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1 Characterizations of (), , and its dual.
Lemma 1. The (k, q)-SVD is not necessarily unique, and the factors are not necessarily orthogonal.

Proof of Lemmall} Consider the case of the (2,2)-SVD for the matrix Z = 117 € R3. It is
impossible to write Z as the sum of two (2, 2)-sparse matrices, because it would then have at most
8 non-zero coefficients. But we have the decomposition.

111 210 001 1 0-1
111 )=(130])+(051)— 00 0],
111 0 0 012 -1 0 1

which shows that the (2, 2)-rank of Z is 3. We see that the three rank-1 matrices in this decompo-
sition are not orthogonal. In addition, given that Z is invariant by any of the 6 permutations of the
rows and any of the 6 permutations of the columns, Z admits at least 36 different (2,2)-SVDs. [

Lemma 2. Forany Z, K € R™*™2 and denoting G* = {I C [1,m] : |I| = k}, we have

o=
N=O

Qp.y(Z2) = inf > 125N z2=>" 25D supp(Zz5) cIx Ty, (1)
(I,J)EG,"t xGg"? (I1,J)
and
rg(K) =max {[|Krjllop : T €G], JEGF}. 2)

Proof of Lemma[2] We first show (2) from the definition of the dual norm Q, :
oK) = max (K, Z) + ©4(2) < 1}
= H;%)X{<K, ab’) : ab" € Ay q}
=max{a' Kb : flafo <k, [lbllo < ¢, [lall2 = [lb]l =1}
:H}?JX{HKI,JHop s legh, Jegmy,

where the second equality follows from the fact that the maximization of a linear form over a
bounded convex set is attained at one of the extreme points of the set.

Given this closed-form expression of the dual norm, we prove the variational formulation (1)) for the
primal norm €, ,. Consider the function 2, , defined by

Qkyq(Z):inf{ Z 1ZzED, : Z = ZZ(I’J), supp(Z(I"]))CIxJ}.
(I,0)EG, "t xGq*? (1,7)

Since Q, ,(Z) is defined as the infimum of a jointly convex function of Z and (Z(/:/) )Ieg;’ll ,Jegre
obtained by minimizing w.r.t. to the latter variables, it is a an elementary fact from convex analysis



that Q) k,q 1S a convex function of Z. Itis also symmetric and positively homogeneous, which together
with convexity prove that €2, , defines a norm. We can compute its dual norm as

D o(K) = max{(K,Z) : O q(2) <1}
= max (K, > Z97): Y 207 <1, supp(Z2U7) C T xJ
(ZID) (1,5 (17 ()
= max YooK, Z207) |20 < Y g <1

Z(1J) ,(n1I)
( Y,y ) x (1,7) (I,7)

|op : Z 77(”) <1

(1,7) (1,J)

IJ
= max § > n"7|Kpy
D) (1,0

= ax || K
max I1K71,51lop

= Q(K)
This proves that €, ,(K) = Q4 (K) since a norm is uniquely characterized by its dual norm. [

2 Slow-rate bounds

2.1 Proof of Lemma 2 of the main manuscrit
We prove first a more general result. Let Q : R™1*™2 — R be any matrix norm, and

X : R™M>m2 5 R™ be a linear map. We denote by X; (: = 1,...,n) the i-th design matrix
defined by X(Z); = (Z, X;). For a given matrix Z* € R™1 %2 assume we observe:

Y =X(Z%) +e, 3)
where € € R"™ is a centered random noise vector. We consider the following estimator of Z*:
. 1
Zo € argmin ||V = X(Z)[5 + A2(Z), )
n

for some value of the parameter A > 0. The following result generalizes standard results known for
the ¢1 and trace norms (e.g., Theorem 1 in [9] to any norm €.

Theorem 1. If X\ > 1Q* (3" | €, X;) then

1 7 *\ (12 : 1 *\ 12
il _ < il _
o 1¥(20 - 218 < { 1z - 2+ vz ®)

Proof of Theorem([I} By definition of Za H we have for all Z:
1 . 1 N
IV = X(Zo)IE < oIV = X213 + A (22) - QAZa))
o | (Za)lz = 5| (Dlz + A (2(2) - Q(Za))

which after developing the squared norm and replacing Y by (3) gives
1

n

S (Za) 3= (X(2*) b, X(Z)) < 5 |X (D)3 (X(Z) 46, X(2) 42 (U2) ~ 2 Za))
and therefore

S (20— 2B < 5 I1X(Z = 2B+~ (6 X(Za — 2)) + A (U2Z) - 2Z0)) . ©



Now, using the fact (true for any norm) that Q(A)Q2*(B) > (A, B) for any vectors A, B € R", and
taking A > LQ* (3" | ¢;X;), we can upper bound the second term of the right-hand s1de of (@) by:

e, X (2~ 7)) = ;Zn: eX(Zo - 2)

1 ¢ ;
==Y &(Xi, Zo - 2)
i

1 X
= E<Z €Xi, Zo — Z)

i=1
- (Z EiXi> Q (ZQ — Z)
i=1
<AQ (ZQ — Z)

Plugging this bound back in (6)) finally gives

1 . 9 1 .

