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Abstract

The supplementary material contains four parts. First, we provide some sample
images from the three datasets that we tested our method on. Second, we pro-
vide some background material on Hilbert-Schmidt operators. The third and main
part contains the proofs for all mathematical results in the paper. The final part
contains further discussions and interpretations of our framework, including its
computational complexity in the kernel setting.

A Experiments

In this section we give some example images extracted from each of the three datasets that we tested
our method on. Figure [T| shows some samples extracted from the Kylberg Texture dataset. Figure
shows 4 samples, 1 for each split, of the KTH-TIPS2b Material dataset. Finally, Figure [3] shows
examples extracted from the Fish Recognition dataset.
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Figure 2: Samples extracted from the 4 splits of the KTH-TIPS2b dataset [3].
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Figure 3: 3 samples from each of the 23 classes of the Fish Recognition dataset [2]].

B Background on Hilbert-Schmidt operators

We briefly give some facts about Hilbert-Schmidt operators that we need in the current work here,
for more detail see e.g. [5]. Let H be a separable Hilbert space. Let £(H) be the Banach space of
bounded linear operators on 7. The set of Hilbert-Schmidt operators, denoted by HS(?), is defined
by

HS(H) = {A € L(H) : [|Allfs = tr(A"A Z [l Aex||* < oo},

where {e}72 ; is any orthonormal basis for 7{. Under the H11bert—Schm1dt inner product,
(A, Byys = tr(A*B),
the set HS(?) becomes a Hilbert space. It is a non-unital Banach algebra of operators, since it is
also closed under multiplication, with A, B € HS(H) = AB € HS() and
|AB]lus < [|Allus]|Bl|us.

This is called the Hilbert-Schmidt algebra of operators on . Furthermore, it is a two-sided ideal in
L(H), that is

A€ HS(H),B e L(H) = BA € HS(H), AB € HS(H).
A Hilbert-Schmidt operator is compact and thus has a countable spectrum. In particular, if A is self-
adjoint Hilbert-Schmidt, that is A € Sym(H)NHS(H), then A has countably many real eigenvalues
{ s}, and we have

[Allfs = D A < oo
k=1
Clearly, the identity operator I ¢ HS(#H), since

o0
11lfs =D llexl* =
k=1



C Proofs of main results

For clarity, we restate all the results from the main paper that we prove here.

C.1 Proofs for the Log-Hilbert-Schmidt metric - the general setting

Theorem 1. Under the two operations ® and ®, (2(H), ®, ®) becomes a vector space, with ®
acting as vector addition and ® acting as scalar multiplication. The zero element in (X (H), ®, ®)
is the identity operator I and the inverse of (A + 1) is (A + ~vI)~1. Furthermore, the map

Vi (E(H),©,®) = (Hr, +,-) defined by (A +~1I) = log(A + 1), (€D
is a vector space isomorphism, so that for all (A +~I),(B + ul) € ¥(H) and A € R,
Y(A+I) © (B + pl)) = log(A+ 1) + log(B + pl),
YA® (A+~I)) = Nog(A+~I), (C2)

where 4 and - denote the usual operator addition and multiplication operations, respectively.

To prove Theorem [I] we need the following result.

Lemma 1. Assume that dim(H) = co. For each operator (A + vI) € X(H), there exist a unique
operator A; € HS(H) N Sym(H) and a unique scalar v, € R such that

A+ vl = exp(A1 + ’71]). (C.3)
Proof of Lemmal(I| It was shown in [[7] that for a fixed P € (), the exponential map Expp :

Tp(X(H)) — X(H) and its inverse, the logarithm map Logp : X(H) — Tp(X(H)), are diffeo-
morphisms given by

Expp(U) = P2 exp(P~Y2UP~ Y P2 U e Tp(2(H)), (C.4)

Logp(V) = PY2log(P~ Y2V P~ P2V e B(H). (C.5)

The tangent space Tp(3(#H)) at any point P can be identified with Hg, that is Tp(X(H)) ~ Hg.
Thus in particular, for P = I, the map

Exp;(U) =exp(U), U € Hg, (C.6)

and its inverse
Log;(V) =log(V), V € X(H), (C.7)

are diffeomorphisms. Hence for each operator (A + vI) € X(H), there exist a unique operator
A; € HS(H) N Sym(H) and a unique scalar ; € R such that

A+l =exp(Ar + ).
This completes the proof. O

Proof of Theorem|[I] The case dim(H) < oo was treated by [I]]. Let us assume that dim(H) = oco.
(I) First, we need to show that () is closed under the operations ® and ®, that is
(A+~D)© (B+ul) e B(H)

and

A®(A+9I) e B(H)
for all operators (A + 1), (B + pul) € (M) and all A € R.
By Lemmal[l] there exist unique Ay, By € HS(H) N Sym(H) and v, p11 € R such that

A+~I =exp(Ar +nI), B+ pl =exp(B; + ml).

It follows that

(At 70) ® (B + puI) = exp(A1 + Br) + (1 + m)) € S(H).



