Exploiting Tradeoffs for Exact Recovery in
Heterogeneous Stochastic Block Models
Supplement Material

A Proofs for Convex Recovery

In the following, we present the proofs of Theorems 1 and 2. The matrix concentration bounds play
an important role in these proofs, and are given as Lemmas 7 and 10.

A.1 Notation

In this paper, we consider the heterogenous stochastic block model described in Section 1.1. Con-
sider a partition of the n nodes into Vo, Vi,...,V,, where |[Vi| = ni, k = 0,1,...,r. Consider
n = Y _; n, and denote the number of isolated nodes by ng ; hence, ng + 7 = n. Ignor-
ing ng, we further define n,,i, and nyax as the minimum and maximum of nq, ..., ng respec-
tively. The nodes in Vj are isolated and the nodes in V}, form the community Cx, = Vj x V4, for
k = 1,...,r. The union of communities is denoted by C = U}_,C}, and C¢ denotes the comple-
ment; i.e. C¢ = {(i,7) : (i,7) € Cxforany k = 1,...,r, and4,5 = 1,...,n}. Denote by ) the
set of admissible adjacency matrices according to a community assignment as above, i.e.

Y:={Y €{0,1}"™": Y is a valid community matrix w.r.t. Vo, V4, ..., V,. where |V;| = ny} .
We will denote by 1¢ € R™ ™ a matrix which is 1 on C' C {1,...,n}? and zero elsewhere. log
denotes the natural logarithm (base ¢), and the notation § > 1 is equivalent to § > O(1). A
Bernoulli random variable with parameter p is denoted by Ber(p), and a Binomial random variable
with parameters n and p is denoted by Bin(n, p). || - ||« denotes the matrix nuclear norm or trace
norm, i.e., the sum of singular values of the matrix. The dual to the nuclear norm is the spectral
norm, denoted by || - || .

Given a single graph drawn from the heterogenous stochastic block model, the goal is to recover the
underlying community matrix Y* € ) exactly. We will need the following definitions:

Define the relative density of a community as
pr = (P — @)k
which gives >, | pr = >_,_; Pk — qn. Define the total variance o7 = ngpi(1 — pi) over the
kth community, and let 03 = ng(1 — q) . Also, define
2 2
= — 1 - .
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The Neyman Chi-square divergence (e.g., see [17]) between the two discrete random variables
Ber(p) and Ber(q) is given by

5 (r—a)?

D(p,q) == ~——~

N ( q(1 —q)

and we have D(p,q) > Dx1(p,q) := Dkwr(Ber(p),Ber(q)); see (B.19). Chi-square divergence
is an instance of a more general family of divergence functions called f-divergences or Ali-Silvey
distances [6]. This family also has KL-divergence, total variation distance, Hellinger distance and
Chernoff distance as special cases. Moreover, the divergence used in [3] is an f-divergence.

A.2 Proof of Theorem 1

We are going to prove that under the heterogenous stochastic block model (HSBM), with high prob-
ability, the output of the convex recovery program in (2.4) coincides with the underlying community
matrix Y* = >/ 1y, 1{, provided that

P Z pi(1 — pi) log g,

2> — .\ 1log nmin
(Pmin — @)7 2 q(1 — ) —prme (A.1)

Piin 2 MAX {mgx nkpr(1 = pr), ng(1 — q), 10gn}



aswellas >, _; n,“ = o(1) for some o > 0.

Notice that px(1 — pg)ng = logng, forall k = 1,...,r, is implied by the first condition, as
mentioned in Remark 1.

Remark 1 For exact recovery to be possible, we need all communities (but at most one) to be
connected. Therefore, in each subgraph, which is generated by G(ng, py), we need ppny, > logny,
for k = 1,...,r. Observe that this connectivity requirement is implicit in the first condition of
Theorems 1, 2: for example, the first condition of Theorem I can be equivalently expressed as
nikD(q,pr) 2 logny. Moreover, for ¢ < p, when both p and q/p are bounded away from 1, we
have

- _ 2
D(q,p) :pi(l I 3/;)) ~p.

Before proving Theorem 1, we state a crucial result from random matrix theory that allows us to
bound the spectral radius of the matrix A — E(A) where A is an instance of adjacency matrix under
HSBM. This result appears, for example, as Theorem 3.4 in [11]'. Although Lemma 2 from [36]
appears to state a weaker version of this result, the proof presented there actually supports the version
we give below in Lemma 5. Finally, Lemma 8 from [38] states the same result and presents a very
brief sketch of the proof idea, along the lines of the proof presented fully in [36].

Lemma 5 Let A = {a;;} be a n x n symmetric random matrix such that each a;; represents an
independent random Bernoulli variable with E(a;;) = p;; . Assume that there exists a constant Cy

such that 0* = max; ; pi;(1 — pij) > Cologn/n. Then for each constant Cy > 0 there exists
Cy > 0 such that
P (J|A—E(A)| > Coov/n) < n= .

As an immediate consequence of this, we have the following corollary.

Corollary 6 Let A = {a;;} be an x n symmetric random matrix such that each a;; represents an
independent random Bernoulli variable with E(a;;) = p;; . Assume that there exists a constant Cy
such that 0* = max; j pij(1 — pi;) < Cologn/n. Then for each constant Cy > 0 there exists
C3 > 0 such that such that

P (||A —E(A)|| > C3\/10gn) < n o,

Proof.  The corollary follows from Lemma 5, by replacing the (1, 1) entry of A with a Bernoulli
variable of probability p11 = Cplogn/n. Given that the old (1, 1) entry and the new (1,1) entry
are both Bernoulli variables, this can change || A — E(A)|| by at most 1. The new maximal variance
is equal to max; ; p;; (1 — pi;) = Cologn/n. Therefore Lemma 5 is applicable to the new matrix
and the conclusion holds. ]

We use Lemma 5 to prove the following result.

