8 Appendix A: Experimental evaluation
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Figure 1: Accumulated discounted reward as a function of the number of episodes for a random walk,
the algorithm of Pazis and Parr [12], and Median-PAC on a simple gridworld. Each plot represents an
average over 1000 independent repetitions. Median-PAC significantly outperforms the algorithm of
Pazis and Parr even for small values of k,,,.

The discount factor for the gridworld described in section 6 was set to 0.98, and every episode was
1000 steps long. We used modified versions of both learning algorithms that accumulate samples
rather than using them in batches and discarding the old, smaller batch once a new batch has been
collected. The algorithm of Pazis and Parr [12] (Average-PAC), was allowed allowed 1000 iterations
of value iteration after each sample was added. Median-PAC was allowed 1000 iterations of value
iteration every time the ¢ * k,,-th sample was added to a state action, where ¢ > 0 is an integer. €,
was set to 0.01Qax for both algorithms (since both algorithms truncate state-action values to Qyax,
setting €, close to (Qax for small values of k saturates the value function). Notice that Median-PAC
for k = 105 and k,,, = 21 takes longer to achieve good performance than for £ = 9 and k,,, = 3.
This is because for k,,, = 21 the value of every state-action state is Qa5 until at least 21 samples
have been collected.

9 Appendix B: Analysis

Before we prove lemma 5.3 and theorem 5.4 we have to introduce a few supporting definitions and
lemmas.
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Definition 9.1. Let |u(s,a)| = 2%k, for some i € {1,2,...}. The function F™(Q,u(s,a)) is
defined as

€b

F™(Q,u(s,a)) = Nl

+ median{G™(Q, u(s, a), 1),

G™(Q,u(s,a),kn)},

where

C™(Q,u(s,a),4) = — > (ﬂ' +7Q(si, w(s;))>,

u(s, a)
T =1 (- el

and (s, a7, s}) is the i-th sample in u(s, a). We will use F(Q, u(s,a)) to denote F™ (Q, u(s, a)).
F'™ splits the samples in u(s, a) into k,,, groups, computes the average of the sample values in each
group, and returns the median of the averages.

Definition 9.2. For state-action (s, a), the approximate optimistic Bellman operator B~ for policy ™
is defined as

B™Q(s,a) = min{Qmax, F(Q, u(s,a))}.
We will use BQ(s, a) to denote B™ Q(s,a). When |u(s, a)| = 0, B*Q(s,a) = Qmax.

The approximate optimistic Bellman operator is applied to the approximate value function on line 14
of the algorithm.

Lemma 9.3. B is a y-contraction in maximum norm.

Proof. Suppose ||Q1 — Q2||oc = €. For any (s, a) we have

BQi(s,a) = min {Quax, F(Q1,u(s, a))}
< min { Qumax, F(Q2, u(s,a)) + ve}
< e + min { Quax, F(Q2,u(s, a)) }
= ve + BQs(s, a)
= BQ:(s,a) < ve+ BQy(s,a).
Similarly we have that BQ (s, a) < e + BQ1 (s, a) which completes our proof. O

Lemma 9.4. Let o be defined as in Definition 5.1. For a fixed Q and fixed (s,a) such that
lu(s,a)| >0

1
[u(s,a)] ) ~ 5

" (GW(Q’“(S’“M) ~B"Q(s,a) < —U4km> <
and

|u(s,a)

P <G”(Q,u(s,a)7j) — B™Q(s,a) > U4km> <

Proof. From Definition 9.1 we have that

B"Q(s,0) = E [G"(Q. u(s,0). )|

where the expectation is over the next-states that samples in u(s, a) used by G™ land on.

