
Supplementary Information

A Some Useful Technical Lemmas

Lemma 1. Suppose that ε ∈ Rn has independent identically distributed components, each of which
has a sub-Gaussian distribution with parameter σ2, then

P
(
‖Bε‖∞
σ

≥ z
)
≤ 2q exp

(
− z2

2 ‖B‖22

) (
B ∈ Rq×n, z ≥ 0

)
, (A.1)

P

(
‖ε‖22
nσ2

≥ 1 + z

)
≤ exp

(
−n (z − log (1 + z))

2

)
(z ≥ 0). (A.2)

Moreover, by (A.1) we have that for B ∈ Rq×n, with probability not less than 1− 2q/m2,

‖Bε‖∞ ≤ 2σ · ‖B‖2
√

logm. (A.3)
By (A.2) we have that with probability not less than 1− exp(−4n/5),

‖ε‖2 ≤ 2σ
√
n. (A.4)

Proof. As for (A.1), let B = (Bi,j)q×n and 1 ≤ i ≤ q, it is well-known that
Bi,·ε = Bi,1ε1 +Bi,2ε2 + · · ·+Bi,nεn

is also sub-Gaussian, with parameter b2i = (B2
i,1 + · · ·+B2

i,n)σ2. Thus

P (‖Bε‖∞ ≥ z) ≤ q · max
1≤i≤q

P (|Bi,·ε| ≥ z) ≤ 2q exp

(
− z2

2b2i

)
≤ 2q exp

(
− z2

2 ‖B‖22

)
.

As for (A.2), note that for 0 ≤ ζ < 1/2,

P

(
‖ε‖22
nσ2

≥ 1 + z

)
≤ P

(
exp

(
ζ ‖ε‖22
σ2

)
≥ exp (ζn(1 + z))

)

≤ exp (−ζn(1 + z))E

[
exp

(
ζ ‖ε‖22
σ2

)]
= exp (−ζn(1 + z))

(
E
[
exp

(
ζε21
σ2

)])n
≤ exp (−ζn(1 + z)) ·

(
1

1− 2ζ

)n/2
.

Take ζ = z/(2(1 + z)) ∈ [0, 1/2), and (A.2) follows.

Lemma 2. ΣS,S � 0 if and only if ker(DSc) ∩ ker(X) ⊆ ker(DS).

Proof. Define Q = (DT
S , D

T
Sc ,
√
νXT /

√
n)T , and note that for any ξ ∈ Rs,∥∥∥∥∥

(
ξ
0
0

)
−Q

(
QTQ

)†
QT

(
ξ
0
0

)∥∥∥∥∥
2

2

=

(
ξ
0
0

)T (
Im −Q

(
QTQ

)
QT
)(ξ

0
0

)
= ξTΣS,Sξ. (A.5)

If ker(DSc) ∩ ker(X) ⊆ ker(DS), then for any ξ ∈ Rs satisfying ξTΣS,Sξ = 0, (A.5) leads to
(ξT , 0, 0)T = Qβ for some β, implying
ξ −DSβ = 0, DScβ = 0, Xβ = 0 =⇒ β ∈ ker(DSc) ∩ ker(X) ⊆ ker(DS) =⇒ ξ = DSβ = 0.

Therefore, ΣS,S � 0. Conversely, if ΣS,S � 0, then for any β ∈ ker(DSc) ∩ ker(X), since

(DSβ)
T

ΣS,S (DSβ) =

∥∥∥∥∥
(
DSβ

0
0

)
−Q

(
QTQ

)†
QT

(
DSβ

0
0

)∥∥∥∥∥
2

2

= min
β′

∥∥∥∥∥
(
DSβ

0
0

)
−Qβ′

∥∥∥∥∥
2

2

≤

∥∥∥∥∥
(
DSβ

0
0

)
−Qβ

∥∥∥∥∥
2

2

=

∥∥∥∥∥
(
DSβ

0
0

)
−

(
DSβ
DScβ√
νXβ/

√
n

)∥∥∥∥∥
2

2

= 0,

which implies DSβ = 0, i.e. β ∈ ker(DS). So ker(DSc) ∩ ker(X) ⊆ ker(DS).
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Lemma 3. Adopt the notation from (2.9) to (2.11). β ∈ L if and only if

β = V δ + Ṽ V1ξ, where δ = V Tβ, ξ = V T1 Ṽ
Tβ.

Proof. Note that

I = V V T + Ṽ Ṽ T = V V T + Ṽ
(
V1V

T
1 + Ṽ1Ṽ

T
1

)
Ṽ T .

Right multiplying β on both side leads to

β = V δ + Ṽ V1ξ + Ṽ Ṽ1

(
Ṽ T1 Ṽ

Tβ
)
. (A.6)

It suffices to show

ker
(
Ṽ T1 Ṽ

T
)

= L, which is equivalent to L′ := Im
(
Ṽ Ṽ1

)
= L⊥ (= ker(X) ∩ ker(D)) .

For any β ∈ L′, we have Xβ = 0, Dβ = 0 since XṼ Ṽ1 = 0, DṼ = 0, so β ∈ L⊥. Conversely, if
β ∈ L⊥, left multiplying D on both sides of (A.6) leads to δ = 0. Then left multiplying X on both
sides of (A.6) further leads to ξ = 0. Now (A.6) tells that β ∈ L′. So L′ = L⊥.

Lemma 4. Adopt the notation from (2.9) to (2.11). Define B := Λ2 + νV TX∗
(
I − U1U

T
1

)
XV .

We have

DA† = UΛB−1V T
(
I − 1√

n
XTU1Λ−1

1 V T1 Ṽ
T

)
. (A.7)

Consequently,
Σ =

(
I −DA†DT

)
/ν =

(
I − UΛB−1ΛUT

)
/ν. (A.8)

Proof. Note that(
V T

Ṽ T

)
A
(
V, Ṽ

)
=

(
Λ2 + νV TX∗XV νV TXTU1Λ1V

T
1 /
√
n

νV1Λ1U
T
1 XV/

√
n νV1Λ2

1V
T
1

)
= QMQT , where Q :=

(
Ir V TXTU1Λ−1

1 V T1 /
√
n

0 Ip−r

)
, M :=

(
B 0
0 νV1Λ2

1V
T
1

)
We can directly verify that (QMQT )† = (QT )−1M†Q−1, thus

DA† = D
(
V, Ṽ

)((V T
Ṽ T

)
A
(
V, Ṽ

))†(V T
Ṽ T

)
= (UΛ, 0)

(
QT
)−1

M†Q−1

(
V T

Ṽ T

)
,

which comes to be the right hand side of (A.7). Now it is easy to verify (A.8).

Lemma 5. If

K =

(
P Q
QT R

)
� 0,

then (
uT , vT

)( P Q
QT R

)(
u
v

)
≥ max

(
uT
(
P −QR†QT

)
u, vT

(
R−QTP †Q

)
v
)
. (A.9)

Moreover, for 0 ≤ λ ≤ 1, the following two statements are equivalent:

P −QR†QT � λP, (A.10)

R−QTP †Q � λR. (A.11)

And if (A.10) and (A.11) hold, then by (A.9) we have

(
uT , vT

)( P Q
QT R

)(
u
v

)
≥ max

(
λuTPu, λvTRv

)
≥ λmax

(
λmin(P ) ‖u‖22 , λmin(R) ‖v‖22

)
≥ λ

1/λmin(P ) + 1/λmin(R)

∥∥∥∥(uv
)∥∥∥∥2

2

. (A.12)
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Proof. Theorem 1.19 in [Zha06] tells that PP †Q = Q, so it is easy to verify

K =

(
I 0

QTP † I

)(
P 0
0 R−QTP †Q

)(
I P †Q
0 I

)
.

Thus(
uT , vT

)
K

(
u
v

)
=

(
u+ P †Rv

v

)T (
P 0
0 R−QTP †Q

)(
u+ P †Rv

v

)
≥ vT

(
R−QTP †Q

)
v.

Similarly we can obtain another inequality.

If (A.10) holds, then

P †1/2QR†1/2 ·R†1/2QTP †1/2 � (1− λ)P †1/2PP †1/2 � (1− λ)I

=⇒ R†1/2QTP †1/2 ·P †1/2QR†1/2 � (1−λ)I =⇒ R1/2R†1/2QTP †QR†1/2R1/2 � (1−λ)R.

By Theorem 1.19 in [Zha06] we have QR†1/2R1/2 = Q, thus QTP †Q � (1 − λ)R, i.e. (A.11)
holds. Similarly (A.11) implies (A.10).

Lemma 6. Adopt the notation from (2.9) to (2.11). If (2.2) holds, then (2.6) holds for λΣ = λH . On
the other hand, if (2.6) holds, then (2.2) holds for

λH =
λΣλ

2
D

λ2
D + (νΛ2

X + Λ2
D) (1/ (λ2

D) + 1/ (νλ2
1))

.

Proof. If (2.2) holds, note that

H(β,S),(β,S) = QMQT , where Q :=

(
Ip 0

−DSA
† Is

)
, M :=

(
A/ν 0

0 ΣS,S

)
. (A.13)

So the left hand side of (2.2) can be written as(
β −A†DT

S γS
γS

)T (
A/ν 0

0 ΣS,S

)(
β −A†DT

S γS
γS

)
.

Taking β = A†DT
S γS ∈ L, it becomes γTSΣS,SγS , which is not less than λH ‖γS‖22 for any γS ∈ Rs.

So ΣS,S � λHI .

On the other hand, if (2.6) holds, since

HS,S −HS,βH
†
β,βHβ,S = ΣS,S � λΣI = λΣν ·HS,S , (A.14)

by (A.12) we have(
βT , γTS

)
·H(β,S),(β,S) ·

(
β
γS

)
≥ λΣν · γTSHS,SγS = λΣ ‖γS‖22 .

By Lemma 3, let β = V δ + Ṽ V1ξ. By Lemma 5 and (A.14), we know Hβ,β −Hβ,SH
†
S,SHS,β �

λΣν ·Hβ,β , and(
βT , γTS

)
·H(β,S),(β,S) ·

(
β
γS

)
≥ λΣν · βTHβ,ββ

= λΣ

(
δT , ξT

)(Λ2 + νV TX∗XV νV TX∗XṼ V1

νV T1 Ṽ
TX∗XV νV T1 Ṽ

TX∗XṼ V1

)(
δ
ξ

)
:= λΣ

(
δT , ξT

)( P Q
QT R

)(
δ
ξ

)
.

We have

P −QR†QT = Λ2 + νV TX∗(I − U1U
T
1 )XV � λ2

DI �
λ2
D

νΛ2
X + Λ2

D

P.