Lemma 7 Let A be generated according to the heterogenous stochastic block model (HSBM). Sup-
pose

(1) pe(1 — pr)ng 2 logng, fork=1,...,r, and
(2) there exists an o > 0 such that Y, _,n; ¢ = o(1).
Then with probability at least 1 — o(1) we have

1A =E)] < maxv/pi(1 = pi)ni + Vmax{q(1 — g)n, logn}. (A2)

Proof.  We split the matrix A into two matrices, By and By . Bj consists of the block-diagonal
projection onto the clusters, and By is the rest. Denote the blocks on the diagonal of B; by (1,

'As a more general result about the norms of rectangular matrices, but with the slightly stronger growth
condition 0% > log®*¢ n/n.



Cy, ..., C,, where C; corresponds to the ith cluster. Then || By — E(By)|| = max; |C; — E(C;)||,

and for each i, ||C; — E(C;)|| 2 +/pi(1 — pi)n; with probability at most n; “, by Lemma 5. By
assumptions (1) and (2) of Lemma 7 and applying a union bound, we conclude that

[1Br = E(B1)|| S max v/pi(1 = pi)ni

with probability at least 1 — >"'_, n;* = 1 — o(1). We shall now turn our attention to B . Let

0? = max{q(1l — ¢),logn/n}. By Corollary 6, | By — E(B2)|| < max{\/q(1 — q)n,Iogn},
with high probability. Putting the two norm estimates together, the conclusion of Lemma 7 follows.
|

We are now in the position to prove Theorem 1.

Proof. [of Theorem 1] We need to show that for any feasible Y £ Y*, we have A(Y) := (A, Y* —
Y) > 0. Rewrite A(Y) as

AY)=(AY*-Y)=(E[ALY" -Y) +(A-E[A,Y"-Y).

Note that ), . Y5 =37, Yy = >y nj, thus 3, (Y5 —Y;;) = 0. Express this as
DD DISERSIEED D SRR e
k=114,j€V) #k" i€V, jE€Ven

Then we have

EALY* =Y) =" > (V" =Y)i+ Y. Y. qY*=Y)y

k=1i,jEV} k' £k i€V, JE Vi
= E E pr— @)Y =Y);.
k=14,j€V)

Finally, since 0 < (Y* — Y);; < 1lfori,j € Vi, we can write

(E[A] Z > k=)l =Y)e, - (A3)

k=114,jEV
Next, recall that the subdifferential (i.e., the set of all subgradients) of || - ||, at Y* is given by
oV*|l, ={UUT +Z|UTZ=2U =0, |Z| <1}
where Y* = UKUT is the singular value decomposition for Y* with U € R"™™", K =
diag(ni,...,n,), and U;, = 1/,/ny if node i is in cluster Cj, and U;;, = 0 otherwise.

Let M := A — E[A]. Since conditions (1) and (2) of Lemma 7 are verified, there exists C; > 0
such that ||M|| < A, with probability 1 — o(1), where

A=C (In_ax Vpi(1 = pi)ni + /max{q(1 — ¢)n, log n}) . (A4)
Furthermore, let the projection operator onto a subspace 7" be defined by
Pr(M) :=UU"M + MUUT —UUTMUUT

and also Pp. = T — Pp, where 7 is the identity map. Since ||Ppr. (M)]| < ||M|| < A with high
probability, UUT + 3Py (M) € 0|Y*|. with high probability. Now, by the constraints of the
convex program, we have

0> Y]l — Y]«
> (UUT + +Pp.(M),Y —Y™) (A.5)
=(UU" = +Pp(M),Y = Y*) + +(M,Y —Y*),



which implies (M,Y* —Y) > (Py(M) — AUUT,Y* — Y). Combining (A.2) and (A.3) we get,

AY) =D (k= QY =Y)e, |1 + (Pr(M) = \UUT, Y* - )
k=1

> - )Y = Vel
k=1

(A.6)

= IPr(M) = NUU )¢, Jloo (Y = Vel
k=1
(1rk)

- Z |‘(PT(M) - )\UUT)Vk/XVkN HOO H(Y* - Y)Vk/ X Vi ||1
k' £k

(Bt orr)

where we have made use of the fact that an inner product can be bounded by a product of dual
norms. We now derive bounds for the quantities pxx and pg r» marked above. Note that the former
indicates sums over the clusters, while the latter indicates sums outside the clusters.

For pug, if (i,7) € Cy, then
(Pr(M) = XUUT), = (UUTM + MUUT —UU"MUUT = XUUT)

17 1]
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IR S S DELTE
LeCk LeCy LU eCy
Recall Bernstein’s inequality (e.g. see Theorem 1.6.1 in [37]):

Proposition 8 (Bernstein Inequality) Let S1,Ss, ...,Sy, be independent, centered, real random
variables, and assume that each one is uniformly bounded.:

E[Sk] =0 and |Sk| < L foreachk =1,...,n.

Introduce the sum Z =, _, Sy, and let v(Z) denote the variance of the sum:

Then

—t2/2

We will apply it to bound the three sums in (%, using the fact that each of the sums contains only
centered, independent, and bounded variables, and that the variance of each entry in the sum is

pr(1 — pi) . For the first two sums, we can use ¢t ~ \/nkpk(l — pi) log ny to obtain a combined
failure probability (over the entire cluster) of O(n, ). Finally, for the third sum, we may choose
t ~ ng \/ pr(1 — pi) log ng, again for a combined failure probability over the whole cluster of no
more than O(n, *).