Similarly,
A® (A+I) =exp(MA1 + 1)) = exp(AAL + I I) € Z(H).
Thus X (#) are closed under the two operations @ and ®.
(IT) Let us show that (X(#), ®) is an abelian group by verifying all the axioms.
1) Associativity is satisfied, since
[(A+1) © (B+pl)]© (C+nl) = (A+~1) © [(B+pul) © (C+nl)]
= exp(log(A + 1) + log(B + pl) + log(C + nlI)).
ii) The neutral element is the identity operator I, since it is clear that
A+~ 0TI =10 (A+~I)=(A+AI).
iii) The inverse of (A + ~I)is (A +~I)~!, since
(A+~D) O (A+~yD) " =exp(0) =T = (A+~I)"t© (A+AI).
iv) Commutativity is satisfied, since
(A+~I1)© (B4 pl)=(B+ul) © (A+~I) = exp(log(A +~I) + log(B + pl)).
Thus X(#) is an abelian group.

(TIT) Let us now verify the axioms showing that (3(#), ®, ®) is a vector space, with the operation
® acting as vector addition and ® acting as scalar multiplication.

(1) First distributive property:
A®[(A+~I)© (B + pl)] =exp(Alog[(A+~1) ® (B + pl)))
= exp(Allog(A + 1) + log(B + uI)]) = exp(log[(A + 7I)]* +log[(B + pl)*])
= exp(logA ® (A+~I)] +1logA® (B+ pul)]) =[A® (A+~I)] O [A® (B + pl)].
(ii) Second distributive property:
A+ ) ® (A+~1) =exp((A+ p) log(A +~I)) = exp(Alog(A + ~I) + plog(A + 1))
= exp(log[(A +~I)]* +log[(A + 71)"]) = exp(log[A ® (A +I)] +log[n ® (A +1)])
=A®A+~D] o [p® (A+~I).
(iii) Associativity of scalar multiplication:
A® [u® (A+~I)] =A@ exp(plog(A++I)) = X ® exp(log[(A +vI)*])
=A@ [(A+~1)"] = exp(Alog[(A + 1)) = exp(Mulog(A +7I)) = (M) @ (A + 7).
(iv) Multiplication by the unit scalar:
1® (A+~I) = exp(log(A++I)) = (A+~I).

These axioms, together with the axioms showing that (X(#), ®) is abelian, show that (X(H), ©®, ®)
is a vector space.

(IV) Consider now the map
Vi (E(H),©,®) = (Hr, +, ),
defined by
Y(A+~I) =log(A+~I).
We have
W([(A+ 1) © (B + uI)]) = log(A + 1) + log(B + uI),

Y(A® (A+~I)) = Alog(A +~I).

This shows that ¢ is a homomorphism. We already know that the map log : X(H) — Hg is a
bijection. Thus % is a vector space isomorphism. This completes the proof. [



Consider the Log-Hilbert-Schmidt distance between two operators (A + vI) € X(H), (B+ pl) €
Y (H), defined by
dogrs[(A+ 1), (B + pul)] = |[log[(A+~1) © (B + pI) || s - (C.8)

Theorem 2. The Log-Hilbert-Schmidt distance as defined in (C.8) is a metric, making
(X(H), diogrs) a metric space. Let (A + ~vI) € X(H), (B + pl) € ¥(H). If dim(H) = oo,
then there exist unique operators Ay, By € HS(H) N Sym(H) and scalars v1, p1 € R such that

A+ ’)/I = exp(A1 + ’Yl.[), B+ ,uI = exp(31 + /llf), (C.9)

and

dlzogHS[(A +I), (B +pl)] = ||A1 — BlHI2—IS + (1 — 1) (C.10)
If dim(H) < oo, then and (C.10) hold with Ay = log(A + yI), By = log(B + pl), 11 =
M1 = 0.

Proof of Theorem[2] 1f dim(H) < oo, then by definition
dlogHS[(A + ﬁYI)a (B + MI)] = HlOg[(A + ’YI) © (B + /I’I)_l] ||HS
= |[log(A +~I) — log(B + pl)|[ns;
which is simply the Log-Euclidean metric between (A + «I) and (B + u1).

Consider now the case dim(#) = oc. By Lemmal[l] for operators (A + vI) € X(H), (B + ul) €
Y (H), there exist unique operators A; € HS(H) N Sym(H) and unique scalars 1, 111 € R such
that

A+~I =exp(Ay + ), B+ pl =exp(By + ). (C.11)
It follows that
(A+~4I)© (B + pul)™ = exp(log(A +~I) —log(B + pul)) = exp((A1 + 11 1) — (By + 1))

= exp((A1 — B1) + (11 — m)I).
Consequently,
log[(A+~1) ® (B+ul)™ '] = (A1 = B1) + (n1 — )] € H.