Thus by (A.12),(
δT , ξT

)( P Q
QT R

)(
δ
ξ

)
≥ λ2

D

νΛ2
X + Λ2

D

· 1

1/λmin(P ) + 1/λmin(R)

(
‖δ‖22 + ‖ξ‖22

)
≥ λ2

D

(νΛ2
X + Λ2

D) (1/λ2
D + 1/(νλ2

1))
‖β‖22 .
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Concluding the results above, we get∥∥∥∥( βγS
)∥∥∥∥2

2

= ‖β‖22 + ‖γS‖22

≤ 1

λΣ

(
1 +

(
νΛ2

X + Λ2
D

) (
1/λ2

D + 1/
(
νλ2

1

))
λ2
D

)
·
(
βT , γTS

)
·H(β,S),(β,S) ·

(
β
γS

)
.

Thus (2.2) holds for

λH =
λΣλ

2
D

λ2
D + (νΛ2

X + Λ2
D) (1/ (λ2

D) + 1/ (νλ2
1))

.

Lemma 7. When ΣS,S � 0, we have

HSc,(β,S)H
†
(β,S),(β,S) =

(
−DScA

† + ΣSc,SΣ−1
S,SDSA

†, ΣSc,SΣ−1
S,S

)
. (A.15)

Consequently, for any ρ ∈ [−1, 1]s, we have

sup
ρ∈[−1,1]s

∥∥∥∥HSc,(β,S)H
†
(β,S),(β,S) ·

(
0
ρ

)∥∥∥∥
∞

= sup
ρ∈[−1,1]s

∥∥∥ΣSc,SΣ−1
S,S · ρ

∥∥∥
∞

=
∥∥∥ΣSc,SΣ−1

S,S

∥∥∥
∞
.

Proof. By (A.13), we know

rank
(
H(β,S),(β,S)

)
= rank

((
A/ν 0

0 ΣS,S

))
= rank(A) + rank (ΣS,S) = rank (Hβ,β) + rank (HS,S) .

Then by Theorem 1.21 in [Zha06], we have that

H†(β,S),(β,S) =

(
νA† +A†DT

SΣ−1
S,SDSA

† A†DT
SΣ−1

S,S

Σ−1
S,SDSA

† Σ−1
S,S

)
.

By HSc,(β,S) = (−DSc/ν, 0) and −DScA
†DS/ν = ΣSc,S , we are done.

B Proof of Theorem 1

Proof of Theorem 1. By definition, we have IC0 ≥ ‖ΩSsign(DSβ
?)‖∞ ≥ IC1. Now we prove

IRR(0) exists and IRR(0) = IC0. Let M := Λ−1V TX∗(I − U1U
T
1 )XV Λ−1. When ν is small, by

(A.8),

νΣ = I − UΛB−1ΛUT = I − U (I + νM)
−1
UT

= I − U
(
I − νM +O

(
ν2
))
UT = I − UUT + νUMUT +O

(
ν2
)

=⇒ νΣSc,S = −UScUTS +νUScMUTS +O
(
ν2
)
, νΣS,S = I−USUTS +νUSMUTS +O

(
ν2
)
.

Let F := I − USUTS and F = U ′Λ′U ′T be the “compact” eigendecomposition of F (Λ′ � 0). Let
G := USMUTS . Suppose (U ′, Ũ ′) is an orthogonal square matrix, and

K =

(
K1 K2

KT
2 K3

)
:=

(
U ′T

Ũ ′T

)
G
(
U ′, Ũ ′

)
.

By F + νG � 0, we have K3 � 0. Now

F + νG =
(
U ′, Ũ ′

)(Λ′ + νK1 νK2

νKT
2 νK3

)(
U ′T

Ũ ′T

)
.

Define Qν = K3 − νKT
2 (Λ′ + νK1)−1K2, Rν = KT

2 (Λ′ + νK1)−1, and we can calculate

(F + νG)−1 =
(
U ′, Ũ ′

)(
(Λ′ + νK1)−1 + νRTνQ

−1
ν Rν −RTνQ−1

ν

−Q−1
ν Rν Qν/ν

)(
U ′T

Ũ ′T

)
.
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Note that Qν → K3, Rν → KT
2 Λ′−1, and note that

UTScUScU
T
S Ũ
′ =

(
I − UTS US

)
UTS Ũ

′ = UTS
(
I − USUTS

)
Ũ ′ = UTS U

′Λ′ · U ′T Ũ ′ = 0

=⇒
(
UScU

T
S Ũ
′
)T

UScU
T
S Ũ
′ = 0 =⇒ UScU

T
S Ũ
′ = 0. (B.1)

Combining it with the representation of (F + νG)−1,

− UScUTS Σ−1
S,S

.
= UScU

T
S (F + νG)−1

= −
(
UScU

T
S U
′, 0
)((Λ′ + νK1)−1 + νRTνQ

−1
ν Rν −RTνQ−1

ν

−Q−1
ν Rν ?

)(
U ′T

Ũ ′T

)
→
(
−UScUTS U ′Λ′−1, UScU

T
S U
′Λ′−1K2K

−1
3

)(U ′T
Ũ ′

)
= −UScUTS U ′Λ′−1

(
U ′T −K2K

−1
3 Ũ ′T

)
.

Besides,

νUScMUTS Σ−1
S,S

.
= UScMUTS · ν (F + νG)

−1 → UScMUTS Ũ
′K−1

3 Ũ ′T .

So when ν → 0,

ΣSc,SΣ−1
S,S → −UScU

T
S U
′Λ′−1

(
U ′T −K2K

−1
3 Ũ ′T

)
+ UScMUTS Ũ

′K−1
3 Ũ ′T

= −UScUTS U ′Λ′−1U ′T + USc
(
UTS U

′Λ′−1U ′TUS + I
)
MUTS Ũ

′K−1
3 Ũ ′T

= −DScV Λ−1UTS U
′Λ′−1U ′T +DScV Λ−1

(
I + UTS U

′Λ′−1U ′TUS
)
MUTS Ũ

′K−1
3 Ũ ′T .

The infinity norm of the right hand side is IRR(0). On the other hand,

IC0 =
∥∥∥DSc

(
DT
ScDSc

)† (
X∗XW

(
WTX∗XW

)†
WT − I

)
DT
S

∥∥∥
∞
.

In order to prove IRR(0) = IC0, it suffices to show(
X∗XW

(
WTX∗XW

)†
WT − I

)
DT
S = −DT

ScDScV Λ−1UTS U
′Λ′−1U ′T

+DT
ScDScV Λ−1

(
I + UTS U

′Λ′−1U ′TUS
)
MUTS Ũ

′K−1
3 Ũ ′T .

The first term of the right hand side is

− V ΛUTScUScU
T
S U
′Λ′−1U ′T = −V Λ

(
I − UTS US

)
UTS U

′Λ′−1U ′T

= −V ΛUTS
(
I − USUTS

)
U ′Λ′−1U ′T = −V ΛUTS U

′Λ′U ′TU ′Λ′−1U ′T = −DT
SU
′U ′T ,

while by the fact that(
I − UTS US

) (
I + UTS U

′Λ′−1U ′TUS
)

= I − UTS US + UTS U
′Λ′−1U ′TUS − UTS USUTS U ′Λ′−1U ′TUS

= I − UTS US + UTS
(
I − USUTS

)
U ′Λ′−1U ′TUS

= I − UTS US + UTS U
′U ′TUS = I − UTS Ũ ′Ũ ′TUS ,

the second term becomes

V ΛUTScUSc
(
I + UTS U

′Λ′−1U ′TUS
)
MUTS Ũ

′K−1
3 Ũ ′T

= V Λ
(
I − UTS US

) (
I + UTS U

′Λ′−1U ′TUS
)
MUTS Ũ

′K−1
3 Ũ ′T

= V Λ
(
I − UTS Ũ ′Ũ ′TUS

)
MUTS Ũ

′K−1
3 Ũ ′T

= V ΛMUTS Ũ
′K−1

3 Ũ ′T − V ΛUTS Ũ
′ · Ũ ′TUSMUTS Ũ

′ ·K−1
3 Ũ ′T

= X∗
(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′K−1
3 Ũ ′ −DT

S Ũ
′ ·K3 ·K−1

3 Ũ ′T

= X∗
(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′K−1
3 Ũ ′T −DT

S Ũ
′Ũ ′T .
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So it suffices to show

X∗XW
(
WTX∗XW

)†
WTDT

S = X∗
(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′K−1
3 Ũ ′T ,

which is equivalent to

X∗
(
XWWTX∗

)†
XWWTDT

S = X∗
(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′K−1
3 Ũ ′T . (B.2)

First we prove
ker (USc) = Im

(
UTS Ũ

′
)
. (B.3)

In fact, by (B.1) we have Im(UTS Ũ
′) ⊆ ker(USc). For any ζ ∈ ker(USc), we have (I − UTS US)ζ =

UTScUScζ = 0. Let
ζ = UTS ζ1 + ζ2, ζ2 ∈ ker(US),

then

0 = (I − UTS US)(UTS ζ1 + ζ2) = ζ2 + (I − UTS US)UTS ζ1 = ζ2 + UTS (I − USUTS )ζ1,

which implies ζ2 ∈ Im(UTS ). But ζ2 ∈ ker(US), then ζ2 = 0, and 0 = (I − UTS US)UTS ζ1 =

UTS (I − USUTS )ζ1 = UTS U
′Λ′U ′T ζ1. Assume that ζ1 = U ′ζ3 + Ũ ′ζ̃3, then UTS U

′Λ′ζ3 = 0. Thus

0 = USU
T
S U
′Λ′ζ3 =

(
I − U ′Λ′U ′T

)
U ′Λ′ζ3 = U ′Λ′ (I − Λ′) ζ3 =⇒ (I − Λ′) ζ3 = 0

=⇒ USU
T
S U
′ζ3 = U ′ (I − Λ′) ζ3 = 0 =⇒

(
UTS U

′ζ3
)T
UTS U

′ζ3 = 0 =⇒ UTS U
′ζ3 = 0

=⇒ β = UTS ζ1 = UTS U
′ζ3 + UTS Ũ

′ζ̃3 = UTS Ũ
′ζ̃3 ∈ Im

(
UTS Ũ

′
)
.

So (B.3) holds. Now for any β ∈ Rp, let β = V δ+ Ṽ δ̃, then β ∈ ker(DSc) if and only if UScΛδ = 0,
which means δ ∈ Λ−1 ker(USc) = Im(Λ−1UTS Ũ

′). So

ker (DSc) = Im (J) + Im
(
Ṽ
)
, where J := V Λ−1UTS Ũ

′.

Since Ṽ TV = 0, the linear subspaces spanned by J and Ṽ are orthogonal, and we have

WWT = J
(
JTJ

)†
JT + Ṽ Ṽ T .