We have thusly

A
ik < 15 Myl + 12 ) Mal + |51§ZM“’| +
lecy, lecy, LU b

N N Nk

)

1-— 1-— 1
5\/pk( Pk) log i + V(1 —pi) 08Nk A

forall 4, j € Cy,, with probability 1 — O(n, ®). Note that in the inequality above, the second term is
much smaller in magnitude than the first, so we can disregard it; using (A.4), we obtain

1
pie < oo (Ve (T = pi) g+ max /(L= pojn + /amax{g(1 — g logn}) (A7)
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and by taking a union bound over k£ we can conclude that the probability that any of these bounds
fail is o(1) . Similarly, for py g, for k' # k", we can calculate that

o <1 Ml S Mal s Y Meel 48)
leCk/ lecku l’ECk/,l”ECk//
5 \/q(l _ q)(lognk/ n lognku) i \/q(l — q) 1og(nk/nku) :
nk' nk// A /nk/nk//

with failure probability over all i € Cy/, j € Cp» of no more than O(n,,“n,,;") . We do this by taking
t ~ /niq(1 — q)log(ngnk-), respectively ¢t ~ /nyrq(1 — q)log(ng ny) in the first two sums.
For the third, we just take ¢ ~ \/nk/nkuq(l — q) log(ngng) . As before, note that the second term
is much smaller in magnitude than the first, and hence we can disregard it to obtain

1—gq)logn 1 — q) log nmin
o ms \/g( Q) logny, _ \/q( Qlogmmn _ ”9)

N N'min

as the function log x/x is strictly increasing if > 3, with the probability that all of the above are
simultaneously true being 1 — o(1). Since the bound on /.~ is independent of k&’ and k" we can
rewrite (A.6) as

T

AY) 2> ok =)V = Vel = D mnl (Y = Veelh = D o [(V =Yy xvi
k=1 k=1 k' £k

T

> Pk —q— piek — pot) [|[(Y* = Y)e,
k=1

where we use the fact that 3, . [(Y* = Y)v,, xv,. 1 = > it IY* = Y)e, |1 . Finally, the
conditions of theorem guarantee the nonnegativity of the right hand side, hence the optimality of Y*
as the solution to the convex recovery program in (2.4). [ ]

A.3 Proof of Theorem 2
We use a different result than Lemma 7, which we state below.

Lemma 9 (Corollary 3.12in [7]) Let X be ann X n symmetric matrix whose entries X;; are inde-

pendent symmetric random variables. Then there exists for any 0 < € < % a universal constant c,
such that for every t > 0
IX|| <2(1+€)d+t,

with probability at least 1 — n exp(%), where

G=max |y E[X2], 6&.=max|Xe.
7 - .3
J

We specialize Lemma 9 to HSBM to get the following result.

Lemma 10 Let A be generated according to the heterogenous stochastic block model (HSBM).
Then there exists for any 0 < € < % a universal constant c, such that

|[A—E(A)] <4(1+ €) max{omax, 00} + \/2ce logn (A.10)
with probability at least 1 —n=1.

We can now present the proof for Theorem 2.

Proof. The proof follows the same lines as the proof of Theorem 1. Given the similarities between
the proofs, we will only describe here the differences between the tools employed, and how they



affect the conditions in Theorem 2. The proof proceeds identically as before, up to the definition of
A, which—since we use Lemma 10 rather than 7-becomes

A := Cymax{omax, 00, \V1ogn}, (A.11)

where C was chosen as a good upper bounding constant for Lemma 10.

The other two small changes come from the fact that we will need to make sure that the failure
probabilities for the quantities gy and pug g are polynomial in 1/n, which leads to the replacement
of log ny, in either of them by a log n. The rest of the proof proceeds exactly in the same way. [ ]

B Proofs for Recoverability and Non-recoverability

We use the same notation as in the main paper and in Appendix A.1.

B.1 Proofs for Recoverability

Proof. [of Theorem 3] For A(Y) := (A, Y* —Y), we have to show that for any feasible Y # Y*,
we have A(Y") > 0. For simplicity we assume Y;; = Y5 = Oforall¢ € {1,...,n}. Consider an
splitting as

A(Y) = (A, Y*—Y) = (E(A),Y* —Y) + (A —E(A),Y* - Y). (B.1)
Notice that Y* = >°;_ 1¢, and E(A) = ¢117 + 37, _, (pr — q)1c, . Considering dy(Y) =
<Yc*k ,Y* —Y), the number of entries on Cj, on which Y and Y* do not match, we get

(E(A),Y* =Y) = (pr — q)di(Y) (B.2)
k=1
where we used the fact that Y,Y* € ) and have the same number of ones and zeros, hence
Zl j Yi; = ZZ j Y% . On the other hand, the second term in (B.1) can be represented as

T(Y):=(A-EA),Y*-Y) = > (A-EA)y + > (EA)-A)y
Y =1,Yi;=0 Y5=0,Yi;=1

where each term is a centered Bernoulli random variable bounded by 1. Observe that the total
variance for all the summands in the above is given by

o’ = Z de(Y)pe(1 — pr) +q(1 —q) de(y) :
k=1 k=1
Then, combining (B.1) and (B.2), and applying the Bernstein inequality yields

2 —
P(A(Y) <0) =P <T(Y) < - Zk:(pk - Q)dk(y)> < exp < - 202:17%/3) - P < - Zé(yp&) i);l];:()>Y)>

where t = >, (pr — ¢)di(Y) and

o
v(Y)= -
_ i (e —pr) +9(1 = 9))di (V)
>k — )k (Y)
< max 22— Pp) +90 — )
k P —4q
_ Pmin(l —pmin) +¢(1 —q) _
Prmin — 4 o
Considering o := 2i + 2/3 and 0 := | 2= |, we get

P(A(Y) <0) <exp (— 2> (k- q)dk(Y)> <exp (— 2 (Pmin — @) Y dek(Y)) (B.3)
k k
which can be bounded using the next lemma which is a direct extension of Lemma 4 in [15].



