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A Previous Bounds for MDPs and SGs

The techniques we use in this paper are most related to the probably approximately correct (PAC)
analysis for RL algorithms. Some rather complete reviews of the related works are provided in
[19, 9]. [19] considers the average-reward MDP that is communicating with bounded diameter D

(i.e., max, ¢ ming T7, (M) < D, where T, , (M) is defined as the expected time to reach from

state s to state s’ under model M and policy 7). Their UCRL2 algorithm achieves O(DS+v/AT)

regret upper bound, while still having a gap with the Q(v/ DSAT) lower bound. These bounds
DQS:A and Q DSZA
1> €

translate to O ( ) sample complexity. The additional D dependency is resolved
by [22, 9], though in discounted and episodic settings respectively. These two works leverage the

Bellman equation for local variance and obtained sample complexity bounds of order ) (62(51277‘47)3)

and O (H i QA) (7: discount factor, H: fixed horizon length), making their gaps with the lower

£2

bounds (2 (ﬁ) and ) (H ’s A) remain only an order of S.

2

The scenario that most resembles ours in the literature is that considered in [5], who proposed the
algorithm R-MAX. R-MAX is an optimism-based algorithm that can be used to learn stochastic games
with arbitrary opponents. However, the algorithm depends on a parameter € and the e-return mixing
time 7 that need to be known in advance. This e-return mixing time resembles our g in Assumption

2. As aresult, their 0 (TSSQA) translates to O (D352A> , while our bound is 0 (DSZA) . Another

e3 b e3
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difference lies in that the output policy of our algorithm is a stationary one, rather than a 7,-step
non-stationary policy as in R-MAX.

B Inequalities

Lemma B.1. (Azuma-Hoeffding’s inequality. Theorem 4.2 of [6]) Let F1 C --- C Fr be a
filtration, and Y1, - - - , Y7 real random variables such that Yy is F;-measurable, E(Y;|Fi—1) = 0
andYy € [As, Ay + ci] where Ay is a random variable F;_1-measurable and c, is a positive constant.
Then with probability at least 1 — 0,

T

Sovie

t=1

Lemma B.2. (Bernstein inequality. Lemma 4.4 of [6]) Let F1 C --- C Fr be a filtration, and
Y1, .-, Yr real random variables such that Y; is Fi-measurable, E(Y;|Fi—1) = 0 and |Yy| < b for

some b > 0. Let Vi = Zthl E(Y2|F;—1) and § > 0. Then with probability at least 1 — §,

T
> Vi < 2y/Vlog(To—1) + v/5blog(T6 7).
t=1

C Perturbation Bounds for Markov Chains

Perturbation analysis for Markov chains plays an important role in analyzing reinforcement learning
algorithms (e.g., [2]). Those analyses mainly center around the question that when the transition
probabilities of a Markov chain are perturbed by a little, how much stationary distributions or mean
first passage times (as defined in Definition C.1) will change. While in [2], the perturbation bound
for stationary distributions is used, we further use that of the mean first passage time to get a tighter
regret bound.

In this section, we use 7, j to index states, and use (; to denote the stationary distribution of state ¢ in
an irreducible Markov chain.

Definition C.1 (Mean first passage time). In a Markov chain, we define Tj; to be the expected time
to reach state j starting from state i. In the case i = j, T;; is the expected time to return to state i
when starting from i. Thus T;; > 1 always holds whether i = j or not.

C.1 Perturbation Bounds for Stationary Distribution

Theorem C.2 (Proposition 2.2 of [7]). Let C and C be two irreducible Markov chains with the
same state space S. Let their transition matrices be P, P, and stationary distributions be p, fi. Let
E = P — P and use ||-|| , to represent the largest absolute value in a matrix, then V3,

SIE]|

g = gl < g ——5 === max Ty, ()

With a little modification on the proof of Theorem C.2, we can actually have the following lemma,
which only requires that C' be an irreducible Markov chain.

Theorem C.3. Let C be an irreducible Markov chain, and C be some Markov chain with the same

state space S~as C. Let their transition matrices be P, P, gnd let C'’s stationary distributions be
p. Let E = P — P. If |[E||, < 2/(Smax;x; Ti;), then C is also an irreducible Markov chain;
furthermore, the stationary distribution of C, [i, satisfies Vj,

S1E o
g = gl < g =57 max T, (8)

Proof. Let P* and P* be the Cesaro limits of P and P, which is defined by P* =
limy o0 7 Zle P! Then we have

P*(I-P)=0, P*(I-P)=P*(I—-P—E)=0,
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and thus (P* — P*)(I — P) = P*E. If P induces an irreducible Markov chain, P* will have
all identical rows and all positive elements. Suppose not, we can still extract its k-th row, which
corresponds to the stationary distribution when starting from state k. Let this k-th row’s j-th element
be /]é‘?. We can write (ﬂ? —u))I—-P)= ﬂ?E. Then following the same proof as in [7] or by [16]’s
Theorem 2.1, we still have

1Bl oo

~k
|5 = nil < hy max T,
Now since || E||, < 2/(Smax;-; T;;) and p; > 0V, we have ﬂ? > 0 Vj, k. This means that every

state is recurrent and reachable from each other, implying that P induces an irreducible Markov
chain. O

C.2 Perturbation Bounds for Mean First Passage Time

The main result of this subsection is stated in Theorem C.9. It is developed with the help of Theorem
C.5 to Theorem C.8.

Definition C.4 (g-inverse, Definition 3.1 of [15]). A g-inverse of a matrix A is any matrix G such
that AGA = A.

Theorem C.5 (Theorem 5.3 of [16]). Let C be an irreducible Markov chain with stochastic matrix
P. Let T;; be the first passage time from state i to state j, and let G be any g-inverse of I — P. We
have

n
Ty = Gij = Gig + 655+ 15 Y _ (Gt — Gj).
k=1
The below theorem introduces a special g-inverse that is convenient for our use.

Theorem C.6 (Theorem 3.3 of [15]). Let P be a stochastic matrix of an irreducible Markov chain.
Let p,) denote the n-th row of P, and e,, denote the unit column vector with n-th component being 1.
Then I — P + enpl is non-singular, and G = (I — P + .enpl)_1 is a g-inverse of I — P.

Theorem C.7 (Section 5 of [16]). Let P be a stochastic matrix of an irreducible Markov chain
perturbed from another stochastic matrix P of an irreducible Markov chain. Suppose that the
perturbation only occurs at the n-th row of P (i.e. p; = p, Vi # n). Define G as that in Theorem

C.6. Then G = G.

Suppose that the perturbation only occurs at the n-th row, and let G = (I — P + e,p, )~1. Then
Theorem C.5 and C.7 together imply that for ¢ # j,

5 11
Ty =Ty + (G5 — Gyj (—) 9)
J J ( J J]) 1 fi;
with T; = 1/ and T}; = 1/i; (Corollary 5.3.1 of [16]). Here we see that T},, = T}y, Vi.

Lemma C.8. Let P be the stochastic matrix of an irreducible Markov chain, and let G = (I —
P + e,p! )7L If all mean first passage times are bounded by D' (i.e., T;j < D" Yi,j), then
|Gij — ij‘ S 2ujD’ vz,j

Proof. We first verify that

oo {(I— P,)t e] , (10)

where P, is obtained by deleting the n-th row and n-th column of P (without loss of generality,
assume that the n-th row is last row of 7).

Directly expanding I — P + e,,p,] , we get
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where d = (—=p1.n, —P2.ns -, —Pn—1.n) | - To verify that (I — P + e,p,} )" takes the form of (10),
one only needs to verify that (I — P,)e + d = 0. This can be seen by (I — P,,)e = e — P,e =

—1 —1
(15 ceey 1) - (Z:‘):]_ Piis ~'~7Z?:1 pn—l,i) = —d.