Noting Ṽ TV = 0, Ṽ TX∗(I − U1U
T
1 ) = 0, we have

X∗
(
XWWTX∗

)†
XWWTDT

S Ũ
′Ũ ′TK3

= X∗
(
XWWTX∗

)†
XJ

(
JTJ

)†
JTV ΛUTS Ũ

′Ũ ′TK3

= X∗
(
XWWTX∗

)†
XJ

(
JTJ

)† · Ũ ′TUSUTS Ũ ′ · Ũ ′TUSMUTS Ũ
′

= X∗
(
XWWTX∗

)†
XJ

(
JTJ

)† · Ũ ′TUSMUTS Ũ
′

= X∗
(
XWWTX∗

)†
XJ

(
JTJ

)†
JTX∗

(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′

= X∗
(
XWWTX∗

)† (
XWWTX∗

) (
I − U1U

T
1

)
XJ.

Since (XWWTX∗)†(XWWTX∗) is the projection matrix onto the linear subspace Im(XW ) =

Im(XṼ ) + Im(XJ) = Im(U1) + Im(XJ), and (I − U1U
T
1 )XJ = XJ − U1 · UT1 XJ lies in this

subspace, the last term above becomes X∗
(
I − U1U

T
1

)
XJ . Therefore, we get

X∗
(
XWWTX∗

)†
XWWTDT

S Ũ
′K3 = X∗

(
I − U1U

T
1

)
XJ

⇐⇒ X∗
(
XWWTX∗

)†
XWWTDT

S Ũ
′ = X∗

(
I − U1U

T
1

)
XV Λ−1UTS Ũ

′K−1
3 .

Now to prove (B.2), it suffices to show

X∗
(
XWWTX∗

)†
XWWTDT

S

(
I − Ũ ′Ũ ′T

)
= 0⇐= WWTDT

SU
′U ′T = 0

⇐= J
(
JTJ

)†
JTDT

SU
′ = 0⇐= JTDT

SU
′ = 0⇐= Ũ ′TUSΛ−1V T · V ΛUTS U

′ = 0

⇐= Ũ ′TUSU
T
S U
′ = 0⇐= Ũ ′T

(
I − U ′Λ′U ′T

)
U ′ = 0,
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which is surely true since Ũ ′TU ′ = 0. Then IRR(0) = IC0 is proved.

Now we turn to IRR(∞). Let M = U ′′Λ′′U ′′T be the compact eigendecomposition of M , and
(U ′′, Ũ ′′) is an orthogonal square matrix. Then

νΣ = I − U (I + νM)
−1
UT

= I − U
(
U ′′, Ũ ′′

)((U ′′T
Ũ ′′T

)
(I + νM)

(
U ′′, Ũ ′′

))−1(
U ′′T

U ′′T

)
UT

= I − U
(
U ′′, Ũ ′′

)(
I + νΛ′′ 0

0 I

)−1(
U ′′T

Ũ ′′T

)
UT

= I − UU ′′ (I + νΛ′′)
−1
U ′′TUT − UŨ ′′Ũ ′′TUT → I − UŨ ′′Ũ ′′TUT

when ν → +∞. Besides, νΣS,S → I − USŨ ′′Ũ ′′TUTS , and this limit � νΣS,S � 0 for any ν > 0.
Thus ΣSc,SΣ−1

S,S has limit when ν → +∞.

Now we study when IRR(∞) = 0. The underlying existence of Σ−1
S,S requires ΣS,S � 0, which is

equivalent to ker(DSc) ∩ ker(X) ⊆ ker(DS) by Lemma 2. Let

DT
S = XTC1 +DT

ScC2, which implies UTS = Λ−1V TXTC1 + UTScC2.

Then 0 = Ṽ TDT
S = Ṽ TXTC1 + 0 =

√
nV1Λ1U

T
1 C1, which implies UT1 C1 = 0. So for N =

Λ−1V TXT (I − U1U
T
1 )/
√
n, we have

NC1 = Λ−1V TXTC1/
√
n.

Then IRR(∞) = 0 ⇐⇒ −UScŨ ′′Ũ ′′TUTS = 0 ⇐⇒ −USc(I −MM†)UTS = 0. By M = NNT ,
the equation is further equivalent to

− USc
(
I −NN†

)
UTS = 0⇐⇒ −USc

(
I −NN†

) (
Λ−1V TXC1 + UTScC2

)
= 0

⇐⇒ −USc
(
I −NN†

) (√
nNC1 + UTScC2

)
= 0

⇐⇒ −USc
(
I −NN†

)
UTScC2 = 0⇐⇒ CT2 USc

(
I −NN†

)
·
(
I −NN†

)
UTScC2 = 0

⇐⇒
(
I −NN†

)
UTScC2 = 0⇐⇒ Im(UTScC2) ⊆ Im(N).

It suffices to show that the last property holds if and only if ker(X) ⊆ ker(DS) or, equivalently,
Im(DT

S ) ⊆ Im(XT ). In fact, if Im(DT
S ) ⊆ Im(XT ), then C2 can be set 0 in the beginning, and

Im(UTScC2) = Im(0) ⊆ Im(N). If Im(UTScC2) ⊆ Im(N), let UTScC2 = NC3, then

DT
ScC2 = V ΛUTScC2 = V V TXT

(
I − U1U

T
1

)
C3/
√
n

=
(
V V T + Ṽ Ṽ T

)
XT

(
I − U1U

T
1

)
C3/
√
n = XT

(
I − U1U

T
1

)
C3/
√
n,

and hence DT
S = XTC1 + DT

ScC2 = XT (C1 + (I − U1U
T
1 )C3/

√
n), which implies Im(DT

S ) ⊆
Im(XT ). We have finished the proof of that IRR(∞) = 0 if and only if ker(X) ⊆ ker(DS).

C Split Linearized Inverse Scale Space (Split LBISS) as the Limit Dynamics
of Split LBI

Now we focus on a differential inclusion called Split Linearized Bregman Inverse Scale Space (Split
LBISS), the limit dynamics of Split LBI when the step size α→ 0. This dynamics helps us understand
the behavior of Split LBI, and the proof on sign consistency as well as `2 consistency of Split LBISS
can be rewritten into a discrete version then applied to Split LBI with slight modifications.

First, noting that

ρ ∈ ∂ ‖γ‖1 , z = ρ+ γ/κ ⇐⇒ γ = κS(z, 1), ρ = z − S(z, 1), (C.1)
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we have an equivalent form of Split LBI as follows.
βk+1/κ = βk/κ− α∇β` (βk, γk) , (C.2a)

ρk+1 + γk+1/κ = ρk + γk/κ− α∇γ` (βk, γk) , (C.2b)
ρk ∈ ∂ ‖γk‖1 , (C.2c)

where ρ0 = γ0 = 0 ∈ Rm, β0 = 0 ∈ Rp. By letting ρ(kα) = ρk, γ(kα) = γk, β(kα) = βk and
α→ 0, the iteration above can be viewed as a forward Euler discretization to the following inclusion
called Split Linearized Bregman Inverse Scale Space (Split LBISS).

β̇(t)/κ = −∇β` (β(t), γ(t)) = −X∗ (Xβ(t)− y)−DT (Dβ(t)− γ(t)) /ν, (C.3a)
ρ̇(t) + γ̇(t)/κ = −∇γ` (β(t), γ(t)) = − (γ(t)−Dβ(t)) /ν, (C.3b)

ρ(t) ∈ ∂ ‖γ(t)‖1 , (C.3c)

where ρ(t), β(t), γ(t) are right continuously differentiable, with ρ̇(t), β̇(t), γ̇(t) denoting the right
derivatives in t of ρ(t), β(t), γ(t) respectively, and ρ(0) = γ(0) = 0 ∈ Rm, β(0) = 0 ∈ Rp.

The following inclusion called Split Inverse Scale Space (Split ISS) can be viewed as the limit of Split
LBISS when κ→ +∞.

0 = −∇β` (β(t), γ(t)) = −X∗ (Xβ(t)− y)−DT (Dβ(t)− γ(t)) /ν, (C.4a)
ρ̇(t) = −∇γ` (β(t), γ(t)) = − (γ(t)−Dβ(t)) /ν, (C.4b)
ρ(t) ∈ ∂ ‖γ(t)‖1 , (C.4c)

where ρ(t) is right continuously differentiable, β(t), γ(t) are right continuous, and ρ(0) = γ(0) =
0 ∈ Rm, β(0) = 0 ∈ Rp. Besides, we require “β(t) ∈ L”, since replacing β(t) with “the projection
of β(t) onto L” does not disturb (C.4a) to (C.4c). (C.4) coincides with the differential inclusion
proposed in Chapter 8 of [Moe12], there the authors introduced it from another aspect.

The following propositions establish the solution existence and uniqueness of Split (LB)ISS, in almost
the same way as [Osh+16].
Proposition 1 (Solution existence and uniqueness for Split (LB)ISS).

1. As for Split ISS (C.4), assume that ρ(t) is right continuously differentiable and β(t), γ(t)
is right continuous. Then a solution exists for t ≥ 0, with piecewise linear ρ(t) and
piecewise constant β(t), γ(t). Besides, ρ(t) is unique. If additionally ΣS(t),S(t) � 0 for
0 ≤ t ≤ τ , where Σ is defined in (2.5) and S(t) := supp(γ(t)), then β(t), γ(t) are unique
for 0 ≤ t ≤ τ .

2. As for Split LBISS (C.3), assume that ρ(t), β(t) are right continuously differentiable. Then
a solution exists for t ≥ 0.

Proof of proposition 1. For Split ISS, by (C.4a) and the fact that β(t) ∈ L = Im(XT ) + Im(DT ) =
Im(A) = Im(A†), we can solve β(t) = A†(νX∗y+DT γ(t)) which is determined by γ(t). Plugging
it into (C.4b) we have

ρ̇(t) + γ̇(t)/κ = −Σγ(t) +DA†X∗y.

Taking M = Ip+m − (
√
ν/nXT , DT )†(

√
ν/nXT , DT ) in Theorem 1.19 in [Zha06] leads to

DA†X∗ = ΣΣ†
(
DA†X∗

)
= Σ1/2Σ†1/2 (DAX∗) .

The inclusion becomes

ρ̇(t) + γ̇(t)/κ = −Σ1/2
(

Σ1/2γ(t)− Σ†1/2DA†X∗y
)
,

which is a standard ISS (on γ(t)) and has been sufficiently discussed in [Osh+16] (let X, y in that
paper take

√
nΣ1/2 and

√
nΣ†1/2DA†X∗y in this paper). Specifially, there exists a solution with

piecewise linear ρ(t) and piecewise constant β(t), γ(t). Besides, ρ(t) is unique. If additionally, when
ΣS(t),S(t) � 0, we have that Σ·,S(t) has full column rank, and γ(t) (hence β(t)) is unique.

For Split LBISS, letting z(t) = ρ(t) +γ(t)/κ and noting (C.1), the Split LBISS (C.3) is equivalent to(
β̇(t)
ż(t)

)
= −

(
−κX∗ (Xβ(t)− y)− κDT (Dβ(t)− κS(z(t), 1)) /ν

− (κS(z(t), 1)−Dβ(t)) /ν

)
.

