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Abstract

We propose a new randomized coordinate descent method for a convex optimization
template with broad applications. Our analysis relies on a novel combination
of four ideas applied to the primal-dual gap function: smoothing, acceleration,
homotopy, and coordinate descent with non-uniform sampling. As a result, our
method features the first convergence rate guarantees among the coordinate descent
methods, that are the best-known under a variety of common structure assumptions
on the template. We provide numerical evidence to support the theoretical results
with a comparison to state-of-the-art algorithms.

1 Introduction
We develop randomized coordinate descent methods to solve the following composite convex problem:

P = min {F(2) = f(2) + g(x) + h(A2)}, 1)

where f : R? - R, g : R? - RU {400}, and h : R™ — R U {+o0} are proper, closed and
convex functions, A € R™*? is a given matrix. The optimization template () covers many important
applications including support vector machines, sparse model selection, logistic regression, etc. It is
also convenient to formulate generic constrained convex problems by choosing an appropriate h.

Within convex optimization, coordinate descent methods have recently become increasingly popular
in the literature [[IH6]. These methods are particularly well-suited to solve huge-scale problems
arising from machine learning applications where matrix-vector operations are prohibitive [[1].

To our knowledge, there is no coordinate descent method for the general three-composite form (T)
within our structure assumptions studied here that has rigorous convergence guarantees. Our paper
specifically fills this gap. For such a theoretical development, coordinate descent algorithms require
specific assumptions on the convex optimization problems [}, 4} 6]. As a result, to rigorously handle
the three-composite case, we assume that (i) f is smooth, (i¢) ¢ is non-smooth but decomposable
(each component has an “efficiently computable” proximal operator), and (z¢¢) i is non-smooth.

Our approach: In a nutshell, we generalize [4}[7] to the three composite case (T)). For this purpose,
we combine several classical and contemporary ideas: We exploit the smoothing technique in [8]],
the efficient implementation technique in [4}14], the homotopy strategy in [9], and the nonuniform
coordinate selection rule in [7] in our algorithm, to achieve the best known complexity estimate for
the template.

Surprisingly, the combination of these ideas is achieved in a very natural and elementary primal-dual
gap-based framework. However, the extension is indeed not trivial since it requires to deal with the
composition of a non-smooth function A and a linear operator A.

31st Conference on Neural Information Processing Systems (NIPS 2017), Long Beach, CA, USA.



While our work has connections to the methods developed in [[7, 110, [11]], it is rather distinct. First,
we consider a more general problem (II]) than the one in [4} 7, 10]. Second, our method relies on
Nesterov’s accelerated scheme rather than a primal-dual method as in [11]. Moreover, we obtain
the first rigorous convergence rate guarantees as opposed to [[11]]. In addition, we allow using any
sampling distribution for choosing the coordinates.

Our contributions: We propose a new smooth primal-dual randomized coordinate descent method
for solving (1)) where f is smooth, g is nonsmooth, separable and has a block-wise proximal operator,
and h is a general nonsmooth function. Under such a structure, we show that our algorithm achieves
the best known O(n/k) convergence rate, where k is the iteration count and to our knowledge, this is
the first time that this convergence rate is proven for a coordinate descent algorithm.

We instantiate our algorithm to solve special cases of (I)) including the case g = 0 and constrained
problems. We analyze the convergence rate guarantees of these variants individually and discuss the
choices of sampling distributions.

Exploiting the strategy in [4}[14]], our algorithm can be implemented in parallel by breaking up the
full vector updates. We also provide a restart strategy to enhance practical performance.

Paper organization: We review some preliminary results in Section 2] The main contribution of
this paper is in Section [3] with the main algorithm and its convergence guarantee. We also present
special cases of the proposed algorithm. Section [] provides numerical evidence to illustrate the
performance of our algorithms in comparison to existing methods. The proofs are deferred to the
supplementary document.

2 Preliminaries

Notation: Let [n] := {1,2,--- ,n} be the set of n positive integer indices. Let us decompose
the variable vector z into n-blocks denoted by x; as = [x1;xa; - - ; x,] such that each block x;
has the size p; > 1 with Z?:l p; = p. We also decompose the identity matrix I, of R? into n
block as I, = [U1,Us,--- ,Uy,], where U; € RP*Pi has p; unit vectors. In this case, any vector
x € RP can be written as © = Z?Zl U;;, and each block becomes z; = U, z for i € [n]. We
define the partial gradients as V; f(z) = U,’ Vf(x) for i € [n]. For a convex function f, we use
dom (f) to denote its domain, f*(z) := sup, {u'x — f(u)} to denote its Fenchel conjugate, and
prox () := argmin, { f(u) + (1/2)|Ju — z||*} to denote its proximal operator. For a convex set
X, dx(+) denotes its indicator function. We also need the following weighted norms:

Jill2, = (Hiaz, 22), lyell )2 = CH i),

2l = 32 L llilltyy (i) = 3252 L * (lwill ;)

Here, H; € RP:*Pi is a symmetric positive definite matrix, and L; € (0, 00) for i € [n] and « > 0.
In addition, we use || - || to denote || - ||2.
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Formal assumptions on the template: We require the following assumptions to tackle (T):
Assumption 1. The functions f, g and h are all proper, closed and convex. Moreover, they satisfy
(a) The partial derivative V;f(-) of f is Lipschitz continuous with the Lipschitz constant
Li €[0,400), ie., |Vif(x+ Usd;) — Vif@)iy < f/i||di||(i) forall x € RP, d; € RP:,
(b) The function g is separable, which has the following form g(x) = Y., gi(x;).
(c) One of the following assumptions for h holds for Subsections [3.3|and respectively:

i. h is Lipschitz continuous which is equivalent to the boundedness of dom (h*).
ii. his the indicator function for an equality constraint, i.e., h(Ax) := 0 (Ax).

Now, we briefly describe the main techniques used in this paper.

Acceleration: Acceleration techniques in convex optimization date back to the seminal work of
Nesterov in [[13]], and is one of standard techniques in convex optimization. We exploit such a scheme
to achieve the best known O(1/k) rate for the nonsmooth template (T)).

