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Abstract

We consider the weakly supervised binary classification problem where the labels

are randomly flipped with probability 1 — a.. Although there exist numerous al-
gorithms for this problem, it remains theoretically unexplored how the statistical

accuracies and computational efficiency of these algorithms depend on the degree

of supervision, which is quantified by «. In this paper, we characterize the effect of
« by establishing the information-theoretic and computational boundaries, namely,
the minimax-optimal statistical accuracy that can be achieved by all algorithms,
and polynomial-time algorithms under an oracle computational model. For small

a, our result shows a gap between these two boundaries, which represents the com-
putational price of achieving the information-theoretic boundary due to the lack of
supervision. Interestingly, we also show that this gap narrows as « increases. In

other words, having more supervision, i.e., more correct labels, not only improves

the optimal statistical accuracy as expected, but also enhances the computational

efficiency for achieving such accuracy.

1 Introduction

Practical classification problems usually involve corrupted labels. Specifically, let {(x;, z;) }1~, be

n independent data points, where x; € R is the covariate vector and z; € {0, 1} is the uncorrupted

label. Instead of observing {(x;, 2;) }1_,, we observe {(x;,y;)}?~ in which y; is the corrupted label.
In detail, with probability (1 — «), y; is chosen uniformly at random over {0, 1}, and with probability
a, y; = z;. Here a € [0, 1] quantifies the degree of supervision: a larger « indicates more supervision

since we have more uncorrupted labels in this case. In this paper, we are particularly interested in the

effect of « on the statistical accuracy and computational efficiency for parameter estimation in this

problem, particularly in the high dimensional settings where the dimension d is much larger than the

sample size n.

There exists a vast body of literature on binary classification problems with corrupted labels. In

particular, the study of randomly perturbed labels dates back to [1] in the context of random clas-
sification noise model. See, e.g., [12, 20] for a survey. Also, classification problems with missing

labels are also extensively studied in the context of semi-supervised or weakly supervised learning

by [14, 17, 21], among others. Despite the extensive study on this problem, its information-theoretic

and computational boundaries remain unexplored in terms of theory. In a nutshell, the information-
theoretic boundary refers to the optimal statistical accuracy achievable by any algorithms, while the

computational boundary refers to the optimal statistical accuracy achievable by the algorithms under
a computational budget that has a polynomial dependence on the problem scale (d, n). Moreover,
it remains unclear how these two boundaries vary along with . One interesting question to ask is
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how the degree of supervision affects the fundamental statistical and computational difficulties of
this problem, especially in the high dimensional regime.
In this paper, we sharply characterize both the information-theoretic and computational boundaries
of the weakly supervised binary classification problems under the minimax framework. Specifically,
we consider the Gaussian generative model where X |Z = z ~ N(p,,X) and z € {0,1} is the
true label. Suppose {(x;, ;) }7~, are n independent samples of (X, Z). We assume that {y;}7 ; are
generated from {z;}7_; in the aforementioned manner. We focus on the high dimensional regime,
where d > n and p1 — po is s-sparse, i.e., 1 — po has s nonzero entires. We are interested in
estimating g1 — pto from the observed samples {(x;, y;) }7_;. By a standard reduction argument [24],
the fundamental limits of this estimation task are captured by a hypothesis testing problem, namely,
Hy: py — po = 0 versus Hy : g — puo is s-sparse and

(11— o) "B (1 — po) ==y >0, (L.1)

where v, denotes the signal strength that scales with n. Consequently, we focus on studying the

fundamental limits of +,, for solving this hypothesis testing problem.
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Figure 1: Computational-statistical phase transitions for weakly supervised binary classification. Here
« denotes the degree of supervision, i.e., the label is corrupted to be uniformly random with probabil-
ity 1 — «, and 7, is the signal strength, which is defined in (1.1). Here a A b denotes min{a, b}.
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Our main results are illustrated in Figure 1. Specifically, we identify the impossible, intractable, and
efficient regimes for the statistical-computational phase transitions under certain regularity condi-
tions.

(i) For v, = o[y/slogd/n A (1/a? - slogd/n)], any algorithm is asymptotically powerless in
solving the hypothesis testing problem.