The Picard-Lindelöf Theorem implies that this ODE has a unique solution (β(t), z(t)), so there exists
a unique solution to the Split LBISS (C.3).
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Besides, for the loss function defined in (1.3), we have the following property.

Proposition 2 (Non-increasing ` along the solutions of Split (LB)ISS and LBI).

1. For a solution (ρ(t), β(t), γ(t)) of Split ISS (C.4), `(β(t), γ(t)) is non-increasing in t.

2. For a solution (ρ(t), β(t), γ(t)) of Split LBISS (C.3), `(β(t), γ(t)) is non-increasing in t.

3. For a solution (ρk, βk, γk) of Split LBI (C.2), `(βk, γk) is non-increasing in k, if

κα‖H‖2 ≤ 2. (C.5)

Moreover, one can prove ‖H‖2 ≤ 2
(
1 + νΛ2

X + Λ2
D

)
/ν, so (C.5) holds if

κα ≤ ν/(1 + νΛ2
X + Λ2

D). (C.6)

Proof of proposition 2. For Split ISS, one can easily imitates the technique in the proof of Theorem
2.1 in [Osh+16] to show that (β(t), γ(t)) is the solution of the following optimization problem.

min
β,γ

` (β(t), γ(t))

subject to


γj ≥ 0, if ρj(t) = 1,

γj ≤ 0, if ρj(t) = −1,

γj = 0, if ρj(t) ∈ (−1, 1).

(C.7)

for any t > 0, due to the continuity of ρ(·), there is a small neighborhood of t, on which every τ
satisfies 

ρj (τ) > −1 hence γj (τ) ≥ 0, if ρj(t) = 1,

ρj (τ) < 1 hence γj (τ) ≥ 0, if ρj(t) = −1,

ρj (τ) ∈ (−1, 1) hence γj (τ) = 0, if ρj(t) ∈ (−1, 1).

That is to say, (β(τ), γ(τ)) satisfies the constraints in (C.7), so the value of `(β(τ), γ(τ)) is not less
than `(β(t), γ(t)), namely the minimum of (C.7). This implies that any t ≥ 0 is a local minimal point
of a right continuous function `(β(·), γ(·)). Then by standard techniques in mathematical analysis,
we have that `(β(t), γ(t)) is non-increasing.

For Split LBISS, by (C.3c), we have γ̇j(t) · ρ̇j(t) ≡ 0 for each j, so ` is non-increasing since

d

dt
`(β(t), γ(t)) =

〈(
β̇(t)
γ̇(t)

)
,

(
∇β` (β(t), γ(t))
∇γ` (β(t), γ(t))

)〉
=

〈(
β̇(t)
γ̇(t)

)
,

(
−β̇(t)/κ

−ρ̇(t)− γ̇(t)/κ

)〉
=

1

κ

∥∥∥∥(β̇(t)
γ̇(t)

)∥∥∥∥2

2

≤ 0.

For Split LBI, noting (ρk+1−ρk)(γk+1−γk) = ‖ρk+1‖1−〈ρk+1, γk〉+‖γk+1‖1−〈ρk, γk+1〉 ≥ 0,
we have

− α∇` (βk, γk)
T

(
βk+1 − βk
γk+1 − γk

)
=

((
0

ρk+1 − ρk

)
+

1

κ

(
βk+1 − βk
γk+1 − γk

))(
βk+1 − βk
γk+1 − γk

)
≥ 1

κ

∥∥∥∥(βk+1 − βk
γk+1 − γk

)∥∥∥∥2

2

.

By κα‖H‖2 < 2, we have

` (βk+1, γk+1)− ` (βk, γk)

= ∇` (βk, γk)
T

(
βk+1 − βk
γk+1 − γk

)
+

1

2

(
βTk+1 − βTk , γTk+1 − γTk

)
H

(
βk+1 − βk
γk+1 − γk

)
≤ − 1

κα

∥∥∥∥(βk+1 − βk
γk+1 − γk

)∥∥∥∥2

2

+
‖H‖2

2
·
∥∥∥∥(βk+1 − βk

γk+1 − γk

)∥∥∥∥2

2

≤ 0.
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Moreover, it is easy to verify that

(
βT , γT

)
H

(
β
γ

)
=

1

n
‖Xβ‖22 +

1

ν
‖Dβ − γ‖22 ≤

2

n
‖Xβ‖22 +

2

ν
‖Dβ‖22 + 2 ‖γ‖22

≤
2
(
1 + νΛ2

X + Λ2
D

)
ν

∥∥∥∥(βγ
)∥∥∥∥2

2

((
β
γ

)
∈ Rm+p

)
,

=⇒ ‖H‖2 ≤
2
(
1 + νΛ2

X + Λ2
D

)
ν

. (C.8)

D Oracle Properties: the Key to Prove Consistency

The key to our analysis for Split LBISS and LBI is to deal with the Oracle properties, i.e. properties
assuming S is known. First, let (βo, γo) form an Oracle solution of minimizing `, namely

(βo, γo) ∈ arg min
β,γ

γSc=0

` (β, γ) . (D.1)

which implies

∇β` (βo, γo) = X∗ (Xβo − y) +DT (Dβo − γo) /ν = 0,

∇γS ` (βo, γo) = (γoS −DSβ
o) /ν = 0.

(D.2)

Obviously `(PLβo, γo) = `(βo, γo), thus we can assume that βo ∈ L, and actually

(βo, γo) ∈ arg min
β,γ

β∈L, γSc=0

` (β, γ) . (D.3)

D.1 Oracle Dynamics of Split LBISS

Define the Oracle Dynamics of Split LBISS (C.3) as

ρ′Sc(t) = γ′Sc(t) ≡ 0, (D.4a)

β̇′(t)/κ = −X∗ (Xβ′(t)− y)−DT (Dβ′(t)− γ′(t)) /ν, (D.4b)

ρ̇′S(t) + γ̇′S(t)/κ = − (γ′S(t)−DSβ
′(t)) /ν, (D.4c)

ρ′S(t) ∈ ∂ ‖γ′S(t)‖1 , (D.4d)

where ρ′S(0) = γ′S(0) = 0 ∈ Rs, β′(0) = 0 ∈ Rp. Besides, we require “β′(t) ∈ L”. This dynamics
can be viewed as an Oracle version of Split LBISS (C.3), with S known and ρSc(t), γSc(t) set to be
0. We first expect and prove (β′(t), γ′(t)) converges to (βo, γo) as t evolves. Let

dβ(t) := β′(t)− βo, dγ(t) := γ′(t)− γo, d(t) =

√
‖dγ,S(t)‖22 + ‖dβ(t)‖22. (D.5)

Adding (D.2) to (D.4b) and (D.4c), the Oracle Dynamics can be reformulated as

ρ′Sc(t) = γ′Sc(t) ≡ 0, (D.6a)(
0

ρ̇′S(t)

)
+

1

κ

(
β̇′(t)
γ̇′S(t)

)
= −H(β,S),(β,S)

(
dβ(t)
dγ,S(t)

)
, (D.6b)

ρ′S(t) ∈ ∂ ‖γ′S(t)‖1 , (D.6c)

Define the potential function of the Oracle Dynamics (D.6) as

Ψ(t) := Dρ′S(t) (γoS , γ
′
S(t)) + d(t)2/(2κ),

where d(t) is defined in (D.5), and the Bregman distance

Dρ′S(t) (γoS , γ
′
S(t)) := ‖γoS‖1 − ‖γ

′
S(t)‖1 − 〈γ

o
S − γ′S(t), ρ′S(t)〉 = ‖γoS‖1 − 〈γ

o
S , ρ
′
S(t)〉 .
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Lemma 8 (Generalized Bihari’s inequality). For all t ≥ 0 we have

d

dt
Ψ(t) ≤ −λHF−1 (Ψ(t)) ,

where γomin := min(|γoj | : γoj 6= 0), and

F (x) :=
x

2κ
+


0, 0 ≤ x < (γomin)2,

2x/γomin, (γomin)2 ≤ x < s(γomin)2,

2
√
sx, x ≥ s(γomin)2,

F−1(x) := inf(y : F (y) ≥ x) (y ≥ 0).

Proof of Lemma 8. Since (
β′(t)
γ′(t)

)
,

(
βo

γo

)
∈ L⊕ Rs ⊕ {0}m−s,

by (D.3) and Pythagorean Theorem,

` (β′(t), γ′(t)) =
1

2n

∥∥∥∥(y0
)
−
(

X 0

−
√
n/νD Im

)(
β′(t)
γ′(t)

)∥∥∥∥2

2

=
1

2n

∥∥∥∥( X 0

−
√
n/νD Im

)(
β′(t)
γ′(t)

)
−
(

X 0

−
√
n/νD Im

)(
βo

γo

)∥∥∥∥2

2

+
1

2n

∥∥∥∥(y0
)
−
(

X 0

−
√
n/νD Im

)(
βo

γo

)∥∥∥∥2

2

= L(t) + constant (independent of t), (D.7)

where

L(t) :=
1

2n

∥∥∥∥( X 0

−
√
n/νD Im

)(
dβ(t)
dγ(t)

)∥∥∥∥2

2

=
1

2

(
dβ(t)T , dγ(t)T

)
H

(
dβ(t)
dγ(t)

)
=

1

2

(
dβ(t)T , dγ,S(t)T

)
H(β,S),(β,S)

(
dβ(t)
dγ,S(t)

)
. (D.8)

Noting γj(t) · ρ̇j(t) ≡ 0 for each j, by (D.6c) and (D.8) we have

d

dt
Ψ(t) = 〈−γoS , ρ̇′S(t)〉+ dγ,S(t)T γ̇S(t)/κ+ dβ(t)T β̇′(t)/κ

=

〈(
dβ(t)
dγ,S(t)

)
,

(
0

ρ̇′S(t)

)
+

1

κ

(
β̇′(t)
γ̇′S(t)

)〉
= −2L(t).

(D.9)

Thus it suffices to show

F

(
2

λH
L(t)

)
≥ Ψ(t).

Since ‖γoS‖1 − 〈γoS , ρ′S(t)〉 = 0 if ‖γ′S(t)− γoS‖22 < (γomin)2, and

‖γoS‖1 − 〈γ
o
S , ρ
′
S(t)〉 ≤ 2

∑
j∈N(t)

∣∣γoj ∣∣ (N(t) :=
{
j : sign

(
γ′j(t)

)
6= sign

(
γoj
)})

≤


2

γomin

∑
j∈N(t)

(γoj )2 ≤ 2

γomin

‖γ′S(t)− γoS‖
2
2

2

√
s
∑

j∈N(t)

(γoj )2 ≤ 2

√
s ‖γ′S(t)− γoS‖

2
2.