Nonuniform distribution: We assume that ¢ is a random index on [n] associated with a probability
distribution ¢ = (q1,--- ,qn) " such that

P{¢=i}=¢;>0, icn], and » ¢ =1. 3)
=1



When ¢; = % forall i € [n], we obtain the uniform distribution. Let g, i1, - - - , %% be i.i.d. realizations
of the random index & after k iteration. We define Fj 11 = o (ig, 1, - , i) as the o-field generated
by these realizations.

Smoothing techniques: We can write the convex function h(u) = sup,, {(u,y) — h*(y)} using
its Fenchel conjugate h*. Since A in (I)) is convex but possibly nonsmooth, we smooth h as

() = max { () — b () — Gy = 91} )

where y € R™ is given and 3 > 0 is the smoothness parameter. Moreover, the quadratic function
b(y, ) = 3lly — 9||? is defined based on a given norm in R™. Let us denote by y5(u), the unique
solution of this concave maximization problem in @), i.e.:

v (u) i= arg max { (w.9) = () = §lly — I} = prosg s (54 87'0). )

where prox,,. is the proximal operator of h*. If we assume that h is Lipschitz continuous, or
equivalently that dom (h*) is bounded, then it holds that
2
ha(u) < h(u) < hg(u) + 250, where Dj- := max, )Ily =yl < +oo. (6)
yedom(h*
Let us define a new smoothed function ¢(z) := f(x) + hg(Az). Then, 1 is differentiable, and its
block partial gradient
Vivs(x) = Vif(2) + Al yj(Az) (7)

£ 2112 £ . . .
is also Lipschitz continuous with the Lipschitz constant L;(3) := L; + HAé“ , where L; is given in

Assumption|[I] and 4; € R™*P is the i-th block of A.

Homotopy: In smoothing-based methods, the choice of the smoothness parameter is critical. This
choice may require the knowledge of the desired accuracy, number of maximum iterations or the
diameters of the primal and/or dual domains as in [8]]. In order to make this choice flexible and our
method applicable to the constrained problems, we employ a homotopy strategy developed in [9] for
deterministic algorithms, to gradually update the smoothness parameter while making sure that it
converges to 0.

3 Smooth primal-dual randomized coordinate descent

In this section, we develop a smoothing primal-dual method to solve (IJ). Or approach is to combine
the four key techniques mentioned above: smoothing, acceleration, homotopy, and randomized
coordinate descent. Similar to [[7]] we allow to use arbitrary nonuniform distribution, which may allow
to design a good distribution that captures the underlying structure of specific problems.

3.1 The algorithm
Algorithm E]below smooths, accelerates, and randomizes the coordinate descent method.

Algorithm 1. SMooth, Accelerate, Randomize The Coordinate Descent (SMART-CD)

Input: Choose 3; > 0 and « € [0, 1] as two input parameters. Choose 2 € RP.

1 SetBY:= 1L, + “’2—1”2 for i € [n]. Compute S, := > ;- (BY)* and ¢; := % forall i € [n].
2 Setrp:=min{g | 1 <i<n}e€ (0,1 fori€ [n]. Setz" = 70 := z°.

3 fork <« 0,1, -, kpnax do

4 Update 3% := (1 — 74)z* + 73,#* and compute 4% := Az*.
5 Compute the dual step yj; := yj,  (0¥) = PrOXg-1 e (7 + B l1aF).
6 Select a block coordinate 45, € [n] according to the probability distribution g.
7 Set ##*1 := #* and compute the primal i;-block coordinate:
~k+1 . kY AT o Kk Tkak ~k 112
i = argmin {(V F@) + Alyitswa, L)+ ga o) + 5o lon = a1 |
8 Update 2% := % 4 2= (ZFH! — %),
9 Compute 7441 € (0, 1) as the unique positive root of 72 + 72 + 727 — 72 = 0.
~ 2
10 Update Bg1o := 1?‘7&1 and Bf*l =L, + % fori € [n].
11 end for




From the update z* D=t (gk — gh=1yand 2% := (1 — 7)z* + 7", it directly follows
k

To
that 2% := (1 — Tk>( k=14 T’“Ol (% 5ck )) + T @F. Therefore it is possible to implement the

p-
algorithm without forming z*.

3.2 Efficient implementation
While the basic variant in Algorithm[I]requires full vector updates at each iteration, we exploit the
idea in [4, [14] and show that we can partially update these vectors in a more efficient manner.

Algorithm 2. Efficient SMART-CD

Input: Choose a parameter 3; > 0 and « € [0, 1] as two input parameters. Choose 2° € RP?.
A 2 0y
1 SetBY:=1L;+ % for i € [n]. Compute S, := > (B?)* and ¢; := ([;ia) for all i € [n].
2 Set7g:=min{g |1 <i<n}e (0,1 fori€ [n]andcy= (1 —7p). Setu® = 29 := 20,
3 fork < 0,1, - kpnax do )
4 Compute the dual step yj, | (cx Au” + AZF) := PrOXg—1 ). (7 + By (crAuk + AZF)) .
5 Select a block coordinate ik € [n] according to the probability distribution q.
6 Let V¥ := V,, f(cpub + 2F) + A] yﬁkﬂ(ckAu + AZ"). Compute

tf}j‘l := arg min {<Vf, t) + i, (t + glkk) + -

teR”ik 27’0
7 Update 2/ := 28 447+,
8 Update ukH = uf — %thrl.
° Compute 7441 € (0, 1) as the unique positive root of 72 + 72 + 777 — 72 = 0.
b Update i1 := 1519721 and Bf "' =L + % fori € [n].
11 end for

We present the following result which shows the equivalence between Algorithm [I]and Algorithm 2]
the proof of which can be found in the supplementary document.

Proposition 3.1. Let ¢, = Hf:()(l —7), 2% = qpuF + ¥ and 7 = ¢, _yuF + ZF. Then, 3% = ¥,

% = 2% and TF = Z*, for all k > 0, where &%, 2%, and T are defined in Algorithm!

According to Algorlthm [2l we never need to form or update full-dimensional vectors. Only times
that we need 2* are when computing the gradient and the dual variable 1% Bt . We present two special
cases which are common in machine learning, in which we can compute these steps efficiently.