(i) For v, = Q[y/slogd/n A (1/a? - slogd/n)] and v, = o[\/s2/n A (1/a? - slogd/n)], any
tractable algorithm that has a polynomial oracle complexity under an extension of the statistical query
model [18] is asymptotically powerless. We will rigorously define the computational model in §2.
(iii) For v, = Q[v/s2/n A (1/a? - slogd/n)], there is an efficient algorithm with a polynomial
oracle complexity that is asymptotically powerful in solving the testing problem.

Here /slogd/n A (1/a? - slogd/n) gives the information-theoretic boundary, while /s2/n A
(1/a? - slogd/n) gives the computational boundary. Moreover, by a reduction from the estimation
problem to the testing problem, these boundaries for testing imply the ones for estimating po — 41
as well.

Consequently, there exists a significant gap between the computational and information-theoretic
boundaries for small a. In other word, to achieve the information-theoretic boundary, one has to
pay the price of intractable computation. As « tends to one, this gap between computational and
information-theoretic boundaries narrows and eventually vanishes. This indicates that, having more
supervision not only improves the statistical accuracy, as shown by the decay of information-theoretic
boundary in Figure 1, but more importantly, enhances the computational efficiency by reducing
the computational price for attaining information-theoretic optimality. This phenomenon — “more
supervision, less computation” — is observed for the first time in this paper.

1.1 More Related Work, Our Contribution, and Notation

Besides the aforementioned literature on weakly supervised learning and label corruption, our work
is also connected to a recent line of work on statistical-computational tradeoffs [2-5, 8, 13, 15, 19,
26-28]. In comparison, we quantify the statistical-computational tradeoffs for weakly supervised
learning for the first time. Furthermore, our results are built on an oracle computational model



in [8] that slightly extends the statistical query model [18], and hence do not hinge on unproven
conjectures on computational hardness like planted clique. Compared with our work, [8] focuses
on the computational hardness of learning heterogeneous models, whereas we consider the interplay
between supervision and statistical-computational tradeoffs. A similar computational model is used
in [27] to study structural normal mean model and principal component analysis, which exhibit
different statistical-computational phase transitions. In addition, our work is related to sparse linear
discriminant analysis and two-sample testing of sparse means, which correspond to our special cases
of @ = 1 and o = 0, respectively. See, e.g., [7, 23] for details. In contrast with their results, our
results capture the effects of « on statistical and computational tradeoffs.

In summary, the contribution of our work is two-fold:

(i) We characterize the computational and statistical boundaries of the weakly supervised binary
classification problem for the first time. Compared with existing results for other models, our results
do not rely on unproven conjectures.

(i) Based on our theoretical characterization, we propose the “more supervision, less computation’
phenomenon, which is observed for the first time.

’

Notation. We denote the x2-divergence between two distributions P, Q by D, (P, Q). For two
nonnegative sequences a,,, b,, indexed by n, we use a,, = o(b,,) as a shorthand for lim,,_,~, a,, /b, =
0. We say a,, = Q(b,,) if a,,/b,, > ¢ for some absolute constant ¢ > 0 when n is sufficiently large.
We use a V b and a A b to denote max{a, b} and min{a, b}, respectively. For any positive integer k,
we denote {1,2,...,k} by [k]. For v € R%, we denote by ||v]|, the £,-norm of v. In addition, we
denote the operator norm of a matrix A by || A||..

2 Background

In this section, we formally define the statistical model for weakly supervised binary classification.
Then we follow it with the statistical query model that connects computational complexity and
statistical optimality.

