).

g A / Rpr
Proof. First note that

A 77,]€T o Zczszxj —ikTx — *(I‘TCZ’) Giisz, 9)



i.e. e’ ? is an ‘eigenfunction’ of A with eigenvalue — (27 C'z), and hence

e%Ace—ikTI _ e—%wTCwe—ik:Tw

Using the (inverse) Fourier transform, we can define
1

_ R ikTx
$0) = g [, FRI .
and write
£ _ 1 —ikTx
F09) = s [ @) e
Hence
(422 0) ) = g [, aretoce™ o= i [ et One

Using Parseval’s identity and the formula for the Fourier transform of a Gaussian [eq. (3)], we obtain
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(64A f)((]) = (27_(_)%
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1
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In the derivation above, we have tacitly assumed that the inverse Fourier transform f of f exists.

However, the result remains true even if f is only a distribution, i.e. f need not be integrable. For a
more detailed discussion, see [1, Chapter 11, Section 11.9].

Applying Lemma | to eq. (8), it follows that

S ——
T i w2 — (wj + ik;)?
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with A¢ as defined in eq. (©). It follows that the effect size expectation values are, to first order in

T,

1 0logZ 1 w;
E(z;) = o ~ .

T 2r ow; ;u27w2’

J
which indeed converge to the minimum-energy solution & = 0.

A.6 Generalized partition functions for the expected effects

Using elementary properties of the Fourier transform, it follows that
OF [e7 271 @] (k)
F il S R SATA

]:[xjefk'j'(z)} (k) = o; , (10)
with f defined in eq. (§)), and hence, repeating the calculations leading up to eq. (I0), we find
-1
pr xje—TH(m)dx Z |:(C (w — Z))J:| 1 .
E(z;) = S e TA@ dz = 7 ~[C7Hw - uT)L.. (11)

Note that eq. (T0) can also be applied to the Laplacian part e=279(%), with g defined in eq. (9). This
results in

st s
T(n2—z7) Ur,j

E(z;) = =~ J .

5) Z T(p? — a?rj)

By the saddle point equations, eq. (T3), eqs. (L) and (I2) are identical. As a rule of thumb, ‘tricks’
such as eq. to express properties of the posterior distribution as generalized partition functions
lead to accurate approximations if the final result does not depend on whether the trick was applied
to the Gaussian or Laplacian part of the Gibbs factor. For higher-order moments of the posterior

distribution, this means that the leading term of the stationary phase approximation alone is not
sufficient.

12)



B Proof of Theorem[l

B.1 Saddle-point equations
Consider the function H? defined in eq. (12),

p

* _ 1
H'(2)=(z—w)TC 2z —w) - - Zln(u2 - ZJZ),
j=1
with z restricted to the domain D = {z € CP: |Rz;| < p, j =1,...,p}. Writing z = u+iv, where
u and v are the real and imaginary parts of z, respectively, we obtain

p

RH*(2) = (u— )T C~ (u — w) — T C~ Lo — % Z{ln[(u + )2 + )] + nf(p - ) +02)] }
SH* = —w “ly— l Y arctan Yj arctan Y
SH(z) = 2(u —w)"C T;{ ' (/~L+Uj)+ ' (M—Uj)}’

where fic and Sc denote the real and imaginary parts of a complex number c, respectively.

By the Cauchy-Riemann equations z = u + 4v is a saddle point of H if and only if it satisfies the
equations

ORH* _ 1 W+ u = U,

T :20 1 _ L J _ J —
o, [ (u —w)l; T{(,LL—FUJ‘)Z—FUJZ (,U_Uj)Q—FUJZ} 0
ORH* 1 v v,

T :_2 -1 ;g — = J J =
dv; 167"y T{(u+uj)2 T2 ) +UJ2-} !

The second set of equations is solved by v = 0, and because RH*(u + iv) < RH*(u) for all u and
v # 0, it follows that v = 0 is the saddle point solution. Plugging this into the first set of equations

gives
]

[07 (u - w)]J + 7'(,[1/27—’114?)

=0, (13)
which is equivalent to eq. (T3).