Remark 3.2. Under the following assumptions, we can characterize the per-iteration complexity
explicitly. Let A, M € R™*P, and

(a) f has the form f(x) =371, ¢; (e] M), where e; is the j™ standard unit vector.
(b) his separable as in h(Ax) = 0y (Ax) or h(Ax) = [|Ax||;.

Assuming that we store and maintain the residuals rfj’f = MuF, r 57 = M3*, u, = Au*,
k., = AZF, then we have the per-iteration cost as O(max{|{j | Aji # O},[{j | Mj; # 0}|})
arithmetic operations. If h is partially separable as in [3|], then the complexity of each iteration will
remain moderate.

3.3 Case 1: Convergence analysis of SMART-CD for Lipschitz continuous /
We provide the following main theorem, which characterizes the convergence rate of Algorithm

Theorem 3.3. Let x* be an optimal solution of (1) and let 1 > 0 be given. In addition, let
To = min{g; | ¢ € [n]} € (0,1] and By := (1 + 70)581 be given parameters. For all k > 1, the
sequence {:fk} generated by Algorithmsatisﬁes:

C*(,TO) ﬁl(l +T())D}2L*

To(k—1)+1 2(rok +1) ®

E [F(zF) — F*] <

where C*(2°) := (1 — 70)(Fp, (z°) — F*) + > 125

?”?i) and Dy~ is as defined by (6).
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In the special case when we use uniform distribution, 7o = ¢; = 1/n, the convergence rate reduces to

C* (2 1)BoD3.
B [F(") - F*) < 20D, (t DDy
k+n—1 2k + 2n
where C*(20) := (1 — 1)(Fp,(z°) — F*) + Z:l:l%?na'}: — @{||?;)- This estimate shows that the
convergence rate of AlgorithmI]is
°(%)
k )

which is the best known so far to the best of our knowledge.

3.4 Case 2: Convergence analysis of SMART-CD for non-smooth constrained optimization

In this section, we instantiate Algorithm [I]to solve constrained convex optimization problem with
possibly non-smooth terms in the objective. Clearly, if we choose h(-) = d.}(-) in (I) as the indicator
function of the set {c} for a given vector ¢ € R™, then we obtain a constrained problem:

F* = min {F(z) = [(2) + g(x) | Az = e} )

where f and g are defined as in (E]), A € R™*XP and c € R™.
We can specify Algorithm [I]to solve this constrained problem by modifying the following two steps:

(a) The update of yj, | (Az") at Stepis changed to

Yhe, (AZF) := g+ 52— (A2" —¢), (10)

Br+1

which requires one matrix-vector multiplication in Az&*.
(b) The update of 7, at Step[9]and i1 at Step [10]are changed to

Tk+1 = htilfrk and ﬂk+2 = (1 — Tk+1)ﬁk+1« (ll)

Now, we analyze the convergence of this algorithm by providing the following theorem.

Theorem 3.4. Let {:Tck} be the sequence generated by Algorithm|I|for solving ) using the updates
(TO) and (1)) and let y* be an arbitrary optimal solution of the dual problem of (). In addition,
let 7o := min{q; | i € [n]} € (0,1] and By := (1 + 70)B1 be given parameters. Then, we have the
following estimates:

_ . O* (20 *_ 2 N _
E[F@) -~ F] < 70en ¢ ol il Azt — b,
(12)
_ .. .. 1 s 1/2
E[JA7 o] < mglie [l — 9l + (v - a1 + 267 0 ) %]

no

where C*(20) = (1 — 10)(Fjq (2°) — F*) + 7 7280 |lzx — 29|

i=1 2q; i

lower bound always holds —||y*||E [||Az* — b||] < E [F(z*) — F*

) We note that the following

?

i~

3.5 Other special cases
We consider the following special cases of Algorithm T}

The case h = 0: In this case, we obtain an algorithm similar to the one studied in [7]] except that
we have non-uniform sampling instead of importance sampling. If the distribution is uniform, then
we obtain the method in [4].

The case g = 0: In this case, we have F'(z) = f(x) + h(Ax), which can handle the linearly
constrained problems with smooth objective function. In this case, we can choose 7y = 1, and the
coordinate proximal gradient step, Step[7]in Algorithm[T] is simplified as

B =l = e (Vs + ALy, (0). (13)
In addition, we replace Step [§] with
= gk 4 TRk gk e ). (14)
4qi

We then obtain the following results:



Corollary 3.5. Assume that Assumption[l|holds. Let 7o = 1, 1 > 0 and Step[7jand[8|of Algorithml[I|
be updated by (13) and (14), respectively. If, in addition, h is Lipschitz continuous, then we have
B1D2.
E+1°

. 1 B
B[F(#) - P < 2> Sllel -0l + (15)
=1 7

where Dy~ is defined by (6).

If, instead of Lipschitz continuous h, we have h(-) = d;cy(-) to solve the constrained problem ()
with g = 0, then we have

B N C* (2° w2 B
E [F(xk) _F ] < l(c ) 4 /31Hy2k ol 4 ly* |E [”Axk _ bH] ’
_k B . .12 1 oy 1/2 (16)
E[l4z® —ol] <& [lly gl + (ly* - 9l° + 287 C7 (%) ],
where C*(20) := 225; xr — ac?H?l)
i=1"%

3.6 Restarting SMART-CD

It is known that restarting an accelerated method significantly enhances its practical performance
when the underlying problem admits a (restricted) strong convexity condition. As a result, we describe
below how to restart (i.e., the momentum term) in Efficient SMART-CD. If the restart is injected in
the k-th iteration, then we restart the algorithm with the following steps:

uFtl 0,
k+1
T%fl 0,
+

Tuh 0, . .

. *
Y  Yhr (CRTg 75 4),
Br+1 B,
Tk+1 < 7o,
Ck +— 1.

The first three steps of the restart procedure is for restarting the primal variable which is classical
[15]. Restarting g is also suggested in [9]. The cost of this procedure is essentially equal to the cost
of one iteration as described in Remark [3.2] therefore even restarting once every epoch will not cause
a significant difference in terms of per-iteration cost.