By definition of the extended Hilbert-Schmidt norm, we have

diogus[(A + 1), (B + pul)] = |[log[(A + 1) © (B + pI)~|[2us = |41 — Billfis + (71 — p1)*.
Let us show that diogpis is indeed a metric by verifying all the axioms of metric space.
1) Positivity: clearly we have

dogus[(A + 1), (B + pul)] = \/||A1 = Billfis + (1 =) 20

forall (A +~I), (B + pl) € X(H). Equality happens if and only if A; = B; and y; = p3, thatis
if and only if A = B and v = p.

ii) Symmetry: this is also clear from the above expression.
iii) Triangle inequality: by definition,
diogrs[(A + 1), (B + puI)] = [10g[(A+ 1) © (B + uI)™lens
= [[log(A +~I) —1og(B + pu)ens-

The triangle inequality for djogns then follows from the triangle inequality for the extended Hilbert-
Schmidt norm || ||errs. Thus (X(H), diogns) is a metric space. This completes the proof of the
theorem. O

Consider the Log-Hilbert-Schmidt inner product between (A + ~I) and (B + p), defined by
(A+~I, B+ pl)ogus = (log(A +~I),log(B + pul))ens = (A1, Bi)us +y1p1,  (C.12)
where Ay, By € Sym(#H) NHS(H) and 71, pi1 € R are such that
(A+7I) = exp(Ar + 1), (B+ pl) =exp(By + ),
as in Theorem 2



Theorem 3. The inner product ( , )iogus as given in is well-defined on (X(H),®, ®).
Endowed with this inner product, (X(H),®,®,( , )iogus) becomes a Hilbert space. The corre-
sponding Log-Hilbert-Schmidt norm is given by

1A +Y1|[fgns = [[log(A +71)l12us = | Avlfis + 7. (C.13)
In terms of this norm, the Log-Hilbert-Schmidt distance is given by
diogas[(A+I), (B + ul)] = H(A +0) O (B+pl)™ HlogHS : (C.14)

Proof of Theorem 3| We first need to show that the inner product
(A+~I, B+ ul)iogus = (A1, B1)us + y1p1-
is well-defined on (X(#), ®, ®), by verifying all the necessary axioms.
1) Symmetry is obvious.
ii) First linear property:
(A+A0) © (B + pd), (C+ nl)hogns = (exp(log(A + 1) + log(B + pl)), C + nl)iogus
= (exp((A1 + B1) + (1 + 1)1, exp(Cr + m1))iogns
)

= ((A1 + B1),Cr)us + (1 + pa)m = ((A1, Cr)us +vam) + ((B1, C1)us + pim)
= ((A+~I),(C+nl))hogus + (B + pl), (C + nl))ogus-

iii) Second linear property:

(M@ (A+~1D)], (B + pl))ogns = (exp(Alog(A + 1)), (B + pul))ioghs
= (exp(A(A1 +711)),exp(B1 + p11))ogns = (A1, Br)us + Ay
= A(A1, Br)us +71u1] = M(A+7I), (B + pl))1ogns-

iv) Positivity:
(A+ 71, A+ T )iogns = ||A1][fis + 7 > 0.

Equality happens if and only if A; = 0 andy; = 0, thatis if and only A+~I = exp(A; +m1 1) = 1.
Thus { )ogus is a well-defined inner product, giving rise to the norm

A+ 31| gus = |[1og(A +yD)||2s = [|Ax]lfs + 77
By definition, we have
dogus[(A+71), (B+pI) = |[1og[(A+~7I)© (B+pl) " H]ens = [[(A+7I) © (B+pl) ™ liogns,
as we claimed.

To show that (X(H), ©, ®, { , )iogus) is a Hilbert space, we need to show that it is complete under
the norm || ||iogus. This is obvious if dim(#) < oo. If dim(H) = oo, let {(A™ + v"I)},en be a
Cauchy sequence in || ||1ogms, that is

lim [|(A" +9"1) © (A" + 9" 1) H[iogus = lim_||AT — AV[[fis + (1 —21")* =0,

n,M—00

where A7 € Sym(H) N HS(H) and 7} € R are such that (A" + ") = exp(A} + ). The
convergence on the right hand side above implies that there is a unique A; € Sym(#H) NHS(#) and
a unique y; € R such that

: n _ 2 : n _
Jim AT — Aslfjzs = 0, lim o3 =
Hence if (A + vI) = exp(A; + 711), then
nlgglo [[(A" +9"1) © (A +WI)_1||120gHs = nlgglo |AT — Aillfs + (47 — m)* =0.

Thus the Cauchy sequence {(A™ + ~"I)},en converges under the || ||iogrs norm, showing that
(2(H),®,®,(, )iogus) is a complete inner product space, that is it is a Hilbert space. This com-
pletes the proof. O



Corollary 1. The following kernels defined on ¥(H) x X(H) are positive definite:
K[(A+~I),(B+pl)] = (c+ (A+~I, B+ pl)ogns)?, ¢>0, deN,  (C.15)
K[(A+~D),(B+ pul)] = exp(—df g [(A+ 1), (B +ul)] /o), 0<p<2.  (C.16)
Proof of Corollary|l] For the first kernel, we have the property that the sum and product of positive
definite kernels are also positive definite. Thus from the positivity of the inner product (A +~1I, B+

pD)1ogns, it follows that K[(A+~1), (B+pul)] = (c+ (A+~I, B+ pl)10gns)? is positive definite,
as in the Euclidean setting.