For i # n, from G’s expression in (10), we have

Y Gin=¢elGe=e[(I-P,)'e+1. (11)

k=1
Note that the dimension of e; and e are n 1n the second expression of (11), while are n — 1 in the
third express10n By [7]’s Equation (2 3), ej (I — P,)"te = T},. One can also see this by observing
that (I — P,) ' =1+P, + P2+ and eTPme] is “the probability of staying at j after m steps
from ¢, while not visiting n in any of the m steps”’. Summing eiTP,’L”ej over j and m, the physical
meaning becomes the mean first passage time from ¢ to n, and the mathematical expression becomes
e] (I — P,)"te. Thus, |>}_,(Gik — Gji)| = |Tin — Tjn| < max;; T;; < D'. By Theorem C.5,
whenever i # 7,

Gij — Gjjl = ‘MjTij — 15 Y (G — ij)‘ < p;Tij + p D" < 2p;D".

k=1
O
We now combine (9) with (8) and Lemma C.8. Assuming that T;; < D’, we have for i # j,
- A — 15l _ by
Ty — Tij|= |Gij — G| 22— < ZL||E||., SD™. (12)
T35 — Tij|l= |G — G5l ok ujll oo

With (8) and (12) available, we now consider a general perturbation, which can actually be decom-
posed as S’ single-row perturbations.

Theorem C.9. Let P, P be the original and the perturbed stochastic matrices, and let {T;;}, {T;;} be

their corresponding mean first passage times. If max;; T;; < D and ||E|| = Hﬁ —P|| < ﬁ,
(oo}

then max;; Tij <2D.

Proof. We do this general perturbation of P by perturbing one row at a time. This procedure will
repeat for S times.

Suppose that the original stationary distribution and first passage times are denoted by ul(- ) and Tl(;)),
)

and that those after n-th perturbation are denoted by /i (n) and Ti(»" .

Suppose that T( )< DVi ,J and u(o) > L Vj. Set || E| We prove the following facts by

oo — 85'2D
induction:
(1) n
T <p(1+ g) 7 (13)
2o a0 (- LN o LY 14
1 [uj < 83> s Hj ( tgs) I (14)
forn =1, ..., 5. Since n < S, these induction hypotheses implicitly imply that
750 <2p, (15)
s
NORNON SRS TN 16
'uJ - MJ < 89 -9 ’ ( )

because (1 — 1/(89))° > 1/2 for all S > 1. Now we start the induction. The base case
for n = 0 clearly holds. Suppose that (13)-(14) hold for all n < k. Then by (8) we have

~ (k) ~ (k+1) ~(k) 1 S+~ () (1 ! ) ~(0) (1 )(k+1) ~§k+1) <

[~ — fy S By gss SO [ =y 8S Kj 8S > and /i
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A (14 &) < A2 (14 &) * Y. Onthe other hand, by (12), for i # j, we have 750 T <

(v
= (k+1 (k
WHEHOC( D)? < S@2D)? < B so TH) < T + 2 < D (1+ %£). Inthe

— 1 852D
P+l _pk) 1 1 (+s5)-1 _2p _ D
CaSCl—j,WehaVeT Jj ~(k+1)—W§TS@§§. O
J J

D Lemmas for Failing Events

Lemma D.1 (Proposition 18 of [19]). The number of phases is upper bounded by Uy, = SAlogy T

Proof. Since phase changes only occur when the sample count of some (s, a', a?) is doubled, those
changes corresponding to a specific (s, a', a?) is upper bounded by log, 7. Considering all states
and actions, the total number of phase changes is upper bounded by S A log, T'. O

Lemma D.2 (Lemma 17 of [19]). For some specific k,s and a, the event p(-|s,a) €
CONF1 (Pi (s, a), nk (s, a)) holds with probability at least 1 — 4.

Proof. Please refer to [19]. O]

Lemma D.3 (Lemma 1 of [9], Theorem 10 and 11 of [25]). For some specific k, s and a, the event
p(-|s,a) € CONFa(pi(+|s, a), nik(s, a)) holds with probability at least 1 — Sé;.

Proof. Please refer to [9] or [25]. O

Proof of Lemma 4.2. By Lemma D.1, there are at most S Alog, 7" confidence set updates to consider.
Each update involves only a specific p(+|s, a) (totally S entries). By Lemma D.2, D.3 and using the
union bound, the event M € M, Vk holds with probability at least 1 — SAlog, T x (01 + Sd1) >
1-9. O

E Lemmas for Stationary Optimal Policies

Theorem E.1. Given a stochastic game M = (S, A, r,p), where S is countable, A = Al x A% a
compact metric space and both (s, -) € [0, 1] and p(s'|s, -) are continuous in a = (a*, a?). Suppose
Assumption 2 holds for M. Then there exist maximin stationary policies ™™ = (71'1* %) for the
two-player zero-sum stochastic game, the maximin stationary policies attain the game value p*,
which is independent of the initial state, and there is a bounded function h(-) which together with p*
satisfies the following Bellman equation. That is, for all state s,

p*—i—h(s):max{ s, mt, 7 —|—Zp (s|s, )()}

71 €ISk

p* + h(s) = min {7”(8,7'( s )Jer(s |s, 7%, w2 )h(s’ )}

72 €IISk

To prove this, we use the following lemma which connects the boundedness of mean first passage
times with the uniform boundedness of sp(V.(-)) for all discount factor 0 < @ < 1, where V. (+)
is the discounted game value defined as V" (s) = max mingz E™ ™ [Y7° ot~ lrls; = s]. It
is known that for any discount factor 0 < o < 1, discounted SGs always have maximin stationary
policies 7, = (7}, 72) which attain the game value V,*(s) for all s. We next show that the span of

V is uniformly bounded by D under Assumption 2.

Lemma E.2. []4] Suppose given a stochastic game M = (S, A,r,p), where 0<r(s,a,a?®) < 1.
Suppose Vs, s' € S and for any m* € II’R for Player 2, there exists a w' € IT5K Sfor Player I such
that the mean first passage time T] ;" < D. Then we have |V;;(s) = Vi (s')| < D, Vs,s" € S, for
all0 <a <1
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Proof. Fix s,s' € S. Fix a discount factor 0 < a < 1. For a fixed pair of maximin station-

ary policies 7, = (wl,72) € IR x TSR, the discounted value function satisfies Vi: (s) =
r(s,mh,m2) + ozz p(s'|s, 7k, 72)Vr(s'). Since for any 7! € TSR, V*(s) > r(s,nt,m2) +

ad . p(s's,mt, w2)Vr(s'), thus recursively, for any time step 7’ > 1, we have
1 oLl
Vi(s) > Eg " [Z a7y + O(T_lv(;(ST):|,
t=1

where IEI’STI’Tr2 [] = Eg [-| 7!, 2] denote the expectation conditioned on initial state being s, and the

players executing the policy pair (7!, 72). Hence for any stopping time 7,

T7—1
1 2
Vi(s) > Eg " [Z o e 4 of_lVo’f(sT)].
t=1
In particular, by choosing 7 as the hitting time of s’ from s,
T—1
1 2
Vi(s) =BT ™ [ 3 at | + By
t=1

1.2

o |:T|7T1,7T(2J V;(S/) _ aT:H";O‘ V;(S/)

AR AVAC)

> V(') — (1= ) (T 5V (s)
> Vi(s) - T
> V(') - D.

For the first inequality we used V, (s;) = V,(s’) and for the second, the non-negativity of (s, a)
and Jensen’s inequality The equality holds since the expected value of hitting time is the mean first

passage time 77, The third inequality is essentially a® > (o — 1)z + 1 for z > 1; the fourth

S‘)S

(1- a)V < 1. For the last inequality we used the assumption that there exists some 7r1 for which
1
7 <D, 0

Lemma E.3. [12] Suppose |V (s) — VE(s')| is uniformly bounded for all 0 < o < 1 and for any
5,5 € S. Then there exist a pair of maximin stationary policies = = (7*, w2*) attaining the game
value p* which is independent of the initial state and a bounded function h(-) for which the following
equations hold. For all state s,

p*—l—h(s):max{ s,mt, w2 +Zp |s, 7!, w2 )()}

w1 eIk

p* + h(s) = min {r(s,ﬂ' o )—i—Zp(s |s, 7%, ) h(s’ )}

w2 IR

Proof. For any discount factor 0 < o < 1,

V;(s)zngx{r(sw 2 —l—ozZp ‘s, 7, 72 V(s

V;(S)Zmi}l{’r(s,ﬂa,ﬂ "‘FOKZP |37 Ty T ( )}

™

Subtracting both sides by V*(s1) for some fixed state s1, and defining v, (s) == Vi (s) — V2 (s1),
we get, for all s,

va(s) = Hﬁx{r(s L m2) — (1 —a)Vi(s1) + ozZp(s’\s,ﬂl, T2 )va(s)},

s/

va(s) = min{r(s, mg, 7) — (1= a)Vi(s1) + a Y p(s'ls, 5, 7°)va(s')}-

s/

Since =D < v,(s) < D, 0 < (1 —a)Vi(s1) < 1and 78, € ISR, (i = 1,2), all of which
are contained in compact subsets/spaces, by using diagonalization argument and by Lebesgue
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Algorithm 2 Value Iteration with Schweitzer transform
Input: M = (S, A x A%2,r,p),0<y<1,0<a<l.
Initialization: vy = 0.
repeat for i =1,2,...