Let Y be the set of W samples used by G™(Q, u(s, a), j) at (s, a). Define Z1, ... Zju(s.a)| to be

k’VTL
random variables, one for each sample in Y. The distribution of Z; is the distribution of possible
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values that r; + v max,- Q(s;, a') can take. From the Markov property we have that 71, . .. Z ju(s,a)|
knl
are independent random variables.® From Definition 5.1 we have that var[Z;] < o2 V i, and
~ 2
var[GT(Q, u(s, a), j)] < o

= lu(s,a)|”

From Cantelli’s inequality we have

%k
|u(s,a)]
2
02k CAVEL TN
[u(s,a)] Vu(s,a)|

<

02km
Tuls,a)l
o2k 402k,

TuG,al T Tu(s,a)]

and

o2k
lu(s,a)]

2
. ( N
|

[u(s,a)l lu(s,a)

IN

%k,
= o]
o2k, 402k,
lu(s,a)] * lu(s,a)l

ot —

O

Based on Lemma 9.4 we can now bound the probability that an individual state-action will have
Bellman error of unacceptably high magnitude for a particular Q:

Lemma 9.5. Let o be defined as in Definition 5.1, and €, = max{0, ov/4k,, — €, }. For a fixed Q

P (F™ (Qyuls.0)) - B Q(s.0) < —e,) < e,

and

PF™(0u(s,a) — B Q(s,0) > eu + 2L | < %,
(s, )

Proof. LetY be the set of |u(s, a)| samples used by F™(Q, u(s, a)) at (s, a). Define Z1,. .. Zju(s,a)|
to be random variables, one for each sample in Y. The distribution of Z; is the distribution of next

®The state-actions the samples originate from as well as Q and the transition model of the MDP are fixed
with respect to Z;, and no assumptions are made about their distribution. The only source of randomness is the
the transition model of the MDP.
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states sj, given (s, a). From the Markov property, we have that Z1, ... Z, (s 4)| are independent
random variables (similarly to Lemma 9.4). Let x; be a realization of X;, where X;’s distribution is

the joint distribution of all Z; corresponding to samples that participate in G™(Q, u(s, a), j).

We define f™ (z1,...xy, ) to be the function that counts the number of 5’s such that

.. , . o/ 4km
G™ (Q,u(s,a),j) — B" Q(s,a) < ——F——,
(@u(s.0).9) = B Q) < ~—bn

Q . .
and f™ (x1,...xx,, ) to be the function that counts the number of j’s such that

GWQ(Q’u(S’a)’j) - BWQQ(Sva) - %

V

From Lemma 9.4 we have that

* kn,
E[f" (x1,...2,)] < ?’,
and
o) km
Vi €[l knl:
sup . |fﬂ* (1‘1, ce Ika) — fﬂ—* (xl, ce ,.’L‘i_li‘i, Lit1 - ~x|u(s,a)|)| < 1,
T1,... Tk, T
and
.0 0 .
sup |fT (x1, .o wk,) — fT (T, 21T, Tig1 - Zjy(s,a)))| S 1

T1,.. Th,Tg

From McDiarmid’s inequality we have

p(f”*m,...ka) > ké”) < P(f”*m,...ka) — Bl (21, an,)] 2 33”)

o 3km 2
_ 10
<e Em
p— gk’ﬂl
— e 50

P(f”é(ml,...ka) > km) < P(f”é(acl,...ka) —E[fﬂé(xl,...mkm)] > Sk’”)

Since the probability that

G™(Q,u(s,a),j) = B™ Q(s,a) < —UI\:(Z%STZ)I

9km

for at least %” j’s is bounded above by e~ 50 , and the probability that

Q, ~ ) Q ~ o/ 4k,
G™ ,u(s,a),j) — B™ 5,a) > ———2
(@ uls0).9) = B Qo) 2 L

for at least %” 7’s is bounded above by e~ =a , the result follows from Definition 9.1. O
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Given a bound on the probability that an individual state-action has Bellman error of unacceptably
high magnitude, lemma 9.6 uses the union bound to bound the probability that there exists at least
one state-action for some () produced by Median-PAC during execution, with Bellman error of
unacceptably high magnitude.

Lemma 9.6. Let ¢, = max{0, o\/4k,, — €, }. The probability that for any Q during an execution of
Median-PAC there exists at least one (s, a) with |u(s, a)| > 0 such that

o~

FW* (Qau(sva)) - B Q(Saa) < —€y 5
or

Q, ~ Q

F™(Q,u(s,a)) — B™ Q(s,a) > €, +2

b ©6)

|u(s, )