Lemma 11 Given the values of 0y and ny,, for k = 1,...,r, and for each integer value £ €
[min 0, (2ny, — 1), >, Okni], we have

r 2
Y] CY: ) Oudn(Y) =€} < <5§> !0/ (B.4)
k=1

where T :=miny, Oxng, and [Y] ={Y" € Y : Y Y5 =Y;V*}.

i " g

Now plugging in the result of Lemma 11 into (B.3) yields,

]P’(HYEJJ:Y;AY*,A(Y)§O> <Y PEAYEY:) Odi(Y)=¢, A(Y) <0)
¢ k

2
<2)° (5—f) n'%/7 exp ( — L (pmin — q)é)

3

= £y’ 1 s
_502 - exp | (161logn — % (Pmin Q)T)T
13
<5OZ(§>2e ( 1 .§)
< ~ ) exp ( (16logn — o5 pmin) (B.5)
13

In order to have a meaningful bound for the above probability, we need the exponential term in
(B.5) to be decreasing. Hence, we require py,i, > 647 logn. Moreover, the function in (B.5) is a
decreasing function of £ /7 for

% iy (B.6)

>
T pmin — 3201ogn

Since £ > min 0 (2ny — 1) > minOyny = 7, requiring the following condition (for some n > 0
which will be determined later),

Pmin > 2(16 + n)vlogn + 47, B.7)
implies
é >1> 4 > v
T T 4+2nlogn T pmin — 3201ogn

and allows us to bound the summation in (B.5) with the largest term (corresponding to the smallest
value of £ /7, or an even smaller value, namely 1) times the number of summands (which is bounded
by > Hkn% since 0}’s are integers); i.e.,

(B.5) < 50 (Z Orni) exp (161logn — o prin) (B.8)
<50 Z 0rn? exp(—2 — nlogn) (B.9)
< T Omaxn®" (B.10)
<7 Bty 20 (B.11)
or, similarly,
(B.5) <503 6} exp(—2 — plogn) < 7%#—" . (B.12)

Hence, if the condition in (B.7) holds we get the optimality of Y™* with a probability at least equal
to the above. Finally, n > 8 implies logn > 2 and (B.7) follows from

1 minl_ min) 1-
pmin24(17+n)<§+p ( pp,)_qq( q)>10gn.




Proof. [of Lemma 11] We extend the proof of Lemma 4 in [15] to our case. Fix a Y € ) with
22:1 0rdr(Y) = £ and consider the corresponding r clusters as well as the set of isolated nodes.
Notice that for any Y’ € [Y] we also have >, _, 0xdi(Y’) = £. In the following, we will construct

an ordering for the clusters of Y based on Y* . Denote the clusters of Y* by Vi*,..., VX, and V¥, .
Consider the set of values of cluster sizes {n1,...,n.} = {m,...,ns} wheren, ..., ns are distinct,
anddefine Z, = {k: np=n} C{1,...,r}for{ =1,...,s. Forany £ with |Z,| = 1, the cluster
inY € Y of size 1, can be uniquely assigned to a cluster among V}*, ..., V.* of similar size. We now

define an ordering for the remaining clusters. Consider a ¢ with |Z;| > 1, and restrict the attention to
clusters V' of size 1, and clusters V,* for k € Z (all clusters in Y™* of size ;). This is similar to the
case in [15] where all sizes are equal: For each new cluster V' of size 7y, if there exists a k € Z; such
that |V N V| > %m then we label this cluster as V}, ; this label is unique. The remaining unlabeled
clusters are labeled arbitrarily by a number in Z .

Hence, we labeled all the clusters of Y according to the clusters of Y*. For each (k, k') €

{1,...,r} x {1,...,r + 1}, we use aypr = |V} N Vir| to denote the sizes of intersections of
clusters of Y and Y*. We observe that the new clusters (V4, ..., V,1) have the following proper-
ties:

(A1) (Vi,...,Viy1)is apartition of {1,...,n} with |Vi| =ng forallk =1,...,7;sinceY € ).
(A2) Forl € {1,...,s} with |Z;| = 1, we have ag, = ny for the index k € Z,.

(A3) For ¢ € {1,...,s} with |Zy| > 1, consider any k € Z,. Then, exactly one of the following is
true: (1) oy > 2ni; (2) e < 2y, forall & € I, .

(Ad) Fordi(Y) = (Yg ,Y*—Y),wherek =1...,r, we have
de(Y) = [{(i,5) : (i,5) €CL, Yi; =0}
= |{(7’7]) : (17.7) € Cl:v 27.7 S er+1}|

+ ) HG9) ¢ (6,4) €CF, (i.4) € Vir x Vi }|
k;/#k;//

2
= O(k(TJrl) —|— Z ALk ARk
k/#k//

which implies
D ITOES SURTHNED S gy vsmes
k=1 k=1 k=1 k' #k"

Unless specified otherwise, all the summations involving &’ or k" are over the range 1, ..., 7+
1.

We showed that the ordered partition for a Y € Y with >, _, 6xdi(Y) = & satisfies the above
properties. Therefore,

HY]ey: Z Ordp(Y) =&} < {(V4,...,V.41) satisfying the above conditions}| .
k=1

Next, we upper bound the right hand side of the above.

Fix an ordered clustering (V1, ..., V,.41) which satisfies the above conditions. Define,
my = Z (058U
k' #£1

as the number of nodes in V* that are misclassified by Y ; hence m; + 11 = n; . Consider the
following two cases:

e if g1 > ny1/4 we have

E Qg Q1R 2 Q11 E Q1 > Tnamy
k' £k k" #£1



e if @31 < ny/4 we have my > 3ny/4, which from the aforementioned properties, we must
have a1y < ny/2forallk’ =1,...,r. Then,

™

§ : 2 E 2 2 E 2 2 1 1
alk/alk//+o¢1(r+l) Z alk/alk//—l—al(T_,’_l) =my— Qs Z m1—§n1m1 Z anml
k' #K" 1#4k"#k" #1 k'=2
Therefore,

di(Y) = Z QU Qg +0‘1(r+1) > jnimy
k/#k//

which holds for all other indices k # 1 as well. This yields
48

— =M
ming Oxng

ks
§> %];%mcmk > %(mkin Orny) ;mk — @i= k_lmk <

where w is the number of misclassified non-isolated nodes. Since one misclassified isolated node
produces one misclassified non-isolated node, we have wg < w < M where wy is the number of
misclassified isolated nodes.

e The pair of numbers (@, wp) can take at most (M + 1)? different values.

e For each such pair of numbers, there are at most 722 ways to choose the identity of the
misclassified nodes.

e Each misclassified non-isolated node can be assigned to one of » — 1 < 7 different clusters
or be left isolated, and each misclassified isolated node can be assigned to one of » < n
clusters.