=(1-a)val {7‘ + Pv;_ 1} + av;_1.
untll sp (v; —vi—1) < (1 —a)y.

convergence theorem, we can obtain a sequence o — 1, a bounded function h, and a constant p*
such that v, (-) — h(:), (1 — ax)Vy, (s1) = p*, 7, — 7, (i =1,2), and

Oéchp ‘|s, 72 Yay (s —>Zp ‘s, 7t T2 )h(s"),
akzp Is, ﬂ-akv UOék %Zp Is, wt ) (s'),

as k — oo. Hence in the limit, for all state s,

P+ h(s) = max{ s,mt, w2 +Zp |s, 7", w2 )()}

w1 IR

m2 IR

p*+ h(s) = min {r(s,ﬂ Y )+Zp(s |s, 7%, 7% )h(s’ )}

F MAXIMIN-EVI and Its Convergence

As noted in Section 4.1, MAXIMIN-EVI proceeds simply by applying value iteration (Algorithm
2) on M. The output of the algorithm is a value vector with tolerable errors. The val{r + Pv;_1}
term in Algorithm 2 becomes

val{ +Zp (s'|s,a'* a)”i—l(sl))}

= 1{ cat,a?) + i } 17
val§r(s,a",a®) p()GPk(salaQ Zp vi—1( (17)

The inner maximization can be efficiently solved with linear programming. The
MAXIMIN-EVI(My, %) in UCSG is then done by running Algorithm 2 with the evaluation of (17)
in every iteration.

The following three lemmas characterize the convergence of the algorithm, and the properties of its
outputs when converged. Lemma F.1 gaurantees that MAXIMIN-EVI converges. Lemma F.2 shows
that when the algorithm halts, the output policy’s worst-case average reward does not deviate from
the maximin reward by more than . Lemma F.3 shows that the output value vector has a span no
more than D.

Lemma F.1 (Theorem 4 in [34]). Suppose that Assumption 2 holds for some SG M. Then performing
Value Iteration with Schweitzer transform on M converges asymptotically.

Proof of Lemma F.1. If Assumption 2 holds, then the Bellman equation holds with an initial-state
independent game value by Theorem E.1. Then by Theorem 4 of [34], the value iteration with
Schweitzer transform converges. [

Lemma F.2. Suppose that Assumption 2 holds for some stochastic game M. Let {v;} be the
value sequence in the Value Iteration algorithm. Let N be the index when iteration halts, i.e.,
sp(vNH —oy) < (1 —a)y. Let w = solve, {r + Puy}. Then ©* is y-optimal in the sense that
min,e p(M, wt.72) > p*(M) — 7.
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Proof of Lemma F.2. Let D = ming{vy11(s) — vy (s)} and U = maxs{vn41(s) — vn(s)}. Then

De + vy <wvyy1=(1—a)val{r+ Puon} + avy < (1 — a)(ry + Pron) + auy,
where 7 = (r*, 7%) for any 7% € IIR. Let P = limy 00 & 3, PL~ ! be the Cesaro limit of P.
Applying it on both sides of the inequality, we get De < (1 — a)Prr, = (1 — a)p(M, 7!, 72,"),
or D < (1 —a)p(M,nt, w2,5), Vs,n2. Let m* = (7'*,72*) be the optimal policy pair and
p* (M) be their maximin value, then D < (1 — a)p(M, 7!, 7%*,5) < (1 — a)p*(M). In a similar
way, one can prove that U > (1 — «)p*(M). Since we assume U — D < (1 — a)~, we have
D > (1 —a)(p*(M) — ~). Therefore, 7! is y-optimal in the sense that V72, p(M, !, 72, s) >
p*(M) = . O
Lemma F.3. If Assumption 2 holds for some model M, then value iteration procedure in Algorithm
2 will always produce value functions with spans bounded by D. That is,

Sp (Uz) < Dv Vi.

Proof. Note that value iteration with Schweitzer transform is equivalent to the following procedure.
First modify the transition kernel and reward by p,(s'|s,a’,a?) = (1 — a)p(s'|s,a’, a®) + ads ¢
and (s, at,a?) = (1 — a)r(s,a', a®) + a0; then do the normal value iteration by v; = val{r, +
P,v;_1}. By the principle of dynamic programming, v; is the maximin expected reward in the i-step
game under the transformed model.

The transformed model is equivalent to the system where at each time step, the state remains same as
the previous one with probability «, and within that step there is no reward obtained/paid.

Clearly, in this new game, the advantage of starting from state s than starting from state s’ (which
can be calculated by v;(s) — v;(s")) is no more than that in the original game. In the original game,
by a similar argument as Remark 8 in [19], this advantage difference is bounded by D. This then
implies the argument in the lemma. O

G Proof of Lemma 5.2

Lemma 5.2 directly follows from Lemma G.1 and G.2.

In this proof, we borrow the technique used in [22] and [9] to bound the number of steps with
inaccurate transition probabilities (while they use this technique to bound the number of steps with
inaccurate game value). Note here again that 74 (-) can represent any history-dependent policy, and
we hide its parameter H; = (s1,a1,71, ..., S¢) inside the subscript of ¢.

Define the importance of a joint action a at time ¢ as

u(a) = max{zj L2 < 7”(“)}7

Wmin
and the its knownness as

T (t) (s¢,0)
Ke(a) =maxqz;:zj < ———"
t( ) { J J = mmy (a) )
with z; = 0, z; = 2772 Vj = 2,3, ..., and some pre-defined wyin > 0, m > 0. Note that we can
always define them in hindsight even though the learner does not know 77. These two amounts make
partitions to the action set available at s;. The partitioning is based on the actions’ probability of being
selected at time ¢ (i.e., 7 (a)), and the accuracy it has been estimated (the larger ny, ;) (s¢, a), the more
accurate). Intuitively, the larger x(a), the less likely will action a contribute to inaccurate transition

probability estimation. Define the partitions by X; .., = {a : ¢(a) = k and ¢,(a) = 1}, VK, ¢.

L e _ 510g§(T/wmh,) In(1/6) .
If we let wpin SALTA JZm(5A and m = , with some 0 < € < 1, we can prove

the following lemmas.
Lemma G.1. For any s, any k and any v > 0, with probability at least 1 — 6,

T 2 .

S Lo = O Al0g3 (T /wain) In(1/9) )
t [ Xt 0,0 |> 52

t=1

Lemma G.2. If for all k and all v > 0 we have | X, ,| < k, then for any plausible p in the
confidence set My, |p(s'|s¢,71) — p(s'|se, m¢)| < € forall s'.
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G.1 Proof of Lemma G.1

We prove Lemma G.1 with the help of Lemma G.3 and G.4.
Lemma G.3. Forany s,k, and ¢ > 0, Ethl Is,—sla,ex,.., < 6AM(K + 1)1wmin.

