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A Appendix

This appendix contains the proof of Theorem 1.

Proof. Recall that

Ũ = A
1/2
⊗ U where U = (u>1 ,u

>
2 , . . . ,u

>
n )
> ∈ Rdn .

Let then t be a fixed time step, and introduce the following shorthand notation:

x∗t = argmax
k=1,...,ct

u>itxt,k and φ̃
∗
t = argmax

k=1,...,ct

Ũ>φ̃t,k .

Notice that, for any k we have

Ũ>φ̃t,k = U>A
1/2
⊗ A

−1/2
⊗ φit(xt,k) = U>φit(xt,k) = u

>
itxt,k .

Hence we decompose the time-t regret rt as follows:

rt = u>itx
∗
t − u>itxt,kt

= Ũ>φ̃
∗
t − Ũ>φ̃t,kt

= Ũ>φ̃
∗
t −w>t−1φ̃

∗
t +w

>
t−1φ̃

∗
t + CBt(φ̃

∗
t )− CBt(φ̃

∗
t )− Ũ>φ̃t,kt

≤ Ũ>φ̃
∗
t −w>t−1φ̃

∗
t +w

>
t−1φ̃t,kt + CBt(φ̃t,kt)− CBt(φ̃

∗
t )− Ũ>φ̃t,kt ,

the inequality deriving from

w>t−1φ̃t,kt + CBt(φ̃t,kt) ≥ w
>
t−1φ̃t,k + CBt(φ̃t,k), k = 1, . . . , ct.

At this point, we rely on [1] (Theorem 2 therein with λ = 1) to show that∣∣Ũ>φ̃∗t −w>t−1φ̃∗t ∣∣ ≤ CBt(φ̃
∗
t ) and

∣∣w>t−1φ̃t,kt − Ũ>φ̃t,kt∣∣ ≤ CBt(φ̃t,kt)

both hold simultaneously for all t with probability at least 1 − δ over the noise sequence. Hence,
with the same probability,

rt ≤ 2 CBt(φ̃t,kt)
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holds uniformly over t. Thus the cumulative regret
∑T
t=1 rt satisfies

T∑
t=1

rt ≤

√√√√T

T∑
t=1

r2t

≤ 2

√√√√T

T∑
t=1

(
CBt(φ̃t,kt)

)2

≤ 2

√√√√T

(
σ

√
ln
|MT |
δ

+ ‖Ũ‖

)2 T∑
t=1

φ̃
>
t,ktM

−1
t−1φ̃t,kt .

Now, using (see, e.g., [2])

T∑
t=1

φ̃
>
t,ktM

−1
t−1φ̃t,kt ≤ (1 + max

k=1,...,ct
‖φ̃t,k‖2) ln |MT | ,

with

max
k=1,...,ct

‖φ̃t,k‖2 = max
k=1,...,ct

φit(xt,k)A
−1
⊗ φit(xt,k)

≤ max
k=1,...,ct

‖φit(xt,k)‖2

= max
k=1,...,ct

‖xt,k‖2

≤ B2 ,

along with (a+ b)2 ≤ 2a2 + 2b2 applied with a = σ
√
ln |MT |

δ and b = ‖Ũ‖ yields

T∑
t=1

rt ≤ 2

√
T

(
2σ2 ln

|MT |
δ

+ 2‖Ũ‖2
)

(1 +B2) ln |MT | .

Finally, observing that
‖Ũ‖2 = U>A⊗U = L(u1, . . . ,un)

gives the desired bound.
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