2.1 Problem Setup

Consider the following Gaussian generative model for binary classification. For a random vector
X € R% and a binary random variable Z € {0, 1}, we assume
X|Z=0~ Nuo%), X|Z=1~ N(u,X), 2.1
where P(Z = 0) = P(Z = 1) = 1/2. Under this model, the optimal classifier by Bayes rule
corresponds to the Fisher’s linear discriminative analysis (LDA) classifier. In this paper, we focus
on the noisy label setting where true label Z is replaced by a uniformly random label in {0, 1} with
probability 1 — a.. Hence, « characterizes the degree of supervision in the model. In specific, if « = 0,
we observe the true label Z, thus the problem belongs to supervised learning. Whereas if a = 1,
the observed label is completely random, which contains no information of the model in (2.1). This
setting is thus equivalent to learning a Gaussian mixture model, which is an unsupervised problem.
In the general setting with noisy labels, we denote the observed label by Y, which is linked to the
true label Z via
PY=2)=(14+a)/2, Y =1-2)=(1—-a)/2. 2.2)
We consider the hypothesis testing problem of detecting whether g # w1 given n i.i.d. samples
{yi, xi}izy of (Y, X)), namely
Hy: po = py versus Hi: pg # 1. 2.3)
We focus on the high dimensional and sparse regime, where d > n and po — pq is s-sparse, i.e.,
to — 1 € Bo(s), where By(s) := {p € R?: ||ullo < s}. Throughout this paper, use the sample
size n to drive the asymptotics. We introduce a shorthand notation 0 := (g, p1, 3, @) to represent
the parameters of the aforementioned model. Let Py be the joint distribution of (Y, X') under our
statistical model with parameter 8, and Py be the product distribution of 7 i.i.d. samples accordingly.
We denote the parameter spaces of the null and alternative hypotheses by G, and G; respectively. For
any test function ¢ : {(y;,x;)}"_; — {0, 1}, the classical testing risk is defined as the summation of



type-I and type-II errors, namely
R (;G0,61) := supPg(¢ = 1) + sup Pg(¢ = 0).
IS IS
The minimax risk is defined as the smallest testing risk of all possible test functions, that is,

R} (Go,G1) == igf R, (¢;G0,G1), 24

where the infimum is taken over all measurable test functions.

Intuitively, the separation between two Gaussian components under H; and the covariance matrix 3
together determine the hardness of detection. To characterize such dependence, we define the signal-
to-noise ratio (SNR) as p(8) := (po — 1) " =71 (o — pe1). For any nonnegative sequence {7V, }n>1,
let Gi () := {0 : p(0) > ~,} be a sequence of alternative parameter spaces with minimum
separation y,. The following minimax rate characterizes the information-theoretic limits of the
detection problem.

Definition 2.1 (Minimax rate). We say a sequence {~;:},>1 is a minimax rate if

o For any sequence {yy }n>1 satisfying v, = o(7};), we have lim,,_, R’ [Go, G1(vn)] = 1;
o For any sequence {yy }n>1 satisfying v, = Q(7}), we have lim,,_, o R};[Go, G1(7»)] = 0.

The minimax rate in Definition 2.1 characterizes the statistical difficulty of the testing problem. How-
ever, it fails to shed light on the computational efficiency of possible testing algorithms. The reason
is that this concept does not make any computational restriction on the test functions. The minimax
risk in (2.4) might be attained only by test functions that have exponential computational complex-
ities. This limitation of Definition 2.1 motivates us to study statistical limits under computational
constraints.

2.2 Computational Model

Statistical query models [8—11, 18, 27] capture computational complexity by characterizing the total
number of rounds an algorithm interacts with data. In this paper, we consider the following statistical
query model, which admits bounded query functions but allows the responses of query functions to
be unbounded.

Definition 2.2 (Statistical query model). In the statistical query model, an algorithm <f is allowed
to query an oracle T rounds, but not to access data {(y;,x;)}_, directly. At each round, &/ queries
the oracle 1 with a query function ¢ € Q.y, in which Qs C {q: {0,1} x R — [~ M, M|} denotes
the query space of &/. The oracle r outputs a realization of a random variable Z, € R satisfying

1P>< ) {12, - Ela(y, X))| gTq}> >1—2¢, where

qEQuy

7 = [1(Qur) +log(1/6)] - M/n\/ \/2[77(9@%) +1log(1/8)] - (M? — {E[q(Y, X)]}?)/n. (2.5)

Here 7, > (0 is the tolerance parameter and & € [0, 1) is the tail probability. The quantity n(Q) > 0
in T4 measures the capacity of Q o7 in logarithmic scale, e.g., for countable Q o7, N(Qor) = log(| Qe |)-
The number T is defined as the oracle complexity. We denote by R[E,n, T, n(Q.y)] the set of oracles
satisfying (2.5), and by A(T) the family of algorithms that queries an oracle no more than T rounds.