Proof. First fix a. By the definition of importance, if a € X, ,, then twpyi, < m(a) < 2tWmin-
In the case x > 0, we also have mrm;(a) < ny (s, a) < 2mumi(a). They two together imply
MELWmin < Np() (8¢, @) < 4MKLWRi,. This last inequality says that any (s, a) cannot be sampled
in the partition (x, ¢) for more than about 3mrtwm;, times. This is because when (s, a) is sampled
once (i.e., st = 8,a; = a), Ny (s,a) will be increased by one, and this cannot happen for more than
AMKELWmin — MKW, times while (s, a) € Xy . ,. Since UCSG only updates ny (s, a) when new
phases start and doubling the sample count of a state-action triple incurs a phase change, we use a
more conservative bound of 6mkiwyi,. That is, we have
T

Z ]]-st:s]]-at:a]]-anﬁm,, S GmKJmejn. (18)

t=1
In the case x = 0, we have ny,(4)(s¢,a) < mmi(a) < 2miWnin. Thus similarly, the sample counts
of (s, a) in the partition (k, ¢) cannot exceed 4mtwpi,. The cases of k£ > 0 and x = 0 can then be
combined into a single one:

T
D lg—ila,—alacx,,, < 6m(s+ 1)iwmin. (19)
t=1
Summing (19) over all actions leads to the statement in the lemma. O]

Now we sketch the argument of the next lemma. When ¢ > 0, each action in X ,, , are to be
sampled with probability no less than twy,iy. If furthermore | X, ,, ,| is large, the probability that
some a € Xy, is sampled will be also large. However by Lemma G.3, the total times elements in
partition (%, ¢) are sampled are upper bounded. Therefore, we can conclude that | X; ,; ,| cannot be
large for too many steps. Formally, we have

Lemma G.4. With probability at least 1 — 6,

d L o 9
> l—ilaex, ., > > 2 (K + 1) twmin > le—idix,, ok — 3 log(T5 ).
t=1 t=1
Proof. To prove Lemma G.4, we need the help of Lemma B.2.
Let ;1 = Hy = (s1,a1,71 -+ ,8¢-1,0¢—1,7¢—1,5¢) and

Y, = qt — ]lst:s]l\Xt,,{yL|>l<a]lat€Xt,mL7
where we define

qt = ]lst:s]l\Xt,n7L|>;<, Pr {at S Xt,K,L St =S, |Xt,rc,/1| > K/}~

Then Lemma B.2’s conditions are met with b = 1. Moreover,

T T
Ve=> a(l-a) <) a-
t=1 t=1

Substituting them into Lemma B.2 and rearraging terms, we get that with probability > 1 — 4,

T
> Lo, orlaexen, 2 (S a) - 2¢ (X7 a) 10g(T91) — V5 log(T5 ).

t=1

Solving the above inequality with respect to 4/ 23:1 q+, we can bound with probability > 1 — § that

e

T ). (20)

M\»—t
l\D\@

E ]151: éﬂ‘XthL|>K/ Uffetht =
t=1
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Finally we look at ¢,. Since each action in X} , , are drawn at time ¢ with probability at least twmin,
we have

qt > ]]-st:s]]-\Xt,mL|>n (ZQEXL’ML mein) > (’i + I)mein]]-st:s]]-\XtYmL|>ﬁ- (21)

Combining (20), (21), and noting that 15,—s14,ex, ., > Ls,=s1|x, . ,|>xla,ex, ., concludes the
proof. O

Proof of Lemma G.1. Combining Lemma G.3 and G.4, we have

T
9
.| L < 12A TN 22
tz:; t [ Xt m, >k = mt (Ii + 1)mein 22

with probability no less than 1 — §. The lemma is then proved by substituting the selection of m and
Wi 10to (22), and using Kk +1 > 1,0 > 1. O

G.2 Proof of Lemma G.2

Proof of Lemma G.2.

|B(8"[s¢, ) — p(8|s¢, )| < Zﬂ (8'|s¢,a) = p(s']se, a)|

2
< /2 m 5* | _m(@)? %
1 aH(a) o ’Lk(t) 5¢,0) ,{, u€Xt Nty (51, @)
[ 1 mi(a)?
S 2 ln < Awmm + X K, I N
01 Z J | b Z nk(t)(Sm a)

a€Xy
1>0 b

/ 1 me(a)
< 21 e A min -
- n61 Wmin + ; " ; mK

L>0:Iﬁ]>0 A€ Xtk
<ot | vt (xS Y @
61 min L m

) aeX
1>0,k>0 foreo

S \/2lnl<Awmin+ m)a
(51 m

where K and 7 are the set of effective ’s and ¢’s in the above summation (only partitions with ¢ > 0

and x > 0 are relevant). By definition, there are at most log, (—) different values of ¢ for ¢« > 0,

and log, (mw ) < log, ( ) different values for x > 0 when ¢ > 0. The second inequality is

by the definition of the conﬁdence set; the third and the fifth are by Cauchy’s inequality; the fourth is
by the assumption of the lemma. Substituting the values of wy,;, and m into the last expression, we
can get the desired result. O

H Proofs of Lemma 5.1 and 5.3

To prove Lemma 5.1 and 5.3, the following lemma is a useful tool. In the following texts, we let

v(8) = i’;;*l 1,,—s, and write the joint policy (7, 77) as 7.

Lemma H.1. Let v > 1. Then Vs, with high probability, ), Ty 1,, (s)<» = O(vDSA).

Proof. Under Assumption 1, the times a state is visited within an interval of length D is in average
no less than 1 (no matter what policies the players play). Consider any arbitrarily chosen time frame
[r,7") C [1,T]. In this time frame, there are T"TJ intervals each with length 2D. By Markov’s
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inequality, the probability s is visited at least once within each interval is lower bounded by % With
Azuma-Hoeffding’s inequality, we have with probability at least 1 — % that

| e ()
J — 4log (?)

' 1 T?
> — — = — 41 — 23
=1 2D 1 Og( 5 ) ’ (23)
where the second inequality is easily verified by substracting RHS from LHS, and the third inequality

is by the property of the floor function. Using an union bound over all possible 7 and 7/, we get that
(23) holds for all 7, 7/ with probability at least 1 — 4.

7' =1

D L=
t=1

Y

1
2
1
4
1

Now apply (23) to all phases &k with vx(s) < v, and sum all of them up. Then we get

PO (i’;iuog(j;))

kv (s)<v kv (s)<v
or
1
> T.<8D > (vk(s) +3+ 4log(T2/5)) : (24)
kv (s)<v kv (s)<v

Since there are at most SAlog, T phases, the RHS of (24) is further bounded by
(8vD + 2D + 32D1log(T?/§)) SAlog, T, which proves this lemma. O

Proof of Lemma 5.1. 73 is not well-defined if and only if there is a s such that vg(s) =

i’”tl ! 1s,—s = 0. The proof is done by simply applying Lemma H.1 with v = 1 together

with a union bound over all states s. O

We prove Lemma 5.3 by proving the following Lemma H.2 and H.3.

Lemma H.2.

2ug(s)
T

Z T 1{7? is Well-deﬁned}]l{357 w(M, 7y, s) >
k
3

} < O(D*S*A) with high probability.

Lemma H.3.
N Til{ndis well-deﬁned}]l{ sp(h(M}, 75, ) > 2D} < O(D?S®A) with high probability.
k

H.1 Proof of Lemma H.2

Proof of Lemma H.2. This lemma says, the stationary distribution of the irreducible Markov chain
induced by 7; and 77 won’t exceed the empirical distribution too much in most steps. To prove
Lemma H.2, we will compare three transition probabilities:

thy1—1 / 1 2
_ ’ o / 1 =2\ t=ty ]]-St:sp(s |877rk-77rt)
pk(s |5) T p(S ‘svﬂ-lwﬂ-k) - ter1—1 ’
1
t=t, St=s

tpy1—1
pe(s']s) = ity Lsi=slsiyi=s'
Pk = ter1—1 g ’

t=ty St=8

tpy1—2
(o) o s Boemosenimr & Loy izl =
Pk : thr1—1 1 ’

t=t; St=s8

and use perturbation analysis to claim that when they are close enough, the stationary distributions
they induce will also be close. Here, pj, is constructed by counting empirical transitions. py is
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only slightly modified from py: the last term in the numerator changes from 1 to

Stpp1—1 7St

1 1, . Under the condition that 73 is well-defined, Zt’““ " 1,,—s # 0 Vs, which means that

Stpy1—1
Dy has non- Zero probability to reach any states from any states, hence inducing an irreducible Markov
chain. pj also induces an irreducible Markov chain by Assumption 1. We denote the stationary
distributions corresponding to Py and pg by fix and fig.