B.2 Analytic expression for the partition function

Next, consider the complex integral

7= (—i)p/ . / e BQ(2)dz . . . dzp,

i.e. Z is the generalized partition function upto a constant multiplicative factor. By Cauchy’s theorem
we can freely deform the integration contours to a set of vertical contours running parallel to the
imaginary axis and passing through the saddle point, i.e. integrate over z = 4., + ik, where @ is the
saddle point solution and k£ € RP. Changing the integration variable back from complex z to real k,
we find

1

T = eT(w—ﬂf)C’f (w—'&T)/ €_TF(k)Q(ﬁ7— -I-Zk)dk
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where
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(k) v (@ w)"’T;n(ﬂ Ur,j ZJ)+T;n(N+“,J+ZJ)
We start by computing the Taylor series for F. First note that the n™ derivative of fji(kj) =
In(p £ @, ; £ ik;) evaluated at k; = 0 is given by
(F)"(n - 1)!

() () = —
O ==y



By the saddle point equations (13)
L1 Po ok i~k
= +( = — =N ik TC (i — w).
Z i +t o 2:: Z e ; i, i (Ur,; — w)

Hence the linear terms cancel and we obtain
1 p 1 p ’u2 + ,a2 p
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with D, the diagonal matrix defined in eq. (I3) and R, the function defined in eq. (I7). Hence

I_e‘f‘('w )C ™ N w—1, )H
J=1

1
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Application of Lemma I]results in
/ efrkT(C_1+D:1)k6RT(ik)Q(aT + ik)dk
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where we used the equality

1 ; . .
exp{ A, JeHQ(ir + i)

k=0
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k=0

C'+D;'=Cc7Y(C+ D,)D; Y,
and A is the differential operator defined in eq. (I6). Hence
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The derivation above is formal and meant to illustrate how the various terms in the partition function
approximation arise. It is rigorous if the inverse Fourier transform of ef*("*)Q (i, + ik) exists
at least a a tempered distribution (cf. the proof of Lemma [I). This is the case if Q) has compact
support. If this is not the case, one first has to truncate Z to a compact region around the saddle
point, and use standard estimates [5] that the contribution of the region not containing the saddle
point is exponentially vanishing. Likewise, application of the operator e1227 is defined through its
series expansion, but this is to be understood as an asymptotic expansion (see below) which need not
result in a convergent series. None of this is different from the standard theory for the asymptotic
approximation of integrals [5]].

1 . N .
xp{ 1780 e HQLar + ik) o

B.3 Asymptotic properties of the saddle point

Let & = lim,_,», @. By continuity, @ is a solution to the set of equations
(uj — p)(u, +u)[C_1(u—w)]j =0 (14)



subject to the constraints |u;| < p. Denote by I C {1,...,p} the subset of indices j for which
[C~(a— w)]] # 0. To facilitate notation, for v € RP a vector, denote by v; € RI| the sub-vector

corresponding to the indices in I. Likewise denote by C; € RII*I1I the corresponding sub-matrix
and by C; ! the inverse of Cr, i.e. C;' = (C1)~! # (C~'). Temporarily denoting B = C~*, we
can then rewrite the equations for @ as
’LAL[ = :|:/L
[071(’& — w)} = [B(?:L — w)]]c = Bjc(ﬁ,]c - ’w]c) —+ B]c[(ﬁ[ — 'U)]) =0,

or, using standard results for the inverse of a partitioned matrix [9]],

Jc

tire = wre + Bp! Brep(wy — 1) = wye — CrerCy H(wy — ap).
Finally, define # = C~!(w — ), and note that
ir = [B(w —2)]; = Br(wy — tr) + Brre(wge — ige) = (Br — Brre By Bre 1) (wr — r)
= O Mwr — i) #0 (15)
e = 0. (16)

As we will see below, & = argmin,cg, H () is the maximum-likelihood lasso or elastic net solution
(cf. Appendix[C), and hence the set I corresponds to the set of non-zero coordinates in this solution.
Note that it is possible to have i; = £y for j € I° (i.e. ; = 0). This happens when p is exactly at
the transition value where j goes from not being included to being included in the ML solution. We

will denote the subsets of 1 of transition and non-transition coordinates as I and I, respectively.
We then have the following lemma:
Lemma 2. In the limit T — oo, we have
o(r=h jel
T(p? -2 ;) =S O[(r#2 )7 jelf (17)
O(r) Jely

Proof. From the saddle point equations, we have

1 /i o\ 2
T(p? -3 ,)* = ;(Z”> :
V)

Ifj el &;; - & # 0and 4r; — @; = g, and hence 7(u® — 42 ;) = O(r~'). If
J € Iy w* =02, — p* — a3 > 0, and hence 7(u* — 42 ;)*> = O(7). If j € If, &, ; — 0 and

Urj — U; = =, and hence T(/LQ — 42 .)2 — O[(T@Q )71]_ -

T.J T,J
B.4 Asymptotic properties of the differential operator matrix

Let
r

E,=71D,(C+D,)"'C = 3 [D.(C+ D.)"'C+C(C+ D,;)'D,], (18)

where the second equality is simply to make the symmetry of E. explicit. We have the following
result:

Proposition 1. Using the block matrix notation introduced above, and assuming I = (0, the leading
term of E; in the limit T — oo can be written as

D, ip Ic—lcm>
E, ~ ] 2l 7 19
" <§D"'JCI 'Crre (C Dre 19

where I is again the set of non-zero coordinates in the maximum-likelihood solution.