This version of statistical query model is used in [8], and reduces to the VSTAT model proposed in
[9-11] by the transformation ¢(y,x) = ¢(y,x)/(2M) 4+ 1/2 for any ¢ € Q. The computational
model in Definition 2.2 enables us to handle query functions that are bounded by an unknown and
fixed number M. Note that that by incorporating the tail probability &, the response Z, is allowed to
be unbounded. To understand the intuition behind Definition 2.2, we remark that (2.5) resembles the
Bernstein’s inequality for bounded random variables [25]

p{ |2 30 X0 — Bl 0] 2 o <2em{ Lo o)

i=1
We first replace Var [¢(Y, X)] by its upper bound M? — {E[q(Y, X)]}?, which is tight when ¢ takes
values in {—M, M }. Then inequality (2.5) is obtained by replacing n=' >""_, ¢(Y;, X;) in (2.6) by
Z4 and then bounding the suprema over the query space Q. . In the definition of 7, in (2.5), we




incorporate the effect of uniform concentration over the query space Q. by adding the quantity
1(Q. ), which measures the capacity of Q.. In addition, under the Definition 2.2, the algorithm
&/ does not interact directly with data. Such an restriction characterizes the fact that in statistical
problems, the effectiveness of an algorithm only depends on the global statistical properties, not the
information of individual data points. For instance, algorithms that only rely on the convergence of
the empirical distribution to the population distribution are contained in the statistical query model;
whereas algorithms that hinge on the first data point (y1, X1) is not allowed. This restriction captures
a vast family of algorithms in statistics and machine learning, including applying gradient method to
maximize likelihood function, matrix factorization algorithms, expectation-maximization algorithms,
and sampling algorithms [9].
Based on the statistical query model, we study the minimax risk under oracle complexity constraints.
For the testing problem (2.3), let A(T},) be a class of testing algorithms under the statistical query
model with query complexity no more than T},, with {7}, },,>1 being a sequence of positive integers
depending on the sample size n. For any </ € A(T,,) and any oracle r € R[{,n, T),,7(Q.y)] that
responds to &7, let H (<7, r) be the set of test functions that deterministically depend on ./’s queries
to the oracle r and the corresponding responses. We use Pg to denote the distribution of the random
variables returned by oracle  when the model parameter is 6.
For a general hypothesis testing problem, namely, Hy: € € Gy versus H; : 8 € G;, the minimax test-
ing risk with respect to an algorithm <7 and a statistical oracle r € R[{, n, T, n(Q.)] is defined as
R, (Go,Gi;/,r) == _inf |supPe(¢ =1)+ supPe(¢ =0)|. @.7)
M () oG, 66
Compared with the classical minimax risk in (2.4), the new notion in (2.7) incorporates the computa-
tional budgets via oracle complexity. In specific, we only consider the test functions obtained by an
algorithm with at most 7;, queries to a statistical oracle. If 7T}, is a polynomial of the dimensionality
d, (2.7) characterizes the statistical optimality of computational efficient algorithms. This motivates
us to define the computationally tractable minimax rate, which contrasts with Definition 2.1.

Definition 2.3 (Computationally tractable minimax rate). Let G1(v,) := {0 : p(8) > v} be a
sequence of model spaces with minimum separation ~y,, where p(0) is the SNR. A sequence {7}, } n>1
is called a computationally tractable minimax rate if

o For any sequence {7y n>1 satisfying v, = o(%}), any constant 1 > 0, and any o/ € A(d"),
there exists an oracle v € R[E,n, Ty, 1(Quy)] such that lim, o R, [Go, G1(7n); 7] = 1;

o For any sequence {7y, }n>1 satisfying v, = Q(7},), there exist a constant n > 0 and an algorithm
o € A(d") such that, for any v € R[E,n, Ty, n(Q.r)], we have lim,, o RZ[QO, G1(yn); 7] = 0.

3 Main Results

Throughout this paper, we assume that the covariance matrix X in (2.1) is known. Specifically, for
some positive definite 3 € R?¥9, the parameter spaces of the null and alternative hypotheses are
defined as

Go(®) :={0 = (b, p, B, 0) : p € R, 3.1
G1(Z59m) = {0 = (o, 1, =, @) = po, 1 € RY, po — pa € Bo(s), p(0) = 7} (3.2)

Accordingly, the testing problem of detecting whether p1g # g1 is to distinguish
Hy: 0 € Go(X) versus Hy: 60 € G1(Z;9,). (3.3)

In §3.1, we present the minimax rate of the detection problem from an information-theoretic perspec-
tive. In §3.2, under the statistical query model introduced in §2.2, we provide a computational lower
bound and a nearly matching upper bound that is achieved by an efficient testing algorithm.