All in all,

Y]eV: Y 0udi(Y) =€} < (M +1)%7*M

4 ? 16
=\ =7 3 +1)| exp| — ¢ logn
minyg Opny ming Oxng

2
< L exp & logn | .
ming Oxng ming Oxng

|
B.2 Proofs for impossibility of recovery
We prove a more comprehensive version of Theorem 4.
Theorem 12 [f any of the following conditions holds,
(1) 2 <ny <nje,and
4i D(pk,q anlog——r—2 (B.13)
k=1
(2) 2 <ny <nje,and
—r + 1og = 5“‘”‘ + 1+ anpk <( n - anpk logn + Z nEPr — —)nk log ny
(B.14)
(3) n>128,r > 2 and
max ny (5(1%,(1) + 5((1,1%)) < 15 log(n — Nmin) (B.15)



then

inf sup P[Y #Y*] >
Y Y*ey

N =

where the infimum is taken over all measurable estimators Y based on the realization A generated
according to the heterogenous stochastic block model.

Proof. [of cases 1 and 2 of Theorem 12] Let P(y+ 4 be the joint distribution of Y* and A, where
Y™ is sampled uniformly from ) and A is generated according to the heterogenous stochastic block
model conditioning on Y*. Note that

inf sup P[Y #Y*] > 1nf Py, A)[Y £Y7].
Y Yrey

By Fano’s inequality we have,
I(Y*;A)+1
log |y~

where I(X; Z) is the mutual information and H(X) is the Shannon entropy for X. By counting
argument we find that | V| = (%) ;=25 Using \/n(n/e)" < n! < ey/n(n/e)" and (}) > (n/n)",
it follows that

n"/n

erymy...nenit . ng”

Py Y £Y*] >1— (B.16)

V| >

which gives

n  logn;
)

1og|y|22ni(log;— —rZ%Znilog%—r.
i=1 ! i=1 i

On the other hand, note that H(A) < (%) H(A12) by chain rule, the fact that H (X |Y) < H(X), and
the symmetry among identically distributed A;;’s. Furthermore A;;’s are conditionally independent

and hence H (A|Y™*) = (5) H(A12|Y73). Now it follows that

2ni

1Y 4) = H(A) = HAY) < (5 )10 Ava)
Observe that

n—2 n—m;
(n-—?) (nl MU — 1 3Tt gy T no) nl(nl - 1)
]P)Y*:l, 172 661: i 3eey Tl sTit 1y Tlr, — = .
( 12 ( ) ) |y| n(n — 1)
Using the properties of KL-divergence, we have P(A12 = 1) = Y7 aupi + (1 — Y, a4)q == B.
Therefore,

I(YYy, Arz) = Z%DKL pi, ) + (1 — ZO@)DKL(Q B)

)= aiH(pi) — (1= o) H(q)

Since I(Y*; A) < (%) 1(Y7y; A12), plugging in the following condition in Fano’s inequality (B.16),

(B.17)

T

n n
EY mitog ) 222 ) 1 ). (B.13)

guarantees Py« a) (Y £Y*) > 1. In the following, we bound I(Yy5; A12) in two different ways
to derive conditions 1 and 2 of Theorem 12. Throughout the proof we use the following inequality
from [15] for the Kullback-Leibler divergence of Bernoulli variables,

p<(p_q)2 B.19
1—q = q(1—q)’ 19

where the inequality is established by logz <z — 1, forany z > 0.

Dxw(p, q) := Dxr.(Ber(p), Ber(q)) = plogg +(1—p)log

10



e From (B.17), we have

—q)2 A n2(pi—q)?
I(Y75, A12) SZ 9) < >z ni(pi —q)

1 - q) ~ n(n—1)q(1-q)

(B.20)

where we assumed > n < %n . Now, the right hand side of B.18 can be bounded as
n 4 n (A
2<2) I(Y75; Ava) < 2= 1(1 _(]; 9 _ 4Zn2D Pisq

and gives the sufficient condition 1 of Theorem 12.
e Again from (B.17), we have

I(Y5; A1) = Zai (pilog% + (1 —p;) log ii%) +(1- Zai)DKL(%ﬂ)

% %

;2
< Zaipilogi +logc+ (1—2%) l4—5)

B —p)

where the first term is bounded via g > ZZ a;p; > a;p;, the second term is bounded via
B < Pmax and ¢ = (1 — pmin)/(1 — Pmax) , and we used (B.19) for the last term. Since
1-=1—-q—Y,ai(pi—q) > (1 =3, a;)(1 —q), the last term can be bounded as

(¢—B)? (Zl i (pi —
(1_;ai)m§(1_2%)(2%@)(1—2 )(1—q) <;041 ' q)gzi:aipi'

%

This implies
I(Y75; Ar2) < Z a;pilog = + Z aip; +loge < Z aipilog5r +loge. (go)

ni(ni—1)
n(n—1) =

Sincen; > 2, a; =

n ni(n; — 1) e?n? en
2<2)I(Y1*2;A12)§n(n—1); Y p— p; log v +2logc§22n§pilogn—i+2logc

which gives the sufficient condition 2 of Theorem 12.

