A Upper Bound

We provide the proof in the following three subsections. We will repeatedly use the following result.

Lemma 7. Forallu >0, Y02, P(B, ;< ) < 251

urP—2"

Proof. The proof is straightforward using a union bound.

P(Bi,+ < ps) =PEme{l,... M}, 31 <s<t-—-1, Bf@f’}(s) <) ®)
M t—1
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m=1 s=1
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In the third step we have used i, — ,ugcm) < ¢(™), The result follows by bounding the sum with the
integral Y ;% L t17F < [ 4170 = w70 [(p - 2). O

A.1 Proof of Lemma 5

We first provide a formal statement of Lemma 5.

Lemma 8. Let m < M and consider any arm k € K"™). After n time steps of (v, p)-MF-UCB
with p > 2 and v > 0, we have the following bounds on IE[T,EKT)L] fort=1,..., M.

1 1
9 <2 Og((f) +1, V< m, E[T{™] < #g()n) + Kp, ETC™) < k.
T ah(ym) ’ W(A™ /2) ’
Here, k, =1+ % + % is a constant.

Proof. As n is fixed in this proof, we will write E[-],P(-) for E[|[N = n],P(:|N = n). Let
(m) _ log(t
t L1/l;('y<g’g)))

any m < M. To see this, assume we have already played ¢$Lm) + 1 times at any £ < n. Then,

-1 plog(t)) _1<p10g<t) (m)) (m)
v (T,S?Z)l <ot (L yim) ) <4,

|. By design of the algorithm we won’t play any arm more than ¢$Lm) + 1 times at

and we will proceed to the (m + 1)* fidelity in step 2 of Algorithm 1. This gives the first part of the
theorem. For any ¢ > m we can avoid the W dependence to obtain tighter bounds.

For the case ¢ = m, our analysis follows usual multi-armed bandit analyses [2, 5]. For any u < n, we
can bound T,ETL) via T,g? <u+d0 7 \where Z,(C"Z)u =1{mi=m AL =kA T,ETzl >

k,t,u
u} We relax Z ,gnz)u further via,

200 <UTY) >0 vi<m—1 A w<T{P <™ A Bry> B}
SUT zu A B ) 2 )+ 1{Br <
<1{Fu<s<t—1: BYY(s) > me} + 1{Br.t < -

This yields, E[T}] < u+ Y1, 41 0L P(BYY (5) > ) + X7y P(B, ¢ < pi.). The third

term in this summation is bounded by Mv/(p — 2) using Lemma 7. To bound the second, choose

u = [plog(n)/$:(A{™ /2)]. Then,

m X\ m m m _ log(t
BB, (s) >M*)=P<X§c,s) — " > e — ™ = ¢~y 1(psg()))

10



m A(m)
<PXLY — ™ > AV /2) < vexp < - w(’;)) <unr )

In the second and last steps we have used ¢~ (plog(t)/s) < ¥~ (plog(t)/u) < Afcm)/Q since 1!
is increasing and u > plog(n)/ qp(A,im) /2). Since there are at most n? terms in the summation, the

second term is bounded by vn?~7/2 < v/2. Collecting the terms gives the bound on E[Té?]

To bound T(> ™) we write T( ™ < Dttt Z,i . u) where

Z,g?z)—]l{mt>m AN L=k A T,ﬁr_nl)Zu}
<UT\) >0V <m A Buy>Bi. A TG >u)
SUTED, > 600 A B > )} +1{Bee < )
<1{Fe™ +1<s<t—1: BYY(s) > )+ 1{Br, o < 1}

This yields, (7" < u+ 740 S0 o, PO (8) > ) + Yy PBro < ).
The inner term inside the double summation can be bounded via,

m 3o\m m m m _ log(t
P (5) > ) = B (XL il > =y — gt — (2280

< (m) m m m
<PX, — ™ > Al — M) < pexp(—sp(AI™ —4™))

A(m) _ ~(m)
<wvexp <—Wplog(t)> <wt™* (10)

The second step follows from s > d)ﬁm) > plog(t)/¢(y™) and the last step uses w(Aém) —ym)) >
(™)) when Afcm) > 2+(™)_ To bound the summation, we use « = 1 and bound it by an integral:
Yoyt < 1/(2uP72) < 1/2. Collecting the terms gives the bound on E[T,g?nm)]. O