3.1 Information-theoretic Limits

Now we turn to characterize the minimax rate given in Definition 2.1. For parameter spaces (3.1) and
(3.2) with known 3, we show that in highly sparse setting where s = 0(\/&), we have

vE = /slogd/n A (1/a?* - slogd/n), 3.4)



To prove (3.4), we first present a lower bound which shows that the hypothesis testing problem in
(3.3) is impossible if v, = o(7;:).

Theorem 3.1. For the hypothesis testing problem in (3.3) with known X, we assume that there exists
a small constant 6 > 0 such that s = o(dl/%‘s). Let v} be defined in (3.4). For any sequence
{Vn}n>1 such that v, = o(7};), any hypothesis test is asymptotically powerless, namely,

nlgréo Slzl:p R} [Go(%),G1(Z;7)] = 1.

By Theorem 3.1, we observe a phase transition in the necessary SNR for powerful detection when «
decreases from one to zero. Starting with rate slog d/n in the supervised setting where o = 1, the
required SNR gradually increases as label qualities decrease. Finally, when « reaches zero, which
corresponds to the unsupervised setting, powerful detection requires the SNR to be Q(+/slogd/n).
It is worth noting that when a@ = (slogd/n)'/%, we still have (n’slogd)'/* uncorrupted labels.
However, our lower bound (along with the upper bound shown in Theorem 3.2) indicates that the
information contained in these uncorrupted labels are buried in the noise, and cannot essentially
improve the detection quality compared with the unsupervised setting.
Next we establish a matching upper bound for the detection problem in (3.3). We denote the condition
number of the covariance matrix 3 by &, i.e., & := Apax () /Amin (X), where Apax () and Apin (2)
are the largest and smallest eigenvalues of 3, repectively. Note that marginally Y is uniformly
distributed over {0, 1}. For ease of presentation, we assume that the sample size is 2n and each class
contains exactly n data points. Note that we can always discard some samples in the larger class to
make the sample sizes of both classes to be equal. Due to the law of large numbers, this trick will not
affect the analysis of sample complexity in the sense of order wise.
Given 2n i.i.d. samples {(y;,x;)}2%, of (Y, X) € {0,1} x R?, we define

w; = B Y2 (x9; — x9;_1), foralli € [n]. (3.5)

In addition, we split the dataset { (y;, x;) } 77, into two disjoint parts { (0, XEO))}yzl and {(1, xgl)) LI
and define 1) ©0) )

u, =x; —x,; ,forallie [n]. (3.6)
We note that computing sample differences in (3.5) and (3.6) is critical for our problem because we
focus on detecting the difference between 1y and g1, and computing differences can avoid estimating
Ep, (X ) that might be dense. For any integer s € [d], we define Ba(s) := By(s) NS ! as the set
of s-sparse vectors on the unit sphere in R?. With {w;}" , and {u;}?,, we introduce two test
functions

1 - (VvIZ1w;)?
v 2(Ss i=1
1 n
Gz = 11{ mp o > (v, diag(3) " *u;) > 72}7 (3.8)
veb: i=1

where 71, 79 > 0 are algorithmic parameters that will be specified later. To provide some intuitions,
we consider the case where 3 = 1. Test function ¢; seeks a sparse direction that explains the most
variance of w;. Therefore, such a test is closely related to the sparse principal component detection
problem [3]. Test function ¢, simply selects the coordinate of n~* >-7_, u; that has the largest
magnitude and compares it with 75. This test is closely related to detecting sparse normal mean
in high dimensions [16]. Based on these two ingredients, we construct our final testing function ¢
as ¢ = ¢1 V ¢o, i.e., if any of ¢ and ¢ is true, then ¢ rejects the null. The following theorem
establishes a sufficient condition for test function ¢ to be asymptotically powerful.

Theorem 3.2. Consider the testing problem (3.3) where 3 is known and has condition number k.
For test functions ¢1 and ¢o defined in (3.7) and (3.8) with parameters T, and 1o given by

71 = ky/slog(ed/s)/n, 1o = +/8logd/n.