B

|
Proof. [of case 3 in Theorem 12] Without loss of generality assume nq; < no < ... < n,. Let
M =% —nmn =71 —ny1,and Y := {Yy, Y1, .. YM} YO is the clustering matrix with clusters

{C¢}}_, thatcorrespondto V4 = {1,...,n1}, Vs = {Z initl,. Zle n;pforl=2....r
Other members of ) are given by swapping an element of Up_s Ve Wlth an element of V; . Let P;
be the distributional law of the graph A conditioned on Y* = Y; . Since P; is product of %n(n -1
Bernoulli random variables, we have

I(Y*; A) = Ey [Dkr (P(A]Y),P(A))]

M M
_ 1 1
= w57 > D (P yir D P))
i=0 =0
M
< (MJlrl)z Z DKL(]P)Z)PJ)
wI=0 (B.22)
< _I%&X DKL(P“PJ)
i,5=0,...,
3
S o max Z <nij (pij - q)2 + nij (pij - q)2)
iniziia=Lor <\ g(1—gq) pi;(1 = pi;)
Ar. — 74)2 A — )2
<3 max (nl(pz Q) nz(pz Q) )
i=Loor \q(l—q)  pi(l—pi)



where the third line follows from the convexity of KL-divergence, and the line before the last follows
from the construction of ) and (B.19). Now if the condition of the theorem holds, then I(Y™*; A) <
1 log(n — nmin) = §log|Y|. Note that for n > 128 we getlog |V| = log(n — numin) > log(n/2) >
4 . The conclusion follows by Fano’s inequality in (B.16) restricting the supremum to be taken over

V. ]

C Recovery by a Simple Counting Algorithm

In Section 2.1, we considered a tractable approach for exact recovery of (partially) observed models
generated according to the heterogenous stochastic block model. However, in the interest of com-
putational effort, one can further characterize a subset of models that are recoverable via a much
simpler method than the convex program. The following algorithm is a proposal to do so. Moreover,
the next theorem provides a characterization for models for which this simple thresholding algorithm
is effective for exact recovery. Here, we allow for isolated nodes as described in Section 2.

Algorithm 1 SIMPLE THRESHOLDING ALGORITHM
1: (Find isolated notes) For each node v, compute its degree d,,. Declare 7 as isolated if

(ni — 1)(pr — q)

5 +(n—1)q.

d, < min
k

2: (Find all communities) For every pair of nodes (v, u), compute the number of common neigh-

bors Sy, = Zw#, o Avw Auw. Declare v, u as in the same community if

1/ .
Svu > ng® + 5 (mkm ((nk — 2)pf —nid®) +q- max (P —pr +p1 — pz))

where pr, = ni(pr — q) -

Theorem 13 Under the stochastic block model, with probability at least 1 —2n ", the simple count-
ing algorithm 1 find the isolated nodes provided

mkin (nk — 1)*(pr — q)* > 19(1 — q) <mgx ngpr + nq) logn . (C.1)

Furthermore the algorithm finds the cluster if
2
{mkin {(n = 2)pi + (n—nw)g*} — q T}clif{(nk = Dpr + (i — D)pr + (0 — ng. — ny)q}

> 26(1 —¢%) (m}iix nLp; + nq2) logn,

(C2)
while the term inside the bracket (which is squared) is assumed to be non-negative.
We remark that the following is a slightly more restrictive condition than (C.2)
2
{mkin nk(pf — ¢°) — 2qpmax] >26(1 - ¢%) {mf + max nkpi} logn.. (C3)

with better interpretability.

Proof. [of Theorem 13] For node v, let d, denote its degree. Let V' = U;_;V; denote the set
of nodes which belong to one of the clusters, and Vj be isolated nodes. If v € V; for some ¢ =
1,...,r, then d, is distributed as a sum of independent binomial random variables Bin(n; — 1, p;)
and Bin(n — n;, q) . If v € Vp, then d,, is distributed as Bin(n — 1, ¢) . Hence we have,

(ni —Dpi+(n—ni)g veV,cV
(n—1)q veW,

Efd,] = {

12



and

Ji=1)pi(l—pi)+ (n—ni)g(1—¢q) veViCcV
Varld] = {(n ~1)q(1 —q) vET.

Let k3 := max; 7;p; (1 — ¢) +ng(l — g), and ¢ = min; W < %ﬁ Then Var|d,] < x3 for
any v € Vp UV . By Bernstein’s inequality we get

t? 3min;(n; — 1)%(p; — q)? s

P\|d, — E|d, t] <2 ——F ] <2 — <2 )
I [dy]] > ¢] exp< 2n3+2t/3> exp( 28n2 "
(C4)

where the last inequality follows from the condition (C.1). Now by union bound over all nodes, with
probability at least 1 — 2n !, for node v € V; C V we have,

(ni = D(pi —q)

do 2 (ni = i+ (n = ni)g — t > min ~——— +(n-1g, (€5
and fornode v € 1,
i —1)(pi —
dy < (n—l)q(l—q)+t<minw+(n—l)q. (C.6)

This proves the first statement of the theorem, and all the isolated nodes are correctly identified. For
the second statement, let S,,,, denote the common neighbor for nodes v, « € V. Then

S Bin(n; — 2,p?) + Bin(n — n;, ¢%) (v,u) e V; x V;
e Bin(ni_ 1,pzq)—|—BHl(TLJ _lvij)+Bin(n_ni_njvq2) (Uvu> eVix ‘/jv Z#]

where ~; denotes equality in distribution and + denotes the summation of independent random
variables. Hence

E[S ]{(nl_z)p12+(n_nl)q2 (v,U)GVZxM
o (ni — Dpig+ (nj — pjq+ (n —ni —nj)g®  (v,u) € Vi x Vj, i #j
and
(ni = 2)p7(1 = p7) + (n —ni)g*(1 = ¢%) (v,u) € Vi XV,
Var[Syu] = § (ni — )pig(1 = piq) + (n; — 1)piq(1 — pjq)
+(n_ni_nj)q2(1_q2) (’U,’U,)EV;‘XV}, 7’7&.7
Let

A =min ((n; — 2)p} + (n —n)q*) — max (2(n; — Dpjq+ (n — 2n;)q)

= min ((n; — 2)p} — nsq°) — max (2(n; — 1)pjq — 2n,q%)
J

Let k3 := 2max; n;p7(1 — ¢%) + ng?(1 — ¢*). Then Var[S,,] < x3 forall v,u. Then A < x3/2.
Bernstein’s inequality with ¢ = A/2 yields

t? 3A?
— < - )< - ) <2m? C.7
IP’[|SW E[Syu] >t} _2exp( 2/{%4_%/3) _2exp( 26/@%) <2n7°, (C.7)

where the last line follows from assumption (C.2). By union bound over all pair of nodes (v, u),
we get with probability at least 1 — 2n~1, Sy > T for all v, u in the same cluster and S, < I’
otherwise. Here
1
I:= 3 (min ((ns —2)p7 + (n—ni)q®) + max ((ni = D)pig+ (nj — D)pjq+ (n—n; — nj)q2)>.
7 v
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D Detailed Computations for Examples in Section 3

In the following, we present the detailed computations for the examples in Section 3 and summarized
in Table 1. When there is no impact on the final result, quantities are approximated as denoted by

~
~ .