A.2 Proof of Lemma 6

We first provide a formal statement of Lemma 6.
Lemma 9. Consider any arm k € K"™). For (v, p)-MF-UCB with p > 2 and v > 0, we have the

Jfollowing concentration results for { = 1,..., M for any z > 1.
~(m)
1 VR
P T,E?>w(l+p og(n) > < oy 7
’ H(A™ /2) (z - log(n)) n*e
Mv 1 1
P (T(>m) ) <
ko 7 ) S p—1zr1 + (p—2)zr—2

(m) p—1
Here, ng[z))_ M <’¢’(Ak /2)>

p—1 P

Proof. For the first inequality, we modify the analysis in Audibert et al. [2] to the multi-fidelity
setting. We begin with the following observation for all u© € N.

Ve ut1<t<nBI(u) <m}n (11)
M
ﬂ{V1<s<n—u Bk u+s()>u*} = Téﬁ)gu

m=1

To prove this, consider s(m),m = 1,..., M such that s > 1, s(m > 0,¥Ym # 1. For all
u-l—zi‘f:ls(m) <t<nandforall{=1,..., M we have

Y4 Z
BY (s9) > B

Ky, u+s

(s9) > p > B (u) > BT ).
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This means that arm £ will not be the B, ; maximiser at any time v < ¢t < n and consequently it
won’t be played more than u + 1 times at the m™ fidelity. Via the union bound we have,

M n—u
P(T") > u) Z P(BY (u) > pe) + > S (B (s) < ).
t=u+1 m=1 s=1

We will use u = [x(1 4 plog(n)/ @[J(A(m) /2))]. Bounding the inner term of the second double

summation closely mimics the calculations in (8) via which it can be shown IE"(IS’,(c L 4o(8) <) <

v(u + s)~P. The second term is then bounded by an integral as follows,

M n—u n—u ~,
" Myul=° VK,
P(B, " s(8) <) <M u+s)”<MV/ t7r < < P
g%?% il 23 ’ p—1 = (w-log(n)r—

The inner term of the first summatlon mimics the calculations in (9). Noting that s >
zplog(n) /v (A™ /2) it can be shown ]P(B,(:Z) (u) > py) < vn~P* which bounds the outer summa-
tion by vn~P**1 This proves the first concentration result.

For the second, we begin with the following observation for all u € N.

(Vt:ut+1<t<n, B,i";)(T,ET)l) <pe VOTE <e™in (12)

ﬂ{Vl <s<n—wu: Bk u+5( S) >yt = T,g>nm) <u
m=1
To prove this first note that when T,ET) 1 < gb(m) we will play at the m™ fidelity or lower. Otherwise,
consider (™ m = 1,..., M such that s > 1 and 5™ > 0, Vm. For allu+z s(m) <t<n
and forall { =1, ..., Mwe have
0) (e m m
B (s) = B (7)) > = BIET{).

This means that arm & will not be played at time ¢ and consequently for any ¢ > u. After a further
relaxation we get,

M n—u
PICY >0 < 3 Y B >+ Y Y BB, ) < )
t=u+1 :¢£m)+1 m=1 s=1
The second summation is bounded via % Following an analysis similar to (10), the inner

term of the first summation can be bounded by v¢~* which bounds the first term by u?=7/(p — 2).
The result follows by using © = x in (12).

A.3 Proof of Theorem 2
We first establish the following Lemma.

Lemma 10 (Regret of MF-UCB). Let p > 4. There exists Ao depending on XV, X\(M) such that for
all A > Ay, (v, p)-MF-UCB satisﬁes

K
(M) Z (M) Z P log ”A) +¢) (e PUog(na) +¢) (M)
=1 V(A /2)

Here c =1 +1og(2) and k, =1 + = LS+ ;V[’; are constants.

Denote the set of arms “above” (™) by K(™) = Ué\imﬂ K® and those “below" (™) by K(m) =
;”:_11 K. We first observe,

(vmgM—l, vk e K, 1™ gx(1+plmg(")> A TE™ Sy) (13)
" H(A"/2) :
= = plog(n = | plog(n)
= > QW < Ky + x<1+) + IIC“”)I( )
m=1 m=1 ke (m) (A(M)/2 m=1 ( (m))
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To prove this we first note that the LHS of (13) is reducible to,

vm<M-1, Q< 3 rm 4 3 < Plog())+ > (HZZ%’EZ;)

(m)
kel (m) ke (m) A /2) keicm)

The statement follows by summing the above from m = 1,..., M — 1 and rearranging the T,E ?m)
terms to obtain,

M—1 ( M—1m—1 - M—1 M— o)

m) _ (m (€) >m
Do T =) X7 ZZ ZTkHSZZTkm
m=1 ke (m) m=1 (=1 kei®) m=1 keciC(m) l=m+1 m=1 kecic(m)
< (K= |KM=DyKMyK, )y < Ky.

