A Appendix to Optimistic Gittins Indices

A.1 Proof of Proposition 3.1

Proof. First, letting v, = 1 — 1/n, we show that
Regret (7TG7’Y",774) =0 (log2 (n)) . (7

Let H ~ Geo(1/n) be an exogenous geometric random variable that is independent of 6 and not
observed by the agent. As an abbreviation, define p* = E, [1*(#)]. We then have

H

Z,ytflE [Xpcom ] =E Z thc Vn t]

t=1 t=1
=E [Hp*(0) — Regret (7, H)] (8)
= nu* — E [Regret (7 H)]
< ny* — E [Regret (n“, H) | H >n] P(H > n)
< nu* —E [Regret (797, n)] (1 - l/n
=np* — E [Regret (7 G )] G )

Let g, @ be the density and CDF, respectively, of the prior distribution. Now, by Theorem 3, part 1 of
[14], there exists (an efficient) policy 7, such that as n becomes sufficiently large

Regret (77, n) ~ <A(A -1 /@ P (0)QA72(0) d0> log? n.

Therefore for some prior-dependent constant C,, we have Regret (7,n) < C,log®n. Let A(0)
denote worst case single period regret under parameter 6, that is, A(f) = max; p(6*) — p(6;). Let
A denote its expectation over #, from which we obtain the lower bound,

H H
E lZXth] >E Zxﬁht] (10)
t=1 t=1

— E[Hp*(6) - Regret (7, H)

>E[Hp"(0) —Regret (7, H) 1{H > e} — 21 {H < e} A(0)]

> np* — C,E [(log(H))*1{H > 3}] —2A

> np* — C4E [(log(H))? | H>3]P(H >3)—2A

> np* — Cylog?(n + 3)P(H > 3) — 2A (11)

where (10) holds by optimality of the Gittins Index. The bound (11) follows from the memoryless
property of the Geometric distribution, from Jensen’s inequality and the fact that function log® z is a
concave function on [e, +00). Thus, equation (7) is implied by the bounds (9) and (11).

Now, for any policy 7, we define L (m) := mu* — >t X, + to be the random m period shortfall
against the expected Bayes’ optimal arm and let g, = 1 — 1/2¥~!. We break up the time horizon T

10



into geometrically growing epochs and bound, conservatively, the Bayes’ risk in each one:

Regret (7rD, T) < Regret (ﬂ'D, 2llog; T1> (12)

[logy T'] ~ s
-3 e ety | 5]
[log, T']

= Y E[E|Lea@) | Faoia]]

k=1
[log, T'

< ¥ E[E [iwc,gk(zk—l)‘foﬂ (13)
k=1

[log, T'] [log, T']

= Z Regret(ﬂG’g’“,Qk_l):O Z k2 (14)
k=1

k=1
= O(log” T)

where (14) follows from equation (7) and (13) holds because regret increases if history is discarded.
O

A.2 Proof of Lemma 3.2

Proof. Fix A > 0 and an arm 4. Let V) (y) be the value of the RHS of (2) with the per-period reward

of )\, and define V/\K (y), similarly, for problem (3) (where y is, as before, the state of an arm). Notice
that because rewards are generated according to an unknown parameter 6;, which needs to be learned,
that if we condition on a fixed 6;, we have for any stopping time 7 that

T—1 -1
B A 3 -1 A
t=1 t=1

where the expectation is also taken over the agent’s prior on 6;. Simply put, the best performance
in the bandit game can be achieved if the parameter governing expected rewards is known from the
beginning by the agent. Now recall that R(y; ;) is a random variable drawn from the prior on the
arm’s mean reward at time ¢. We also define the function

A t< K
max(z,\) otherwise

rai(t,x) = {
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Let 7 be the stopping time at which the agent retires and define 7x = 7 A (K + 1). We then bound