Proof. Again using standard properties for the inverse of a partitioned matrix [9], and the fact that
D is a diagonal matrix, we have for any index subset .J

[(C + D‘r)_l} J [CJ +D; 5 —Cy5:(Cye + DT,JC)_ICJC,J] o 20)
[(C+ D)™ —(Cy+ Dry) 1 Cre s [(C+ Do) . @0

J,Je



By Lemma[2] in the limit 7 — oo, D, vanishes on I and diverges on I¢. Hence
(Cr+Drp) '~ Cf! (22)
(C[c + DT,IC)7 ~ D;IC (23)

Plugging these in eqs. (20) and (Z1)), and using the fact that Cf je D;}c Cfe 1 is vanishingly small
compared to C7, yields

cit fc—%xjc -1
—1 I ‘r,]C
(C+Dr) (-D;}CC,C,,C;1 D! )

T,1¢

Plugging this in eq. (I8), and again using that D;}c is vanishingly small compared to constant
matrices yields eq. (T9). U

From the fact that by Lemma 7D, 1 ~ const, it follows immediately that, if I = 0,

(B} = {O(T) i,jele

24
const otherwise (24)

For transition coordinates, eq. (I7) may diverge or not, depending on the rate of &, ; — 0. Define
. . 1
J:IU{jEItC: TlinoloT2mT’j#O}' (25)

Then D, diverges on J¢ and converges (but not necessarily vanishes) on .J, and eqs. (22)) and (23)
remain valid if we use the set J rather than [ to partition the matrix (with a small modification in
eq. (22) to keep an extra possible constant term). Hence, we obtain the following modification of
eq.

o(r) i,je€Je

26
const otherwise (26)

(Er)ij = {

B.5 Asymptotic properties of the differential operator argument

Next we consider the function R (z) appearing in the argument of the differential operator in eq. (T4)
and defined in eq. (I7)),

p
= E 7 (25)
Jj=1

7.3 (%) Z %[ + (M(_;ézn:)m}(zj)m

m>3 uT;])

We have the following result:
Lemma 3. R ;(z;) is of the form
R j(2) = 2}ari(2;)
with q, ; an analytic function in a region around z; = 0 and
o(r?) jeJ
trj(z) <4 O(7)  jeJoni
const jelS,
with J defined in eq. (23).

Proof. The first statement follows from the fact that the series expansion of R ;(z;) contains only
powers of z; greater than 3. The asymptotics as a function of 7 for j € I and j € I, follow
immediately from Lemma 2]and the definition of R, ; (Appendix [B.2),
A A 20, ; (4 a2
Rrj(z) = —In[p? = (irj + 2)°] +In(p? = 07 ;) = 5252 — 75—y )2ZJ2‘~
T,

For j € J N If, we have from Lemmaat worst (luQ —42;)7?=0 [(727,;)?] < O(7?), whereas
for j € J°N If, we have at worst (72, ;)% = 7(722,,;)* < O(1). O



B.6 Asymptotic approximation for the partition function

To prove the analytic approximation eq. (I8), we will show that successive terms in the series

expansion of e1-2 A7 result in terms of decreasing power in 7. The argument presented below is
identical to existing proofs of the stationary phase approximation for multi-dimensional integrals [5],
except that we need to track and estimate the dependence on 7 in both A, and R.