Now for the given A under consideration, define §5 = m. In addition define,

- 1 log(2vm2 K /(35)) o2 Ky M\ 7T (A /2) 2
o = X( b p(3+ log(n) > ’ (3(p—1)5> 2 )

| (2PEMy T . 2K\ 772 :
n.§ = INa y _— ne— , J— noe— .
Yn,g = max 3(p—1)0 35

Now choose ng A to be the smallest . such that the following holds for all n > ng 4.

M-1
gz Ky + 3 3 zn,aA(l plog(n ) Z S plog a4

(A oy
m=1 kecxc(m) (A /2 m=1 pcic(m)

For such an ng A to exist, for a given A, we need both x,,, y,, sublinear. This is true since p > 4.
In addition, observe that ny o grows only polylogarithmically in A since (14) reduces to n? 2>

(log(A))'/? where p > 0 depends on our choice of p.

By (13), the RHS of (14) is an upper bound on the number of plays at fidelities lower than M.
Therefore, for all n > ng 4,

P(QW Q) Z > ( >xn5<1+m)> +]P’<T(>m)>yn5> (15)

m=1 ke (m)
<Y ¥ G A -
T — —1 2
m=1 ek (m) nPrm oA (xn,éA log(n))p ! (p - 1)y2751\ 2:[/2 A
30 60
<K |4x .
- ( 2Kn27r2) ~ n2n?

The last step follows from the fact that each of the four terms inside the summation in the second
line are < 36/(2Kn?n?). For the last term we have used that (p — 2)/2 > 1 and that 36 /(72 K) is
smaller than 1. Note that the double summation just enumerates over all arms in K.

We can now specify the conditions on Agy. Ag should be large enough so that for all A > Ay, we have
|A/ABD | > ng 4. Such an Ag exists since ng o grows only polylogarithmically in A. This ensures
that we have played a sufficient numer of rounds to apply the concentration result in (15).

Let the (random) expended capital after n rounds of MF-UCB be ©2(n). Let £ = {In > ng :

Q(n) < nAGD /21, Since Q(n) > XM QM) by using the union bound on (15) we have P(€) < 6.
Therefore,

2 20 20
]P’(N> /\(M)> - IP(N> )\(M)‘S) P(E) + IP’(N> =2
<%

) P(ES) < 6,

=0
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The last step uses the following reasoning: Conditioned on £¢,n > 2Q(n)/A\M) is false for n > ng 4.
In particular, it is true for the random number of plays N since A > Ag = N > np . Now,

clearly A > Q(N) and therefore N > 2A/A(M) is also false.
By noting that ny = A/A(*) and that log(A/A(1) is always an upper bound on log(N), we have,

Ellog(N)] < log(2nx)P(N < 2n4) + log ( A

)\(1)) P(N > 2ny) < log(na) +1+log(2) (16)

Lemma 10 now follows by an application of Lemma 5. First we condition on N = n to obtain,

K M
E[R(A)IN =n] < m M)+ Z Z AIE:M))\(m)T;SZ)
k=1m=1

\(M) (M) (¢) plogin) P 108: (IkD) _P log(n) (M)
< + ZA Z A (m) + AID == — kA
V(A /2)

The theorem follows by plugging in the above in E[R(A)] = E[E[R(A)|N]] and using the bound for
E[log(N)] in (16).

We can now bound the regret for MF-UCB.

Proof of Theorem 2. Recall that (")) = Af‘,f::l) ¥(¢(™). Plugging this into Lemma 10 we get

E[R(A)] < pu A ZA(M) %1 e losma) +¢) -y pllosna) +¢) -y
= ¢ k P
= = V() w(alh2)
K
< AOD 1 ST AN AT (log(nA)-i-c)( 2 + ! >+A§€M)/<;p)\(M)

Y(¢(IFI-1)) 1/J(A1(c[[k]])/2)