For the second kernel, we have by definition,
dogns[(A + 1), (B + ul) = [[log(A + 1) —log(B + pl)|[ens-
It follows that
exp(—df ,us[(A + 1), (B + ul)]/0?) = exp(—|[log(A + vI) = log(B + pul)|[fyg/0?),
which is positive definite for 0 < p < 2 by a classical result due to Schoenberg [9]. O

C.2 Log-Hilbert-Schmidt metric between regularized positive operators

Theorem 4. Assume that diim(H) = oo. Let A, B € HS(H) N Sym™ (H). Let v, ;u > 0. Then
(A+~1),(B+pl) € X(H) and
+ (logy —log p)?. (C.17)

1 1
log (A—i—l) — log <B+I)
Y 12 HS

1 1
log (A + I) — log (B + I)
v Y

Their Log-Hilbert-Schmidt inner product is given by

(A4 D), (B + puI))ogits = <log (iA + I) log (iB 4 1) > + (log)(log ). (C.19)

HS
1
log <A + I)
Y

To prove Theorem |4} we first note that for each compact operator A € Sym™ (#), the following
operator is well-defined:

2
dlgogHS[(A—’_’yI)’ (B +/1’I)] =

In particular, for p = v > 0,

diogns[(A +~1), (B +~I)] = (C.18)

HS

The corresponding norm is given by
2

+ (log7)?. (C.20)
HS

H(A—’—’YI)leogHS =

dim(H)
log(I+~vA) = Y log(1+vAe(A))gr(A) ® ¢i(A), v > 0. (€21
k=1

Furthermore, we have the following result.

Lemma 2. I[f A € HS(H)NSym™ (H), thenlog(I +~A) € HS(H)NSym(H) for all v > 0, with
the Hilbert-Schmidt norm of log(I + vA) given by
dim(H)

1log(I +7A)llfis = D [og(1+7Ae(A)I* < 27| Allfis. (C22)

k=1

Proof of Lemma[2] Since A is compact, self-adjoint, and positive, the operator log(I +~A) is well-
defined for all v > 0, as noted above. It is also clear that log(I + vA) € Sym(#). To show that
log(I +~vA) € HS(H), we make use of the identity

log(l+z) <z forall = >0. (C.23)
It follows that
dim(H) dim(H)
[log(I +7A)|fs = Y llog(L+ (A < D 7*Ai(A) = Allfs < e,
k=1 k=1
by the assumption that A € HS(H). This completes the proof. O



Proof of Theorem 4] Since the identity operator I commutes with all other operators, from the def-
inition of the log function, we have

log(A + ~I) =log {fy[ (i’A + I>] = log(yI) + log (i’A + I> , (C.24)

where log (%A + I) € HS(H) N Sym(H) by Lemma It follows that in Theorem

(A+~I) =exp (A1 + 1),

where
1
Ay =log <A+I> , 71 = log~y.
gl
Similarly,
(B +ul) =exp (B1 + ml),
where

1
B, =log <B —|—I> , w1 = log .
I
Thus from Theorem 2, we have

dlzogHS[(A +~1),(B + pul)] = ||A1 — B1||fs + (1 — m1)?

1 1 2
log| —A+1)—log| —-B+1
Y K

which is the desired formula for the distance djogrs. By definition of the Log-Hilbert-Schmidt inner
product, we have

_ + (log(v) — log())?,
HS

((A+~I), (B + pl)hogas = (A1, Bi)us + 711
1 1
= <log (A + I) ,log (B + I>> + (log)(log 1),
Y H HS

as we claimed. The formula for the Log-Hilbert-Schmidt norm then follows immediately. This
completes the proof. O

Theorem 5. Assume that diim(H) < oo. Let A, B € Sym™ (H). Let v, > 0. Then (A+~I), (B+

wul) € X(H) and
log <A +I) — log <B +I)
Y 1%

A B
+2(logy — log p)tr <log ('y + I) —log n + I)) + (logy — log p)? dim(#H).  (C.25)

dlzogHS[(A + 71)7 (B + :LLI)] =

HS

The Log-Hilbert-Schmidt inner product between (A + vI) and (B + ul) is given by

(A+A1), (B + pl))ogns = <log (:1 + I> log (]j + 1>>

HS

+(log )t (log (f + 1)) + (log p)tr <log (;1 + 1)) + (log v log 1) dim(H).  (C.26)

The Log-Hilbert-Schmidt norm of (A + ~vI) is given by

1 2
log (A + I)
Y

1
[|(A+ 7[)|\120gHS = + 2(log y)trlog (’YA + I) + (logy)? dim(H)(C.27)

HS



Proof of Theorem 5] If dim(H) < oo, then in Theorem 2] we have
(A+70) = exp(Ar + ), (B+pl) =exp(Br+ pl)

where
Ay =log(A+~I), By=log(B+pul), v =p =0

The Log-Hilbert-Schmidt distance is now the Log-Euclidean distance and is given by
dpgus(A+ 1), (B + ul)] = ||Ay = Bi|lfs = [[log(A +41) — log(B + ul)| [

2
log <A +I> —log (B +I> + (logy — log u)I
Y K Hs
log <A+I> — log <B+I)
v 2

2
A B
+ 2(logy — log u)tr <log ( + I) —log < + I>>
HS Y K
Similarly, the Log-Hilbert-Schmidt inner product is

+(logy — log p)? dim(H).
((A+91), (B + pl))1ogns = (A1, Bi)us = (log(A +1),log(B + pl))n

= <log (;‘ + I) + (logyI),log (f + I) (log 1) I>HS
_ <1og <fy‘ n z) Jlog (f + z) >HS + (log )tr <1og <i + z)) T (log wtr (1og ( I))

+(log vlog ) dim(H).