Thus
Ψ(t)− 1

2κ

(
‖dγ,S(t)‖22 + ‖dβ(t)‖22

)
≤ F

(
‖dγ,S(t)‖22

)
− 1

2κ
‖dγ,S(t)‖22 .
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It suffice to show

F

(
2

λH
L(t)

)
≥ F

(
‖dγ,S(t)‖22

)
+

1

2κ
‖dβ(t)‖22 ,

which is true since by Assumption 1

2L(t) =
(
dβ(t)T , dγ,S(t)T

)
·H(β,S),(β,S) ·

(
dβ(t)
dγ,S(t)

)
≥ λH · d(t)2, (D.10)

and by F (·+ x) ≥ F (·) + x/(2κ)

F
(
d(t)2

)
= F

(
‖dβ(t)‖22 + ‖dγ,S(t)‖22

)
≥ F

(
‖dγ,S(t)‖22

)
+

1

2κ
‖dβ(t)‖22 .

Proposition 3. Let γomin := min(|γoj | : γoj 6= 0). For

t ≥ τ∞(µ) :=
1

κλH
log

1

µ
+

2 log s+ 4 + d(0)/κ

λHγomin

(0 < µ < 1), (D.11)

we have
d(t) ≤ µγomin (=⇒ sign (γ′S(t)) = sign (γoS)) , if γoj 6= 0 for j ∈ S. (D.12)

For t ≥ 0, we have

d(t) ≤ min

4
√
s+ d(0)/κ

λHt
,

√
2 (1 + νΛ2

X + Λ2
D)

λHν
· d(0)

 . (D.13)

Proof of Proposition 3. Noting (D.7) and that `(β′(t), γ′(t)) is non-increasing, we know L(t) is
non-increasing. (D.9) tells that Ψ(t) is non-increasing since L(t) ≥ 0. If L(t) = 0 for t = τ∞(µ),
by (D.10) and the fact that L(t) is non-increasing, we have

d(t)2 ≤ 2

λH
L(t)2 = 0 (t ≥ τ∞(µ)) .

Therefore (D.12) holds for t ≥ τ∞(µ). Now assume that L(t) > 0 for t = τ∞(µ) (and hence for
0 ≤ t ≤ τ∞(µ)), then Ψ(t) is strictly decreasing on [0, τ∞(µ)]. Besides, F is strictly increasing and
continuous on [(γomin)2,+∞). Moreover,

F
(
d(0)2

)
≥ F

(
‖γoS‖

2
2

)
+ ‖βo‖22 /(2κ) ≥ Ψ(0),

d(0)2 ≥ ‖γoS‖
2
2 ≥ s (γomin)

2
,

If there does not exist some t ≤ τ∞(µ) satisfying (D.12), then for 0 ≤ t ≤ τ∞(µ),

Ψ (t)

{
≥ d (t)

2
/(2κ) ≥ µ2 (γomin)

2
/(2κ) > 0, if κ < +∞,

> 0, if κ = +∞,
which also implies that F−1(Ψ(t)) > 0. By Lemma 8,

λHτ∞(µ) ≤
∫ τ∞(µ)

0

− d
dtΨ(t)

F−1 (Ψ(t))
dt =

∫ Ψ(0)

Ψ(τ∞(µ))

dx

F−1(x)

≤

(∫ (γomin)2/(2κ)

µ2(γomin)
2
/(2κ)

+

∫ F((γomin)2)

(γomin)
2
/(2κ)

+

∫ F(s(γomin)2)

F
(
(γomin)

2
) +

∫ F(d(0)2)

F
(
s(γomin)

2
)
)

dx

F−1(x)

≤
∫ (γomin)2/(2κ)

µ2(γomin)
2
/(2κ)

dx

2κx
+

∫ F((γomin)2)

(γomin)
2
/(2κ)

1

(γomin)
2 dx+

∫ s(γomin)2

(γomin)
2

dF (x)

x
+

∫ d(0)2

s(γomin)
2

dF (x)

x

=
1

2κ
log

1

µ2
+

2

γomin

+

∫ s(γomin)2

(γomin)
2

(
1

2κx
+

2

γominx

)
dx+

∫ d(0)2

s(γomin)
2

(
1

2κx
+

√
s

x
√
x

)
dx

<
1

2κ
log

1

µ2
+

2

γomin

+
1

2κ
log

d(0)2

(γomin)
2 +

2 log s

γomin

+
2

γomin

≤ 1

κ
log

1

µ
+

2 log s+ 4 + d(0)/κ

γomin

,
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contradicting with the definition of τ∞(µ). Thus (D.12) holds for some 0 ≤ τ ≤ τ∞(µ). If κ = +∞,
we see that for t ≥ τ∞(µ), Ψ(t) ≤ Ψ(τ) = 0. Then −2L(t), the derivative of Ψ(t), is 0 (which
means d(t) = 0) when t ≥ τ∞(µ), and (D.12) holds. If κ < +∞, just note that for t ≥ τ ,

d(t)2/(2κ) ≤ Ψ(t) ≤ Ψ(τ) = d(τ)2/(2κ) =⇒ d(t) ≤ d(τ) ≤ µγomin.

So (D.12) holds for t ≥ τ∞(µ).

For any t > 0, if L(t) = 0, then d(t) = 0 and (D.13) holds. If L(t) > 0, let C =
√

2L(t)/λH > 0,
then for any 0 ≤ t′ ≤ t,

d

dt′
Ψ (t′) = −2L (t′) ≤ −2L(t) = −λHC2.

Besides, for F̃ (x) = x/(2κ) + 2
√
sx ≥ F (x), by Lemma 8 we have

d

dt′
Ψ (t′) ≤ −λHF−1 (Ψ (t′)) ≤ −λH F̃−1 (Ψ (t′)) .

By (D.9) and the fact that

F̃
(
d(0)2

)
≥ F̃

(
‖γoS‖

2
2

)
+ ‖βo‖22 /(2κ) ≥ Ψ(0),

we have that, if d(0) > C, then

λHt ≤
∫ t

0

− d
dt′ Ψ (t′)

max
(
C2, F̃−1 (Ψ (t′))

)dt′ =

∫ Ψ(0)

Ψ(t)

dx

max
(
C2, F̃−1(x)

)
≤
∫ F̃(d(0)2)

F̃ (0)

dx

max
(
C2, F̃−1(x)

) =

∫ F̃(C2)

F̃ (0)

dx

C2
+

∫ d(0)2

C2

dF̃ (x)

x

=
C2/(2κ) + 2

√
sC

C2
+

∫ d(0)2

C2

(
1

2κx
+

√
s

x
√
x

)
dx

≤ 4
√
s

C
+

1

2κ

(
1 + log

d(0)2

C2

)
≤ 4
√
s+ d(0)/κ

C
.

If d(0) ≤ C, then similarly

λHt ≤
∫ F̃(d(0)2)

F̃ (0)

dx

max
(
C2, F̃−1(x)

) ≤ ∫ F̃(d(0)2)

F̃ (0)

dx

C2

=
d(0)2/(2κ) + 2

√
s · d(0)

C2
≤ 4
√
s+ d(0)/κ

C
.

Combining it with (D.10), we have

d(t)2 ≤ 2

λH
L(t) =

2

λH
· λHC

2

2
≤
(

4
√
s+M · d(0)/κ

λHt

)2

.

Besides, noting (C.8), we have

2L(0) =
(
dβ(0)T , dγ,S(0)T

)
H(β,S),(β,S)

(
dβ(0)
dγ,S(0)

)
≤ ‖H‖2 ·

∥∥∥∥(dβ(0)
dγ(0)

)∥∥∥∥2

2

≤
2
(
1 + νΛ2

X + Λ2
D

)
ν

· d(0)2.

Thus

d(t)2 ≤ 2

λH
L(t) ≤ 2

λH
L(0) ≤

2
(
1 + νΛ2

X + Λ2
D

)
λHν

· d(0)2.

Thus (D.13) holds.
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D.2 Oracle Iteration of Split LBI

Similarly, we define the Oracle Iteration of Split LBI as an Oracle version of Split LBI (C.2), with S
known and ρk,Sc , γk,Sc set to be 0. Define

Ψk := ‖γoS‖1 − 〈γoS , ρk,S〉+ ‖γk,S − γoS‖22/(2κ) + ‖βk − βo‖22/(2κ).

Then we have
Lemma 9 (Discrete Generalized Bihari’s inequality). Suppose κα‖H‖2 < 2 and λ′H = λH(1 −
κα‖H‖2/2). For all k we have

Ψk+1 −Ψk ≤ −αλ′HF−1 (Ψk) ,

where γomin, F (x), F−1(x) are defined the same as in Lemma 8.

Proof of Lemma 9. The proof is almost a discrete version of the continuous case. The only non-trivial
thing is to show that

Ψk+1 −Ψk ≤ −2α (1− κα‖H‖2/2)Lk, where

Lk :=
1

2

(
dTk,β , d

T
k,γ,S

)
H(β,S),(β,S)

(
dk,β
dk,γ,S

)
,

(
dk,β
dk,γ,S

)
:=

(
β′k − βo
γ′k,S − γoS

)
.

By (C.2), we have

−αH(β,S),(β,S)

(
dk,β
dγ,k,S

)
=

(
0

ρ′k+1,S − ρ′k,S

)
+

1

κ

(
β′k+1 − β′k

γ′k+1,S − γ′k,S

)
.

Noting (ρ′k+1,S − ρ′k,S)T γ′k+1,S ≥ 0 and multiplying (dTk,β , d
T
γ,k,S) on both sides, we have

− 2αLk = dTγ,k,S
(
ρ′k+1,S − ρ′k,S

)
+

1

κ

(
dk,β
dk,γ,S

)T (
β′k+1 − β′k

γ′k+1,S − γ′k,S

)
≥ −

(
ρ′k+1,S − ρ′k,S

)T (
γ′k+1,S − γ′k,S

)
−
(
ρ′k+1,S − ρ′k,S

)T
γoS

+
1

κ

(
dk,β
dk,γ,S

)T (
β′k+1 − β′k

γ′k+1,S − γ′k,S

)
.

Thus

Ψk+1 −Ψk = −
(
ρ′k+1,S − ρ′S,k

)T
γoS +

1

2κ

(∥∥∥∥( dk+1,β

dk+1,γ,S

)∥∥∥∥2

2

−
∥∥∥∥( dk,β
dk,γ,S

)∥∥∥∥2

2

)

= −
(
ρ′k+1,S − ρ′S,k

)T
γoS +

1

2κ

(
β′k+1 − β′k

γ′k+1,S − γ′k,S

)T ((
β′k+1 − β′k

γ′k+1,S − γ′k,S

)
+ 2

(
dk,β
dk,γ,S

))
≤ −2αLk +

(
ρ′S,k+1 − ρ′S,k

)T (
γ′k+1,S − γ′k,S

)
+

1

2κ

∥∥∥∥( β′k+1 − β′k
γ′k+1,S − γ′k,S

)∥∥∥∥2

2

≤ −2αLk +
κ

2

∥∥∥∥( 0
ρ′k+1,S − ρ′k,S

)
+

1

κ

(
β′k+1 − β′k

γ′k+1,S − γ′k,S

)∥∥∥∥2

2

= −
(
dTk,β , d

T
k,γ,S

)(
αH(β,S),(β,S) −

κα2

2
H2

(β,S),(β,S)

)(
dk,β
dk,γ,S

)
≤ −α

(
1− κα

2

∥∥H(β,S),(β,S)

∥∥
2

) (
dTk,β , d

T
k,γ,S

)
H(β,S),(β,S)

(
dk,β
dk,γ,S

)
≤ −2α (1− κα‖H‖2/2)Lk.