9k

is bounded above by 2 log, ,f—i |SA|?e= 750",

Proof. At most log, 2% |SA| distinct Q exist for which |u(s,a)| > 0 for at least one (s,a). Thus,
there are at most 2 log, 7% |SA|? ways for at least one of the at most | S A| state-actions to fail at least

lf—k’ | S A|? ways each for equation 5 or equation 6 to be true at least

once), each with a probability at most e~ “58* . From the union bound, we have that the probability
that for any () there exists at least one (s, a) such that equation 5 or 6 is true, is bounded above by

9km

2log, =[S A[Pem 50" O

once during non-delay steps (log,

Based on Lemma 9.6 we can now bound the probability that any (s, a) will have Bellman error of
unacceptably high magnitude:

Lemma 9.7. Let €, = max{0, 0+/4k,, — € }. The probability that for any Q during an execution of
Median-PAC there exists at least one (s, a) such that

Q(& CL) - Bﬂ*@(sa CL) S —€y — €q (7)
or at least one (s, a) with |u(s,a)| > 0 such that

Q(s,a) — B™ Q(s,a) > €, + €q + 2——2

®)

u(s, a)l
is bounded above by 2 log, %|SA|26*9§+§"_
Prooj: When |U(S7a)| = km’ Q(S7a) - Qmax- Since BW*Q(SNI) < QmaXs Q(S,G) _

9km

B™ Q(s,a) < —e, — €,. Otherwise, ¥(s, a, Q) with probability 1 — 21log, %|SA|26— kn

B™ Q(s,a) = min {Qumax, B™ Q(s,a)}
< min {Qmax, F™ (Qv u(s,a)) + Eu}
< B™ Q(s,a) + ey
< BQ(s,a) + ey
< Q(s,a) + €y + €q.
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9kum

V(s,a,Q) with u(s, a) > ky,, with probability 1 — 2log, #&|5A[?e 50
Q ~ . Q ~
B™ Q(s,a) = rmn{Qmax,BTr Q(s,a)}

> min {Qua F™° (@, u(s, 0)) — e,

_ 26717}
Vlu(s; )l

Z HliIl {Qmaxa Fﬂ@ (Qau(57 a’))} — €y — 2671)

_ (s,
> BWQQ(&CL) — €y — 9 b

lu(s, a)|
— BO e 9
= BQ(s,a) — €, — 2 e
~ €p

2 Q(S,a) — €y — €q — 2m

Note that both the first half of Lemma 9.6 (used in the fist half of the proof) and the second half
9km

(used in the second half of the proof) hold simultaneously with probability 2 log, % |SA2e~ 50",
therefore we do not need to take a union bound over the individual probabilities. O

We will use the following three lemmas from Pazis and Parr (2016):

Lemma 9.8. Let t; for i = 0 — [ be the outcomes of independent (but not necessarily identically
distributed) random variables in {0,1}, with P(t; = 1) > p;. If 2In§ < 1 and

l

i=0 1-— In

Fw
|

then Zi:o t; > m with probability at least 1 — 6.

Lemma 9.9. Let Q(s,a) — B™ Q(s,a) > —€, V(s,a), X1,...,Xi, ..., X, be sets of state-actions
where Q(s,a) — B”QQ(s,a) <€ V(s,a) € X;, Q(s,a) — B”QQ(s,a) < é€raq V(s,a) ¢ UM X,
and e,o < ei. Let Ty = [ﬁ In %] and define H = {1,2,4,...,2'} where i is the
largest integer such that 2° < Tyy. Define py, i(s) for h € [0, Ty —1] to be Bernoulli random variables
expressing the probability of encountering exactly h state-actions for which (s, a) € X; when starting
from state s and following 7% for a total of min{T, Ty} steps. Finally let Phai(s) = Zf:;; Dm,i($)-
Then

Vi) v () <

where e, = 2% 1, (ZheH (hpf”(s)) (€5 — GWQ)) + 7" Qumax-

Lemma 9.10. Let B be a y-contraction with fixed point Q, and Q the output of

1 max
—1In @

1—7v €

iterations of value iteration using B. Then if 0 < Q(S,a) < Qmax and 0 < Qo(s,a) <
Qmax Y (8, a), where Qo (s, a) is the initial value for (s, a)

—€ < Q(s,a) — BQ(s,a) < eV(s,a).

Lemma 9.11 bounds the number of times the policy produced by Median-PAC can encounter state-
actions with fewer than k samples.