Finally, for the Log-Hilbert-Schdmit norm,

2
(A +yD)ogns = [1og(A +71)|[Es =

1 2
log (A + I)
v

This completes the proof. O

1
log (’YA + I> + (logy)I

HS

1
+ 2(log v)tr log (WA + I) + (log y)? dim(H).
HS

C.3 Log-Hilbert-Schmidt metric between regularized covariance operators

Let X be an arbitrary non-empty set. Let K be a positive definite kernel on X' x X and H g be its
corresponding RKHS. Let x = [2;]72, ¥ = [y:]i~;, m € N, be two data matrices sampled from
X and Cy(x), Ca(y) be the corresponding covariance operators induced by the kernel K. Let K [x],
Kly], and K[x,y] be the m x m Gram matrices defined by (K[x]);; = K(z;,z;), (K[y])i; =

K(yi,y;). (K[x,y])ij = K(@i,y;). 1 < 6,5 < m. Let A = —=®(x) ]y« R™ = H,
B= ﬁ@(y)g}m : R™ — Hp, so that

1 1
ATA= —J,.K[x|Jym, B'B=—J,K[y|lJm, A'B= InK[x,y]Jm. (C.28)
ym um

1
VTem
Let N4 and Np be the numbers of nonzero eigenvalues of A” A and BT B, respectively. Let X 4
and X p be the diagonal matrices of size N4 X N4 and N x Np, respectively, and U4 and Up
be the matrices of size m x N4 and m x Np, respectively, which are obtained from the spectral
decompositions

1 1
— I K[X]Jp = UaX AU, —J,K[y|Jy = UgXpUs. (C.29)
ym um

In the following, let o denote the Hadamard (element-wise) matrix product. Define

Cap =1}, log(In, +24)S, (UYA"BUp o Uy A" BUB)S 5 log(In, + £5)1n,. (C.30)



Theorem 6. Assume that dim(H ) = co. Lety > 0, u > 0. Then

i 1s[(Ca) +71), (Cay +pl)] = trflog(In, +Ba)]* + trflog(In, +p)]* — 2Can
+(logy — log p)?. (C.31)
The Log-Hilbert-Schmidt inner product between (Cgx) + 1) and (Cop(yy + pl) is
((Cawy + 1), (Cay) + p))iogns = Cap + (log ) (log ). (C.32)
The Log-Hilbert-Schmidt norm of the operator (Cg(x) + 1) is given by
1(Cagx) +1D)liogns = trllog(In, + Ba)]* + (log)*. (C.33)

Theorem 7. Assume that dim(H ) < co. Lety > 0, u > 0. Then

dgns[(Ca) + 1), (Cagy) + pl)] = trllog(In, + £a)]* + trflog(In, + Ep))°
—2C4p + 2(logy — log u) (trllog(In, + X4)] — trllog(In, + EB)])
+(logy — log u)*dim(Hg).  (C.34)
The Log-Hilbert-Schmidt inner product between (Cg(x) + 1) and (Cy(yy + pul) is

(Cox) +71), (Cay) + 1) )1ogns = Cap + (log p)tr[log(In, + Xa)]
+(log y)trlog(In, + £p)] + (logvylog p1) dim(Hx). (C.35)
The Log-Hilbert-Schmidt norm of (Ca(x) + V131, ) is given by

1(Cax) + I liogns = trllog(In, + Ea)]* +2(log y)trllog(In, + Sa)]
+(logv)? dim(Hg). (C.36)

To prove Theorems [6]and[7, we need the following results.

Lemma 3. Let H1 and Ho be two separable Hilbert spaces. Let A : Hy — Ho and B : Ho — Hy
be two bounded linear operators. Then the nonzero eigenvalues of BA : H1 — Hi and AB :
Ho — Ho, if they exist, are the same.

Proof of Lemma|3| Let A # 0 be an eigenvalue for AB with corresponding eigenvector v # 0, then
ABv = \v.
Multiplying both sides by B gives
(BA)(Bv) = A\(Bv).
This shows that A is an eigenvalue of BA, with eigenvector Bv. Note that we also have Bv # 0,

since
Bv=0 = ABv=0= XM — v =0,

in contradiction to our assumption that v # 0.
Conversely, if 11 # 0 is an eigenvalue of B A with eigenvector w # 0, then it is also an eigenvalue

of AB, with eigenvector Aw # 0. Thus the nonzero eigenvalues of AB are the same as those of
BA. O

Lemma 4. Let H1 and Ho be two separable Hilbert spaces. Let A : Hy — Ho and B : Ho — Hy
be two bounded linear operators such that AB : Ho — Ho and BA : Hi — Hy are positive,
self-adjoint compact operators. If AB is trace class, then B A is also trace class. Furthermore, both
log(AB + I3, ) and log(BA + Iy,) are trace class operators and

trlog(BA + Iy, ) = trlog(AB + Iy,) < co. (C.37)