4 Numerical evidence

We illustrate the performance of Efficient SMART-CD in brain imaging and support vector machines
applications. We also include one representative example of a degenerate linear program to illustrate
why the convergence rate guarantees of our algorithm matter. We compare SMART-CD with Vu-
Condat-CD [11], which is a coordinate descent variant of Vu-Condat’s algorithm [[16], FISTA [17],
ASGARD [9], Chambolle-Pock’s primal-dual algorithm [18]], L-BFGS [19] and SDCA [3].

4.1 A degenerate linear program: Why do convergence rate guarantees matter?
We consider the following degenerate linear program studied in [9]:

min 2z,

zERP .

S.t. Zi:l T :1 1, (17)
Tp — Z;1xk:07 (2<j<a),
zp > 0.

Here, the constraint x, — Zﬁ;i x, = 0 is repeated d times. This problem satisfies the linear
constraint qualification condition, which guarantees the primal-dual optimality. If we define

f(x) = 2x;m g(IL‘) = 5{xp20}(xp)7 h(A:ZZ) = 5{(,}(Ax)7

where o1 pe1 o1 T
.
Ax = g Tk, xp—g Thoye-ns xp—g xg| , c¢=]1,0,...,0]",
k=1 k=1 k=1

we can fit this problem and its dual form into our template (TJ).
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10 —SMART-CD

........ SMART-CD-Restart
Vu-Condat-CD

0 200 400 600 800 1000 0 200 400 600 800 1000
epoch epoch
Figure 1: The convergence behavior of 3 algorithms on a degenerate linear program.

For this experiment, we select the dimensions p = 10 and d = 200. We implement our algorithm and
compare it with Vu-Condat-CD. We also combine our method with the restarting strategy proposed
above. We use the same mapping to fit the problem into the template of Vu-Condat-CD.

Figure [T] illustrates the convergence behavior of Vu-Condat-CD and SMART-CD. We compare
primal suboptimality and feasibility in the plots. The explicit solution of the problem is used to
generate the plot with primal suboptimality. We observe that degeneracy of the problem prevents
Vu-Condat-CD from making any progress towards the solution, where SMART-CD preserves O(1/k)
rate as predicted by theory. We emphasize that the authors in [11] proved almost sure convergence
for Vu-Condat-CD but they did not provide a convergence rate guarantee for this method. Since the
problem is certainly non-strongly convex, restarting does not significantly improve performance of
SMART-CD.

4.2 Total Variation and /; -regularized least squares regression with functional MRI data

In this experiment, we consider a computational neuroscience application where prediction is done
based on a sequence of functional MRI images. Since the images are high dimensional and the number
of samples that can be taken is limited, TV-¢; regularization is used to get stable and predictive
estimation results [20]. The convex optimization problem we solve is of the form:

min 3| Mz = b + Azl + A1 =) e]lrv. (18)

This problem fits to our template with
fl@) = 5l1Mz —b|%,  g(z) =Mrllzly,  hluw) = A1 =7)|ulls,
where D is the 3D finite difference operator to define a total variation norm || - || v and « = Dx.

We use an fMRI dataset where the primal variable x is 3D image of the brain that contains 33177
voxels. Feature matrix M has 768 rows, each representing the brain activity for the corresponding
example [[20]. We compare our algorithm with Vu-Condat’s algorithm, FISTA, ASGARD, Chambolle-
Pock’s primal-dual algorithm, L-BFGS and Vu-Condat-CD.

—— Chambolle-Pock -

~——Vu-Condat : i
FISTA 9500 9500 §
w———ASGARD E
——L-BFGS H
9000 |

9500

9000 L D 9000 _
) ) =
w w w
8500 8500
85007 §
80007 ., 8000
T
8000
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
time (s) time (s) time (s)

Figure 2: The convergence of 7 algorithms for problem (I8). The regularization parameters for the
first plot are A = 0.001,r = 0.5, for the second plot are A = 0.001,r = 0.9, for the third plot are
A=0.01,r=0.5.

Figure 2] illustrates the convergence behaviour of the algorithms for different values of the regu-
larization parameters. Per-iteration cost of SMART-CD and Vu-Condat-CD is similar, therefore
the behavior of these two algorithms are quite similar in this experiment. Since Vu-Condat’s,



Chambolle-Pock’s, FISTA and ASGARD methods work with full dimensional variables, they have
slow convergence in time. L-BFGS has a close performance to coordinate descent methods.

The simulation in Figure 2]is performed using benchmarking tool of [20]]. The algorithms are tuned
for the best parameters in practice.

4.3 Linear support vector machines problem with bias

In this section, we consider an application of our algorithm to support vector machines (SVM)
problem for binary classification. Given a training set with m examples {a1, as, . .., a,, } such that
a; € RP and class labels {b1, ba, ... b, } such that b; € {—1,+1}, we define the soft margin primal
support vector machines problem with bias as

m

min " C; max (0,1 = bi(fas, w) + wo) ) + 3wl (19)
e

As it is a common practice, we solve its dual formulation, which is a constrained problem:

min {5 [MDO)r|* - T, i}
! (20)
s.t. 0<z2;,<Cy, i=1,---,m, blax=0,

where D(b) represents a diagonal matrix that has the class labels b; in its diagonal and M € RP*"™ is
formed by the example vectors. If we define

1 m
flz) = 5||MD(b)33||2 > wi, gi(wi) = dpp<r<cy, =0, A=bT,

i=1
then, we can fit this problem into our template in (9).

We apply the specific version of SMART-CD for constrained setting from Section [3.4]and compare
with Vu-Condat-CD and SDCA. Even though SDCA is a state-of-the-art method for SVMs, we are
not able to handle the bias term using SDCA. Hence, it only applies to (20) when b" 2 = 0 constraint
is removed. This causes SDCA not to converge to the optimal solution when there is bias term in the
problem (T9). The following table summarizes the properties of the classification datasets we used.

Data Set Training Size | Number of Features | Convergence Plot
rcvl.binary [2122] | 20,242 47,236 Figure [3] plot 1
a8a [21, 23] 22,696 123 Figure [3] plot 2
gisette [21}124] 6,000 5,000 Figure 3| plot 3

Figure [3]illustrates the performance of the algorithms for solving the dual formulation of SVM in (20).
We compute the duality gap for each algorithm and present the results with epochs in the horizontal
axis since per-iteration complexity of the algorithms is similar. As expected, SDCA gets stuck at
a low accuracy since it ignores one of the constraints in the problem. We demonstrate this fact in
the first experiment and then limit the comparison to SMART-CD and Vu-Condat-CD. Equipped
with restart strategy, SMART-CD shows the fastest convergence behavior due to the restricted strong
convexity of (20).