Va(y),
[7—1
Valy) =supE | Y "' X, +477" Yil =y
( ) T>1 _tz:; k 1—7
T—1
=supE |E ZVHXM T 0| | i1 =y
T>1 — 1-—
[T —1 T—1 )\
=supE Z VX +E Z Y X+ 777117 Oi| |yii=y
™1 = [ -
[T —1 rr—1 A
<supE Z Y1X . +E Z Y u(0:) + 77_1f 91‘] Yi1 = y] (16)
e ) [ v
[T —1 r
T TK 5 92
_ supE Z Y X B 7m—lM ’ 91} yi1 =1y
7>1 | =1 L -7
[Tk —1 ,_YTKfl
—swpE | S 4 X+ B R fra s (rrc, w(00)) | 0] | Fr ]
T>1 —1 1- Y
TrR—1 ,y‘rKfl
=supE Z ’ytilXi_yt + E [rax (T, R(Yirg )] | vin =y
T>1 =1 1-

=Rk (TK Wi, 7 )

.
R )
sup B |34t X, 471 T2x (D)

= V().
s A P 1~  (y)

Yil1 =Y

The main step in the above is (16) where we bound on the inner conditional expection (in terms of 6;)
by applying (15). We also used the fact that p(0;) | Fi—1 ~ R(y; ) for all ¢. Finally observe that

both V¥ () and V) (y) are increasing in A for any fixed y. Therefore if \; = (1 — ’y)f/ff (y) and

A2 = (1 — v)Vy,(y), then, because V) (y) < V/\K(y) for any ), it must be that A\; > X5, A simple
argument shows this, which we omit. O

A.3 Results for the frequentist regret bound proof

A.3.1 Definitions and properties of Binomial distributions

We list notation and facts related to Beta and Binomial distributions, which are used through this
section.

Definition A.1. F,? (.) is the CDF of the Binomial distribution with parameters n and p, and Faﬁb()

is the CDF of the Beta distribution with parameters a and b.
Fact A.1. Let a and b be positive integers and y € [0, 1],

Fﬁb(y) =1- FB+b—1,y(a —1)

a

Proof. Proof is found in [2]. O
Fact A.2. The median of a Binomial(n, p) distribution is either [np] or |np|.

Proof. Proof is found in [11]. O

Corollary A.1 (Corollary of Fact A.2). Let n be a positive integer and p € (0, 1). For any nonnega-
tive integer s < np

Fop(s) <1/2
Fact A.3. Let n be a positive integer and p € [0,1]. Then for any k € {0,...,n},

(1 _p)Fn—l,p(k) < an(k) < FnB—l,p(k)

12



Proof. To prove F,, ,(k) < FP |
distribution. We then have

n n—1
FP (k)=P <ZXi < k) <P (Z X; < k) =FP, (k)
=1 =1

Now to prove (1 — p)F,_1 ,(k) < F,, ,(k), it’s enough to observe that F}, ,(k) = pF,,_1,,(k—1)+
(1= p)Fy_1 (k). O

(k), we let Xq,..., X, be i.i.d samples from a Bernoulli(p)

A.3.2 Ratio of Binomial CDFs

Lemma A.l. Let 0 < g < p < 1. Let n be a positive integer such that ez Ha:r) > (n+ 1)* and let
k be a nonnegative integer such that k < nq. It then follows that

FB (k)/FP (k) > ezd@r),

Proof. From the method of types (see [8]), we have for any » € (0,1) and j < nr
—nd(j/n,r)

e ,

- <F,,()< 1)2¢—nd(d/nr) 17

T < Frli) < (1% (7

Because k < ng < np, by applying (17) to both the numerator and denominator, we get
F, (k) e—nd(k/n,q) en(d(k/n.p)—d(k/n,q))

Fop(k) = (n+1)tend/np) — (n+1)*

Examining the exponent, we find

k A
d(k/n,p) = d(k/n,q) = log% + (1 - n) logﬁ

q
log = + (1 —q)1
>q0gp+( Q)Ogl

=d(q,p)

where the bound holds because the expression is decreasing in k, and k < ng. Therefore,