- _ x < _7x\||12 _ _

5% (Za = 29|13 < - 1X(Z = 29+ A2 Za — 2) + A (2(2) - UZa))

1
< X7 - 23+ 220(2),

the last inequality being due to the triangle inequality. O

Lemma3. If A > oQ*(G) then |2 — 2*|% < 4XQ(Z%).

Proof of Lemma[3] This is a simple consequence of Theorem [I] by taking for X’ the identity map,
upper bounding the right-hand side of (5) by the value 2\Q(Z*) it takes for Z = Z*, and replacing
Aby A/n. O

2.2 Proof of Corollary 1 of the main manuscript

Corollary 1 of the main manuscript is a direct application of Equation 10 therein, once we have the
following upper bounds on the dual norms of a random noise matrix G:

Proposition 1. Ler G € R™ X™2 pe a random matrix with entries i.i.d. from N (0, 1). The expected
dual norm of G for the (k, q)-trace norm, the {1 norm and the trace norm is respectively bounded

by:
EQ; (G <4<,/klog+2k+1/qlog+2q)

)
E |G|l < v/2log(mima),
E |G| < vmi+ma.

To prove Proposition |1} let us start by the following

Lemma 4. Let G be a my X my random matrix with i.i.d. normally distributed entries. Then

< —_— —_— .
Elegj’ax G112, <16 Klﬂlog P qlog > + Q(kJrq)}

Proof of LemmaM| For a random matrix H € R**? with i.i.d. standard normal entries, we have the
following concentration inequality [5]: for s > 0,

Pl Hllop > VE + Va + 5] < exp(—s/2) . (8)



Denoting R = 2 (\/E + \/ﬁ) and f(z) = e'*”, we have the sequence of inequalities

Eexp(t|[H|3,) = Ef (1 H]lop)

- / T Bl (|Hllop) > B dh

1+ f(R) 0o
<[ vdns [ Bl > Hdn
1 1+f(R)

— fB) + / TR Hllop > £ F(R) 14 O)ldC

o 1 1
<HR+ [Pl > gR+ 5570+ OliC ©
< f(R) + /00 8ts exp (—s/2 + 4ts*) ds (10)
0
t
< fR)+4—— 1D
3 — At
< 8t(k 8t
< exp(8t( +Q))+?&7

where the change of variable used in is1+¢=f(2s) = e4t$2, is true for any ¢ < 1, and

follows from the property of the inverse f~1(2) = 4/ % that it is strictly increasing on [1; 00)
and sandwiched via

1
SUTE+HFE} < E+) < E+ 7). (12)
Take now ¢ = & — m. Since k + ¢ > 2, we have 1/16 < t < 1/8. Therefore,
Emax |G 7|2, = 1log expt Emax |Gy, ;||?
I,J e I,J o Hop
1
< 1 10g { Bexp(tmaxlGrrlB)}
1
< t1og{ S Bexp(tlGrl2,)
0J
1 my ma 2
< tog{ (") (") Besplell,)
1 emi\F fema\? [ & 8t
< 21 (k+q) L 2%
_tOg{(k)<q) ¢ R
1 mq meo 8t —8t(k+q)
=— || klog— log — k t(k 1 1+ —— a
t[ og =~ +qlog . >+ +q+8t(k+q) + og( + 15
< 16 Kklog”]zl + qlog 77;2) +k +q} +8(k+q) + _8 s+

1-8¢

<16 [(mog"]zl +qlogn;2> +2(k+q)} :

where in the last inequality we simply used 8/(1 — 8t) = 8(k + ¢) and exp(—8t(k +¢)) < 1. O



Proof of Proposition[l] The bounds on the dual norm of the ¢; and trace norms are standard, so we
just focus on the bound for 2y, ;. Using Jensen’s inequality, we easily get from LemmaE}

EQk,q(G) =E IEéE%]XEQQ ||GI,JH0p

1

<|E Gral?
< (&, o 16113,

4[(/€log+q10gm2)+2 k:+q}
q

<4<,/k10g+2k+,/qlog+2q> .