We will see that fiy, is exactly the same as the empirical distribution (i.e., fix(s) = U"(S ). By Theorem

C.2, when two transition probabilities are close enough, their stationary distrlbutlons will also be
close. We will argue that except for a constant amount of steps, |px(s'|s) — pr(s'|s)| < 555 and
1(s|s) — Pr(s'|s)| < 55 hold for all s, s’. When they both hold, we can use Theorem C.2 with
Bl = max,q |pr(s'|s) — pr(s’|s)] < pg and bound |fix(s) — fir(s)| < Lfik(s). This will

2v

directly imply fi(s) < 2/ (s) = -

From the discussion above, Lemma H.2 is proved as long as the three following lemmas (Lemma

H.4, H.5, H.6) are proved. O
Lemma H.4.
1 .
ZTkll{fr,% is well—deﬁned}]l{ﬂs7 s 1ok (s's) — pr(s'|s)| > m} < O(D3S*A) w.h.p.
&
Lemma H.5.
1 .
ZTk]l{frl% is well-deﬁned}ll{Els, s 1Pk (s's) — pr(s'|s)| > ﬁ} < O(D?*S3A) w.h.p
k
Lemma H.6.
~ VE\S
fir(s) = T(k )

Proof of Lemma H.4. Fix s, s', and k. Consider the martingale difference sequence defined by
Y; = 1g,—s (p(s’|s, Th(y Ti) — ]15t+1:s/)’ where k(t) denotes the phase to which time step ¢
belongs. By Lemma B.2, for any 7 < T' + 1, with probability at least 1 — 26/T,

T—1
D Vi <2/ Vi - log(T2671) + VB log(T?6 7). (25)
t=ty

Here Vi, » = 312, ai(1— ) < 015, a0 < 3072, Ls=s Where g == 1o, —p(s'|s, mh ), 77) <
1,,—s. With an union bound, we have that (25) holds for all 7 with probability at least 1 — 2. Now
pick 7 to be ¢ 11, and thus V4, 4, ., < Zt’”rl 1s,=s = vg(s). Then we have

t=ty,
‘ﬁk(s"s) - Zikti 1 5= s(p(8/|s77ri, ﬂ-?) - 18t+1:S')
vk(8)
< log(T26-1)  /5log(T?57 1)
B vk(8) ATy

with probability at least 1 — 24. Another union bound over s’ lets the above inequality holds for all s’
with probability at least 1 — 250.

We need about vy, (s) > 25D25% log(T%6 1) to make |py(s'|s) — pr(s']s)| < 555 Vs’ in the above
inequality. By Lemma H.1, we see that the number of steps not satisfying this condition is upper
bounded by O(D3 53 A). Another union bound over s proves the lemma. O

Proof of Lemma H.5. By the construction of py, |px(s’|s) — pr(s'|s)] <

Uk( Vs Again, we use

Lemma H.1 and set the threshold v = ©(2D.5) to make |py,(s|s) — pr(s'|s)| < 3hg Vs'. By Lemma

H.1, this will hold except for O(D252A) steps. An union bound over states leads to the O(D2S3 A)
bound. O
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Proof of Lemma H.6. We only need to check whether the equation fix(s") = >, fix(s)pr(s’|s) holds
for all s, s’. Indeed,

tret1—2
Z tk=+t1;C 15t:5]15t+1:5’ + ]]'Sthrl_l:S]lstk:sl
i (8)Pr (s E
vk (s)
tr 2
t:J;L ]lSt+1:S, + ]lstk:s’ - ,
= T = [ik(s").

H.2 Proof of Lemma H.3

Proof of Lemma H.3. By Assumption 1, the maximum mean first passage time under model M
and policy pair (w,i, 7?,3) does not exceed D, i.e., T (M) < D. Then by Theorem C.9, we
know that if all transition probabilities in the Markov chain induced by (M}, 7i,73) is perturbed
from that induced by (M}, 77) within the amount of 5D sz’ the former’s maximum mean first

passage time can be bounded by two times the latter’s, i.c., 7™k (M} < 2T k7% (M). This
also implies that (M}, 7}, 72) induces an irreducible Markov chain. Finally, by Remark M.1,
we have sp(h(M ;, Wé, 72,.)) < T™7i(M}). Combining the three inequalities above, we can
have sp(h(M}, i, 72,-)) < 2D. As a result, to prove this theorem, we only need to bound the
number of steps in phases where there exist s, s’ such that the transition probability difference
Ipi(s'|s, i, 7‘rk) p(s'|s, mp, 72)| is larger than ga<z (p}, is the transition kernel of M}!). We define
the event Ey(s) = {3s/, [pi(s'|s, 7}, 72) — p(s'|s, 7}, 72)| > gpgz }» and By, = {3s, Ey(s) = 1}.
Our goal is to prove S Telg, < O(D3S5A).

Fix k. Suppose that 77 is well-defined. By the definition of 77 and the triangle inequality, we have

thr1—1

Z Le,=slpp(s'|se,m) — p(s'|se, m)|. (26)

t=ty

|p,1€(s'\s,7r,1,7’rz) ( ‘8 7Tk77rk
Define ¢; := 2%, and define
Gr(s,e) = {t € [tr,ths1) : ¢ = s and & < max|p}.(8'|s¢, 7)) — p(8|s¢, 7¢)| < 2¢},
S/
and g (s, €) == |Gk (s, )], i.e., gr(s, ) is the number of steps ¢ in phase k such that s; = s and the

maximum transition probability error at that step is between ¢ and 2e. With these definitions, we can
continue to upper bound (26) by

tpy1—1
_ _ 1
|p,1€(8/|5,7ri,77,%)—p(8/|s,7ri,ﬂ',2€)\ S ’Uk(S) Z 15t:3|p11€(5/|575’7rt)_p(8/|5t7ﬂ-t)|
t=ty
<[ 2eg(se) + smayuns)
i S, &4 oo Vk(S
~ ug(s) “igkS: € 24D52 "
2> 5ipsz
2
B +Uog2<48Ds ) e g (5.0 -
~24DS? — ve(s)
If |pi.(s'|s, 7, 77) — p(s'|s, T, T2)| > gpgz. then by (27) we have
(5)  Uowa(1sDs™)
Vi(S
< D eigr(sie). (28)
2
24D S P

Note that since steps counted in G (s, £) have maximum transition errors greater that €, by Lemma

5.2, with high probability, Y, gx (s, ) won’t exceed C&}f , for some ¢y hides logarithmic terms. Now
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sum the above equation over phases where Ej(s) holds, we get that

Llog, (48D 5S?)] llog, (48D 5S?) | e A
Z 4D52 < Z Z gigr(s, &) < Z 1= < 48¢;DS?Alog, (48DS?)
ki By (s) kB (s) i=1 €i

or Zk:Ek(s) vi(s) < O(D?S*A) holds with high probability. Similar to the proof of Lemma H.1,
we use (23) and lower bound 3, 5 () Vk(S) = X opp, (s) (é% — (7)(1)) Combining the lower

bound and the upper bound, we get ), . B (s) T, < (5( D3S*A). Finally, summing over s, we get the
desired bound. O

I Proofs of Lemma 5.4 and 5.5

Proof of Lemma 5.4. Define notations: 7, = (mi,72), pr(s'|s) = p(s'|s,Tk), hi(s) =
WM, 7y, s), pr = p(M, k), Tr(s) = 1(s,T), e = r(s¢, ar).

