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A Sub-gaussian random vector

In our analysis, we make use of some useful properties of sub-gaussian random variables, which are
defined by the following equivalent properties. More discussions on this topic can be found in [[1].

Lemma A.1 ([1l]). The sub-gaussian norm of X is denoted by || X ||y,
1X ||, = supp~"/2(E|X|7) /7.
p=>1
Every sub-gaussian random variable X satisfies:
(1) P(IX| > 1) <exp(l —ct?/||X|3,) forall t > 0;
(2) (E|X[P)Y? < || X||pp /P for all p > 1. In particular;, Var(X) < 2(1X117,.

(3) Consider a finite number of independent centered sub-gaussian random variables X;. Then
>-; Xi is also a centered sub-gaussian random variable. Moreover,

1> X7, <> Ix3,

We say that a random vector X € R" is sub-gaussian if the one-dimensional marginals (X, x) are
sub-gaussian random variables for all x € R”™.

We will also see the square of sub-gaussian random variables, the following lemma shows it will be
sub-exponential. A random variable is sub-exponential if the following equivalent properties hold
with parameters K; > 0 differing from each other by at most an absolute constant factor.

P(IX|>t) <exp(l —t/K;) forallt > 0; (A1)
(E|X|)Y/P < Kyp forall p > 1; (A.2)
Eexp(X/K3) <e. (A.3)

Lemma A.2 ([1). A random variable X is sub-gaussian if and only if X? is sub-exponential.
Moreover,
2 2 2
X1, < 1X7lw, < 201X,

We have a Bernstein-type inequality for independent sum of sub-exponential random variables.

Lemma A.3 ([1]]). Let X1, -- , Xn be independent centered sub-exponential random variable, and
M = max; || X; ||y, Then for every a = (ay,--- ,an) € RN and every t > 0, we have

t2 t
P >t| <2exp [—cmin ( , )}
< - ) M?||al[3” Mllal|o

N
Z a; X;
=1
where ¢ > 0 is an absolute constant.
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B Proof of Theorem[l

To prove Theorem[I] we work with the elementwise expansion. We use c to represent any constant
that does not depend on the parameters, and its value can change from line to line. Fori € Cy, j € Cy,
recall that W; is sub-gaussian random vector with mean 0, covariance U%I and sub-gaussian norm
bounded by b. We have

W W)T Wi = W3
Y, - Y5 = Nk_ll€2+2(7]ﬂk_ﬂé 2 (B.1)
I illz =1 I2 7 ( ) )
As W; and W; are independent, W; — W, has mean 0 and covariance (o} + 07)1.
Define

Bij = Wi = WjlI3/p — (ok + o),

aij = (Wi = Wy)' (s, = e) /V/p-
Hence Ef;; = 0. By the Lipschitz continuity of f,

|Kij — Kij| <2Co|Bij + 205 (B.2)

By Lemma (3), «;; is also sub-gaussian, with sub-gaussian norm upper bounded by 2bd3,C'/p,
for some C' > 0. Then by Lemmal[A.T}(1), 3C; > 0 s.t.

1
P (Iaz—j > [ 2F ) <p e (B.3)
p

p
Bij =S (WD —WiD)2/p— (0% + o). (B.4)
d=1

To bound j;;, note each summand in Eq. (B.4) is a squared sub-gaussian random variable, thus is
a sub-exponential random variable by Lemma By Lemma witht = ¢ loﬁp , we see that

witha = (1,...,1)/p, min (CQWZH%’CW) = min (62]34#, 67”3\1;”) > ¢’ log p for large
enough p. Thus 3C5 > 0 such that for large enough p,

I
P <|5ij| < C\/O§p> >1—p (B.5)

By union bound, for some p > 0, with probability at least 1 — nQp*pcz,

~ log p
sup |Kij — Kzg' S C .
i,jET p

C Proof of Lemmall]

Define a diagonal matrix D where D;; = f(a,%), ifi € Cpand 0ifi € O. Write Ko = K — I + D2,
which is basically replacing the diagonal of K to make it blockwise constant. By the fact f (d2, +
o2 4+ 02) = f(d3,) f(o})f(0?), Ko has the decomposition Ko = DZBZ™ D where B € R, and
By = f(d3,). In fact, B is exactly the Gaussian kernel matrix generated by {y;}7_; centers, and is

strictly positive semi-definite when the scale parameter 7 # 0 and centers are all different. Hence Ky
is rank 7.