Fpq(k) _ endar) _ e%d(q’piegd

Fop®) "+ 17 (n+1)

The final lower bound in (18) follows from the assumption on n. O]

(@:p) > gz d(a:p) (18)

A.3.3 Optimistic Gittins Index results
Lemma A.2. Let vy € (0,1) and
A=sup{z € [0,1]: E[V]+1E [(z = V)*] > 2} (19)

where V' is a continuous random variable with support [0,1] and E[V] > 0. Forall y € (0, 1), the
following equivalence holds

A<y<=E[V]+1E|[(y—- V)] <. (20)

Proof. As a shorthand let g(2) = E[V] +E[(z — V)T]. First let’s assume A < y. If y < g(y),
then A would not be the supremum over all real numbers z € [0, 1] such that z < g(z). Therefore
9(y) <.

For the converse, assume A > y. Observe that g(z) is convex. Also, one can verify through the
bounded convergence theorem that g(z) is differentiable [the event {V = 2}, at which (z — V)7 is
not differentiable, has measure zero]. Thirdly, because g(.) is continuous on [0, 1], by the Intermediate
Value Theorem, it has a fixed point and in particular A = g(\). Therefore let € < (1 — A)/2 and from
the first direction of the proof, we have A + ¢ > g(A + ¢€). Thus

gA+€) > g(\) +eg'(N) = A+ eg' (V)
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where the inequality follows from g(.) being convex and differentiable. This implies that g’(\) < 1
and, moreover, because g(z) is also increasing, it follows that g’(\) € (0, 1), whence

9(y) > g(\) = (A =y)g' (V)
=A-(A=-y9g'\N)

=1 =gdMW)A+d Ny
> min(y,A) =y.

O

Corollary A.2. Let v;; be the approximate Optimistic Gittins Index, under the Bernoulli problem
with uniform priors, of arm i at time t and let x € (0,1). The following equivalence holds

{vig <a} = {E[Vi] + %E [(z - V)] <}
where Vi ~Beta(s; + 1,j: — s¢ + 1), j: denotes the number of pulls of arm i and s; the number of

successes observed.

Proof. By the definition in Equation (4), v; + can be characterized with the relation
vie = sup {u € [0,1] : u < E[Vi] +7E [(u— Vi) ]}

The conclusion then follows from Lemma A.2. O

A.4 Proof of Lemma 4.1

Proof. Define 6 := (61 —n)/2 and ' := 1 + ¢. In other words, ¢ is half the distance between 7 and
61; 7 is the point half-way. The proof consists of showing two claims

Claim 1: {v1; <n} C{FP, . (s1) < 3 }:

Let V; ~Beta(s; + 1,j; — s + 1) be the agent’s posterior on the optimal arm. Using Corollary A.2,
we find that

{vie <n} ={EVi]+%E[(n— V)] <y}

fe106-) <)

where the second equality is obtained from rearranging terms. We approximate the conditional
expectation in (21) with
E[(Vi =m)7" | se,5:) = E[(Vi = n)L{V; 2 n}]
=E[(Vi—n)1{n+d>V, >n}]
+E[(V: =n)1{V, =2 1+ 6}]
>E[(V: =) 1{V: 21+ 4}]
> 0P (V; > 1)
= 0(1 = Forrjo—s,+1(0) = 0F;7 1 0 (s0) (22)

The last equality is due to Fact A.1 and this proves the claim.