10° 10° 10°

w0 \
10°
= SMART-CD
10 | |==SMART-CD-Restart = SMART-CD 4 | [==SMART-CD

Vu-Condat-CD === SMART-CD-Restart === SMART-CD-Restart
=== SDCA Vu-Condat-CD Vu-Condat-CD

4 5

10 10
10° 10! 10? 10° 10* 10? 10° 10" 10?
epoch epoch epoch

Figure 3: The convergence of 4 algorithms on the dual SVM (20) with bias. We only used SDCA in
the first dataset since it stagnates at a very low accuracy.
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5 Conclusions

Coordinate descent methods have been increasingly deployed to tackle huge scale machine learning
problems in recent years. The most notable works include [116]]. Our method relates to several works



in the literature including [1} 4} (7,19, 10, [12]]. The algorithms developed in [2H4] only considered
a special case of (I) with & = 0, and cannot be trivially extended to apply to general setting ().
Here, our algorithm can be viewed as an adaptive variant of the method developed in [4] extended to
the sum of three functions. The idea of homotopy strategies relate to [9]] for first-order primal-dual
methods. This paper further extends such an idea to randomized coordinate descent methods for
solving (T). We note that a naive application of the method developed in [4] to the smoothed problem
with a carefully chosen fixed smoothness parameter would result in the complexity O(n?/k), whereas
using our homotopy strategy on the smoothness parameter, we reduced this complexity to O(n/k).

With additional strong convexity assumption on problem template (T)), it is possible to obtain O(1/k?)
rate by using deterministic first-order primal-dual algorithms [9} [18]]. It remains as future work to
incorporate strong convexity to coordinate descent methods for solving nonsmooth optimization
problems with a faster convergence rate.
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Supplementary document

Smooth Primal-Dual Coordinate Descent Algorithms for
Nonsmooth Convex Optimization

A Key lemmas

The following properties are key to design the algorithm, whose proofs are very similar to the proof of
[9, Lemma 10] by using a different norm, and we omit the proof here. The proof of the last property
directly follows by using the explicit form of hg(u) in the special case when h*(y) = (c, y).

Lemma A.1. Forany u,t € R™, the function hg defined by @) satisfies the following properties:

(a) hg(-) is convex and smooth. Its gradient Vhg(u) = yj(u) is Lipschitz continuous with the
Lipschitz constant Ly, = %

(b) ha(w) + (Vha(u), i = u) + § 5 (u) = y5(@)° < ha@)
(0) () = hg(u) + (Vhs(w), i — u) + &y (u) - 1
(@) hs(u) < ha(w) + (252) ) — 3>

(e) If h*(y) = (c,y), a linear function, then hg(u) = hz(u) + (B;g)ﬁ v (u) — 91>

Lemma A.2. The parameters {7i} ;>0 and { B, }x>1 updated by Steps[9|and|[I0) respectively, satisfy
the following bounds:

2 Bi(1+70)

B & T — < 21
k+ 1 T k_k—FT(;l—f—l B < Tok +1 @D

3, 2
T +7h

Proof. We proceed by induction. By Step@ we have 72, = & . For k = 0, the bounds trivially

1—T

hold since 179 < l. By the inductive assumption, we have — < T < -. Assume

1 2
k—1+7, k+7y
k4147,
< 2 — T Ty 0
Then (h— 1+ _1)2 ~ Tk 1 174 < (k+7_0_1)2(k_1+7_0—1),
. For the other side of the inequality, assume toward

toward condtradiction that 7y, <=t

which is a contradiction. Therefore Tk >

k’—&-'r(;

.. 4(k+3+‘ro_1) Tk-‘er 2 < .
contradiction that 7, > 7k+1+ = Then EEFE T —— S E =T < [Cre==sr ,l)z,whlch
is a contradiction. Therefore, 7, < —=—

k+1+7g
_ Br—1  __ k=1 itry ' Bi(1+70)
For {f1 }, we note that 8, = Tre =05 HZ 1 1+n <A1l T = Rl O

The following lemma is motivated by [4].

Lemma A.3. Consider the iterates {z*, 7"} 1> ()fAlgorithm Then, for k > 0 and i € [n], we
can write {z¥} as a convex combination of {il-}f,o:

Z 71@ gl (22)

where Wf L'> 0 and Zf:o fyf ' = 1. Moreover, the coefficients 7f ! can explicitly be computed as

(1= 7, forl=0, k—1,
,yf+1,l — (1 _ Tk)V _|_ Ty %’ forl = ,Z(j7 (23)
Tk forl=Fk+1.

70

Proof. Now, from the definition of %1 and #*, for i € [n], we can write
_ _ Tk .
’k'H =(1- Tk)l‘ —|—7'kx + O( Fhtt f) =(1- Tk)xf + (1% — ?z) f + ?foﬂ. (24)

11



We prove that 28 = S5 ~#'i for i € [n] such that 45" > 0 and 33} 7! = 1. Indeed, for

k = 0, we have 20 = 79, which trivially holds if we choose ’y?’o = 1. Now, assume that this

expression holds for & > 1, we prove it holds for £ + 1. Indeed, from @), using this induction
assumption, we can write

k+1
k41 _ Kl ~ z k,k Tk Tk ~ k+1 k41,0 ~ z
z; Zv [ — )y 4 T — O}x + = Zv

k41,0 k+1 k+1,z - 1-

where constants o are as given in (2Z3). It is trivial to check that >,
Tk) 21:0 A =+ 2 = (1 — 1) + 7 = 1. In addition, since {7} } ;>0 is a non—increasing

sequence, fyf t>0. O

B Convergence analysis of SMART-CD

B.1 The proof of Theorem3.3]

First, let us define the full primal proximal-gradient step as
. : A 3 — B -
FhHL . arg min {<V’(/Jﬁk+l($k)7§(j — &FY + g(x) + 7 Z %Hazi - xf”i)} , (25)
i=1

where Vg, ,, (#*) = Vf(2*) + ATy, (AZ"). The primal coordinate step (Step and Stepin
Algorithm|[T]can be written as

(26)

zk otherwise.