Proof of Lemmald| Let {)\,(AB) ;CV AP be the strictly positive eigenvalues of AB, with 1 <
N < oco. Then

Nap Nap
trlog(AB + Iy,) = Z log(Ak(AB) +1) < Z A(AB) < o0,
k=1 k=1

10



where we have used the inequality log(1 4+ z) < x for > 0 and the assumption that AB is trace
class. Thus log(AB + Iy,) is a trace class operator. By Lemma 3] the nonzero eigenvalues of BA
are the same as those of AB. Thus log(BA + I, ) is also a trace class operator and

trlog(BA + Iy, ) = trlog(AB + Iy,) < .
This completes the proof. O
Lemma 5. Let Hy and Hs be two separable Hilbert spaces. Let A : H1 — Ho and B : Ho — H;

be bounded linear operators such that AB : Ho — Ho and BA : H1 — H; are positive, self-
adjoint compact operators and that AB is Hilbert-Schmidt. Then BA is also Hilbert-Schmidt and

[log (I3, + BA)|lfis = I|log(I3, + AB)||fs- (C.38)

Proof of Lemma[5] By definition, for A : H; — Ho and B : Ho — H,
Nap

|1 log(I, + AB)|lfis = Y _ [log(1 + A(AB))J*.
k=1

Similarly,
Npa

|| log(I, + BA)|lfis = ) [log(1 + Au(BA))*.
k=1

Here Nyp and Np4 denote the numbers of positive eigenvalues of AB and B A, respectively.
We have shown that the nonzero eigenvalues of BA and AB are the same. Thus the above two
expressions are equal to each other. O

Lemma 6. Let H be a separable Hilbert space and A : H — H, B : H — H be two self-adjoint,
positive Hilbert-Schmidt operators. Let {\,(A)}n?, and {\.(B)}o, be their positive spectra,
respectively, with corresponding normalized eigenvectors { ¢y (A) iv 4, and {¢r(B) iv . Then

Ny Np
trflog( + A)log(I + B)] = 33 log(1 + Ap(A)) log(1 + A; (B)) (4 (A), &5 (B)) . (C.39)

k=1j5=1

Proof of Lemmal6] From the spectral expansions

log(I + A) = Zlog (14 Ak(A)) 0k (A) @ ¢r(A),

log(I + B) = Zlog (1+ A\(B))ok(B) ® ¢k(B),

we have
log(I + A)log(I + B)
Zlog (1+ M(A))dr(A) ® ¢ (A Zlog + Ae(B)) b1 (B) @ ¢r(B)]
Na Np
= > log(1+ A(A)) log(1 + A;(B))(¢x(A), ¢;(B)) 61 (A) ® 6;(B).
k=1j=1
It follows that
tr[log(I + A)log(I + B)]
Na Np
=D > log(1+ Au(A) log(1 + A;(B))[{dw(A), 6;(B)) .
k=1 j=1
This completes the proof of the lemma. O

11



Lemma 7. Let H1, Ho be separable Hilbert spaces and A : Hy — Ha be a compact operator such
that AT A : Hy — H, is Hilbert-Schmidt. Let
Na
log(Ip, + AT A) = log(1 + A (AT A)) (AT A) @ ¢ (AT A)
k=1

be an orthogonal spectral decomposition for log(Ix, + AT A), with {)\k(ATA)}fCV:Al being the pos-
itive eigenvalues of AT A and {¢;,(AT A) g 4, their corresponding normalized eigenvectors. Then

ok (Agy, (AT 4)) (Agr (AT 4))

log(I, + AAT) =31 Ak (ATA
og(In, + AAT) ;C’g(H A TG AT A ey © TG (AT ) [

is an orthogonal spectral decomposition for log(I3, + AAT), which is equivalent to

Na

log(Ip, + AAT) => "
k=1

log(1+ A\g (AT A))

e (AT A) (Apr(ATA)) @ (Agx(AT A)).

Proof of Lemma[7] By Lemma the positive eigenvalues of A7 A and AAT are the same. Further-
more, if

AT A (AT A) = M (AT A)pr (AT A)
with A, (AT A) # 0 and ¢ (AT A) € H1, then multiplying both sides by A gives
AAT[Agy (AT A)] = e (AT A)[Agr (AT A)].
Thus A¢y (AT A) € Hy is an eigenvector of AAT with the same eigenvalue A\ (AT A). Its norm is
1Apk (AT A)|[3,, = (Apr(ATA), Apr (AT A))p, = (on (AT A), AT Ay (AT A))
= Me(AT A)|R(AT A, = Ae(ATA).
Also, for k # j,
(A (AT A), Adj (AT A))3, = (31(ATA), AT Ap; (AT A))3,
= X (on (AT A), ¢;(ATA))w, = 0.