By the construction of 7?,%, we have

A Lu=sm(a?) S
— =t t—
pi(s']s) =Y =t O p(s'|s, 7, a® Z Lo, =sp(s'ls, m, 73)  (29)
P V(S t=ty,
and
tepr—lqg 20,2 tey1—1
(s) =y = Uk(s)‘ i( )r(s,w;, Z Lo,—sr(s, 7, 72). (30)
a2 t=ty

Our target in phase £ can be decomposed as:

tpp1—1 tppr1—1 try1—1
Tpr — Z Ty = Z (Pr — Tr(se)) + Z (Tk(st) — 1) 5 (€29)
t=ty t=tp t=ty
Now manipulate individual terms.
tpy1—1 tpt1—1
3 )= 3 (St hit) o)
t=ty t=tx s’
th41—1
:ka(s)ﬁk($/|5)hk(sl)* Z b (st)
s,s’ t=tg
try1—1 tryr1—1
=3 D Lemop(ls,mh m)RR(S) = Y (i)
s,8"  t=tg t=ty,
thp1—1 tht1—1
= >0 > oS s m)h(s) = > hi(se), (32)
t=tr s’ t=tg
where the third equality follows from (29);
te41—1 tp41—1
2 (ks =) = 2 wle(s) = 3,
t=ty t=tg
tpy1—1 tey1—1
=2 D Lu=rlsmiumd) = >0
S t= tk t=ty
tk+171 tk+1 1
= > r(sempTi)— Y T (33)
t=ty, t=tg
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where the second equality follows from (30). Substituting (32) and (33) into (31), we get

tet1—1 tey1—1
Top— 3 re=hlsu) —hels) + > (Y +Y2), (34)
t=ty t=ty,

where V! = (3, p(s'|se, mp, 77)hi(s') — hi(se41)), and Y2 == (r(sy, mp, 73) — 7¢). It seems
that Y;! and Y;? have expectations of zero and should be able to be bounded with Bernstein’s inequality.
Nevertheless, one needs to be careful about that /iy, depends on 77, which is only known after phase
k ends. In other words, hy, is not F;-measurable for ¢ € ph(k), where F;_1 = {s1,a1, - , 8¢}
The solution is as follows. Let D be the set where hj, possibly lies. We discretize D and use the
Bernstein bound on all discretization points. Finally, we use the fact that hy, is not far from the nearest
discretization point to bound the sum of Y;!.

Let D := [~ D, D]®, and thus hy, € D. Clearly, there is a discretization Dd with |Dy| < (2DST)
such that any h € D can find some hq € Dg with |h(s) — ha(s)] < 5 Vs. Now let Y; 1)
(X, p(8|st,mh, )R () — B9 (s41)) forevery h9) € Dy, j =1, ..., (2DST) . Now Y, (])
are martingale difference sequences with respect to F;_1, so we can apply Azuma—Hoeffding’s
inequality and bound

top1—1 —
Z > v< \/ log((2DgT)55 Jrepy (35)
t=ts,

with probability at least 1 — 5~z . Using the union bound, (35) holds for all j with probability at

(2DST)
least 1 — 8. Also, there exists a j such that 3,4~ ! (Ytl - Ytl(J)) < Ty x 25 = 2Lk Thus we
have

try1—1
Z > Y < O(DVST) (36)
t=ty
with high probability. We also have ), i’“;; 'Y2 < O(VT) by Azuma-Hoeffding’s inequality.
Also, hy, (Stsr) — hi (st,) < 2D. Collecting terms, we get the desired bound. O

Proof of Lemma 5.5. First fix k. Denote the transition probabilities of the optimistically selected
model M} by pi(-|,-,-). In this proof, we define h(-) = h(M}, T, ), h(-) = h(M,7y,"),
() = (Mg, T, -), p() = (M, 7k, ), p = p(My,7k), p = p(M,7y), () = r(s,7r),
p(s']s) = pi(s']s, Tk). p(s'ls) = p(s']s, T).

By Bellman equation and the properties of irreducible Markov chains, we have

)+ Dop(s15)h(s) ~ his)
p=rls) + iﬁ(S’S)ﬁ(S’) — (s)
for all s. Therefore, we can write (for any s) S
50 = 2 (PR = p(s 19)h(s") = his) +is)
= 3 (/1) — Pl Bls') 3 (0 1s) ) (Rl ~ () 3D

s/

Thus,
Ti(p—p) = Z Tiop(s)(p = p)

=Y Tinls) Y (B(s'|s) = pl(s']5)) h(s)
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= ZTW ) 15(-|s) = p(-Is)l1 sp(R), (38)

where the second equality is by using (37) and the property of stationary distribution:
Yoo 1(s) (p(s'|s) — ds,5r) = 0. By the definition of p and p, we have

b1, 3]s, a) — pl-
t=t se=s |[D(:]s,a) — p(-[s, a)ll;
19C15) =15l < 3m(a) == e
?;t; "= (1301, ar) = pCls a0) [ + S
= (39)
vk(s)

where V; = E [¢;] — ¢+, and ¢; := 1,— ||p(-|s, ar) — p(:|s, a¢)||;. To apply Lemma B.2, we note
that |¢:| < 2 and Vp := ?::5; YEY2F_4] < 22?‘?};1 [¢¢]- Then we can bound

> (EBlg) —q) <2 (2 > E[qt]> log(T26—1) + 2v/5log(T%5 1) (40)

t=ty, t=tp

with probability at least 1 — 4. (40) implies

te41—1 th41—1
Z (Elgt] — q:) < Z q + 17log(T?571). (41)
t=tp t=ty,

Continuing (38) with the help of (39) and (41), we get
o+ 1Tlog(T267 )

Tp(p—p) <2D Y Tip(s)

. Uk (s)
tpy1—1
<3D) (2 S oa+t 17log(T251)>
S t=t
tht1—1
<6D Y |[p(si,ar) = p(si, ar)ll, + O(DS)
t=ty

/ vk (s, a)
<12D4/2S5In — DS
01 Z Vg (s, a) ( )

where we have used the assumptions in this lemma. Now sum over benign phases, we get

1,7_T T vksa \/E @ s
k;;gnTk(p(M’“ &) = p(M. i) ZZ\/W (D )+§k: (DS) (42

< 2.5VSATO(DVS) + O(DS*A)

= O(DSVAT + DS*A).
with high probability. The last inequality is by the following Lemma together with Cauchy’s
inequality. O

Lemma L1 (cf. Lemma 19 of [19]). For any sequence {zi},i=1,. ., Nwith0 < z; < Z;_1 =
max{1, )"} 2}. Let K be a subset of{l ..., N'}. Then we have

< (V24 1)VI,

1€K

DBy eGP v v,
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=(V2+1
V2D A (VT — P

=(V2+ 1) (VZi— 7o)

1eK

< (V24 1)) (VL —VLisy) < (V2+ )V,

€K

where L; =}, x.y<; zi- We used the inequality

\/7 11<\/>

Z Zi
L1 & < .
' VLi+/Lic1i VZi++\/Zi1

J Proofs of Lemma 6.1 and 6.2

Proof of lemma 6.1. Note that for any phase k and any episode ¢ that fully lies in phase k, we have
E If;l_l r(se, at)} = Vg (M, n},,7?,s;,). Therefore, the terms in ), A(S) form a martingale

difference sequence with no more than 7'/ H terms. Furthermore, 0 < /1~ Yr(sy,a;) < H. By

Lemma B.1, with probability 1 — §, we have Zk ](f) < %%HQ = O(\/ HT). O

Proof of Lemma 6.2. Suppose that the value iteration halts at iteration N, then under Assumption 2
and by the proof of Lemma F.2, we have

(1—a)(p*(M*) —7)e < De<vnyi — vy = (1—a)(val{r+ Pox}—ovn). (43)

Since (M}, pi) is selected based on the vy when the value iteration halts, (43) is equivalent to

p"(M*) =5 < mip {r(s, mh, 7 )+ D pkl e m Pon(s) ) —owls). @)

Besides, the span of the vector vy is bounded by D by Lemma F.3. Now we fix Player 1’s policy
as 7} in the extended game, and let Player 2 run an H-step SG. The least amount Player 2 has
to pay Player 1 in this SG is min,2 Vi (M}, 7}, 7%, s) (assuming that the game starts from s),
which can be calculated by dynamic programming. The dynamic programming goes as follows: for
i=0,...,H—1,forall s,

Uo(S) = 0

uit1(s) = min{r(s, m, a) + Zpk (s']s, T a)ui(s') },
which, in its vector form can be written as u;+1 = ming{r, + P,u; } by denoting r, () :== r(-, 71, a)
and (P,);; == p(j|i, 7i, a). We can re-write the induction procedure as

Uip1 — oy = min{r, + Poony + Po(u; —on)} — oy

without affecting the solution. By the property min{u + v} > min{u} 4+ min{v}, we have
i1 — oy > min{r, + Pyoy} + min{ P, (u; —on)} — vn (45)

By (44), min,{r, + Povn} — vn > p*(M™) — 4, and since P, is stochastic, P, (ul vN)
ming {u;(s’) — vy (s’)}. Combining them with (45), we have u;1(s) — vn(s) > p*(M™T)
v + ming {u;(s") — vn(s')} for all s. Then by induction, we can easily prove u;(s ) —on(s)
i (p*(M™) —v) + ming {ug(s’) — vy (s')}, and therefore, u;(s) > i (p*(M™T) —7) + vn(s)
maxy vy (s’) > i (p*(MT) —v) — D.