The series expansion of the differential operator exponential can be written as:

1 1
7AT} _ A
exp{ 472 ngo ml(27)2m T

1 rm
—ZW Z Ej1j2~~Ej2m71j2mW

m>0 e Jam=1 J2m

_ 1 g 82m
_Zm!(%)?m 2 TR Oky

m>0 a: lal=2m

where E is the matrix defined in eq. (I8) (its dependence on 7 is omitted for notational sim-
plicity), @ = (a1,...,qp) is a multi-index, o] = > . «a;, and S;, is the sum of all terms
Ejijs - Ejopi_ oy, that give rise to the same multi-index o.. From eq. (20), it follows that only
coordinates in J give rise to diverging terms in .S , and only if they are coupled to other coordinates
in J¢. Hence the total number Y . ;. a; of J¢ coordinates can be divided over at most 3 > jege O

FE-factors, and we have

jeJ

STa < O(T% Zje‘]c O{J)

s

Turning our attention to the partial derivatives, we may assume without loss of generality that the
argument function @ is a finite sum of products of monomials and hence it is sufficient to prove
eq. (I8) with @ of the form Q(z) = H§:1 Q;(z;). By Cauchy’s theorem and Lemma we have for
€ > 0 small enough,
0%
81@0“

O[j!

1 .
" 2mi 7{ e 2T et G1)Q;(25)dz;

k;j=0 211

- Qm Z n'j|{| 2" T g (25)"Q5(25)dz

_ O[j! 1 3n—a;—1 n
S n!qu{'_e T () () de

0<n< % (o +1)

eltr i (ik; )Q (zk )

O(Tgaj) jed
O(r3%) jeJenIs
const jels,

IA

The last result follows, because for j € J or j € J° N I}, q; scales at worst as 2 orT, respectively,
and hence, since only powers of ¢; strictly less than %(a i + 1) contribute to the sum, the sum must
be a polynomial in 7 of degree less than %a j or %aj, respectively (o; can be written as either 3¢,
3t + 1 or 3t + 2 for some integer ¢; in all three cases, the largest integer strictly below %(aj +1)
equals ¢, and t < %aj).

Hence

an
STOti R, (ik) k — S‘ra .,.Jvk) k?
D Sragm gt QR > H aka] Qj(ik;)

a: lal=2m k=0 a: |al=2m

.=0
2 1
< O(T%Zjejc -3 Zjejaj+§ ZjeJCmrg aj) _ O(TH EjeJ a]’""i Eje]flt aj"‘g EjeJleg aj)

< (’)(7—% Z§:1 ay) — O(T%m)



This in turn implies that the m™ term in the expansion,

1 0% R,k (;
- Z m!(27)2m Z Sra H ok @5 (k) k;=0
m2>0 J J

1 oy
eXp{ RAT}eRT( R Q(ik)

k=0 a: |al=2m J
27)
is bounded by a factor of 773™, Hence eq. (27) is an asymptotic expansion, with leading term
1 P
L R (ik) (s -~ (0 —
exp{ 780 fe Q)| ~ ][00 = Q).
=0
O

C Zero-temperature limit of the partition function

The connection between the analytic approximation (I8) and the minimum-energy (or maximum-
likelihood) solution is established by first recalling that Fenchel’s convex duality theorem implies
that [[10]

& = argmin H(z) = argmin[f(z) + g(z)] = Vf*(—a) = C ' (w — a),
TeRP TERP

where f and g are defined in eqgs. (8)-(),

)= ar}ré&Fxgg[mTu — f(@)] = %(w—ku)TC’*l(w—Fu)

is the Legendre-Fenchel transform of f, and

= argmin f(—u) = argmin = (w —u)TC™ (w — w). (28)
{u€eRP: |u;|<u,Vj} {u€eRP: |u;|<u,Vj}

One way of solving an optimization problem with constraints of the form |u;| < f is to approxi-
mate the hard constraints by a smooth, so-called ‘logarithmic barrier function’ [11], i.e. solve the
unconstrained problem

P
@y = argmin [(w —w)'C™Hw —u) — % Z In(p? — u?)} (29)
j=1

u€ERP

such that in the limit 7 — oo, @, — 4. Comparison with eqs. (I2)—(I3), shows that (29) is precisely
the saddle point of the partition function, whereas the constrained optimization in eq. (28) was
already encountered in eq. (T4). Hence, let I again denote the set of non-zero coordinates in the
maximum-likelihood solution Z. The following result characterizes completely the partition function
in the limit 7 — oo, provided there are no transition coordinates.

Proposition 2. Assume that p is not a transition value, i.e. j € I < &; # 0 < |4;| = p. Let
o = sgn(i) be the vector of signs of t. Then sgn(&y) = oy, and

eT(wI—ual)TC;I(wz—ual)

w
7 ~ [ . (30)
23t 1 +Te] det(Cr) jere p? — a3

In particular,

lim 1 InZ = (wy — por)* C; Y (wy — poy) = H() = min H(x).