:]_€+1 f P
j’jf}-‘rl — {xz ) I 2 ZkH
Moreover, using [25] Property 2], we know that for all 2 € RP and for all ¢ € [n],

= N = TkBk ~ =
g8 < gi@) + (Vibg,,, (@%), 2 — 2T + TTO (||x1- — &5y = i — 25T )

Tszk Zk+1  ~k) 2
om0 257 — & |I5)- (27)

Now, since the partial gradient V;, f is L; . -Lipschitz continuous, using mk
=k+1

1_ k1~
Sh=al @ -1

and 7; " = &% for i # iy, we have

F@ ) < F@) + (Vi f(@R), 254 - :e’f>+L%||wk“ i |2

ik (ir)

= f(@*) + <Vzkf( B), B - ) + Ak - #EI7,)- (28)

Taking the Fj-conditional expectatlon with respect to 75 and noting @ we obtain

B, [f(Z) | Fe] < f(3 +—Zqz (Vif(@"), 25t — &)

22 ﬁ ~
L DI e AR [ (29)
0=
Next, let us denote by ¢g(z) := hg(Axz). Then, by Lemma|A.1} we can see that g,  , has block-
coordinate Lipschitz gradient with the Lipschitz constant ”A ” , where A; is the i-th column block

of A. Moreover, Vipg, ,, (x) = Alyj,  (Az). Hence, usmg ZiT = aF + (3 - F) and

ik
TFT = 2k for i # iy, we can write

R By - R HA ||
@Bk+1( k+1) < PBrt1 (:Ek) =+ <vik§05k+1 (xk)vxf:—l - xl > H k+1 ﬁc ||%1,k)
_ iRy o TR ~ky skl _ sk HA || ~k+1 2
= PBrt1 ({)3 ) + < i PBrt1 (.’1? )’ Ls Z; > 9 H ik ||(zk)
T0 TO

12



Taking the F-conditional expectation with respect to i, given F}, and noting (26), we get

Elk [‘Pﬁk+1( k+1) | ]:k] < ‘p,@k+1( + _ ZQl V @ﬂk+1(Ak)a§§+l - jﬂ
i=1
i« IIA || . .
%Z AR ) (30)
70 i=
Now, we define
k n
= 4gi(a) and gF =1 gl (31)
1=0 i=1

Using Lemma[A3] we can write

k+1

Ak-&-l +Llg (@)
DR

K.k T ~ Tk
Z (1=t @) + [ ™ - 2@ + Taua)

(1= ZW@ 9i(%;) + rgi (T ) + - (gz( k—H) gz(jf))
= (1= 7)37 + mg: () + — (gz( i) = gi()) -
Using the definition (3T)) of g¥, this estimate implies

G =1 - m)g" + Z |:Tkgz(‘%i€) (gz( i - gl(jf))] :
i=1

Now, by the expression (26)), we can show that
Ei 9@ | Fi] = qigi( @) + (1= 0:)gi(@).

Combining the two last expressions, we can derive

B (" Fe] = (0= m)g" + > {Tkgz — (Eik lg: (@) | Fi] — gi(fﬁf))]
=1
= (1—m)g" +Tngl +—Zqz 9i(&; ) — g:(&))) - (32)
i=1

Let us define 5 := f(z*) + §* + hg, (Az") = f(z*) + §* + pp, (z*). Then, from @9). (30) and
(32), we have that
Ei [F5L | B = Eiy [F@) | B +Eoy [0 | B +Ba, [pa (657 | ]

Br+1
f(@ +—Zqﬂf BT - E)

IN

+ 90,31#1( + —_ Z Qz V wﬂkﬂ(%)?éiﬁ_l - jﬂ]

i=1

+

(1 - Tk + Tk Zgz + — qu gz k+1 gz(fz'f))‘|

+L’3iqz Li+ ”A Y s — o, (33)
27'02 Br+1 ! s

=1
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since Vipg, ,, (&%) = Vf(2%) + V(,Dﬂk+l (2%). Now, using the estimate (27) into the last expression
and noting that B = L, + ”A ” , we can further derive that for all z,

By [ngill | }—k} < lf(i"k) + % ;%<vif(£k>vxi - 555%

A Tk - A ~
PBr+1 (‘rk) + ?0 Z di <Vi§0ﬂk+1 (xk)v Ti— xf>‘|

+ (1= 7)g" +7-ng1 +f2qz gi(xi) — gi(% ))]
=1
Z — (i i = &Gy — lles = FIG)- (34)

7o

Let us choose x such that for all ¢ € [n], z; = (1 - ) 7+ TO x¥. Note that as 79 < ¢; for all 7, z;

is a convex combination of ¥ and x7. We obtain

E; [F[?:rll |]:k} < [f(ik) +Tk<vf(‘%k)7x* - jk)] + [‘pﬁr\“( )+Tk<v<pﬁk+1( k)vm* - fk>]

+ [(1 - Tk)ﬁk + 7g(x *)]
2
H (1 - ) + @x; — gt . (35
i @)

a2 (|

We simplify the norm difference using the fact that ||az + (1 — a)y — z||* = allz — z||* + (1 —
a)lly = 2l = a(1 = a) |z — y*.

H (1 - To)a*:f 4 Dgr gt
qi qi )

1= 20 ek — a2 4+ D0yjar — 3 (1—“)“&?—@%
( qi)n I+ 2 I - (1-2) ek - w11

70 ~k+1 0\ 70~k 2
> Dot — 541 - (1%)%||xiz:||m.