M(DZBZTD) = \.(BY?2Z"D*2BY?) = \.(BZ'D*Z)



The first equality uses the fact that X X7 and X7 X has the same set of eigenvalues. The second
step uses the fact that B is full rank, since all clusters have distinct means. Now B and Z7 D?Z are
both r x r positive definite matrices. So the rth eigenvalue is the smallest eigenvalue. Now we use,
Amin(BZTD2Z) > Apin(B)Amin (2T D?Z) and have

)\r(f(o) > )\r(ZTD2Z)>\r(B) > ;/\min(B) ’ mkin (f(ai))z

Then A (Ko) = Q(2). On the other hand, ||I — D?||5 < maxy,(1 — f(202)). Let A, (K), A\p11(K)
be the r** and r + 1* eigenvalue of K, by Weyl’s inequality,

A (K) 2 A (Ko) = max(L = £(207)) = (= Anin(B))

Ars1(K) < max(1 - f(207)) = O(1) (C.1)
Putting pieces together,

)‘T(K) - >‘7’+1(K) 2

n
r

Amin(B) - min (£(0}))” = 2max(1 = £(208)) = 2 (S Auin(B))

D Proof of Lemma /2|

Proof. First note that X is the optimal solution of (SDP-T), so (K,X) > (K, X,). Hence
(K —K,X — Xg) > (K, X, — X).

Let a := miny, f(203), b := maxyze f(d3, + o7 + 07) and Yimin := a — b, we have

(K, Xo=X)=)_> | D fQop)(1—Xi5) = > Y fdiy + o + 07) X5

k ieCy ]GCk p;ékjecé
oy ey 0y Y,
b oicCr \ jecy £k jed, (D.1)
~ n A~
S5p5) (SRS HRY LR o S
k ey jEék ]eék

> Ymin Z Z Z (1 - X’ij)

k ieCy jEC‘k

On the other hand, by the fact that X i; = 0 and row sum is n /T,

IXo=X[h=Y_> [ D -Xp)+> > X

k ieC, \jeCk t#k jeC,
Sy (Sa-gs (e T 5, ©2
k iGék ]Gék jEék

<2 ) ) (1-X

k ieCy jEC‘k
Equations (D.I)) and (D.2) gives us:

1Xo — X[y <

min Ymin



E Proof of Theorem 2

By Lemma[2]

M@%—ﬂ<2W—KX—&>

X0 — X1 <
“Ymin “Ymin

Divide the inner product into inlier part and outlier part, and note that 0 < |K;; — f(ij| < 1,Vi,j.
By Theoremlﬂ w.p. at least 1 — n2p_”cz, we have

(K — K, X — X)
= Y (Ky—Kij)(Xy; — (Xo)ij) + > (Kij — Kij)(Xi; — (Xo)ij)

(1,5)ETXT (i,7)€ER

<X = Xolly - [K5F = KPF o+ Y (Xyy — (Xo)ig) (Kiy — Kyj)
(1,5)ER

<X = Xolh - [KPF = KT oo+ Y Xi(Kij — Kij) — Y (Xo)ij (Kij — Kij)
(i,9)ER (i,9)€ER

<X = Xoll - [IKPF = K5 o+ > X+ Y (Xo)y
(i,7)eR (i,7)eER

1 . 4
<Cy[=2E|1Xo - X[y + =
p r
Thus,

[lo N 4dmn
<’Ymin - 20 §p> ||X - XO”l S T

When 4/ 10% = 0(Vmin ), rearranging terms gives

4mn /
. 4 1
[ Xo — X1 < & < <1+ ¢ ng)O( mn )