T—00 T rERP

Proof. First note that from the saddle point equations

Uy j
2 N A T,J
— U7 )y = pt

(1

where as before &, = C~!(w—1, ), and the fact that |, ;| < p, it follows that sgn(& ;) = sgn(i ;)
for all j and all 7. Let j € I. Because &, ; — Z; # 0, it follows that there exists 79 large enough
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such that sgn(&, ;) = sgn(&;) for all 7 > 7. Hence also sgn(u,, ;) = sgn(&;) for all 7 > 7, and
since @, ; — ; # 0, we must have sgn(4;) = sgn(Z;).

To prove eq. (30, we will calculate the leading term of det(C' + D) in eq. (I8). For this purpose,
recall that for a square matrix M and any index subset /, we have [9]

o det(M])
 det[(MY) ]
Taking M = C + D,, it follows from eqs. @0)—23) that det(C; + D, ;) ~ det(Cy), and
det[(M~1)se] ~ det(D] ;.), and hence

det(M) = det(My) det(Mre — Myey My * M) (31)

T,1¢

det(C 4 D) ~ det(Cr) det(Ds 10 = 77 det(cy) T ¥ )
et(C'+ D) ~ det(C1) det(Dy.1e) = 71" det(Cr) [ g5

jele Ry

Hence
) :
T o + 2 /A€ Do) ~ o5 e [T yJu2 + a2, T - )
e jeI Jele
pHIICl 11l 5
~T 2 22[[},'1‘ det(C[)H(NQ_U?)a
Jele

where the last line follows by replacing . ; by its leading term 4, and using ﬂf =p?forje I
Plugging this in eq. (I8) and using eqs. (I5)—(106) to get the leading term of the exponential factor
results in eq. (30). O

The leading term in eq. (30) has a pleasing interpretation as a ‘two-phase’ system,

1
Z = 7‘”Z]Z[c
2m) 2
where Z1 and Z;. are the partition functions (normalization constants) of a multivariate Gaussian
distribution and a product of independent shifted Laplace distributions, respectively:

7 ‘r(w;—pa;)chl(wI—;LUI)
ZI — (z % € ! — / e—‘r[z?CImI—Q(wI—;LGI)TmI]de
T det(Cr) RII
PRI | B
Tl : ;ﬂ—uv RIZC|
jeI° J

This suggests that in the limit 7 — oo, the non-zero maximum-likelihood coordinates are approxi-
mately normally distributed and decoupled from the zero coordinates, which each follow a shifted
Laplace distribution. At finite values of 7 however, this approximation is too crude, and more accurate
results are obtained using the leading term of eq. (I8). This is immediately clear from the fact that
the partition function is a continous function of w € RP, which remains true for the leading term of
eq. (I8), but not for eq. (B0), which exhibits discontinuities whenever a coordinate enters or leaves
the set I as w is smoothly varied.

D Analytic results for independent predictors

When predictors are independent, the matrix C'is diagonal, and the partition function can be written
as a product of one-dimensional integrals

2
7 = / e—‘r(cw —2ww+2u|w\)dm’
R

where ¢, p > 0 and w € R. This integral can be solved by writing Z = Z1 + Z~, where

SwEw?

e 2 (w2 [ w2 eT ¢ 2
Z:I: — / e—‘r[cx :I:Q(w:l:p)m]dx — €T+ / e—Tc(fc:t%) dr = i e~ Y dy
0 0 VTC £/ Z (wtp)

1 wip)? 1
N erfc(:t\/?(w:tp)) _— /”erfcx(i\f(wiu)), (32)
2\ Tc c 2\ 7c c
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where erfc(z) = % [ e~¥dy and erfex(z) = e erfc(z) are the complementary and scaled
complementary error functions, respectively. Hence,

log Z = log [erfcx(\/Z(,u + w)) + erfcx(ﬁ(u - w))] + %(logﬂ — log(7c)) —log 2,

and
1 (1 + w) erfex (/T (p+w)) — (n — w) erfex(\/Z(n — w))
c erfex(y/Z(n +w)) + erfex(y/Z(u — w))
_w o p erfex(/Z(p +w)) — erfex(y/Z(p — w))
¢ ¢ erfex(\/I(p+w)) 4 erfex(\/Z(u —w))
=Y4a- QQ)%,
where 1
4= erfcx(ﬁ(,ufw)) '
I+ erfcx(\/%(pﬂkw))