We define the ultimate test function as ¢ = ¢1 V ¢o. We assume that s < C - d for some absolute
constant C's and n > 64 - slog(ed/s). Then if

Y > C'k - [\/slog(ed/s)/n A (1/a? - slogd/n)], 3.9)



where C' is an absolute constant, then test function ¢ is asymptotically powerful. In specific, we have
sup Pp(¢p=1)+ sup Py(¢=0)<20/d. (3.10)
0cGo(x) 0€G1(Z;57n)
Theorem 3.2 provides a non-asymptotic guarantee. When n goes to infinity, (3.10) implies that
the test function ¢ is asymptotically powerful. When s = 0(\/3) and k is a constant, (3.9) yields
Y = Q[y/slogd/nA(1/a? slogd/n)], which matches the lower bound given in Theorem 3.1. Thus
we conclude that ) defined in (3.4) is the minimax rate of testing problem in (3.3). We remark that
when s = Q(d), a = 1, i.e., the standard (low-dimensional) setting of two sample testing, the bound
provided in (3.9) is sub-optimal as [22] shows that SNR rate \/d/n is sufficient for asymptotically
powerful detection when n = Q(\/a) It is thus worth noting that we focus on the highly sparse
setting s = 0(\/3) and provided sharp minimax rate for this regime. In the definition of ¢; in
(3.7), we search over the set Ba(s). Since Bz(s) contains (f) distinct sets of supports, computing ¢;
requires exponential running time.

3.2 Computational Limits

In this section, we characterize the computationally tractable minimax rate 7, given in Definition 2.3.
Moreover, we focus on the setting where 3 is known a priori and the parameter spaces for the null
and alternative hypotheses are defined in (3.1) and (3.2), respectively. The main result is that, in
highly sparse setting where s = o(1/d), we have

75 =+/s2/n A (1/a* - slogd/n). (3.11)
We first present the lower bound in the next result.

Theorem 3.3. For the testing problem in (3.3) with 3 known a priori, we make the same assumptions
as in Theorem 3.1. For any sequence {7, }n>1 such that

m=o{yv [Vs2nA (/e s/m)]}, (3.12)
where ), is defined in (3.4), any computationally tractable test is asymptotically powerless under the
statistical query model. That is, for any constant ) > 0 and any </ € A(d"), there exists an oracle
r e RIE,n, Ty, n(Qu)] such that lim,_, R, [Go(2), G1(,yn); 7] = 1.

We remark that the lower bound in (3.12) differs from +;; in (3.11) by a logarithmic term when
V1/n < a? < /slogd/n. We expect this gap to be eliminated by more delicate analysis under the
statistical query model.

Now putting Theorems 3.1 and 3.3 together, we describe the “more supervision, less computation’
phenomenon as follows.

(i) When 0 < a < (1og2 d/n)l/ 4 the computational lower bound implies that the uncorrupted
labels are unable to improve the quality of computationally tractable detection compared with the
unsupervised setting. In addition, in this region, the gap between v, and 7}, remains the same.

(ii) When (log”d/n)'/* < a < (slogd/n)'/*, the information-theoretic lower bound shows that
the uncorrupted labels cannot improve the quality of detection compared with unsupervised setting.
However, more uncorrupted labels improve the statistical performances of hypothesis tests that are

computationally tractable by shrinking the gap between ;5 and 7.

(iii) When (slogd/n)'/* < a < 1, having more uncorrupted labels improves both statistical

optimality and the computational efficiency. In specific, in this case, the gap between ~: and 7,

vanishes and we have 7} = 5% = 1/a? - slogd/n.