7

Z;
qz(

2

and we get

Ei [FAFL 17 < [£@") +m(VF(@5), " m + [P0 (3 + (Vi (3), 2% = 39)]

+ (1= m)3* + gl +Z”€ (et - a0y - 135 —at13) . Go)

Using the convexity of f, we have f(2%) 4+ (Vf(2F), z* — %) < f(z*) and f(2F) + (Vf(2F), 2% -
#*) < f(z*). Moreover, since ¥ = (1 — 73,)Z% 4+ 7%, we have 7 (z* — %) = (1 — 73,)(z" —
&%) + 7 (2* — 2¥). Combining these expressions, we obtain

FE*) + (W F(@R) " = 7%) < (1= 7) f(@%) + 7 f(a”). (37)
On the one hand, by the Lipschitz gradient and convexity of ¢g, ., in Lemma @b), we have

~ ~ _ ~ _ ﬂk) 1 * _
PBr+1 (xk) + <v<pﬁk+1(xk)7mk - xk> < 9051«+1(xk) - + H Bk+1(A$ ) yﬁk_,_l(Axk)”Q'

On the other hand, by Lemma[A.T|c), we also have

A e . o B .
i () + (Vs (%), 2% — %) < h(Aw®) = =y, (AFY) — g

14



Combining these two inequalities and using 7 (z* — Z%) = (1 — 74 )(z* — 2%) + 7 (2* — 2%), we get

PBrs1 (jk) + Tk<v90ﬂk+1 (jjk)7x* - 'i'k> < (1 - Tk)@ﬁk+1 (jk) + Tkh(Am*)

(1= 71)Brt1 . Tk Brt1 N
- f”ymﬂ(l‘lx ) = Yhy,, (AZ")|* — 7” Yo, (AZF) — g%,

Next, using Lemma[A-T[d), we can further estimate

PBr+1 (‘%k) + Tk<vsﬁﬁk+1 (iﬂk)vx* > (1 - Tk)SOBk( ) + Tkh(Ax )
(= 7)Brn

* 2 * = T /3 .
Sl (AFY) =y, (AT P = = s, (A2Y) — 4
1 — T ﬂ 76 * — .
¢ QoG Pret) e as) - g2
< (1= 7)pp, (%) + Teh(Az”)

- 5 Benme(1 = 7) = (1= 7) (B = Brr)) 1, ,, (ATF) — 9. (38)

Here, in the last 1nequa11ty, we use the fact that (1 — 7)[ja — b||*> + 7]ja||* — 7(1 — 7)||b]|*> =
la — (1 — 7)b||> > 0 for any a, b, and 7 € [0, 1]. Substituting (37) and (B8) into (36), we obtain

Ei [FEEL 1 F] < (0= m0) [£@5) + 55 + 06, (09)] + 70 [f(@*) + g(a") + h(Az")]

"ot -
+ ;T lz = 2F N5 — Il — 27T
i=1
( )[ﬁ 1 ﬁ * A—k 2 39
5 k1 (1 + ) = Bil lys,.,, (A7) — gl (39)
Next, let us denote by Q. := >\ 17’570 {Has —;z:k||2 — |lzF —xk'HH } We can further express

Qy as

2 Rk
71 Bi * k|2 x _ zhtl
st (et — 20— lla — 30

n
i=1

2
_ ~k 112 ~k+1
—Ekg%:(n =@ IR, — ey, - 2 |W)Lm]
=E‘[§Z e )~H] (40)
R 20,7 @) ’
i=1 470
~k+1

where the last equality follows from the fact that ;" = = 7¥ fori # iy,

Substituting this expression into (39) and using the definition of F’ 5 and F* := F(z*) = f(z*) +
g(x*) + h(Az*), we get

E;,

Br+1

" 2Bk ~ .
B+ Z qu . 7 — xi'HlH%i) | Fr| < (1— Tk)ng + 1 F(z*)
i=1 4170

"7 Bl’c -
+Z 2= IISU Z 11T — R

where Ry, := (1_27’“) [Be+1 (1 + 71) — Bl 15, (Az*) — 9||?. Assume that we choose 3, and 7

such that B;41(1 + 7%) — Bk > 0, then Ry, > 0. Taking the expected value of the last estimate over
the o-field F, we obtain

E [F’““ F] +E

Brt1

T BY *_ ~k+1 < (1— o
5 st <0 oe [ -

- Bz ~k2
EZQ%mnzximJ. (41

i=1

+E
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In order to telescope this inequality we assume that 72BF < (1 — 7) (T,f_lefl), which is
equivalent to

. A . A
2 (Li+ il J<a —Tk){T,fl(Li 1 4 )} 42)
Br+1 Br
Let us update [ 1 = 17 H . Then, this condition becomes

 (BeLit (Lm)4il2) < A=m)riy (Buli+ 1 41) 43)

The condition {@3) holds if 72(1 + 7) = (1 — 7%)7Z_,. Hence, we can compute 7}, as the unique
positive root of 73 + 72 + 72,7 — 77, = 0. By Lemma|A.2] the root of this cubic satisfies

ZBk
. Let us define Sy, = Z?_l Q;TO k+1||
- %

ZE—JI

<7< -—2 .
g TS Tk S 7 T . Then, we can recursively

show that

=

]E |:Fk7+1 F* +Sk;:| S

Bk+1

(1 - TZ)E

TB? ~
- R n*—w%]

Il
—

3

==

* T * ~
<1]1@-m) ((1 —70)(Fg, — F*) +Z 70 5¢ H %‘?H%i)) ,
i=1
where the second inequality follows from @T)). Since 7 > _1 , it is trivial to show that wy1 :=
itrgt—1
[T, —m) < Ty gt w71+ Now, we have Fao( %) = f(a°) + g(2°) + hg, (A2°) =

Fgo, and #° = 2°. In addition, by the convexity of g and Lemma we also have g(:?k) =
g (Z 0™ lxl) < Y7o Mlg(@') = g*. Hence, we can write the above estimate as

1
To(k—1)+1

i T()BQ *
(1= 70) (i (%) = F*) 30 55 = x?n%i)] . (44)
i=1 v

E [Fs, (z") — F*] <

Now, using the bound (), we have 0 < F(z*) — F* < Fy, (z%) — F* 4 3,2

estimate and the above inequality, and noting that 85 < % by Lemma we obtain the
bound in (8). O

B.2 The proof of Theorem3.4]
Since h(u) = d4y(u), we can smooth this function as hz(u) = max, {( —cy) — é||y —q|1? .