E Numerical recipes

E.1 Solving the saddle point equations

To calculate the partition function and posterior distribution at any value of 7, we need to solve the
set of equations in eq. (T3). To avoid having to calculate the inverse matrix C~1, we make a change
of variables x = C~*(w — u), or u = w — Cu, such that eq. (I3) becomes

X4 [wj — (CLI})7 — /J} [U}j - (C.’L‘)j + M] + %[’U}j - (C.’L‘)j] =0. (33)

We will use a coordinate descent algorithm where one coordinate of x is updated at a time, using the
current estimates & for the other coordinates. Defining

—w] ZCM.'L‘;.C,
k#j
we can write eq. (33) as
C; aj
2 Jj J
C']j J 2a]C’”x +(a —pu? - = ) xj 7:O

The roots of this 3rd order polynomial are easily obtained numerically, and by construction there will
be a unique root for which u; = w; — (Cx); = a; — Cj;z; is located in the interval (—p, p). This

root will be the new estimate &;. Given a new 2", we can update the vector a as

1d .
(new) (0 ) k= J
ap = 1d . ~(old .
<° )= Oy (25 = 3 k£
and proceed to update the next coordinate.

After all coordinates of & have converged, we obtain 7. by performing the matrix-vector operation
iy =w— CZ,
or, if we only need the expectation values,
E,(z) = 1.

For 7 = oo, the solution to eq. (33) is given by the maximum-likelihood effect size vector (cf.
Appendix [C), for which ultra-fast algorithms exploiting the sparsity of the solution are available [12]].
Hence we use this vector as the initial vector for the coordinate descent algorithm for 7 < oo and
expect fast convergence if 7 is large. Solutions for multiple values of 7 can be obtained along a
descending path of 7-values, each time taking the previous solution as the initial vector for finding
the next solution.

12



E.2 High-dimensional determinants in the partition function

Calculating the stationary phase approximation to the partition function involves the computation
of the p-dimensional determinant det(C + D) [cf. eq. (I8)], which can become computationally

e . . . . T e
expensive in high-dimensional settings. However, when C' is of the form C' = Aginl"‘ + A1 [cf.
eq. @] with A € R"*P, K € R™ " invertible, and p > n, these determinants can be written as

n-dimensional determinants, using the matrix determinant lemma:
ATK-1A
2n

_ det(DY)
~ det(K)

/)_1AT

det(C + D,) = det( + D;) det (K + A(Dgin), (34)

where D = D, + Al is a diagonal matrix whose determinant and inverse are trivial to obtain.

To avoid numerical overflow or underflow, all calculations are performed using logarithms of partition
functions. For n large, a numerically stable computation of eq. (34) uses the equality log det B =
trlog B =) | loge;, where B = K + 5~ A(D/ )~ ' AT and ¢; are the eigenvalues of B.

E.3 Marginal posterior distributions

Calculating the marginal posterior distributions p(x;) [eq. requires applying the analytic approx-
imation eq. (T4) using a different @, for every different value of ;. To make this process more
efficient, two simple properties are exploited:

1. For x; = & j, the saddle point for the (p — 1)-dimensional partition function Z(Cy,, wy, —
x;Cj 1,, ) is given by the original saddle point vector Z , k # j. This follows easily from
the saddle point equations.

2. If z; changes by a small amount, the new saddle point also changes by a small amount.
Hence, taking the current saddle point vector for x; as the starting vector for solving the set
of saddle point equations for the next value x; 4 ¢ results in rapid convergence (often in a
single loop over all coordinates).

Hence we always start by computing p(z; = &, ;) and then compute p(z;) separately for a series of
ascending values x; > %, ; and a series of descending values x; < &, ;

E.4 Sampling from the one-dimensional distribution

Consider again the case of one predictor, with posterior distribution

e—T(cx2—2wm+2u|x\)

p(z) = - . (35)

To sample from this distribution, note that
p(x) = (1—a)plz |z < 0) +ap(x |z > 0),

where
e—T(ch—Q(w$u)x)

ZF ’

p(xr |2z €R%) = (36)

Z* were defined in eq. (32), and

*° 1 > 2 Z~ 1
a=Plx>0)= / p(z)dr = —/ eTTlerm 2(w—mel gy — 2 — .
0 Z 0 Z 1 erfcx(\/?(p—w))
4+ WV e
erfcx(ﬁ(u—i—w))

Eq. (36) defines two truncated normal distributions with means (w F u)/c and standard deviation

1/+/27c¢, for which sampling functions are available. Hence, to sample from the distribution (33)), we
first sample a Bernoulli random variable with probability «, and then sample from the appropriate
truncated normal distribution.
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E.5 Gibbs sampler