Lemma 9.11. Let (s1, 2, S3, . - . ) be the random path generated on some execution of Algorithm 1.
Let 7(t) be the number of steps from step t to the next step for which the policy changes. Let

Ty = [ﬁ In %—‘ and define H = {1,2,4,...,2'} where i is the largest integer such

€a
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that 2' < Ty. Let Ko = {2, 2Ykp, 2%k, ... k}. Let k be the largest value in K, that is
strictly smaller than kg, or 0 if such a value does not exist. Let X}, (t) be the set of state-actions
at step t for which k; = |u(s, a)|. Define py, i, (s¢) for ko € K, to be Bernoulli random variables
that express the following conditional probability: Given Q at step t, exactly h state-actions in
Xk, (t) are encountered during the next min{Ty,7(t)} steps. Let pj, ;. (st) = Zfﬁ;l Dik, (S¢). If
loga %

> < 1, with probability at least 1 — §

2 " 1i'y In (1*"15)U‘Qmax —| 21n
o | SATFI

(kalSAJ + 1) (1 + logy | 5 n U= |) [ Loy (2 |

Z Z (hph k., (5t,5)) < ca cn
1 — \/2(11 1

)

t=0 he H n 0=Dmax |1y

T | SATT1

Vk, € KyandV h € H simultaneously.

Proof. From the Markov property we have that pj, ;- (s¢) variables at least Ty steps apart are

independent.” Define T fori € {0,1,..., Ty — 1} to be the (infinite) set of timesteps for which
te{i,i+Ty,i+2Ty,...}.

Since k, samples will be added to a state-action such that |u(s, a)| = k, before |u(s,a)| = k,, at
most k, | S A| state-actions such that k&, = |u(s, a)| can be encountered.

Let us assume that there exists an ¢ € {0,1,..., Ty — 1} and h € H such that

> g (se5) > ka|SA| + 1 _
! 2n 1 2102
teT] h (1 — \/ka|SA|+1 In ; 5 )

From Lemma 9.8 it follows that with probability at least 1 — 21%#2,‘., atleast k.| S A|+1 state-actions
2 km

such that &, = |u(s, a)| will be encountered, which is a contradiction. It must therefore be the case
that

o kq|SA|+1
Z ph7ka(5t,j) <

. 2k
teTH _ 2h 2logs 7y
‘ h (1 \/ka|SA+1 In —=5—=

with probability at least 1 — ﬁ foralli € {0,1,...,Ty—1}and h € H—{Ty} simultaneously,
082

2k
km

which implies that

i > (e, (50) < (ka|SA| + 1)|H|Tg

t=0 he H oT 2log, %
© 1- \/kalsflﬂ In —=
1— max 1— max
_ (kalSAI+D) (1+logy [ o (=2 ]) [1 1 02 ]
= —
2 e e
T | SATT 1

with probability at least 1 — ﬂg#zk for all b € H simultaneously.
082 Tr

From the union bound we have that since k, can take at most log, ,f—k values, with probability 1 — g

(ka‘SA| + ].) (]. + 10g2 ’Vﬁ In %—D ’VL In %—‘

> > (i (s04)) < — x
1— \/ 2[

1 2k
li'y In (1_’YE)anax —| 21n Og?ék‘nl
K | SAJF1
Vk, € K, andV h € H simultaneously. O

"While what happens at step ¢ affects which variables are selected at future timesteps, this is not a problem.
We only care that the outcomes of the variables are independent given their selection.

t=0 heH
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Lemma 5.3. The per step computational complexity of algorithm 1 is bounded above by:

2
o (MR, Qo)

1—n €a

Proof. From lemma 9.10 we have that on every iteration of algorithm 1, lines 13 through 15 will we
executed at most O ( In Q““"‘) times. For each one of these iterations, function BQ(S, a) will
be called |S|| A| times. Lme 22 in function BQ(s, a) will be executed at most ,,, times, with a per
execution cost of O <ﬁ|A| . O

Theorem 5.4. Let (s1,s9,83,...) be the random path generated on some execution of
Median-PAC, and & be the (non-stationary) policy followed by Median-PAC. Let € =

4log, 2 mx |SA|?
max{0, ov/4k,, — ea\/E}, and €, be defined as in algorithm 1. If k., = % In + ,