Claim2: Y7, P (FP

By (s) < +-) < C1 where C is a constant:

Let us fix the sequence f; = —10g1‘(’%f2,) — 1= 0(logt). We then have

1 1
P (F]?Jrl)n/(st) < 5t> =P (F]irl,n’(st) < a, Jt > ft>

1 .
+P (FJ€+1,U’(St) < &7 Je < ft) . (23)
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For the second term in the RHS of (23) we have the following bound,
B 1 . B 1 .
P th+1777'(8t) < a? Jt < ft < P th+17n/(0) < a, It < ft
i 1
=P ((1 —a Pt < 50 Je < ft>

_ o/ fe 1 1) _
<IP<(1 WYt < =) =0, (24)

Now we use the following fact to bound the left term on the RHS of (23). Define the function

F B (u) == inf{z : F7 (2) > u}

n,p
which is the inverse CDF. Then it is known that if U ~ Unif(0, 1), then F,, 7 (U) ~ Binomial(n, p).

Furthermore, F,7,(F,, J(U)) > U due to the definition of the inverse CDF.

Now let us only consider large ¢, in particular t > M = M (6;,n’) where:

1. M is such that e?("-01)/x/2 5 (3, 4 1)4

4

3. [fm] > 0and Fﬁm o (fun') > 1/4. Note that there is a large enough integer for this
because F(E;ﬂ o ') = 1ast— oo.

Suppose that ¢ > M. It then follows that the event {Fﬁn’ (s¢) < (1—;77’)5“ st > gty jr > fi} has

measure zero because of the assumptions made on M. Therefore if ¢ > M, we have
B L.
P Fj 1 (s) < 510 It > fi
FP o (st) < S  Je > Ji (25)
JtsM (1 _ 7]’)(%

1
B P A
anﬂ’(st) < m’ St < g Je > ft)

FB /(Sf) 1
—P|FB Je,n \7t .o
( S Oy I (A
1 .
<P (Fﬁﬁl(st)eJtD < m, Je > ft) (26)
1
< P <Fj€,91 (St)eftD < (1_77/)&)
P o~ feD
=P (thﬁl (Fj, 0, (U)) < (177')515) 27
p(r< <"
<
. ( S - 77’)5??)
_ e
(L)t
1
=0 (,gw) (28)

where D = d(1,0;) > 0 and ¢,, = —log™'(1 —7) > 0 are constant. The bound (25) holds due to
Fact (A.3). Bound (26) follows from an application of Lemma A.1 and the fact that t > M. Equation
(27) follows from s; ~ Binomial(j, 61 ) and the inverse sampling technique. By combining bounds
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(28), (24) and (23), we get
> 1 > 1
ZP (Ffﬂ,n’(st) < 515) <M+ Z P (Ffﬂ,n’(st) < 615) SM+C=C
t=1 t=M+1

where C{ = C](61,7’) is some other constant, namely the limit of the series. O

A.5 Proof of Lemma 4.2

Proof. See the main proof of Theorem 1 to recall the definition of constants 7;, 13 and their
relationship with 65 and 6;. As an abbreviation we let L = L(T).

Firstly, by the law of total probability, we find that

T
ZIP(vlt >3, ke > L, 7rtOG =2)

T
= ZP(UQ,IE > 13, kt > L, S; < thn1J7 ﬂ'?G = 2)

t=1
T
D P(vae 2 m, ke 2 L s 2 ke, 700 = 2)
t=1
= T
= ZP(WM >3, ke > L, sy < [kem]) + ZP (TFtOG =2, s, > lkem]) (29
t=1 —

Let V; ~ Beta(s; + 1, k; — s; + 1) denote the agent’s posterior on the second arm at time ¢, then

T
> P(var >ns, ki > L, sy < |kim))

t=1

I
[M]=

P(E V] +%E [(ns —V)T] = ns, ke > L, s, < [kym))

~
Il
-

I
[M]=

p (Ll =101

MM_%M<um>L%<Mm0 (30)

t=1

where the second equality follows from Corollary A.2 in Appendix A.3.3. The following result lets
us bound (30),

Lemma A.3. Let 0 < x < y < 1. For any nonnegative integers s and k with s < | kx|, it holds that

Elly =V)*] _ (y— ) exp(kd(x,y))
E[(V—y)*] ~ 2
where V ~ Beta(s + 1,k — s + 1).
Proof. See Appendix A.5.1. O
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1/e
Therefore, from equation (30) and Lemma A.3, we find that whenever T' > (ngfm ) =: T*(¢, 0),