Yemin — C logp — TYmin Ymin p TYmin
V P

F Davis-Kahan Theorem

Theorem F.1 ([2]). Let X, 3 € RPXP pe symmetric, with eigenvalues \y > --- > X\, and A >
-+ > Ap respectively. Fix 1 <r < s < pand assume that min(A,_1 — A\p, A\s_1 — As) > 0, where

o = o0 and \py1 = —00. Letd := s—r+ 1, and let V = (v,,0,41, -+ ,v5) € RP*? and
V= (O, Opg1,- -+ ,05) € RP*4 have orthonormal columns satisfying ¥v; = A\jv; and f]i)j = \;vj,
forj=r,r+1,--- s Then there exists an orthogonal matrix O € R*? such that
A 2328 — 2| p
VO Ve < >~ 5

min()\rfl - )\T7 )\571 - )\s) .

G Proof of Lemma[3

We prove the result for k-means on X. Let U be the top r eigenvectors of X, U € R"™™" be the top
z
r eigenvector of X, then by construction, it can be written as U = 50 . Let v € R"*" be the

population value of the eigenvector corresponding to each cluster, U = Zv. U is a unit basis so we
know I = UTU = vT 2T Zv = 20Ty, SovTv = Z1,.



Define C = {M € R™*" : M has no more than r unique rows}. Then minimizing the k-means
objective for U is equivalent to

. . ~ 2 . i} 2
P — = U-M
(o, 08 g D i1 = gl = i 17— M1
S0 C = [c1,--+ ,¢n] = argminysee |U — M||% and ||C — U|| < ||ZvO — U]||. ¢ is the center
assigned to point ¢ by running k-means on U'.

Wheni,j € Z,7Z; # Z;,

2
|Ziv — Zjv|| =(Z;i — Z;)v|| > V2 min VxTVTz/x e

w:||z]|2=

2r r r
— 7. > Ziv— Ziv|| = e — Z; >/ === =4/— )
lei = ZpOlle = |1 Ziw = Zyv| = lles = ZwO| 23| =\ [5-=\[5- @D

Therefore when i, j € Z and Z; # Zj, ||¢; — ZivO| < /5= = |lci = ZivOl|2 < |lc; — Z;v 02,
which means node 7 is correctly clustered.

So

Now we bound the cardinality of M.

2n 2n
<= e = ZwO|f = = ||CT - UTO|7
M| < == llei = ZivOllp = - 7

i€l

2n N .
< 7(||CI —U*|r + |UF = U*O| r)?

ICT U5 = IU - Cl} - 1C° = U°%
<|U-C| < U -UO|%
Therefore,

2n - 2 8n, -
(M| < (|0 = UO|p + [0 = UFO||p)* < —~||U = UO|

For k-means procedure on K, note that K is blockwise constant except for the diagonals. It can be
shown that the top r eigenvectors of K are also piecewise constant. The rest of the analysis is similar
to that of X

H Proof of Corollary [I]

Proof. Denote by dj the distance between clusters, o = f(202), 3 = f(d2 + 202), hence Ymin =
a— . Then K has the form (a—5) Xo+BE+(1—a)l, and A\, (K) > mmn/r, since BE+(1—a)I
is positive semidefinite.

On the other hand, from Lemmaland Eq. (CI), A\t (K) <1— f(20?) < 1.Hence A\, — A\, >
T Ymin — 1. By Lemma@the misclassification rate of K-SVD becomes:

3/2
|Mksvd| S CE 2 ||K KHF
r /\T(K) - )‘r+l(K)

1
[ max {n %, \/mn}
<C-

n
r ?P)/min

oo (3.0 (+552)
Vmin ’ynnn

2
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