Let i = H and note that p* (M) = max;; max min 2 p(M, 7', 7%) > min, p(Mk,warQ s).
The above result translates to mingz Vi (M}, w}, 7%, s) > Hmingz p(M}, 7,72, s) — D — H,
which bounds Ak by > iconi) (P + H7). O

LIV IV
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K Proof of Theorem K.1 and Lemma 6.3

Theorem K.1. (Sample Complexity Bound of UCSG. cf. Theorem 1 [9]) Given § > 0, with
probability at least 1 — §, for any 0 < £ < 1, UCSG produces a sequence of policies w}, that yield

at most (’}(HQ:;QA) episodes i such that |V (M, ), 72, s7,) — Vg (M}, ), w2 s0)| > e

Theorem K.1 mainly follows from the following Lemma K.6 and K.7. In [9] the analysis of sample
complexity is facilitated by partitioning the state-action space. The state-action pairs are grouped into
different categories according to two indices. The first index, importance, measures in log-scale the
relative occurrence frequency of (s, a) with respect to a fixed constant under the policy. The second
index, knownness, measures also in log-scale the ratio of the total number of observations to the
occurrence frequency. Here we modify the the definition of weight, importance, and knownness for a
state-joint action (s, a) = (s, a', a?) defined below to have a partition of the state-joint-action space
Sx A=38 x A' x A? for each episode.

Definition K.2. Define the weight of a state-joint-action pair (s, a) under joint policy 7; in episode
i as the expected occurrence frequency of (s, a) in episode i,

Tit1—1

wi(s,a) = Z P(s; = s,ar = alay ~ i, Sr,).

t=T;

The setting in [9] is somewhat different from two-player zero-sum SGs. In the episodic RL setting
after an episode is over, a new episode starts afresh with the same initial distribution pg, while in
the non-episodic setting, initial state s, in each episode is sampled from a different distribution.
Initial state distributions do not matter that much in our setting except we need the initial state s, to
compute the expected frequency w; (s, a).

Definition K.3. Define the importance of a state-joint-action pair (s, a) in episode i as

Wnin

Li(s,a) = max{zj 125 <

where z1 = 0 and z; = 2772 Vj = 2,3, ...

Definition K.4. Define the knownness of a a state-joint-action pair (s, a) in episode i as

< Nk (4) (87 (l) }’

ki(s,a) = max{zj 12y < wi(5,a)
? )

where z; = O0and z; = 2972 Vj = 2,3, ...
Definition K.5. We can now categorize state-joint-action pairs (s, a) into subsets
Xin, ={(s,a) € X; : ki(s,a) = K, 1i(s,a) =},
and X; = S x A\X;, where X; = {(s,a) € S x A: 1;(s,a) > 0}.
In contrast to the original definitions [9] which are designated for each phase k in the episodic RL

setting, in our setting, weight w; (s, a), importance ¢;(s, a), knownness «;(s, a) are now indexed for

each episode ¢ because Player 2 may have arbitrary policies in different episodes.

Theorem K.lI mainly follows from the following Lemma K.6 and K.7. Select m =
2 N 2 2 n

5125 H” (log log H)? log, (8T?SH) 1 (6/61), 5y = s Unas = SAlog, T and wim =

€2 2Umax S’
forany 0 < e < H, and any 0 < § < 1 and then we have the following two lemmas.

£
IHSA
Lemma K.6. (c¢f. Lemma 2 in [9]) Let E be the number of episodes i for which there are r and t

with | X; .| >k, iie. E =352 1{3(k,¢) : | Xix,.| > £} and assume that m > @ In(2Fmax/9),
where Eqax = log, ( H ) logy(SA). Then P(E < 6SAEpaxm) > 1 — §/2.

Wmin

Proof. The proof mainly follows as Lemma 2 [9]. Here we point out the differences between the
original UCFH algorithm [9] and our UCSG, when we remove the input €.
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1. Their stopping rule for phase & is dependent on the specification of ¢.

2. They set an upper bound for the maximum number of executions for each state-action pair
(s,a), which is determined beforehand and hardcoded in their algorithm.

3. Our algorithm only needs input § to specify the failure probability and has (g, 0)-PAC
bounds for arbitrarily selected €.

The original UCFH nearly doesn’t need the parameter € except at one place: their phases stops when
“J(s, a), vg(s,a) > max{mwmin, Nk (s, a)} and ng(s,a) < SmH.” Since Wy, and m are defined
through ¢, this stopping rule requires € to be known by the algorithm. They need this because they
would like to control Uy, ,x, the total number of phases run by the algorithm. In their case, having this
stopping rule, Upax < SAlog, SmH — §Alog, u?T because phase change won’t be triggered

MWmin in

when n (s, a) < mwpin or nk(s,a) > SmH. However, since we assume that the time horizon T
is known, we can simply use Upax < SAlog, T, and this can simplify our stopping rule to only
“I(s,a),vk(s,a) > ng(s,a)”

Therefore, we can totally abandon the use of € in our algorithm, but enjoy their analysis results.
The results automatically hold for arbitrarily selected €. However, since we bound the number
of k by logs(4HSAT/¢) in Lemma K.7, we cannot let ¢ tends to 0 too fast. (The minimum &

we will select is ¢ = min{H, \/(H3S2A)/T} as in the proof of Lemma 6.3, where we select
H =max{D, {/D?*T/(S%A)} for Theorem 3.2 ).
O

Lemma K.7. (¢f. Lemma 3 in [9]) Assume M € M. If | X, ,..| < kforall (k,.) andforall0 < e <
1 and m > 512%@12(10& logy H)? log, (424T) log, (SA) In(6/61). Then |V (M}, 7}, 72) —
Vi (M, m}, 72)| <e.

Proof. It mainly follows the same proof as Lemma 3 in [9]. It was shown sufficient to let m >

512C(log, logy H)?|K x Z| Ig—; In(6/67). The only differences are in the upper bounds for | x Z|. In
UCFH, the maximum number of executions of each state-action pair is set equal to m.S H. Thus their

. 2 2 . . .
knownness k(s, a) is no more than 7:'”(;‘1) < 43 ?H , whereas in our setting, since n(s,a) < T,
k(s a) < 2o < AHSAT Thus in our setting [K x Z| < log, (22£54L) Jog, (S A). O

MWmin — €

Proof of Lemma 6.3. Let &g :=min {H, \/(H3S%A)/T'}, and &y := 6/[log,(H/eq)]. We invoke
logarithmically many times the bound in Theorem K.1 and use the union bound to obtain the regret.
By assumption, for j = 1, ..., [logy(H /eo)], with probability no less than 1 — g, there are at most

O(47 52 A) episodes that are not (277 H)-optimal. Then the total error is bounded by
Z Z ’VH(M%,’/'T]i,’]T?, 57'7;) - VH(Mv Wlia 71—1'2’ 87'7‘,)

k ieph(k)
= E E Ty = E T + E T;
k ieph(k) 2 <€g i:r; >€0

[logy (H/20)1

T o A
<eop+ Z; OS2 A) (277 H)
=

T Mog, (H/c0)] ——
= oz + (MR _1)O(HS?A)

T O(H2S%4) -
<eop + 8% = O(SVHAT + HS?*A). O

0

L Proofs for Offline Training Complexity

Proof of Theorem 7.1. Define
Ke = {k : p*(M) — min p(M, T, T2) > €},
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K! := K. N {k : phase k is benign}.

