A Theoretical Analysis

In this section, we provide detailed proofs of the theoretical results in the KDGAN framework. Let
pe(y|z) = ap.(y|z) + (1 — a)pf (y|x), which is referred to as the mixture distribution. We first
show that the optimal distribution of the discriminator balances between the true data distribution
P (y|x) and the mixture distribution pg (y|x), as stated below.

Lemma 4.1. For any fixed classifier and teacher, the value function U (c,t,d) is maximized if and
only if the distribution of the discriminator is given by pg(m, y) = rul®)/(p, (y|z)+02 (y|@)).

Proof. Given the classifier p.(y|x) and the teacher pf (y|x), the discriminator aims to maximize the
value function U(c, t, d) of the minimax game as

max U (c,t, d)
= Ey~p, [logpi(z,y)] + ally~p, [log(l — pg(z, y))] + (1 — A)E,e[log(1l — pj(z,y))]
= Eynp, logpi(@,y)] + D pe(ylz)log(l = pi(z,y)) + (1 - a) 3 pf(yle)log(1 - pi(,y))
= Ey~p, [logpg(z, y)| + Zy (ape(ylz) + (1 — @)pf (y|z)) log(1 — pi(=,y))
=Eyp,logpi(@, )] + 3 pé(yle)log(l - pi(z, y))
=2 pulyl@)logpi(@,y) + > pi(yle)log(l - pi(x, y))
= F(p3(x,y)).

The function F'(p§(x, y)) achieves the maximum if and only if the distribution of the discriminator
is equivalent to p§(x, y) = Pu(¥|®)/p, (y|x)+pZ (y|2), completing the proof. O

Next, we show that the equilibrium of the minimax game is achieved if and only if both the classifier
and the teacher perfectly model the true data distribution, which is summarized as follows.

Theorem 4.2. The equilibrium of the minimax game min, ; maxy Ul(c, t, d) is achieved if and only
if pe(y|x) = pf(ylz) = pu(ylx). At that point, U(c,t,d) reaches the value —log(4).

Proof. Let Lyp = BLSs(pe(y|@), pf(y|z)) + vLhs (P (y|x), pe(y|2)). Given the optimal distri-
bution of the discriminator in Lemma 4.1, the classifier and the teacher aim to minimize the value
function U (¢, t, d) of the minimax game as follows,

mitn Ule,t,d)

_ o pu(ylz) ¢ () loz(1 — Pu(ylz)
=2, I o8 L ) e 2 P R ) ey
_ - pu(ylz) ° (ol pa(y|z) .
=2, I O ) i) 2 P L e )

= —log(1) + L (pu (yla) | LU E P WID)) )| Pulple) tralyle),

= —log(4) + 2Lss(pu(ylz)||pS (y|2)) + BLYS (P (y|), P (ylZ)) + vLDs (L (ylz), pe(y|2)).

Here, Lk, is the Kullback—Leibler divergence. Ljg is the Jensen-Shannon divergence which is non-
negative and reaches zero if and only if p, (y|x) = p2(y|x). The distillation losses L& and Lhg
such as the L2 loss on logits [7] and the Kullback—Leibler divergence on distributions [23] achieve
the minimum at zero if and only if p.(y|x) = pf(y|x). Therefore, the value function Ulc, t, d)
reaches the minimum at — log(4) if and only if p.(y|x) = pf (y|z) = p(y|x) = pu.(y|z), which
completes the proof. O

+ Lk (p2 (y|x + Lvp

Further, we show that the high variance of a random variance can be reduced with a low-variance
random variance, which is summarized in Lemma 4.3.

Lemma 4.3. Let X andY be random variables with Var(X) < Var(Y). Let Z = A X + (1 — V)Y,
then we have Var(Z) < Var(Y) forall A € (0,1).
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Proof. Given Var(X) < Var(Y), the covariance Cov(X,Y") is less than or equal to Var(Y") because
Cov(X,Y) < |Cov(X,Y)| < v/Var(X) Var(Y) < /Var(Y) Var(Y) < Var(Y).