Proposition 4. Suppose κα‖H‖2 < 2 and λ′H = λH(1− κα‖H‖2/2). Let

γomin := min(|γoj | : γoj 6= 0),

dk,β = β′k − βo, dk,γ = γ′k − γo, dk =

√
‖dk,β‖22 + ‖dk,γ,S‖22.
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Then for any k such that

kα ≥ τ ′∞(µ) :=
1

κλ′H
log

1

µ
+

2 log s+ 4 + d0/κ

λ′Hγ
o
min

+ 4α (0 < µ < 1), (D.14)

we have
dk ≤ µγomin

(
=⇒ sign

(
γ′k,S

)
= sign (γoS)

)
, if γoj 6= 0 for j ∈ S. (D.15)

For any k, we have

dk ≤ min

(
4
√
s+ d0/κ

λ′Hkα
,

√
2 (1 + νΛ2

X + Λ2
D)

λ′Hν
· d0

)
. (D.16)

Proof of Proposition 4. The proof is almost a discrete version of the continuous case. The only
non-trivial thing is described as follows. First, suppose there does not exist k ≤ τ ′∞(µ)/α satisfying
(D.15), then for any 0 ≤ κα ≤ τ ′∞(µ), we have Ψk > µ2(γomin)2/(2κ). Letting k0 = 0, then
Ψk0 = Ψ0 ≤ F (d2

0). Suppose that

F
(
d2

0

)
≥ Ψk0 , . . . ,Ψk1−1 > F

(
s (γomin)

2
)
≥ Ψk1 , . . . ,Ψk2−1 > F

(
(γomin)

2
)

≥ Ψk2 , . . . ,Ψk3−1 > (γomin)
2
/(2κ) ≥ Ψk3 , . . . ,Ψk4−1 > µ2 (γomin)

2
/(2κ) ≥ Ψk4 , . . .

Then k4α > τ ′∞(µ). Besides, by Lemma 9,

α ≤ Ψk −Ψk+1

λ′HF
−1(Ψk)

(0 ≤ kα ≤ τ ′∞(µ)).

Thus λ′H(k4 − 4)α is not greater than(
k4−2∑
k=k3

+

k3−2∑
k=k2

+

k2−2∑
k=k1

+

k1−2∑
k=k0

)
Ψk −Ψk+1

F−1(Ψk)
≤

k4−2∑
k=k3

Ψk −Ψk+1

2κΨk
+

k3−2∑
k=k2

Ψk −Ψk+1

(γomin)
2

+

k2−2∑
k=k1

F (∆k)− F (∆k+1)

∆k
+

k1−2∑
k=k0

F (∆k)− F (∆k+1)

∆k

(
∆k := F−1(Ψk)

)
=

k4−2∑
k=k3

Ψk −Ψk+1

2κΨk
+

k3−2∑
k=k2

Ψk −Ψk+1

(γomin)
2 +

k2−2∑
k=k1

(
∆k −∆k+1

2κ∆k
+

2(∆k −∆k+1)

γomin∆k

)

+

k1−2∑
k=k0

(
∆k −∆k+1

2κ∆k
+

2
√
s
(√

∆k −
√

∆k+1

)
∆k

)
.

By (u− v)/u ≤ log(u/v) and (
√
u−
√
v)/u ≤ 1/

√
v − 1/

√
u for u ≥ v > 0, the quantity above

is not greater than

log (Ψk3/Ψk4−1)

2κ
+

Ψk2 −Ψk3−1

(γomin)
2

+
log (∆k0/∆k2−1)

2κ
+

2 log (∆k1/∆k2−1)

γomin

+ 2
√
s

(
1√

∆k1−1

− 1√
∆k0

)

<
log
(
1/µ2

)
2κ

+
2γomin

(γomin)
2 +

log
(
d2

0/ (γomin)
2
)

2κ
+

2 log s

γomin

+
2
√
s√

s (γomin)
2
.

Therefore we get

λ′H (τ ′∞(µ)− 4α) < λ′H (k4 − 4)α <
1

κ
log

1

µ
+

2 log s+ 4 + d0/κ

γomin

,

a contradiction with the definition of τ ′∞(µ). So there exists some k ≤ τ ′∞(µ)/α satisfying (D.15).
Then continue to imitate the proof in the continous version, we obtain (D.15) for all t ≥ τ ′∞(µ). The
proof of (D.16) follows the same spirit.
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E Proofs of Consistency of Split LBI

Proof of Theorem 2 and 3. They are merely discrete versions of proofs of the following Theorem 4
and 5, but applying Lemma 9 and Proposition 4 instead of Lemma 8 and Proposition 3.

Theorem 4 (Consistency of Split (LB)ISS). Under Assumption 1 and 2, suppose κ is large enough
to satisfy (2.12). Let

τ :=
η

8σ
· λD

ΛX

√
n

logm
. (E.1)

Then with probability not less than 1− 6/m− 3 exp(−4n/5), we have all the following properties.

1. No-false-positive: The solution has no false-positive, i.e. supp(γ(t)) ⊆ S, for 0 ≤ t ≤ τ .

2. Sign consistency of γ(t): Once the γ?min condition

γ?min := (DSβ
?)min ≥

16σ

ηλH
· ΛXΛD

λ2
D

(2 log s+ 5 + log(8ΛD))

√
logm

n
(E.2)

holds, then γ(t) has sign consistency at τ̄ , i.e.

sign (γ (τ̄)) = sign (Dβ?) ,

3. `2 consistency of γ(t): For 0 ≤ t ≤ τ̄ ,

‖γ(t)−Dβ?‖2 ≤
5
√
s

λHt
+

2σ

λH
· ΛX
λD

√
s logm

n
,

Consequently,

‖γ (τ̄)−Dβ?‖2 ≤
42σ

ηλH
· ΛX
λD

√
s logm

n
.

4. `2 consistency of β(t): For 0 ≤ t ≤ τ̄ ,

‖β(t)− β?‖2 ≤
5
√
s

λHt
+

2σ

λH
· λ1ΛX + Λ2

X

λ1λ2
D

√
s logm

n
+

2σ

λ1

√
r′ logm

n

+ ν · 2σ · λ1ΛX + Λ2
X

λ1λ2
D

.

Consequently,

‖β (τ̄)− β?‖2 ≤
42σ

ηλH
· λ1ΛX(1 + λD) + Λ2

X

λ1λ2
D

√
s logm

n
+

2σ

λ1

√
r′ logm

n

+ ν · 2σ · λ1ΛX + Λ2
X

λ1λ2
D

.

Theorem 5 (Consistency of revised version of Split LBISS). Under Assumption 1 and 2, suppose κ
is large enough to satisfy (2.12), and τ̄ is defined the same as in Theorem 4. Define

S(t) := supp(γ(t)), PS(t) := Pker(DS(t)c) = I −D†S(t)cDS(t)c , β̃(t) := PS(t)β(t).

If S(t)c = ∅, define PS(t) = I . Then we have the following properties.

1. Sign consistency of β̃(t): If the γ?min condition (E.2) holds, then with probability not less
than 1− 8/m− 3 exp(−4n/5),

sign
(
Dβ̃ (τ̄)

)
= sign (Dβ?) .
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2. `2 consistency of β̃(t): With probability not less than 1− 8/m− 2r′/m2 − 3 exp(−4n/5),
we have that for 0 ≤ t ≤ τ̄ ,∥∥∥β̃(t)− β?

∥∥∥
2
≤

(
10
√
s

λHt
+

2σ

λH
· ΛXΛD

λ3
D

√
s logm

n

)

+
2σ

λH

(
ΛX
λ2
D

+
λHλ

2
D + Λ2

X

λ1λ2
D

)√
r′ logm

n
+ 2

∥∥∥D†S(t)cDS(t)c∩Sβ
?
∥∥∥

2
.

Consequently, if additionally S (τ̄) = S, then the last term on the right hand side drops for
t = τ̄ , and we can easily obtain∥∥∥β̃ (τ̄)− β?

∥∥∥
2
≤ 80σ

ηλH
·

ΛX
(
ΛD + λ2

D

)
λ3
D

√
s logm

n

+
2σ

λH

(
ΛX
λ2
D

+
λHλ

2
D + Λ2

X

λ1λ2
D

)√
r′ logm

n
.

Before proving Theorem 4 and 5, we need the following lemmas.
Lemma 10. Suppose ΣS,S � λΣI . For βo ∈ L and γoS ∈ Rs satisfying (D.2), we have

‖βo − β?‖22 = ‖δo − δ?‖22 + ‖ξo − ξ?‖22 , where

δo − δ? := V T (βo − β?) , ξo − ξ? = V T1 Ṽ
T (βo − β?) ,

(E.3)

and

δo − δ? =
(
νB−1 +B−1ΛUTS Σ−1

S,SUSΛB−1
)
V TX∗

(
I − U1U

T
1

)
︸ ︷︷ ︸

,Bδ

ε, with ‖Bδ‖2 ≤
ΛX√

n · λΣλ2
D

,

(E.4)

ξo − ξ? = n−1/2Λ−1
1 UT1 (I −XV Bδ)︸ ︷︷ ︸

,Bξ

ε, with ‖Bξ‖2 ≤
λΣλ

2
D + Λ2

X√
n · λ1λΣλ2

D

. (E.5)

Besides, we have

γoS − γ?S = Σ−1
S,SUSΛB−1V TX∗

(
I − U1U

T
1

)︸ ︷︷ ︸
,Bγ

ε, with ‖Bγ‖2 ≤
ΛX√

n · λΣλD
. (E.6)

Proof. By Lemma 3 and βo − β? ∈ L, we have (E.3). By (D.2), we have
γoS − γ?S = DS (βo − β?) = USΛ (δo − δ?) , (E.7)

and
X∗ε+DT

S (γoS − γ?S) /ν =
(
X∗X +DTD/ν

)
(βo − β?) ,

i.e.

X∗ε+ V ΛUTS (γoS − γ?S) /ν =
(
X∗X + V Λ2V T /ν

) (
V (δo − δ?) + Ṽ V1 (ξo − ξ?)