T
ZIP(UQ,t Z 73, kt 2 Lv S; < thnlj)

t=1

M=

P ((n3 — m)exp{ked(ni,m3)} < 2t, ky > L)

o~
Il
_

M=

P ((ns —m) exp{Ld(n1,m3)} < 2t)

o~
Il
—

[
M=

P((ns —m)T'e <2t) =0 (31)

o~
Il
-

All that is left is to bound the second term in (29), and to do so we apply the following Lemma whose
proof is in Appendix A.5.2

Lemma A.4. There exist positive constants C = C(02,1m1) and &’ > 05 such that

1

70G _ S
ZP 2 [kem], =2) <K+ 1 — o—d(@'02)

Combining Lemma A .4, (31), (29) and (30) shows the claim. O

A.5.1 Proof of Lemma A.3

Proof. We upper bound the denominator as follows. Given that s < | kx|, we have s < kx — 1. Let
B(a, b) denote the Beta function, then

1 1
E —t] = _ S(1 — k—s
[(V —y)7] B(s+1,ks+1)/y(t Yt (1 — 1) dt
1 1
= s+1 1— k—s _ P >
B(erl,kerl)/yt (1=8)"dt = yP(V 2 y)
B(s+27k_5+1) 1 1 +1 o
B A=) sdt —yP (V >
B(s+1,j—s+1) <B(s+2,k‘s+1))/yt (L=t)"*dt —yP(V > y)
s+1 _p
= ka+27y(s + 1) —yP (V > y) (32)
s+1
< oy Fihay (5 +1) < B2, (ko) < exp {—kd(z, )} (33)

where we use Fact A.1 and the definition of the Beta CDF to establish equation (32). The final bound
in (33) is the result of the Chernoff-Hoeffding theorem and Fact A.3. Let  := y — «, and note that
s < kx = s < |(k + 1)z due to s being integer, whence

El(y—V)*] =E[(y—V)I{V <y} | s,k
Elly=V)I{y—-0<V <y} sk +E[(y = V)I{V <y—5}]s,k
>1E[(y VIL{V <y —0} | s,k

>OE[I{V <y—0}]s,k] (34)
=P(V<zxls)

=6(1—F24.(5)) (35)
>0/2 (36)

where equation (35) relies on Fact A.1. The bound (36) is justified from Fact A.2 and s < | (k+ 1)z ].
Thus using the inequalities for both the numerator and denominator, we obtain the desired bound. [J
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A.5.2 Proof of Lemma A.4

Proof. The steps in this proof follow a similar one in [3] but we show them for completeness. We

bound the number of times the suboptimal arm’s mean is overestimated. Let 7, be the time step in

[nz] _

which the suboptimal arm is sampled for the /! time. Because for any x, lim,, _, o —— =1, wecan

let N be a large enough integer so that if £ > NN, then 1, L/“J > 1’ = (02 + m)/2 > 6. In that
case,

T r'T Te41— 1
S P(s; > [kem), 7PC=2) <E|> 0 Y 1{s; > [kem |} L {xPC _2}]
t=1 Lé=1 t=m¢

I
=
&Mﬂ

1{s, > [(t— 1)771J}W§:_ 1 {70C = 2}]
1 {s oz Lfm}]

< 2 )

—td(«,0)) (37)

H

|
M

| /\

\ /\

uMg MH +Mq L

1

=N+ T

O

The bound (37) follows from the Chernoff-Hoeffding theorem and that s’ v ™ Binomial(kgy1,62) ~
Binomial(, 65).

A.6 Additional plots

We include some additional plots that compare Bayes UCB and Thompson Sampling in addition to
IDS.
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Figure 2: Mean regret in the long horizon Gaussian experiment of section 5.
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Figure 3: Mean regret in the corresponding Bernoulli experiment.
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