Let us first define S () := E [F(z) + hg(Ax) — F*]. Since h*(y) = (c, y), we use Lemma[A.1]e)
to estimate (38) in the proof of Theorem [3.3]instead of Lemma[AT[d) to obtain

DB (B7) + (Vi (25), 0% = %) < (1= 70) 0, (2°) + Tuh(Ax™)

1-—
- # [Bre+1 — (1= 7)Be] 195, (AZ") — 91> (45)

Hence, if Bk-l-l = (1 - Tk)ﬁks then @ﬁk+1( ) + Tk<v@ﬁk+1( k)’ a* — gk > (1 - Tk)(pﬁk (jk) +
Tih(Az*). Now, we combine the condition ;41 = (1 — 7% )8k and @2)), we can show that

T ((1 — 1) BiLi + HAi||2) < (-7’ (ﬁkﬁz‘ + ||Ai||2> :

This condition holds if 77 = (1 — 74)?77_,, which leads to 74, = . This is the update rule (1))

of the algorithm. It is trivial to show that 7, = F and 3y = To(k—1)+1‘ Now, we apply (@4) to
obtain the bound ’
C*

BY
S () < , where C* := (1 - 1)(F, F*)+ 3 070y — o
9(35) € g where O = (1 ) (B o)~ +; 2o} — oI,

16



Now, let us define the dual problem of (]D as

max {min F(z) + (Az,y) — h*(y)} , (46)

yeR™ | zeRP

and denote an optimal point of [@6) as y*. We define Dg, (z) := F'(z) + hg, (Az) — F* and apply
[9, Lemma 1] to obtain algorithm-independent duality bounds

F(#%) = F* < D, (%) + "Il | Az* 8] + & 1y - 91,
JAzE =l < B [ly =il + (v = 912 + 287" Ds () ).

The result in (T2) follows by taking the expectation and using the concavity of the square-root and
Jensen’s inequality. |

47

B.3  The proof of Corollary 3.5]
From the update in (I3)), we get the trivial inequality, similar to (27)), that

Tklgf = - -

Tq»”foﬂ k||() (Vitg,,, (& )a@‘ﬁ“)
Tk13 ~

+ 5t (I8 — ity — 2t —o1) 8)

Due to the specific Step[§]in Section[3.3] instead of (33)), we get

E, {Fk+1 |]_-k] —E, [f(z k1) | Fe] +Ei, [9 k+1 | Fie] + Ei, [¢8,,. (T R+ | Fr)

Br+1
e

+

3 k 1 ~k
(p/@k-u + Tk Z 1@6k+1 7 T * - >‘|

T 7 i = ~
+Z o ( ” F )II S =gy (49)
Plugging@8) into the last inequality gives us
Ei [FAFL | Fe] = By [£@) | F] + B [§57 | F] +Bi, [po (057 | 7]

Br+1
< [f(@"* )+ T(VF@"), & = 3] + [9p, (@) + (Vg (8°), 2 — &)

n 7_ _ _
5 7 (|| sy — et =) - (50)
If welet Qp :== > 1" 1755 (||at — &Gy — st —xk+1|| ) then similar to (@0), we get
"B
Qu = E, [Z s (et = 41T — ot =207 ) 1 7| (51
i=1 g

Consequently, by using the same updates for 75, and Sy, the recursion in (T)) becomes

n

2 pk
73 B ~k+1 fk
PR @] < (1-7)E [Bf, - F]

i=1
- BZ * ~
> o x?la)]- (52)

i=1

E [F’““ F] +E

Bt

+E

17



Hence, we finally get
_ " 1 X i *
E [Fs, (2%) — F*] < Py (1 —70)(Fg, (") — F") +Z E7a H — P17

Noting that 9 = 1, we get
by < O P NBY
Sg, (z%) < - where C* := 22(]2 lxF — x?”%l) (53)
=171
By using the bound of {8 };>1 as in Lemma we obtain the bound (T3)). For the constrained case,
we use (33) on 7)), with the specific update rule of {3} for the constrained case, to obtain (T6)
using the same arguments as in the Proof of Theorem 3.4} O

C Equivalence of SMART-CD and Efficient SMART-CD

In this appendix, we give a proof by induction for the equivalence of Algorithm[I]and Algorithm 2]
motivated by [4].

C.1 The proof of Proposition [3.1]

The claim trivially holds for £ = 0 using the initialization of the parameters. Assume that the relations
hold for some k. Using Step [7]of Algorithm[2} we have

EARE AR A (54)

?

We can write from Step [6]of Algorithm [2]that

;" = argmin {<V¢kf (exu® + 2) + A y5, ., (cnAu® + AZF) 1) + g5, (¢ + 2F)
Tkak 2
+ WHtH(m

. L Tk-BZk
= erenmin {<vzkf( ) + ATyﬂkH (Azk)7t> + i, (t + ka) T 27’01C ||t||%’k)}

teRPik

k
_ . ke ~k 71 B; 2
= argmin {<Vikf(x )+ AL b, (AZY), 1) + g (E+ E,) + o ”t(ik)}

l’ +argmm {(Vzkf(fc )—i—ATyﬁkH(Afck) x—x )+ i ()

zER ik
k

Tsz
27_ s Hx - z%'(zk)}

—x —|— $k+1.

k

By (34) and the inductive assumption on ", we obtain

shtl _ gh+l

k41

Next, using the definition of z and Step we can derive

B 1—m7/70 . N -
Zk_H — Ckuk—H _|_Zk+1 = cp | up — / (Zk+1 ) 4z k+1
Ck
- Tk, - -
= cpul 4 2F 4 E(EFH 2R
70

_ sk skl _ sk
R -2

— 5k FhHl _ sk
= + -z

T i)
Lany
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Finally, we use the definition of 2**1, ¢, and Step|§|0f Algorithm we arrive at

2k‘+1 — Ck+1uk‘+l 4 ngrl

CI;:l (jkﬂ . 2k+1) 4 ght1
(1 7 Tk+1)(2k+1 _ ékJrl) + 2k+1
(1 = g1 ) (ZFHE — ZFFY) 4 ghtt

k+1

—k+1 ~
=(1 -1y )Z" T + 1@
A

Hence, we can conclude that Algorithm[T]and Algorithm 2]are equivalent.
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