According to the properties of the variance, for all A € (0, 1), we have
Var(Z) = A? Var(X) + 2A(1 — X) Cov(X,Y) + (1 — X\)? Var(Y)
< A?Var(Y) +2A(1 — A) Cov(X,Y) + (1 — A\)? Var(Y)
< A2 Var(Y) +20(1 — A) Var(Y) + (1 — A)? Var(Y)
= Var(Y),
This completes the proof. O

B Gradient Derivation

We provide detailed derivations of the gradient computation in the KDGAN framework. Similar to
the definition of the concrete distribution ¢.(y|x) for the classifier in Equation 9, we first define a
concrete distribution g7 (y|x) for the teacher as follows,

log pf (y|x) +g)

qf (y|x) = softmax(
=

, g ~ Gumbel(0, 1),

where 7 € (0, +00) is a temperature parameter and Gumbel(0, 1) is the Gumbel distribution [31].
The classifier and the teacher generate continuous samples from the concrete distributions q.(y|x)
and ¢f(y|x), respectively, and then discretize the continuous samples into pseudo labels. The
discriminator aims to maximize the probability of correctly identifying the true labels as positive and
the pseudo labels as negative. The discriminator is trained to maximize the value function U (¢, ¢, d)
of the minimax game by ascending along its gradients

VaU(e, t, d)
= Va(Ey~p, logp§(x,y)] + aBy~p, [log(1 — pf(x,9))] + (1 — @)Eypellog(l — pi(x, y))])
1 k
~ ) (Valogpj(,yi) + aValog(l — pj(x, 2)) + (1 — a)Valog(1 - pi(w, 2)))).

Here, k is the number of samples used to estimate the gradients. The true label y; is sampled from the
true data distribution p,, (y|z). 2¢ = onehot(argmax y¢) and z! = onehot(argmax y!) are pseudo
labels where y¢ ~ ¢.(y|x) and y! ~ ¢f (y|x) are continuous samples.

The classifier aims to generate the pseudo labels that resemble the true labels and predict the soft
labels produced by the teacher. The classifier is trained to minimize the value function U (c, ¢, d) of
the minimax game by descending along its gradients

VU(e,t,d) = Ve(aBy~p, [log(1 = pi(x, y))] + BLAs (pe(yl2), pf (ylz)))
=aVe)  pelyle)log(l = pi(z,y)) + BVeLhs (pe(yl). pf (y]2))
=a) Vepe(ylz)log(l = pi(z,y)) + BVeLis (pe(ylx), pf (y]x))
=a) pe(ylz)Velogpe(ylz)log(1 = pi(2,y)) + BVeLis (pe(ylx), pf (y]2))
= aEy~p, [Vclogpe(ylz) log(1 — pi(x, y))] + BV Lig(pe(ylz), pf (y|))

o k
~ 4 2y Velog ae(yfl@) log(1 = pi(@, 20) + BV Lis(pe(y|2), pf (yl@)).

where z{ = onehot(argmax y¢) is a pseudo label and y§ ~ ¢.(y|x) is a continuous sample. At the
training of the classifier, we use a control variate [49], which is defined as

k >
be = Eymp, (yioylog(1 = (@, y)] = Y log(l —pi(z, =),

where z{ = onehot(argmax y{) is obtained by discretizing a continuous sample y§ ~ ¢.(y|z).
VL is the gradients of the distillation loss Lf)g w.r.t. the classifier, which can be easily computed
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by the back-propagation algorithm. For example, if we use the L2 loss on logits [7] to define the
distillation loss Lf)g as

Lhs(pelyle), v (yle)) = 3| loape(yla)) — logpf (w1,
the gradients V.Lf,q are computed by
VeLps(pe(ylz), pi (ylz)) = [|log pe(ylx)) — log pf (y|)| |2V log pe(y|z).
Similarly, the gradients to update the teacher are derived as follows,
ViU(e,t,d) = Vi((1 — a)Eype log(1 — pg(, y))] + 7Ls (7 (yl2), pe(yl2)))

=(1=0a))_ Vipi(ylz)log(1 - pi(,)) +1VeLs (0f (y[2), pe(ylz)

— (1= a) Y] Vipt(yla)log(l - p(@.y) + 7V Lbs(pE (yl). pe(yle))