)
=
(
X∗XV + V Λ2/ν

)
(δo − δ?) +

√
nX∗U1Λ1 (ξo − ξ?) . (E.8)

Left multiplying Λ−2
1 V T1 Ṽ

T on both sides of (E.8) leads to

ξo − ξ? =
1√
n

Λ−1
1 UT1 (ε−XV (δo − δ?)) . (E.9)

Then left multiplying V T on both sides of (E.8) leads to

V TX∗ε+ ΛUTS (γoS − γ?S) /ν

=
(
V TX∗XV + Λ2/ν

)
(δo − δ?) +

√
nV TX∗U1Λ1 ·

1√
n

Λ−1
1 UT1 (ε−XV (δo − δ?))

=
(
V TX∗

(
I − U1U

T
1

)
XV + Λ2/ν

)
(δo − δ?) + V TX∗U1U

T
1 ε.
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Recalling the definition of B in Lemma 4, the equation above implies

δo − δ? = B−1ΛUTS (γoS − γ?S) + νB−1V TX∗
(
I − U1U

T
1

)
ε. (E.10)

Plugging it into (E.7), we obtain γoS − γ?S = Bγε. Then noting B � λ2
DI , we have

‖Bγ‖2 ≤
∥∥∥Σ−1

S,S

∥∥∥
2
· 1 ·

∥∥ΛB−1
∥∥

2
· 1 · ‖X∗‖2 ·

∥∥I − U1U
T
1

∥∥
2
≤ ΛX√

n · λΣλD
.

so (E.6) holds. Now by (E.10) we have δo − δ? = Bδε. Noting (A.8) and ΣS,S � λΣI , we have

USΛB−1/2 ·B−1/2ΛUTS � (1− λΣν)I

⇐⇒ B−1/2ΛUTS · USΛB−1/2 � (1− λΣν)I ⇐⇒ ΛUTS USΛ � (1− λΣν)B.

Thus

νB−1 +B−1ΛUTS Σ−1
S,SUSΛB−1 � νB−1 +

1

λΣ
B−1ΛUTS USΛB−1 � 1

λΣ
B−1,

which immediately leads to (E.4). Finally, combining (E.9) with (E.4) we have (E.5).

Lemma 11 (No-false-positive condition for Split LBISS). For the Oracle Dynamics (D.6), if there is
τ > 0, such that for 0 ≤ t ≤ τ the inequality∥∥∥∥HSc,(β,S)H

†
(β,S),(β,S)

((
0p
ρ′S(t)

)
+

1

κ

(
β′(t)
γ′S(t)

)
− t
(
X∗ε
0s

))∥∥∥∥
∞
< 1 (E.11)

holds, then the solution path of the original dynamics (C.3) has no false-positive for 0 ≤ t ≤ τ .

Proof of Lemma 11. It is easy to see that(
0p
ρ̇(t)

)
+

1

κ

(
β̇(t)
γ̇(t)

)
= H

((
β(t)
γ(t)

)
−
(
β?

γ?

))
+

(
X∗ε
0m

)
. (E.12)

Now let

τ̄ := inf (t ≥ 0 : ‖ρSc(t)‖∞ = 1) .

It suffices to show τ̄ > τ . For 0 ≤ t < τ̄ , we have γSc(t) = 0, which also implies ρS(t) = ρ′S(t)
and γS(t) = γ′S(t). Hence by (E.12) we have(

0p
ρ̇′S(t)

)
+

1

κ

(
β̇′(t)
γ̇′S(t)

)
= −H(β,S),(β,S)

((
β′(t)
γ′S(t)

)
−
(
β?

γ?S

))
+

(
X∗ε
0s

)
, (E.13)

ρ̇Sc(t) = −HSc,(β,S)

((
β′(t)
γ′S(t)

)
−
(
β?

γ?S

))
.

We claim that (
β′(t)
γ′S(t)

)
−
(
β?

γ?S

)
∈ L⊕ Rs = Im

(
H†(β,S),(β,S)

)
(the equality above will be shown at last), so by (E.13) we have(

β′(t)
γ′S(t)

)
−
(
β?

γ?S

)
= −H†(β,S),(β,S)

((
0p
ρ̇′S(t)

)
+

1

κ

(
β̇′(t)
γ̇′S(t)

)
−
(
X∗ε
0s

))
,

=⇒ ρ̇Sc(t) = HSc,(β,S)H
†
(β,S),(β,S)

((
0p
ρ̇′S(t)

)
+

1

κ

(
β̇′(t)
γ̇′S(t)

)
−
(
X∗ε
0s

))
.

Integration on both sides leads to

ρSc(t) = HSc,(β,S)H
†
(β,S),(β,S)

((
0p
ρ′S(t)

)
+

1

κ

(
β′(t)
γ′S(t)

)
− t
(
X∗ε
0s

))
(0 ≤ t < τ̄) .

Due to the continuity of ρSc(t), ρ′S(t) (and γ′S(t), if κ < +∞), the equation above also holds for
t = τ̄ . According to the definition of τ̄ , we know (E.11) does not hold for t = τ̄ . Thus τ̄ > τ , and
the desired result follows.
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So it suffices to prove

L⊕ Rs = Im
(
H†(β,S),(β,S)

)
. (E.14)

Actually, let H(β,S),(β,S) = U ′Λ′U ′T where U ′TU ′ = I and Λ′ is an invertible diagonal matrix. It
suffices to show L⊕ Rs = Im(U ′). First, by the definition of H , one can easily verify that

Im (U ′) = Im
(
H(β,S),(β,S)

)
⊆
(
Im
(
XT
)

+ Im
(
DT
))
⊕ Rs = L⊕ Rs.

On the other hand, assume that (U ′, Ũ ′) is an orthogonal square matrix. For any ζ ∈ L⊕ Rs, since
PIm(U ′)ζ ∈ Im(U ′) ⊆ L⊕ Rs, we have PIm(Ũ ′)ζ = ζ − PIm(U ′)ζ ∈ L⊕ Rs, and (2.2) tells us

0 =
∥∥∥Λ′1/2U ′TPIm(Ũ ′)ζ

∥∥∥2

2
≥ λH

∥∥∥PIm(Ũ ′)ζ
∥∥∥2

2
=⇒ PIm(Ũ ′)ζ = 0

=⇒ ζ = PIm(U ′)ζ + PIm(Ũ ′)ζ = PIm(U ′)ζ ∈ Im(U ′).

Thus (E.14) holds.

Proof of Theorem 4. By Lemma 6, (A.3), (E.5) and (E.6), we have that with probability not less than
1− 4s/m2 ≥ 1− 4/m,

‖γoS − γ?S‖∞ <
2σ

λH
· ΛX
λD

√
logm

n
, (E.15)

‖ξo − ξ?‖∞ <
2σ

λH
· λHλ

2
D + Λ2

X

λ1λ2
D

√
logm

n
. (E.16)

By (A.4) and (E.3) to (E.6), with probability not less than 1− 3 exp(−4n/5),

‖ε‖2 ≤ 2σ
√
n, which implies

‖γoS − γ?S‖2 <
2σ

λH
· ΛX
λD

, ‖δo − δ?‖2 <
2σ

λH
· ΛX
λ2
D

, ‖ξo − ξ?‖2 <
2σ

λH
· λHλ

2
D + Λ2

X

λ1λ2
D

.
(E.17)

The inequalities above also imply

‖βo − β?‖2 ≤ ‖δ
o − δ?‖2 + ‖ξo − ξ?‖2 <

2σ

λH

(
ΛX
λ2
D

+
λHλ

2
D + Λ2

X

λ1λ2
D

)
, (E.18)

and

d(0) =

√
‖γoS‖

2
2 + ‖βo‖22 ≤ ‖γ

?
S‖2 + ‖β?‖2 + ‖γoS − γ?S‖2 + ‖βo − β?‖2

< (1 + ΛD) ‖β?‖2 +
2σ

λH

(
ΛX
λD

+
ΛX
λ2
D

+
λHλ

2
D + Λ2

X

λ1λ2
D

)
. (E.19)

From now, we assume all the inequalities above hold. The condition on κ now tells us

κ ≥ 4

η

(
1 +

1

λD
+

ΛX
λ1λD

)1 +

√
2 (1 + νΛ2

X + Λ2
D)

λHν

 · d(0) (≥ d(0)). (E.20)
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Now we prove the No-false-positive property. By Lemma 11, it suffices to show that for 0 ≤ t ≤ τ̄ ,
(E.11) holds with probability not less that 1− 2/m. By (A.7), (A.15) and (D.13),

1

κ

∥∥∥∥HSc,(β,S)H
†
(β,S),(β,S)

(
β′(t)
γ′S(t)

)∥∥∥∥
∞

=
∥∥∥(−DScA

† + ΣSc,SΣ−1
S,SDS

)
A†β′(t) + ΣSc,SΣ−1

S,Sγ
′
S(t)

∥∥∥
∞
/κ

≤
∥∥DScA

†β′(t)
∥∥
∞ /κ+

∥∥∥ΣSc,SΣ−1
S,SDSA

†β′(t)
∥∥∥
∞
/κ+ ‖γ′S(t)‖∞ /κ

≤ 2
∥∥DA†∥∥

2
· ‖β′(t)‖2 /κ+ ‖γ′S(t)‖2 /κ ≤

(
2

(
1

λD
+

ΛX
λDλ1

)
+ 1

)√
‖β′(t)‖22 + ‖γ′S(t)‖22/κ

≤ 2

(
1 +

1

λD
+

ΛX
λDλ1

)
(d(0) + d(t)) /κ

≤ 2

(
1 +

1

λD
+

ΛX
λDλ1

)1 +

√
2 (1 + νΛ2

X + Λ2
D)

λHν

 d(0)/κ ≤ η

2
.

Besides, by (A.15) we have∥∥∥∥HSc,(β,S)H
†
(β,S),(β,S)

(
X∗ε

0

)∥∥∥∥
∞

=
∥∥∥(−DSc + ΣSc,SΣ†S,SDS

)
A†X∗ε

∥∥∥
∞

≤
∥∥DScA

†X∗ε
∥∥
∞ +

∥∥DSA
†X∗ε

∥∥
∞ ≤ 2

∥∥DA†X∗ε∥∥∞ .

By (A.8), DA†DT = UΛB−1ΛUT and Λ2 � B � (1 + νΛ2
X/λ

2
D)Λ2, therefore 1 is an upper

bound of the largest eigenvalue of DA†DT , and 1/(1 + νΛ2
X/λ

2
D) is a lower bound of the smallest

nonzero eigenvalue of DA†DT . Then

DA†X∗
(
DA†X∗

)T
=

1

nν
DA†

(
A−DTD

)
A†DT

=
1

nν

(
DA†DT −

(
DA†DT

)2) � 1

nν
min

(
1

4
,

νΛ2
X/λ

2
D

(1 + νΛ2
X/λ

2
D)

2

)
I � Λ2

X

n · λ2
D

I.