>

Now we derive a nearly matching upper bound under the statistical query model, which establishes

the computationally tractable minimax rate together with Theorem 3.3. We construct a computation-
ally efficient testing procedure that combines two test functions which yields the two parts in 7,

respectively. Similar to ¢, defined in (3.7), the first test function discards the information of labels,
which works for the purely unsupervised setting where oo = 0. For j € [d], we denote by o; the j-th

diagonal element of 32. Under the statistical query model, we consider the 2d query functions

qj(y,x) = x;/\/o; - L{|z;/\/7;| < R-/logd}, (3.13)
3y, x) == (27 /o; — 1) - 1{|z;/ /75| < R+ \/logd}, forall j € [d], (3.14)



where R > 0 is an absolute constant. Here we apply truncation to the query functions to obtain
bounded queries, which is specified by the statistical query model in Definition 2.2. We denote by z,,
and 27, the realizations of the random variables output by the statistical oracle for query functions g;
and g;, respectively. As for the second test function, similar to (3.8), we consider

G, (y,x) = 2y — 1) - v diag(Z)"/?x - ﬂ{|deiag(2)*1/2x| < R-+/logd} (3.15)
for all v € Ba(1). We denote by Zz the output of the statistical oracle corresponding to query
function g,,. With these 4d query functions, we introduce test functions

¢, = 1{sup(zq~j - zgj) > CTl}, Gy = ]1{ sup zg, > 27'2}, (3.16)

jJ€[d] veB2 (1)
where 771 and 79 are positive parameters that will be specified later and C' is an absolute constant.

Theorem 3.4. For the test functions ¢, and ¢, defined in (3.16) , we define the ultimate test function
as ¢ = ¢y V oy We set

71 = R%logd - \/log(4d/&)/n, To = R\/logd-+/log(4d/€)/n, (3.17)
where §& = o(1). For the hypothesis testing problem in (3.3), we further assume that ||po|loo V
[[e1]l oo < Co for some constant Cy > 0. Under the assumption that
sup (0 =)oy = 0 {[1/0* 1og? d log(d/€)/n] Alogd - \/iog(d/€)/n},  (3.18)
JEld
the risk of ¢ satisfies that R, (¢) = SUPgeg, () Po(p=1)+ SUPgeg, (3,7n) Po(¢ = 0) < 5¢. Here
we denote by g j and iy ; the j-th entry of po and p, respectively.
If we set the tail probability of the statistical query model to be & = 1 / d, (3.18) shows that ¢
is asymptotically powerful if sup; g (1o,; — 11,5)%/0; = Q[(1/a? - log® d/n) A (log® d/n)'/?].
When the energy of pg — 1 is spread over its support, ||peo — 21|00 and || o — pe1]l2/+/s are close.
Under the assumption that the condition number « of X is a constant, (3.18) is implied by

o = (s21og® d/n)? A (1/02 - slog® d/n).

Compared with Theorem 3.3, the above upper bound matches the computational lower bound up to
a logarithmic factor and 7 is between \/s2/n A (1/a? - slogd/n) and (s*log® d/n)"/? A (1/a? -
s log3 d/n). Note that the truncation on query functions in (3.13) and (3.14) yields an additional
logarithmic term, which could be reduced to (5% log d/n)'/? A (1/a? - slog d/n) using more delicate
analysis. Moreover, the test function ¢; is essentially based on a diagonal thresholding algorithm
performed on the covariance matrix of X. The work in [6] provides a more delicate analysis of
this algorithm which establishes the 1/s2/n rate. Their algorithm can also be formulated into the
statistical query model; we use the simpler version in (3.16) for ease of presentation. Therefore, with
more sophicated proof techinique, it can be shown that y/s2/n A (1/a? - slogd/n) is the critical
threshold for asymptotically powerful detection with computational efficiency.

3.3 Implication for Estimation

Our aforementioned phase transition in the detection problems directly implies the statistical and
computational trade-offs in the problem of estimation. We consider the problem of estimating the
parameter Ap = pg — pq of the binary classification model in (2.1) and (2.2), where A is s-sparse
and X is known a priori. We assume that the signal to noise ratio is p(8) = Ap' =" Ap > v, =
o(77;,). For any constant 7 > 0 and any 7 € A(T') with T' = O(d"), suppose we obtain an estimator
Ap of Ap by algorithm 7 under the statistical query model. If Afi converges to A in the sense that

(A — Ap) =7 (AL - Ap) = o7 /p(0)],
we have [Af TS 'Af — ApTE7Au| = o(v,). Thus the test function ¢ = 1{AL'ZAL >
vn/2} is asymptotically powerful, which contradicts the computational lower bound in Theorem 3.3.

Therefore, there exists a constant C' such that (Afi — Ap) TS (A — Ap) > C+2/p(8) for any
estimator At constructed from polynomial number of queries.
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