The second step uses Assumption 1. The theorem follows by noting that for any & € (") and ¢ < m,
A(m) A(i) + ¢ —¢tm) 4 M(e) uiM) + u(M) ,ugﬁm) < 29 4 2¢(0) < 4¢®). Therefore
1/1/1(A§€m)) > ¢1/1(¢Y)) where ¢; depends on 1 (for sub-Gaussian distributions, ¢; = 1/16). [

k=1

B Lower Bound

The regret Ry, incurred by any multi-fidelity strategy after capital A due to a suboptimal arm £ is,

M
Ri(A) = AP ST A,

m=1

here NNV is the total number of plays. We then have, R(A) = >, R;(A). For what follows, for an

)

arm k and any fidelity /m denote KL,(Cm = KL(,ul(cm) |1 — ¢™). The following lemma provides an

asymptotic lower bound on Ry.

Lemma 11. Consider any set of Bernoulli reward distributions with ji, € (1/2,1) and (") < 1/2.

For any k with Agf) < Oforalll < pand A;f ) > 0, there exists a problem dependent constant c,,
such that any strategy satisfying Assumption 3 must satisfy,

A , O
lim inf Ri(A) > c; A,EJM) in 5
A—oo log(na) ezpaf’>0 AW

Proof. For now we will fix N = n and consider any game after n rounds. Our proof we will modify
the reward distributions of the given arm k for all £ > p and show that any algorithm satisfying
Assumption 3 will not be able to distinguish between both problems with high probability. Since
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the KL divergence is continuous, for any ¢ > 0 we can choose ﬂgf ) e (ps — CP) g — ¢P)

ming., —AY) such that KL(u{P | 7)) < (1 + ) KL(uP |, — ¢P) = (1 + e)KLP.

The modified construction for arm k, will also have Bernoulli distributions with means

/2,(:), ﬁ,(cz), ceey ﬂ,(CM). /lgcp ) will be picked to satisfy the two constraints above and for the remaining
fidelities,
u(e) = ugf) for ¢ < p, u,(f) ~(p) +¢® — @ forf > p.

Now note that for ¢ < p, u,(CM) /1“ u(p) +¢P) — u 0 < phy — CP) Ag) +¢®) — ugf) = (®);

(M) _

similarly, [ (M) (Z) p) + ¢ — (Z) >y ,(f) > g (6) > —C®. For ¢ > p,
N,(CM) ~(€) =( (e) Hence the modified constructlon satisfies the condltlons on the lower fidelities

laid out in Sectlon 2 and we can use Assumption 3. Further /,L,(C ) > I+, SO k is the optimal arm in

the modified problem. Now we use a change of measure argument.

Following Bubeck and Cesa-Bianchi [5], Lai and Robbins [9], denote the expectati9n§, p~robabilities
and distribution in the original problem as [E, P, P and in the modified problem as [E, P, P. Denote a
sequence of observations when playing arm & at by {Z gz }+>0 and define,

e Zi) + (1 ufhu-—23b> —u$>

Zlog( D — ; Z log + Z log
V20 + (- i0)(1 -2

t:2{")=1 'uk t:2,)=0
Observe that E[singf) (s)] = KL(u )||,u(€)) Let A be any event in the o-field generated by the
observations in the game.

i ) Mo T é(f)(z(f))
P(A) :/]l(A)dP:/]l(A)H (H ](“’Zél))dP

¢
1=p \i=1 O )(Zk,i)
=E {1(14) exp < -S>y (T,gf,{)ﬂ (17)
£>p
Now let £ = C'log(n) for all £ such that A(é) <Oand f{) = A — 1== __ log(n) otherwise.

M=p KL 177)
(Recall that Aé ) < Oforall £ < p and A;c > 0). C is a large enough constant that we will specificy
shortly. Define the following event A,,.
1

A, {T“)<f<4> ve n L) < 57

(L €/2)log(n), ve: Al >o}

By (17) we have P(A,,) > P(A,)n~(1~¢/2)_ Since k is the unique optimal arm in the modified
construction, by Assumptions 3 we have Va > 0,

E[n-Y,, 7"

o(n®1
“6(ogln)) <)

P(A,) < P(ZT,SZ) < @(log(n))) <

By choosing a < €/2 we have P(A,,) — 0 as n — oo. Next, we upper bound the probability of A,
in the original problem as follows,

1
P(Ay) > P(ﬂﬁ <fO.90 A max L0 (s) < (1= ¢/2) logn, ¥ : AD 5 o)
N———— s<fn —

An
1 An,2

We will now show that A,, » remains large as n — 0. Writing A, 2 =) P Ay 2,0, we have

:Al(f)>0

()
P(Anze) =P (W L max LM (s) < 16/2) .