1y =1Qmax 082 py
¢ < @ 2[ 25 In B=29max o1y —Fm
= VK Ky [SA+1

at least 1 — 6, forall t

< 1, and k = 2k, for some integer i, then with probability

where

> 2k 8
o(t) < 2 + 10gs — | Quax + €ak (8 + — ) ),
;6() c°(< o8 km>Q ‘ ( ﬁ))

(1541 + 1) (1 +logy [ L5 tn U= [) [ L 1y (=20 |

€a

e 2k
1-9)Qmax 182 Fopy
1— Q(ﬁln( WEG 2. —|21n 5
km [SA[+1

Ifk = 2ik,., where i is the smallest integer such that 2t > %2, and g = (1 — 7)e,, then with
probability at least 1 — 6, for all t

and

Co —

V*(St) — Vﬁ-(st) < € + Ee(t)u

where®

St~ (e + £22) 541).

t=0

Note that the probability of success holds for all timesteps simultaneously, and Zfi o €e(t) is an
undiscounted infinite sum.

Proof. From Lemma 9.7 we have that with probability at least 1 — 2log, kk |SA2e~ =
Q(s,a) — B™ Q(&a) > —€y — € )
for all (s, a, Q), and
~ @ ~ €p
Q(s,a) — BT Q(s,a) < €, + €4 + 2———— (10)
u(s; )l

for all (s, a) with |u(s,a)| > ky,. We also have that

Qs,a) — B~ Q(s,0) < Quax ¥ (5,0, Q).

8f(n) = O(g(n)) is a shorthand for f(n) = O(g(n)log® g(n)) for some c.

17



Let K, k., Th, H, T( ), and pf, ;. (s¢) be defined as in lemma 9.11. With probability at least

1 —2log, = [SA|?e 5", for any (s, a) with [u(s, a)| > 0 samples
Q(s,a) — B’TQQ(S, a) < €, +eq+2 i .
u(s, a)

Even though 7 is non-stationary, it is comprised of stationary segments. Starting from step ¢, 7 is
stationary for at least T( ) steps Substituting the above into Lemma 9.9 we have that with probability

at least 1 — 2log, 7| S A[?e™ 50"
2¢, + 3€4 + 26—2

V*(St) - Vﬁ(St) S Tf + Ee(t)v
where
€e(t) = ’YT(t)Qmax +2 Z (hpi,km (8))Qmax + Z 2 Z (hpi,k-a (St))z\/F
heH ko€{Kos—km} h€EH @

From the above it follows that

Z ee(t)

t=

= Z <7T<t)Qmax + 2 Z (hpi,l(st;j))Qmax + Z 2 Z hph ka St ] \;%)

8

t=0 heH ka€{Kq—km} heEH
> €
Z (t)Qmax+QZZ (hph,1(5t,5)) Qmax + 2 Z ZZ (hph k. (56.5)) \/]%
t—0 t=0 he H ko€{Kq—km} t=0 he H

|SA|Qmax

10g2 k €p
=+ kaCOQmax + 2 Z ka6027
(1= ka€{Ka—km} Vka

€p
2k + log2 ) c0Qmax + 2 Z kaco2
( ka€{Ka—km} ka

= <2k + log, = ) coQmax + 4coep Z Vka

ka€{Ka—km}

A

[e9]

<2k + log, . ) c0Qmax + dcoepVk <Z (% + 211/5))

=0

= ((2k +log2k )Qmax+ebf(8+ f}))

with probability 1 — § — 2log, 7= |SA|2 %55, where in step 3 we used the fact that there can be

N

at most log, kk |SA| policy changes Since Lemma 9.7 (used to bound the Bellman error of each
(s,a,Q)) holds with probability at least 1 — 2 log, & \SA|2 —“%* and Lemma 9.11 (used to bound
how many times each (s, a, Q) 18 encountered) holds with probablhty of at least 1 — 5, the bound

above holds with probability of at least 1 — & — 2log, 22 |SA|2 - 958
Setting €, = €,1/k we have that with probability at least 1 — &
V(o) = VE(s0) < 2 ),
where
;ee(t) <co (<2km + log, ,il:) Qmax + €k (8 + \%)) :
Equations 3 and 4 follow by substitution and by using the fact that o < % O
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