First, we repeat the conditions of Theorems 1 and 2. The conditions of Theorem 1 can be equiva-
lently stated as

o pi 2 npi(1 — pr)logny = o log ny,
o (Pmin —9)* 2 q(1—q)
® Prin 2 max {logn,ng(l — q), maxy nepr(l — pr)}
e > _,ny%=o0(1) for some a > 0.

log nmin

Mmin

Notice that ngpr (1 —pg) 2 logng, fork = 1,...,r, is implied by the first condition, as mentioned
in Remark 1. The conditions of Theorem 2 can be equivalently stated as

o pi Z nkpr(l —pi)logn
o (Pmin — q)? 2 q(1 — g)182

Mmin

® Piin 2 max {ng(1 — q), maxy ngpr(1 - pr)}.
Remark 2 Provided that both py, and q/py, are bounded away from 1, we have

~ 1—q/p)’? i _ (L—a/pe)®
D(q,pr) Zpk(li/) Npe ., == Mnkm R NPy - (D.1)
— Dk O 1—px
This simplifies the first condition of Theorem 1 to a simple connectivity requirement. Hence, we can
rewrite the conditions of Theorems 1, 2 as

> log nmin

MNmin

s Prain, <, Max {O’max, (1-9q), logn} an = o(1) for some o > 0

12 ngpr 2 logng , D(Pmin, q) 2

logn

2 ngpr Z IOgTL ) D(pmin, q) 5 Toonin apmln Z max {Umaxv q(l - q)} .

Example 1: In a configuration with two communities (n—+/n, n=2/3, 1) and (y/n, @, 1) with
—2/3-0.01 "\e have nmin = /7 and pmin = n~2/3. We have,

ﬁ(pminu q) ~ n72/3+0.01

lognmm ~ logn or logn . logn
NG Amin /0’
from Theorems 1 and 2 respectlvely However, as pmin — ¢ is not much smaller than ¢, while

Pmin ~ ~nlt/3 grows much faster than log n, the condition of Theorem 3 trivially holds.

g=n

which does not exceed either and we get no recovery guarantee

Here are the related quantities for this configuration:
pr=n1(p1—q) = (n—v/n)(n~>P=n 2P0 = n /3 py = g (pa—q) = \/ﬁ(ﬁ_”ﬂm_om) ~ %

which gives pmin ~ n'/?. Furthermore,

ot =mpi(1—p1) mn'? | o3 =nypa(l—pa) = lg/gﬁn ’

which gives oyax = % . On the other hand ng(1 — ¢) ~ n'/3=991 which is smaller than o2,

Example 2: Consider a configurations with (n — n2/3, n=1/3%+¢ 1) and (\/n, oo n'/%) and
q = n~2/3%3¢_Since all p;,’s and q/px’s are much less than 1, the first condition of both Theorems

1 and 2 can be verified by Remark 2. Moreover, iy, = 1/ and ppin = n~1/3+€ which gives

—€

ﬁ(pminv q) =n

14



for 2. Moreover, p; ~

~ ~ ng

> /Togn. On the other hand, 07 ~ n?/3+¢ and

and verifies ﬁ(pminaq) > M for 1, as well as IN)(pmlme) 2 logn
n%/3+¢ and py ~ X which gives pmin ~

logn

03 ~ v/n/logn which gives

logn ~

max{o'rznaxv nq(l - q)} ~ n2/3+5 .

Thus all conditions of Theorems 1 and 2 are satisfied. Moreover, as py,in — ¢ is not much smaller
v

Togn is growing much faster than log n, the condition of Theorem 3 trivially

than ¢, while ppin =~
holds.

Example 3: Consider a configurations with (y/logn, O(1), m) and (na, O(l‘\’%’), V/n)and q¢ =

O(logn/n), where no = \/n — m+/logn/n. Here, we assume m < n/(2+/logn) which implies
ny > +/n/2. Since all p;’s and ¢/py’s are much less than 1, we can use Remark 2: the first
condition of Theorem 1 holds as n1p; =~ /logn 2 logn; =~ loglogn and nayps =~ logn = logns .
However, n1p1 = v/logn Z logn and Theorem 2 "does not offer a guarantee for this configuration.

Moreover, Ny, = v/Iogn and ppi, = O(log”) which gives

5(prnina q) = 1Ogn

1 N 1 min  ~o 1 1 1
and verifies D(pmin, q) = "izm ~ (\’;gb"g%l for 1, as well as D(pmin, q) 2 :il: Vlogn for 2.

Moreover, o7 = v/logn (also p1) and 03 = logn (also p2) which gives

max{arleax ’ nq(l - Q)} ~ IOgTL

and p2 .~ logn . For the last condition of Theorem 1 we need

m(logn) /% + \/n(v/n — ky/12E2) " = o(1)

for some o > 0 which can be guaranteed provided that m grows at most polylogarithmically in 7.
All in all, we verified the conditions of Theorem 1 while the first condition of 2 fails. Observe that
Pmin fails the condition of Theorem 3.

Alternatively, consider a configuration with (v/logn, O(1), m) and (v/n, O(k\’%l), m’) and q =

O(l(’%) , where m’ = \/n — m+/logn/n to ensure a total of n vertices. Here, we assume m <

n/(2y/logn) which implies m’ > \/n/2. Similarly, all conditions of Theorem 1 can be verified
provided that m grows at most polylogarithmically in n. Moreover, the conditions of Theorems 2
and 3 fail to satisfy.