1—e)log(n) (&) s<p® 1—e¢
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As £$9 = o0, by the strong law of large numbers ﬁ max, _ Ll(c )(s) = KL(Mk )Hﬂ(m)) After

substituting for fy(f) and repeating for all £, we get lim,,_, o P(A,,2) = 1. Therefore, P(A,, 1) < o(1).
To conclude the proof, we upper bound E[Ry,(A)] as follows,

E[R:. (A
W > P(3Cst.Ti > i) - E[Re(A) |30s6T0% > Jy] = B(A,0) - min £
k
> (1-o0(1)) min (1= 9 log(na)A® > log(m)(l—o(l))l_emin&
B Zr (M - p)KL( |57) — M- L+emg

Above, the second step uses the fact that NV > n, and log is increasing. In the third step, we have

chosen C' > maxy>, )\(Z)A,(CM) / KL(u,(f) I [L](f)) for £ < p large enough so that the minimiser will be
at £ > p. The lemma follows by noting that the statements holds for all € > 0 and that for Bernoulli
distributions with parameters i1, 12, KL(p1||pi2) < (1 — p2)?/(p2(1 — p2)). The constant given

in the theorem is ¢}, = ﬁ mings, (s — () (1 — s + ¢9). [

We can now use the above Lemma to prove theorem 4.

Proof of Theorem 4. Let k € IC'(,m). We will use Lemma 11 with p = m. It is sufficient to show that
2 2
A(e)/A,(f) 2 )\(m)/A,(Cm) for all £ > m. First note that

m m) )\(m+1)
A = p— ™ = 1™ g — O+ O < ATV p2¢) < 24 X
Here the last step uses that A{™ > 2y(m) = /X(m) /X(mF1)¢(m) Here we have used ¢(e) = 2¢2
which is just Hoeffding’s inequality. Therefore, 25me < 4”'}2? <4 Afm

When k € IC)((m), we use Lemma 11 with p = £y = min{¢; Ag) > 0}. However, by repeating the
same argument as above, we can eliminate all £ > m. Hence, we only need to consider ¢ such that
ly < ¢ < mand Agf) > 0 in the minimisation of Lemma 11. This is precisely the set £, (k) given in
the theorem. The theorem follows by repeating the above argument for all arms & € K. The constant

¢p in Theorem 4 is ¢, /4 where ¢}, is from Lemma 11. O

C Details on the Simulations

We present the details on the simulations used in the experiment. Denote { = (¢, ¢®), ..., ¢(M))
and \ = ()\(1), A2 )\(M)). Figure 3 illustrates the mean values of these arms.

1. Gaussian: M = 500, M = 3, = (0.2,0.1,0), X = (1, 10, 1000).
The high fidelity means were chosen to be a uniform grid in (0, 1). The Gaussian distribu-
tions had standard deviation 0.2.

2. Gaussian: M = 500, M = 4, 5: (1,0.5,0.2,0), )= (1,5,20,50).
The high fidelity means were sampled from a N'(0, 1) distribution. The Gaussian distribu-
tions had standard deviation 1.

3. Bernoulli: M = 200, M = 2,{ = (0.2,0), X = (1, 10).
The high fidelity means were chosen to be a uniform grid in (0.1,0.9). The Gaussian
distributions had standard deviation 1.

4. Bernoulli: M = 1000, M =5,( = (0.5,0.2,0.1,0.05,0), X = (1,3,10,30,100).
The high fidelity means were chosen to be a uniform grid in (0.1, 0. 9) The Gaussian
distributions had standard deviation 1.

In all cases above, the lower fidelity means were sampled uniformly within a +¢("™) band around

;L,(C ). In addition, for the Gaussian distributions we modified the lower fidelity means of the optimal

arm ué* ), m < M to be lower than the corresponding mean of a suboptimal arm. For the Bernoulli
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Figure 3: An illustration of the means of the arms used the simulation probelms. The top row are the Gaussian
rewards with (K, M) equal to (500, 3), (500, 4) while the second row are the Bernoulli rewards with (200, 2),
(1000, 5) respectively.

rewards, if u,(ﬁm) fell outside of (0, 1) its value was truncated. Figure 3 illustrates the mean values of
these arms.

For both MF-UCB and UCB we used p = 2 [5].
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