By (A.3), with probability not less than 1− 2/m, for any 0 ≤ t ≤ τ̄ ,∥∥∥∥HSc,(β,S)H
†
(β,S),(β,S) · t

(
X∗ε

0

)∥∥∥∥
∞
≤ 2τ̄

∥∥DA†X∗ε∥∥∞ ≤ 2τ̄ · 2σ ·

√
Λ2
X

n · λ2
D

·
√

logm <
η

2
.

Combining the results above with Assumption 2, we have for 0 ≤ t ≤ τ̄ , (E.11) holds with probability
not less that 1 − 2/m, and we have the No-false-positive property (which tells that (β(t), γS(t))
coincides with that of the Oracle Dynamics for 0 ≤ t ≤ τ̄ ).

Then we prove the sign consistency of γ(t). If the γ∗min condition (E.2) holds, by (E.15),

‖γoS − γ?S‖∞ ≤
2σ

λH
· ΛX
λD

√
logm

n
≤ γ?min

2
=⇒ γomin ≥

1

2
γ?min. (E.21)

Thus sign(γoS) = sign(γ?S), and

γomin ≥
1

2
γ?min ≥

2 log s+ 5

λH τ̄
>

2 log s+ 4 + d(0)/κ

λH τ̄
=⇒ τ̄ >

2 log s+ 4 + d(0)/κ

λHγomin

.

By (D.12), the sign consistency of γ′S(t) holds for

t > inf
0<µ<1

(
1

κλH
log

1

µ
+

2 log s+ 4 + d(0)/κ

λHγomin

)
=

2 log s+ 4 + d(0)/κ

λHγomin

,

thus also for τ̄ . Then under the No-false-positive property,

sign (γS (τ̄)) = sign (γ′S (τ̄)) = sign (γoS) = sign (γ?S) ,
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and
sign (γ′Sc (τ̄)) = 0 = sign (γ?Sc) .

Now we prove the `2 consistency of γ(t). Under the No-false-positive property, for 0 ≤ t ≤ τ̄ ,

‖γ(t)−Dβ?‖2 = ‖γ′S(t)− γ?S‖2 ≤ ‖dγ,S(t)‖2 + ‖γoS − γ?S‖2

≤ d(t) +
√
s ‖γoS − γ?S‖∞ ≤

4
√
s+ d(0)/κ

λHt
+

2σ

λH
· ΛX
λD

√
s logm

n

≤ 5
√
s

λHt
+

2σ

λH
· ΛX
λD

√
s logm

n
.

Finally, we prove the `2 consistency of β(t). Under the No-false-positive property, for 0 ≤ t ≤ τ̄ ,

‖β(t)− β?‖2 = ‖β′(t)− β?‖2 ≤ dβ(t) + ‖βo − β?‖2 ≤ d(t) + ‖βo − β?‖2 .
By Lemma 10 (especially noting (E.10)), we have

‖βo − β?‖2 ≤ ‖δ
o − δ?‖2 + ‖ξo − ξ?‖2

≤
∥∥∥∥ 1√

n
Λ−1

1 UT1 ε

∥∥∥∥
2

+

(
1 +

∥∥∥∥ 1√
n

Λ−1
1 UT1 XV

∥∥∥∥
2

)
· ‖δo − δ?‖2 ≤

√
r′
∥∥∥∥ 1√

n
Λ−1

1 UT1 ε

∥∥∥∥
∞

+

(
1 +

ΛX
λ1

)(
ν
∥∥B−1V TX∗

(
I − U1U

T
1

)
ε
∥∥

2
+
∥∥B−1ΛUTS

∥∥
2
·
√
s ‖γoS − γ?S‖∞

)
≤
√
r′
∥∥∥∥ 1√

n
Λ−1

1 UT1 ε

∥∥∥∥
∞

+

(
1 +

ΛX
λ1

)(
ν · 2σ · ΛX

λ2
D

+
1

λD
·
√
s · 2σ

λH
· ΛX
λD

√
logm

n

)
.

By (A.3), with probability not less than 1− 2/m, we have∥∥∥∥ 1√
n

Λ−1
1 UT1 ε

∥∥∥∥
∞
≤ 2σ

∥∥∥∥ 1√
n

Λ−1
1 UT1

∥∥∥∥
2

√
logm ≤ 2σ

λ1

√
logm

n
.

In this case, combining the inequalities above with d(t) ≤ 5
√
s/(λHt), the desired result follows.

Proof of Theorem 5. By the proof details of Theorem 4, we know that with probability not less than
1− 6/m− 3 exp(−4n/5), (E.15) to (E.19) hold, meanwhile the solution path has no false-positive
for 0 ≤ t ≤ τ . From now, we assume that these properties are all valid.

First we prove the sign consistency of β̃(t). If the γ?min condition (E.2) holds, then by Theorem 4,
S(τ̄) = S holds, and we have

DScPS(τ̄) = DSc

(
I −D†ScDSc

)
= 0 =⇒ sign

(
DSc β̃ (τ̄)

)
= 0 = sign (DScβ

?) .

To prove sign(DS β̃(τ̄)) = sign(DSβ
?), note that∥∥∥DS β̃ (τ̄)−DSβ

∗
∥∥∥
∞

=
∥∥∥DS

(
I −D†ScDSc

)
(β′ (τ̄)− β?)

∥∥∥
∞

≤
∥∥∥DS

(
I −D†ScDSc

)
dβ (τ̄)

∥∥∥
∞

+
∥∥∥DS

(
1−D†ScDSc

)
(βo − β?)

∥∥∥
∞

≤
∥∥∥DS

(
I −D†ScDSc

)
dβ (τ̄)

∥∥∥
∞

+ ‖γoS − γ?S‖∞ +
∥∥∥DSD

†
ScDSc (βo − β?)

∥∥∥
∞
.

First, by (E.20), κ ≥ d(0) ≥ ‖γoS‖2 ≥ γ
o
min, and

τ̄ ≥ log(8ΛD)

λHγomin

+
2 log s+ 5

λHγomin

≥ 1

κλH
log (8ΛD) +

2 log s+ 4 + d(0)/κ

λHγomin

.

By (D.12), we have d (τ̄) ≤ γomin/(8ΛD), and thus∥∥∥DS

(
I −D†ScDSc

)
dβ (τ̄)

∥∥∥
∞

≤ ‖DS‖2 ·
∥∥∥I −D†ScDSc

∥∥∥
2
· ‖dβ (τ̄)‖2 ≤ ΛD · d (τ̄) ≤ γomin

8
≤ γ?min

4
.
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Besides, by (E.4), we have

DSD
†
ScDSc (βo − β?) = USΛV TD†ScUScΛ (δo − δ?) = USΛV TD†ScUScΛBδε

with ∥∥∥USΛV TD†ScUScΛBδ

∥∥∥
2
≤ ΛD

∥∥∥D†Sc · UScΛV T∥∥∥
2
· ‖Bδ‖2 ≤

ΛXΛD√
n · λHλ2

D

.

By (A.3), with probability not less than 1− 2/m,∥∥∥DSD
†
ScDSc (βo − β?)

∥∥∥
∞
<

2σ

λH
· ΛXΛD

λ2
D

√
logm

n
≤ γ?min

4
.

Finally, we note (E.21). Then sign(DS β̃(τ̄)) = sign(DSβ
?) holds, since∥∥∥DS

(
β̃ (τ̄)− β?

)∥∥∥
∞
<
γ?min

4
+
γ?min

2
+
γ?min

4
= (DSβ

?)min .

Then we prove the `2 consistency of β̃(t). For any 0 ≤ t ≤ τ̄ , S(t) ⊆ S, which implies DSc β̃(t) =
DScβ

? = 0. Then∥∥∥β̃(t)− β?
∥∥∥

2
≤
∥∥∥V T (β̃(t)− β?

)∥∥∥
2

+
∥∥∥V T1 Ṽ T (β̃(t)− β?

)∥∥∥
2

≤
(∥∥V TPS(t) (β′(t)− β?)

∥∥
2

+
∥∥V T (I − PS(t)

)
β?
∥∥

2

)
+
(∥∥∥V T1 Ṽ TPS(t) (β′(t)− β?)

∥∥∥
2

+
∥∥∥V T1 Ṽ T (I − PS(t)

)
β?
∥∥∥

2

)
≤
∥∥V TPS(t) (β′(t)− β?)

∥∥
2

+
∥∥∥V T1 Ṽ TPS(t) (β′(t)− β?)

∥∥∥
2

+ 2
∥∥∥D†S(t)cDS(t)c∩Sβ

?
∥∥∥

2
.

The first and second term of the right hand side are respectively not greater than∥∥V TPS(t)dβ(t)
∥∥

2
+
∥∥V TPS(t) (βo − β?)

∥∥
2
≤ ‖dβ(t)‖2 +

1

λD

∥∥DPS(t) (βo − β?)
∥∥

2

≤ d(t) +
1

λD

∥∥DS(t)PS(t) (βo − β?)
∥∥

2

= d(t) +
1

λD

∥∥∥US(t)Λ
(

1− V TD†S(t)cUS(t)cΛ
)

(δo − δ?)
∥∥∥

2

(here we use the fact that DS(t)cPS(t) = 0), and∥∥∥V T1 Ṽ TPS(t)dβ(t)
∥∥∥

2
+
∥∥∥V T1 Ṽ TPS(t) (βo − β?)

∥∥∥
2

≤ ‖dβ(t)‖2 +
∥∥∥(ξo − ξ?)− V T1 Ṽ TD

†
S(t)cDS(t)c (βo − β?)

∥∥∥
2

≤ d(t) + ‖ξo − ξ?‖2 +
∥∥∥V T1 Ṽ TD†S(t)cUS(t)cΛ (δo − δ?)

∥∥∥
2
.

Noting (D.13) and (E.16), as well as applying the definition of Bδ in Lemma 10, now we only need
to show that with probability not less than 1− 2/m− 2r′/m2,∥∥∥US(t)Λ

(
I − V TD†S(t)cUS(t)cΛ

)
Bδε

∥∥∥
∞
≤ 2σ

λH
· ΛDΛX

λ2
D

√
logm

n
,

∥∥∥V T1 Ṽ TD†S(t)cUS(t)cΛBδε
∥∥∥
∞
≤ 2σ

λH
· ΛX
λ2
D

√
logm

n
,

which are both true, according to (A.3), as well as (E.4) which leads to∥∥∥US(t)Λ
(
I − V TD†S(t)cUS(t)cΛ

)
Bδ

∥∥∥
2

≤ ΛD

(
1 +

∥∥∥V TD†S(t)c · US(t)cΛV
T
∥∥∥

2

)
‖Bδ‖2 ≤

2ΛXΛD√
n · λHλ2

D

,

and ∥∥∥V T1 Ṽ TD†S(t)cUS(t)cΛBδ

∥∥∥
2
≤
∥∥DS(t)c · US(t)cΛV

T
∥∥

2
· ‖Bδ‖2 ≤

ΛX√
n · λHλ2

D

.
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