To sample from the Gibbs distribution in the general case, we use the ‘basic Gibbs sampler’ of [13]].
Let 2 be the current vector of sampled regression coefficients. Then a new coefficient x; is sampled
from the conditional distribution

—7[Cj;x Z 5 *204] xj+2plz;|]

p(xj|{i.kvk7é]}): Zj ;

where a; = w; — > k) CrjZr and Z; is a normalization constant. This distribution is of the same
form as eq. (35) and hence can be sampled from in the same way. Notice that, as in section [E.T] after
sampling a new £, we can update the vector a as

©0 b= i

™ =3 Mg (new) _ ~(old) 7
k - o ~ (new ~ (0l ..

a, — Chy (1j —I; ) k#j

e

(37

E.6 Maximum a-posteriori estimation of the inverse temperature

This paper is concerned with the problem of obtaining the posterior regression coefficient distribution
for the Bayesian lasso and elastic net when values for the hyperparameters (A, i, 7) are given. There
is abundant literature on how to select values for A and p for maximum-likelihood estimation, mainly
through cross validation or by predetermining a specific level of sparsity (i.e. number of non-zero
predictors). Hence we assume an appropriate choice for A and i has been made, and propose to then
set 7 equal to a first-order approximation of its maximum a posteriori (MAP) value, i.e. finding the
value which maximizes the log-likelihood of observing data y € R™ and A € RP, similar to what was
suggested by [13]]. To do so we must include the normalization constants in the prior distributions

oy | Az, 7) = (L)’ — = lly—Az]® _ (L)?emnyn o~ % 187 AT Az—2(ATy) 2]
T 2mn 2rn

o~ Tzl +2p 32 Jas])

A

p(gj | )\,[L,T) =

where for A > 0,

Zo= | dpe OelP 2T, lesl) - /dx e T +2#Ir\) / do e= 7" +2uz))

RP
26 - /\ﬁ et dt - (\/Ze”i* erfc(ﬁ)) ~ (%)p (38)

and the last relation follows from the first-order term in the asymptotic expansion of the complemen-
tary error function for large values of its argument,

7‘/1?2

For pure lasso regression (A = 0), this relation is exact:

Zo = (%)p

Hence, the log-likelihood of observing data y € R™ and A € RP given values for A, y, 7 is

erfe(x) ~

L=log [ dxply| Az 1)p(x|pT)
Rr

2
- log T — H‘;Jir —log Zy + log dz e 1) 4 const,
n

2 RP
where ‘const’ are constant terms not involving the hyperparameters. Taking the first order approxima-
tion

log Z = log dx e TH®)
RP

~ —THpin = —7H(Z),
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where 2 are the maximum-likelihood regression coefficients, we obtain

2
L~ (p—l—%) log T — [%—FH(@)}T—&—plog,u

= (p+ 5)Togm — [ lly — A2 + Nl + 2021 7 + plog s
which is maximized at
T= - P+ %A —.
3 [y — AZ|Z + A&[? + 2| 2]y
Note that a similar approach to determine the MAP value for A would require keeping an additional
second order term in eq. (38)), and that for p > n it is not possible to simultaneously determine MAP

values for all three hyperparameters, because it leads to a set of equations that are solved by the
combination A = 4 = 0 and 7 = oo.

F Experimental details

F.1 Hardware and software

All numerical experiments were performed on a standard Macbook Pro with 2.8 GHz
processor amd 16 GB RAM running macOS version 10.13.6 and Matlab version
R2018a. Maximum-likelihood elastic net models were fitted using Glmnet for Matlab
(https://web.stanford.edu/"hastie/glmnet_matlab/). Matlab software to solve the
saddle point equations, compute the partition function and marginal posterior distributions, and
run a Gibbs sampler, is available at https://github.com/tmichoel/bayonet/. Bayesian
horseshoe and an alternative Bayesian lasso Gibbs sampler were run using the BayesReg toolbox
for Matlab [14], available at https://uk.mathworks.com/matlabcentral/fileexchange/
60823-bayesian-penalized-regression-with-continuous-shrinkage-prior-densities.