Thus { Ay (AT A) }fcv 4, are the Ho-normalized orthonormal eigenvectors of AA” corre-

S S
VAR(ATA)
sponding to the positive eigenvalues {\, (AT A) kN 4, . From this fact, we obtain the spectral decom-
position of AAT and hence of log(I3,, + AAT). This completes the proof of the lemma. O

Lemma 8. Let H1, Ho be two separable Hilbert spaces and A : H1 — Ho, B : H1 — Hs be
compact operators such that AT A : H, — H, and BT B : H1 — H, are Hilbert-Schmidt. Then

tI‘[lOg(AAT + I’Hz) 1Og(BBT + I’Hz)]
= 1%, log(In, + )2, (UL AT BUE o UY AT BUE)E 5 log(In, + Sp)1n,.  (C.40)

In the above expression, o denotes the Hadamard (element-wise) matrix product, N o, Np are the
numbers of nonzero eigenvalues of AT A and BT B, respectively. The diagonal matrices ¥ 4, of size
Na X Na, and X, of size Ng X Np, and the matrices U 4, of size dim(H1) X N, and Ug, of size
dim(H,) x Np, are obtained from the spectral decompositions

ATA=U,2 UL, BB =UpXpUE, (C.41)

respectively.

Proof of Lemma8| Let N 4 be the number of nonzero eigenvalues of AA”, which are the same as
those of AT A, and Ny be the number of nonzero eigenvalues of BBT, which are the same as those
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of BT B. Then by applying Lemma|§| and Lemma we get

tr[log(AAT + Iy,)log(BBT + Iy,))

Na Np
=33 log(1+ A(AAT)) log(1 + Ay (BBT)) (9 (AAT), 65 (BB )}y, 2

k=1 j=1

Na Np
=503 log(1 + M(AT ) log(1 + Ay (BT B))((AAT), 6; (BET)) 0, |

k=1 j=1

Nai Np

_ Z Z log(1 + A\ (AT A))log(1 + \; (BT B))

Ak(AT A)A;(BTB) [(Adr(ATA), Bé;(B" B))s.|?

k=1j=1
NANB

_ Z Z log(1 4+ A\ (AT A))log(1 4+ X\; (BT B))

Me(ATA)\, (BT B) (o (AT A), ATB¢; (B B))w,|?

k=1 j=1
Consider the following spectral decompositions for A” A and BT B:
ATA=U,2,UY, BTB=UpxpUL,

where the diagonal matrix X 4 is of size N4 X N 4, with diagonal consisting of the nonzero eigen-
values of AT A, and the diagonal matrix X is of size Ng x Np, with diagonal consisting of the
nonzero eigenvalues of BT B. Then

tr[log(AAT + I3,)log(BBT + Iy,))
= 1%, log(In, + S4)S, (UL AT BUp o Uy AT BUB)S 5" log(In, + £5)1n,,

where o denotes the Hadamard (element-wise) matrix product. This completes the proof of the
lemma. O

Proof of Theorem[6] By Theorem[d] when dim(H ) = oo, we have
2
dieris[(Cox) + 1T )s (Cayy + 1lry )] =

1 1
log <C<I>(x) + IHK> — log <C<I>(y) + IHK>
Y H HS

+(logy — log ).
Expanding the first term, we have
2

1 1
log <C<1>(x) + IHK> — log <C<I>(y) + IHK>
Y H HS

2 2

1 1
log ('YO(I)(X) + [HK> + log (NO(I)(y) + IHK)

HS
1 1
—2tr [log (Fqu)(x) + I’HK) log (qu)(y) + I’HK)] .

By Lemma[3] the first term is

HS

2 2

1
log (@(X)Jm(x)T + IHK>
HS

ym

1
log (’YC@(X) + IHK>

HS

2 2

1
log (JmK[x}Jm + Im>
HS ym HS

1 2
=tr [log (JmK[x}Jm + Imﬂ .
ym

1
log (Jm<I>(x)T<I>(x)Jm + Im>
ym

Similarly, the second term is

2 1 2
=tr [log (JmK[y]Jm + Im)] .
pwm

HS

1
log (MC<1>(y) + IHK>

13



For the third term, we have
1 1
tr [10g <ch¢(x) + IHK) log (MC(I,(y) + IHK)]
1 1
=t [tog (0G0 28607 + B ) o (10BN + I )|

Let A= —2-®(x)J,, : R" = Hg, B= ~=—(y)J,, : R — H, then

1 1
T T
AAT = ;C<I>(x)7 BB = ;C@(y),

1 1 1
ATA = %J77LK[X]J7YL7 B'B = %JmK[Y]Jma ATB = m I K[x,y] .

Applying Lemma(8] we obtain the formula for the cross term C 4 5. For the first two terms, we have

1 2
" {k’g (meK[XW * I’")] — trflog(AT A + ,,)]? = trflog(L, + TP

2
tr {log <M1meK[y]Jm + Imﬂ = trllog(BT B + I,,)]? = tr[log(In, + ¥p)]%

Combining all the expressions, we obtain the formula for diogrrs. The formulas for  , )iogus and
|| |[1ogtis are obtained similarly.