=(1-a) Zy pi (ylz) Vi log pj (ylz) log(1 — pg(x, y)) + 7V Lbs (P (y|2), pe(ylz))

= (1 = a)Eype [Vilog pf (ylz) log(1 — p§(z, y))] + YViLps (pf (y]z), pe(ylz))
-« k
~—— D, Vilogaf(yi|z)log(l — pi(w, 27)) + 7 VeLhs (0f (yl), pe(ylx)),

where 2! = onehot(argmax y!) is a pseudo label and y! ~ ¢f(y|x) is a continuous sample. At the
training of the teacher, we also use a control variate [49], which is defined as

by = By oyl l08(1 — S, y)] ~ S Tog(1 — pl(x, 21))
t prt(y‘m) g pd Y i=1 g pd y~i))s

where z! = onehot(argmax y!) is obtained by discretizing a continuous sample y! ~ ¢f (y|z).
VLl is the gradients of the distillation loss £},q w.r.t. the teacher. For example, the gradients
VL] are given by

ViLps(pf (ylz), pe(yla)) = || log pf (ylz) — log pe(y|z)||2 V¢ log pf (yl).

when the distillation loss [ItDS is defined as the L2 loss on logits [7],

1
Los(pi (y|z), pe(yle)) = 5|[log pf (y|z) —log pe(yl2))|3-

C Network Architectures

We describe network architectures which we use to conduct experiments in deep model compression
and image tag recommendation tasks. First, we describe the network architectures in deep model
compression task on the MNIST dataset. We implement the scoring function h(x, y) as an MLP [27].
The architecture of the MLP is given by

1. An input layer of a 28 x28 grayscale image.

2. A stack of 2 fully connected layers with 800 neurons.

3. A softmax layer with 10 classes.
We implement the scoring function s(x, y) as a LeNet [27]. The architecture of the LeNet is given by

. An input layer of a 28 x28 grayscale image.

. A convolutional layer with 32 kernels of size 5x5 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A convolutional layer with 64 kernels of size5x5 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A fully connected layer with 1024 neurons.

~N N L AW =

. A softmax layer with 10 classes.
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Next, we describe the network architectures in deep model compression task on the CIFAR-10 dataset.
We implement h(x, y) as a LeNet [27]. The architecture of the LeNet is given by

1.

. A convolutional layer with 64 kernels of size 5x5 and stride 1.

U =) WY, B SN OV I ()

An input layer of a 32x32 colored image.

. A max pooling layer with size 2x2 and stride 2.

. A convolutional layer with 128 kernels of size 5x5 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A fully connected layer with 1024 neurons.

. A softmax layer with 10 classes.

We implement s(x, y) as a 101-layer ResNet [22]. The architecture of the ResNet is given by

. An input layer of a 32x32 colored image.
. A convolutional layer with 16 kernels with size 3x3 and stride 1.
. Three stacked blocks of 3 convolutional layers which use 64 kernels of size 1x 1, 64 kernels

of size 3x3, and 256 kernels of size 1x 1, respectively.

. Four stacked blocks of 3 convolutional layers which use 128 kernels of size 1x 1, 128 kernels

of size 3x3, and 512 kernels of size 1x 1, respectively.

. Twenty three stacked blocks of 3 convolutional layers which use 256 kernels of size 1x1,

256 kernels of size 3x3, and 1024 kernels of size 1x 1, respectively.

. Three stacked blocks of 3 convolutional layers which use 512 kernels of size 1x1, 512

kernels of size 3x3, and 2048 kernels of size 1x 1, respectively.

7. A global pooling layer.

8.

A softmax layer with 10 classes.

Finally, we describe the network architectures in image tag recommendation task on the YFCC100M
dataset. We use the same network architectures when experimenting with the two datasets of images
labeled with the 200 most popular tags and 200 randomly sampled tags, respectively. We implement
a VGGNet [40] to extract image features. The architecture of the VGGNet is written as

O 00 1 O Lt AW =

— e
w N = O

. An input layer of a 224224 colored image.

. A stack of 2 convolutional layers with 64 kernels of size 33 and stride 1.