F.2 Diabetes and leukemia data

The diabetes data were obtained from https://web.stanford.edu/ hastie/CASI_files/
DATA/diabetes.html. The leukemia data were obtained from https://web.stanford.edu/
“hastie/CASI_files/DATA/leukemia.html. Data were standardized according to eq. (I, and
no further processing was performed. For the results in Figure 2} A was set to 0.1, i was selected
as the smallest value with a maximum-likelihood solution with 5 (diabetes data) or 10 (leukemia
data) non-zero predictors, and T was set to its maximum a-posteriori value given A and y, yielding
T = 682.3 (diabetes data) and 9.9439 - 10 (leukemia data).

F.3 Cancer Cell Line Encyclopedia data

Normalized expression data for 18,926 genes in 917 cancer cell lines were obtained from
the Gene Expression Omnibus accession number GSE36139 using the Series Matrix File
GSE36139-GPL15308_series_matrix.txt. Drug sensitivity data for 24 compounds in 504 cell
lines were obtained from the supplementary material of [15] (tab 11 from supplementary file
naturel1003-s3.x1s); 474 cell lines were common between gene expression and drug response
data and used for our analyses. Of the available drug response data, only the activity area (‘actarea’)
variable was used; 7 compounds had more than 40 zero activity area values (meaning inactive com-
pounds) in the 474 cell lines and were discarded. For the remaining 17 compounds, the following
procedure was used to compare the stationary phase approximation for the Bayesian elastic net to
BayReg’s lasso and horseshoe regression methods and maximum-likelihood elastic net and ridge
regression:

1. For each response variable (drug), possible hyper-parameter values were set to A = 0.1
(fixed); ptn, = fmax X r ~,where N = 10, n = 1,...,10, r = 0.01 and fimax =
max;_1,. p |wj|, with w as defined in eq. (@)—(7) and p = 18,926; 7,,, = 100-25(m+M=1),

where M =12, m =1,2,...,13.

2. For each training data set, and for each drug, the following procedure was performed:
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(a) The 1,000 genes most strongly correlated with the response were selected as candidate
predictors.

(b) Response and predictor data were standardized.

(c) Ten-fold cross-validation was carried out, by randomly dividing the 427 training sam-
ples in 10 sets of 42 samples for testing; running Bayesian and maximum-likelihood
elastic net on the remaining 385 samples and evaluating predictive performance (corre-
lation of predicted and true drug sensitivities) on the test set. The values fiy/r, Ay
nd 7p 4y with best median performance were selected.

(d) Maximum-likelihood coefficients for ridge regression (A = 0.1, u = 0) and elastic net
regression (A = 0.1, u = fipr1) were calculated on the training set (427 samples).

(e) Bayesian posterior expectation values using the stationary phase approximation for
elastic net (A = 0.1, 4 = fipr1,, T = Tpay) Were calculated on the training set (427
samples).

(f) Bayesian posterior expectation values for lasso and horseshoe regression using Gibbs
sampling (using BayReg with default parameter settings) were calculated on the training
set (427 samples).

(g) Drug responses were predicted on the original data scale in the 47 held-out validation
samples using all sets of regression coefficients, and the Pearson correlation with the
true drug response was calculated.

3. For each drug, the median correlation value over the 10 predictions was taken, resulting in
the values shown in Figure 3.

The top 1,000 most correlated genes were pre-filtered in each training data set, partly because in
trial runs this resulted in better predictive performance than pre-selecting 5,000 or 10,000 genes, and
partly to speed up calculations.

Figure 3[d shows the regression coefficients for the training fold whose performance was closest to
the median.

For Figure 3, Bayesian posterior expectation values using the stationary phase approximation for
elastic net and maximum-likelihood regression coefficients were calculated on each training set (427
samples) over a denser grid of 20 values for x4 (same formula as above with N — 20) and the same 13
values for 7, and evaluated on the 47 validation samples; the median correlation value of predicted
and true drug sensitivities over the ten folds is shown. Figure 3p shows the dependence on 1 of the
maximum-likelihood performance, and performance of the best 7 at every y for the Bayesian method.
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G Supplementary figures

Imag(z)
o

w
Real(z) Real(z) Real(z)

Figure S1: Illustration of the stationary phase approximation procedure for p = 1. (a) Contour plot
of the complex function (z — w)?. If g = ps, the integration contour can be deformed from the
imaginary axis to a steepest descent contour parallel to the imaginary axis and passing through the
saddle point zp = w, whereas if © = p1, this cannot be done without passing through the pole at
z = p. (b,c) Contour plots of the complex function (z — w)? — 2 In(u? — 2?) for |w| < p and
|w| > u, respectively. In both cases the function has a unique saddle point w, with |u.| <  and a
steepest descent contour that is locally parallel to the imaginary axis.
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