Example 4: Consider a configuration with (n¢, O(1), n'~¢) and (in, n=*logn, 1) and ¢ =
n~Plogn,where0 <a < f<land0<e<1.

We have p; =~ n€ and p2 ~ n'~*logn. Since p2;, > logn, the last condition of Theorem 1 holds,
and log nyin =~ logn, we need to check for similar conditions to be able to use Theorems 1 and
2. Using Remark 2, the first condition of both Theorems holds because of n1p; ~ n¢ 2 logn and
ngpas =~ n'~%logn > logn. Moreover, the condition

D(pminaq) ~ nﬁ 2a lOgTL > logn ~ logn

€
™~ Mmin n

is equivalent to 3+ ¢ > 2a.. Furthermore, 0? = n¢ and 03 = n'~“logn, and for the last condition

we need

min{n?, n>"2*log®n} > max{n®, n' " “logn, n*"Plogn}
which is equivalent to 2¢ + « > 1 and e + 2« < 2. Notice that 5+ 1 > 2« is automatically satisfied
when we have 5 + € > 2« from the previous part.

Example 5: Consider a configuration with (logn, O(1) — m,/-2%) and

’ log n logn

(v/nlogn, O(\/log”), m) and ¢ = O(l"%). All of p1, p2, 02, 02, and ng(l — q), are

15



approximately equal to log n . Thus, the first and third conditions of Theorems 1 and 2 are satisfied.
Moreover,

' . ~ log nmin ~ loglogn
D(pmlrn q) ~1 2 Nmin  logn

which establishes the conditions of Theorem 2. On the other hand, the last condition of Theorem 1
is not satisfied as one cannot find a constant value «« > 0 for which

>t = (s —my /) log ™"+ m(nlogm) =2
k=1
is o(1) while n grows.

Example 6: For the first configuration, Theorem 1 requires f2(n) > max{loi% , Lo nmin o}
1

Mmin
while Theorem 2 requires f2(n) > max{loﬁ% , l‘l’ni: ) nﬂ%} and both require 1y, = /7. There-
fore, both set of requirements can be written as

fQ(n)ZmaX{loﬂv %} ) nminz\/ﬁ-

Mmin n

E Statistical and Computational Regimes; A Literature Review

What we can infer about the community structure from a single draw of the random graph varies
based on the regime of model parameters. Often, the following community retrieval scenarios are
considered.

1. Recovery, where the proportion of misclassified nodes is negligible; either 0 or asymptotically 0
as the number of nodes grow, corresponding to the subregimes below.

la) Exact Recovery (or Recovery with Strong Consistency). In this regime it is possible to re-
cover all labels, with high probability. That is, an algorithm has been proved to do so,
whether in polynomial time or not. For example, [15, 3] studied the exact recovery problem
for special cases of SBM.

1b) Almost Exact Recovery (or Recovery with Weak Consistency). In this case, algorithms exist
to recover a proportion 1 — o(1) of the nodes, but not all of them. See [34] for early works
on weakly consistent recovery, [33] for the case of binary SBM, [40] for finite number of
linear-sized communities, and [41, 19] for a growing number of approximately same-sized
communities.

2. Approximation, where a finite fraction (bounded away from 1) of the vertices is recovered.

2a) Partial Recovery (or Approximation) Regime. Only a fraction of vertices, i.e. (1 — a)n for
some 0 < o < 1, can be guaranteed to be recovered correctly. This regime was first intro-
duced in [16, 18]. A series of works have provided partial recovery conditions for the cases
of two equivalent communities [32, 26, 30, 31], finite number of linear-sized communities
[3], and heterogenous SBM [20, 24].

2b) Detectability. One may construct a partition of the graph which is correlated with the true
partition (which in this context means doing better than guessing), but one cannot guarantee
any kind of quantitative improvement over random guessing. This happens in very sparse
regimes when some py’s and g are of the same, small, order; e.g. see [32, 4].

The levels of correct labeling in community detection described above can be studied from two
points of view:

Statistically, one can ask about the parameter regimes for which the model can be retrieved based
on one of the above objectives for retrieval (recovery or approximation).Such characterizations are
specially important when an information-theoretical lower bound (below which retrieval is not pos-
sible with high probability) is shown to be achievable with an algorithm (with high probability),
hence characterizing a phase transition in model parameters. Recently, there has been significant
interest in identifying such sharp thresholds for various parameter regimes; e.g. [3] for the exact
recoverability of a fixed number of linear-sized communities, [30, 26] (building upon [18, 32]) for
detectability in binary SBM, and [4, 8] for more than two equivalent communities.
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Computationally, one might be interested to study algorithms for recovery or approximation. In the
older approach, algorithms were studied to provide upper bounds on the parameter regimes for re-
covery or approximation. See [13] or [3, Section 5] for a summary of such results. More recently, the
paradigm has shifted towards understanding the limitations and strengths of tractable methods (e.g.
see [29] on semidefinite programming based methods) and assessing whether successful retrieval
can be achieved by tractable algorithms at the sharp statistical thresholds or there is a gap. So far, it
is understood that there is no such gap in the case of exact recovery of binary SBM (e.g. via spectral
methods in [33] or a partial recovery algorithm combined with a local improvement procedure in
[2]), almost exact recovery of binary SBM (e.g., via spectral methods in [33, 40]), approximation of
binary SBM (e.g., via weighted non-backtracking walks between vertices in [30] or counting self-
avoiding walks in [26]), and exact recovery of linear-sized communities in [3]. However, this is still
an open question for more general cases; e.g., see [4] and the list of unresolved conjectures therein.

As mentioned before, for SBM with only two equivalent communities, all of the above questions
have been addressed in a series of recent papers [18, 32, 30, 26, 31, 33, 2, 21]. Apart from the
binary SBM, the best understood cases are where there is a finite number r of equivalent or linear-
sized communities. As noted in [1], outside of the settings described above, the full picture has
not yet emerged; many questions are unresolved, and many of the existing results give bounds that
incorporate large or unknown constants.
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