Also, define
) : 2
g™ = 3" Ti(p* (M) — min p(M. 7))
keK! T
tetr1—1
: 12
= Reg®’ + Z Z (rt - 1r71r12np(]\/[, Ty T )> .
keEK! t=t

(40)
where Reg(O“)’ is defined as a summation similar to Reg(on) except that it is summed only over

time steps in phases k € K.. Besides, analogous to the definition of L., we define L, =
Zk:benign Tk']l{p*(M) - minﬂ'g P(M7 77']%, 772) > 6}.

We will argue (a) the order of Reg(om’ does not exceed that of Reg.”"", and (b) the upper bound of
Re g(son)’ is similar to that of Reg((’") except that the dependency on 7' is replaced by L..

(on)/

(on)/

To show (a), we note that the extra terms in Reg("fﬂ’ compared to Reg,”™"" are the sum of

ter1—1 7
Z (Tt — m12np(M7 W}i,ﬂj)) = ZA;:’)?
P— T n=>5
ter1—1
5
AD = S (r = p(Morhnd))
t=tg
ter1—1
6
Aé) = Z (p(Mvﬂlia’/lec) _p(Mlg’ﬂé’ﬂ—]%’stk))’
t=ty,
tet1—1
7 .
A'gf) = Z (p(Mlgaﬂ—livﬂ-l%astk) - II;IQHP(M7’]T;77T2)) )
t=ty,

over k € K. A,(:) is bounded by T%vx by (6); the bound of this term is the same as that of A,(Cl).

A,(CS) and Agj) are symmetric to A,(:l) and A,(CS) respectively (note that the 77 we constructed in Section
5.1 will be identical to w,% in the offline setting). Therefore, we can use the same bounds for the
corresponding terms.

Now we proceed to argue (b) and bound Reg(on)’ We will largely reuse the regret analysis we already

done for Reg®", but only sum up the contribution from phases in K.

The contribution to Reg®” from A,(Cl) is
> T = > Tu/vVi; (47)
kEK! kEK!

the contribution from A(S) is as shown in (42):

Uk S, a ~
> Y AL 0(DVS) + O(DS); (48)
kEK. s,a \% nk 8, a keK

(4)

finally, the contribution from A, is as shown in (34):

tk+1 1
> <5k<Stk+11>—B<stk)+ > <Y£+Yﬁ)>. (49)
kEK! t=t,

Reg®’ is then bounded by the sum of (47)-(49). By lemma 1.1 (47) is bounded by (v/2+1)+/L’, and
the first term in (48) is bounded by O(1/SALL)O(D+/S) = O(DS/ALL) by Cauchy inequality.
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The second term in (48) can be still bounded by (’~)(DS2 A). Since the martingale difference sequences
in (49) are now summing over a total of L. steps, (49) is now bounded by DSA + D/SL. (cf.
(36)).

As a whole, we conclude that Reg®™ < O(DS,/AL. + DS?A), and hence Reg®?’ <
O(DS\/AL. 4+ DS?A) by the argument in (a).
Note that by the definition of K/, we have
eg M’ = . 12
Z Ti(p II;IQHp(M,Tl’k,ﬂ' )
kEK!

> Y Tpe=cLl. (50)

kEK!
Combining (50) with the upper bound of Reg("fﬂ’ just established, we have
ell < O(DS\/AL’E + DS?A),

which has the solution

<0 (D252A>

22
Comparing the definitions of L. and L., and by Lemma 5.3, we get
D2S%A

=2 .

L. <L.L+O(D*S°A4) =0 (D3S5A +

Finally, we remark on how to select a single stationary policy after we have run the algorithm for T’
steps. Note that in our proofs, we actually bound the single step regret in phase k through

p*(M) - mlznp(M7 ﬂ-liaﬂj) S miznp(M]%fn—]iwstk) - p(Mlgaﬂ—]aﬂ-]%a Stk) + 27k (51)

because LHS is - LS A while RHS is 7 56, A 4+ 2+, Note that the terms on RHS can

all be obtained by the al gorlthm so they form an avallable upper bound for the LHS. Let u, denotes
the RHS. Then the previous proofs actually proved that

2Q2
ZTk]l{uk >e} <O <D3S5A+ DES A)

holds with high probability. Therefore, if T > Q (D3S5A + %), there will be some k such

that u,, < . Since the algorithm knows wuy, it can just select the minimum of all u;’s among all
phases. That will output a policy 7} such that p* (M) — min.2 p(M, 7, 72) < e.

O

Proof of Theorem 7.2.

Reg(oﬁ) — Z Ti(p* (M) — nTlriznp(M, Wé,wg))

kEKE
tpy1—1
. 1 2
_ Reg(oﬂ) + Z Z (Tt - I{lrlznp(M, Ty T )> ’
keK. t=ty

where Reg(‘m) is the sum of Ay over k € K. Of the six regret terms (5), Agl) dominates over A,(:),
Agf), A;f), and A;f). So we only look at the A,(f) and Ag:l). Aff) is bounded by %D + Tk
Summing over £ € K. by Lemma I.1 gives %D + @(\/E) Thus its average error is bounded by
O(D/H + 1/+/L.). By taking H = D/(2¢) we have the sample complexity for the second term is
O(1/&2). On the other hand, by Theorem K.1, A,(;l) has sample complexity bound O(HS?A/e?).
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By substituting H = D/(2¢) gives the dominating sample complexity bound O(DS%A/e3). We
argue again the order of Reg(;’fﬁ does not exceed that of Reg®. To show this, we note that the extra
terms in Reg®™ compared to Reg!® are the sum of

tha1—1 11
. 12
Z (rt —min p(M, 7y, 7 )) = ZAI(JL),
t—t), E n=71
Tit1—1
a0 3 (15 o -l
i€ph(k) t=7;
Aﬁf) = Z (VH(ZM, Thy Sr;) — VH(]M,?,W;C,Sﬂ)) ,
i€ph(k)
AI{?) = Z (VH(]\/II?,W]C,ST’) - Hp(]ﬂ,f,ﬂm.sn)) ,
i€ph(k)
ALY = Y (Hp(ﬂ/fz,msm — Hmin p(M, w;,w%sa) :
ieph(k) N
Al = 2H,

over k € K.. This decomposition mirrors that in (5) where A,(:), A,(f), Afcg), A,(Cm) and A,(Cll) are

symmetric to the A,(f), A,(f), A,(f), A,(cl), and A,(f) in (5), respectively, and we can use the same
bounds for the corresponding terms.

Finally, we can pick an e-optimal policy ;. after the algorithm has run for 7’ > O (D fj A) steps.

The way is similar to that described in the proof of Theorem 7.1.

M Other Technical Lemmas

Remark M.1. Under Assumption 1, note that for any stationary policy 7, we have sp(h(M,r,-)) <
T™(M). Indeed,

h(M,7,s) = ET {in — p(M, 77)}

<T7 (M) +ET [Z re — p(M, )
t=1

=TT, (M) + h(M,n,s").

s—s’
Remark M.2. Imagine an MDP where all transitions from s # s' remain the same while s’ becomes

1 2
an absorbing state; rewards on s # s are all 1 and 0 on s'. Now max, max,2T. 7, (M) is

equivalent to the maximum reward on this MDP, which can be achieved by stationary joint policy by
both players.

N Regularization/Constraint-based Approach for Assumption 1

It is possible to improve the (7)(D3S5A) term in the regret bound under Assumption 1. Note that this
term mainly comes from Lemma H.3, which says that to wait until sp(h(M}, 7}, 72,-)) < 2D, we

need to pay O (D3S° A) regret. However, if we can know the value of D in advance, the optimistic
model M} can be selected based on the following constrained optimization problem:

M} = argmax max min p(M, 7%, 72, 54, ),
MeMk !l 2
subjectto V7!, 7?2 € IR sp(h(M,n', 72%,.)) < D.

Clearly, the true model M still lies in this feasible set, so this is a valid way to select M ,1 It is also
possible to convert this into a regularized optimization problem as demonstrated by [3]. Nevertheless,
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we are not aware of any practical algorithm that can solve either optimization problem. We just
demonstrated in this paper that the benefit of this regularization/constraint-based approach is only on
the additive constant but not on the asymptotic performance.
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