Proof of Theorem[7| By Theorem[5| when dim(H ) < oo, we have

dlzogHS[(Cq)(x) + VI’HK)a (C<I>(y) + NIHK)]
= [log (Ca) + Vlresc) — 108 (Cacy) + i) s

2
1 1
log (,chp(x) + IHK> — log (MC<1>(y) + IHK>

HS
1 1
+2(log v — log p)tr <log <70¢(x) + IHK> — log <,UC<D(y) + IHK)>
+(logy — log p)? dim(H ).
Let A = ﬁ@(x){]m ‘R™ — Hg, B = ﬁ@(y)Jm :R™ — Hg, then

1 1
AAT = ;cq)(x), BBT = ;Cq)(y),

1 1
ATA= —J,K[x]J, B'B=—J,K[y|Jm, ATB= T K[%, Y] T
ym m

1
2 Voypm
The first term in the expression for dlegHS follows from the proof of Theorem |§l For the second
term, we have

1
tr <log <70<1>(x) + IHK>> = trlog (AAT + Iy,)

= trlog(ATA+1,) byLemmaf]

1
trlog (meK[x]Jm + Im) = trllog(In, +X4)].
Similarly
1 1
tr (log (’yCﬂp(x) + IfHK)) = trlog <'memK[y]Jm + [m> = trllog(In; + 2B)]-

Combining these expressions, we obtain the formula for d12ogHS' The formulas for ( | >10gHS and
|| [llogtis are obtained similarly. This completes the proof. O
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D Further discussions

D.1 Further discussions on the theoretical framework

In this section, we provide a more detailed discussion of Eqgs. (12) and (13) in the main paper.
Recall that Eq. (12) defines the manifold of positive definite unitized Hilbert-Schmidt operators on
a Hilbert space H:

S(H) =P(H)NHr ={A+~] >0 : A* = A, AcHS(H),v € R}.

If dim(#) = oo, then from the assumption that A is Hilbert-Schmidt, we have limy_, o, Ax(4) =0
and the requirement that A + vI > 0 automatically implies that v > 0. However, if dim(H) < oo,
then v > 0 can take on negative values, since all we need in this case is that the spectrum of A + v/
be strictly positive.

Furthermore, if v > 0 is sufficiently large, then we can have A + vI > 0 even if A has negative
eigenvalues.

From Section 4.2 onwards, we deal with the subset (Eq. (26))
ST(H)={A+~I : Ac HS(H)NSym™ (H) , v > 0},

where A is positive (examples of which are the covariance operators) and v > 0. This set is a strict
subset of the manifold X (H).

We now show that when dim(#) = oo, the affine-invariant metric defined by Eq. (13)
d[(A+~1), (B + pI)] = || log[(A +yD)™Y2(B + uI)(A + 1)) lens

is finite. Since (A + 1) and (B + pI) are both positive definite, the operator (A + vI)~Y/2(B +
pl)(A + ~I)~1/2 is self-adjoint and positive. Furthermore, it is invertible, with bounded inverse
(A+ 7[‘1/2(B + pI)~ (A + ~I)'Y/2. Thus, it is positive definite, that is it belongs to ¥(#). By

Lemmal (I} there exists a unique operator C' € HS(H) N Sym(#) and a unique scalar & € R such
that

(A+yD) 2B+ pI)(A+~41)"? = exp(C + o),
with

log[(A +~1) " Y2(B 4 ul)(A+~1) "2 = C + ol € Hg.
By definition of the extended Hilbert-Schmidt norm, we have

d*[(A+D), (B + ul)] = |C + ol|[3us = [|Clls + o® < o0,

as we claimed.

D.2 Further discussions on the experimental framework

Two-layer kernel machine interpretation: In the kernel setting, our framework can be viewed as a
kernel machine with two nonlinear layers. The kernel in the first layer defines a covariance operator
for each input sample, which is assumed to be generated by its own probability distribution. In our
setting, covariance operators for samples belonging to the same class should be close to each other
under the Log-HS metric, and those corresponding to samples belonging to different classes should
be far apart. After computing the Log-HS distances between the covariance operators, we enter the
second layer where a new kernel is defined using these distances. With this kernel, we can perform
any kernel method, such as KernelPCA, for all the input samples, just like we currently perform
SVM on top of the Log-HS metric computation. Our current experiments clearly demonstrate the
substantial gain in performance of this 2-layer kernel machine over the 1-layer kernel machine, that
is SVM with the Log-Euclidean metric on directCOVs. We will report further numerical experiments
using other kernel methods in a longer version of the paper and in future work.

Comparison with the Support Measure Machine (SMM) of [8]: It would be interesting to com-
pare the performance of our framework in the kernel setting to that of the SMM of [§]]. In the SMM
approach, for the present context, each input sample would be represented by a mean vector in an
RKHS, instead of by a covariance operator as in our framework. We note that while the mean vector
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in the feature space may theoretically characterize a distribution, in practice this might not neces-
sarily hold true since we only have finite samples, see e.g. [[10]. Thus the performance of the SMM
will also depend on the particular application at hand. Experimental results comparing the SMM
approach and our framework will be reported in the longer version of the current paper.

Computational complexity: Let n be the number of features and m be the number of observations
for each input sample. Computing the Log-Euclidean metric between two n X n covariance matrices
takes time O(n?*m + n?), since it takes O(n?m) time to compute the matrices themselves and the
SVD of an n x n matrix takes time O(n?). On the other hand, computing the Log-HS metric between
two covariance operators in an infinite-dimensional RKHS, where we deal with Gram matrices of
size m X m, takes time O(m?). This is of the same order as the computational complexity for
computing the Stein and Jeffreys divergences in RKHS in [4].
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