. A max pooling layer with size 2x2 and stride 2.

. A stack of 2 convolutional layers with 128 kernels of size 3x3 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A stack of 2 convolutional layers with 256 kernels of size 3x3 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A stack of 2 convolutional layers with 512 kernels of size 3x3 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A stack of 2 convolutional layers with 512 kernels of size 3x3 and stride 1.
. A max pooling layer with size 2x2 and stride 2.

. A fully connected layer with 4096 neurons.

. A fully connected layer with 4096 neurons.

14.

A fully connected layer with 100 neurons.

We implement a LSTM [24] to learn text features. The architecture of the LSTM is written as

Ji = sigmoid(Wy - [hi—1, ] + by),

i = sigmoid(W; - [hy—1, @] + b;),

oy = sigmoid(W,, - [h¢—1, @] + b,),

st = fi © st—1 + 14 @ tanh(Wy - [hy—1, @] + bs),
h; = o0, ® tanh(s,),

(23
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where [h, 2] is the vector concatenation and @ is the element-wise product. We set the hidden size
of the LSTM to 100 in the experiments. Let v, € R'% be an image feature vector extracted by the
VGGNet and v, € R be a text feature vector learned by the LSTM. We implement the scoring
function h(x, y) as an MLP [3]. The architecture of the MLP is written as

1. An input layer of a feature vector with size 100 (i.e. the image features v,,).

2. A stack of 2 fully connected layers with 800 neurons.

3. A softmax layer with 200 classes.

We implement the scoring function s(x, y) as an MLP [3]. The architecture of the MLP is given by

1. An input layer of a feature vector with size 100 (i.e. the element-wise product of v, and v.).
2. A stack of 2 fully connected layers with 1200 neurons.
3. A softmax layer with 200 classes.

D Additional Experiments
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Figure 6: The accuracy of the teacher against the hyperparameter v in KDGAN on MNIST. Note that
~ controls how much the classifier distills its knowledge into the teacher.

Gradient of the Adversarial Loss (V.£}) : Gradient of the Adversarial Loss (V.£})
o 1E-2 —— Gradient of the Distillation Loss (V.L§) o —— Gradient of the Distillation Loss (V.L§)
o Q
c c 1E-3
.© .o
E 1E-3 E
> >
1E-4 1E-4
0 40 80 120 160 200 0 40 80 120 160 200
Training Epochs Training Epochs
(a) KDGAN without the Gumbel-Max trick. (b) KDGAN with Gumbel-Max trick.

Figure 7: Variances of the gradient of the adversarial loss (VL ;) or the distillation loss (V.Lfg)
w.r.t. the classifier. The results are obtained by training KDGAN with 100 training images on MNIST.

We study the classifier’s ratio of compression (in terms of the number of parameters) and loss of
accuracy w.r.t. the teacher. The results using 5K to 50K training images on MNIST are presented in
Tables 3 and 4. We can see that the loss of accuracy generally decreases as the parameter number of
the classifier or the number of training examples increases. We also observe that MIMIC (1.22M
parameters) achieves an accuracy of 97.93%-99.05% while KDGAN with a much smaller size (0.19M
parameters) already achieves a better accuracy (98.72%-99.27%) than MIMIC.

Table 3: Model size and accuracy of the classifier and the Table 4: Average accuracy over 10 runs
teacher (shown in parenthesis) in KDGAN on MNIST.  with varying training size (n) on MNIST.

#Param. (M) ‘ n = 5K n = 10K n = 50K Method ‘ n=5K n=10K n=50K

0.09 (3.12) | 97.96(99.25) 98.74 (99.42) 99.03 (99.65) CODIS | 98.53  98.89 99.31
0.19(3.12) | 98.72(99.26) 98.92(99.46) 99.27(99.70) DISTN | 98.04  98.79 99.26
1.22(3.12) | 99.01(99.28) 99.25(99.48) 99.54(99.72) MIMIC | 97.93  98.65 99.05
2.28 (3.12) | 99.04 (99.27) 99.40(99.53) 99.77 (99.78) KDGAN | 99.01  99.25 99.54
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