3 Results on statistical dimensions

Powerful results from asymptotic geometry have recently been used by [4, 12} |1} 6] to quantify the
statistical power of a convex nonsmooth regularizer used as a constraint or penalty. These results
rely essentially on the fact that if the cone of descent directions of the regularizer at a point of
interest Z is thiner, then the regularizer is more efficient at solving problems of denoising, demixing
and estimation of Z. The gain in efficiency can be quantified by appropriate measures of width of
the tangent cone such as the Gaussian width of its intersection with a unit Euclidean ball [4], or
the closely related concept of statistical dimension of the cone, proposed by [1]. The aim of this
appendix is to prove the upper bound on the statistical dimension 2, 4 given in Proposition 1 of the
main text.

3.1 The statistical dimension and its properties

Let us first briefly recall what the statistical dimension of a convex regularizer  : R™1*™2 — R
refers to, and how it is related to efficiency of the regularizer to recover a matrix Z € R™1*™2_ For
that purpose, we first define the tangent cone T (Z) of Q at Z as the closure of the cone of descent
directions, i.e.,

To(Z):=|J {H e Rmixm2 . Q(Z+rH) < Q(Z)}.
>0
The statistical dimension &(Z, §2) of Q2 at Z can then be formally defined as

S(2.9=E [z (@3] -

where G is a random matrix with i.i.d. standard normal entries and Ilr,(z)(G) is the orthogonal
projection of G onto the cone T (Z). The statistical dimension is a powerful tool to quantify the
statistical performance of a regularizer in various contexts, as the following non-exhaustive list of
results shows.

¢ Exact recovery with random measurements. Suppose we observe y = X (Z*) where
X @ R™x™m2 5 R™ is a random linear map represented by random design matrices X
i = 1,...,n having iid entries drawn from A(0, 1/n). Then [4, Corollary 3.3] shows that

Z =argminQ(Z) sth. X(Z)=y (13)
z

is equal to Z* with overwhelming probability as soon as n > &(Z*,Q2). In addition [}
Theorem II] show that a phase transition occurs at n = &(Z*, 2) between a situation where
recovery fails with large probability (for n < &(Z*,Q) — v,/m1mz, for some v > 0) to a
situation where recovery works with large probability (for n > &(Z*, Q) + vy/mim3).

¢ Robust recovery with random measurements. Suppose we observe y = X (Z*) + €
where X’ is again a random linear map, and in addition the observation is corrupted by a



random noise ¢ € R™. If the noise is bounded as ||¢||2 < &, then [4] Corollary 3.3] show
that
Z =argminQ(Z) sth. |[|[X(Z) —yl2 <9 (14)
z

satisfies |Z — Z*||2 < 28/n with overwhelming probability as soon as n > (&(Z*, ) +
3)/(1—mn)

e Denoising. Assume a collection of noisy observations X; = Z* + og¢; fori = 1,--- .n
is available where ¢; € R™1*™2 has i.i.d. N'(0, 1) entries, andlet Y = 2 3" | X denote
their average. [3. Proposition 4] prove that

Z =argmin||Z —-Y||r sth. Q(2Z) <QZ") (15)
z
satisfies B Z — Z*||% < "T—jG(Z*,Q).

e Demixing. Given two matrices Z*, V* € R™*™2_ gsuppose we observe y = U(Z*)+ V™
where U : R™1*™2 5 R™1*M2 jg a random orthogonal operator. Given two convex
functions I", Q : R™1*™2 — R [1, Theorem III] show that

(Z,V)=argminQ(Z) sth. T(V)<T(V*) and y=UZ)+V
(Zv)

is equal to (Z*, V*) with probability at least 1 — » provided that

4
S(Z",9) + S(V.1) < myma — 4y fmym log -

Conversely if &§(Z*,Q) + &(V*,T') > mimg + 4, /mims log %, the demixing fails with
probability at least 1 — 7.

3.2 Supporting subspace, projections and subgradients

The main argument of the proof will be presented in section[3.3] It requires to construct an element
of the normal cone, the cone that is polalﬂ to the tangent cone, and which is also the conic hull of
the subgradient. It is therefore important to characterize this normal cone, the subgradient and in
particular some subspaces related to them.

At a sparse vector, a norm inducing sparsity is non-differentiable, and so the normal cone is not
reduced to a single ray. However, a key property is that in general, the normal cone is not full
dimensional either, but rather contained in a subspace of low codimension, say s. This is due to
the fact that the projection of the subgradient on a subspace of dimension s associated with the
support of the sparse vector that we will call the supporting subspace is a singleton. This supporting
subspace (although not named in general) is well-known and has been exploited for the analysis of
so-called decomposable norms.

In the case of the ¢; norm the supporting subspace is simply the one spanned by the non-zero
coordinates. In the case of the trace norm, computed at a matrix A € R™1*™2 the supporting
subspace, that we will denote span(A), is the range of the linear application (L, R) — LA +
AR € R™>™2 _1n the case of (), 4, computed at an atom A of 4y, 4, the supporting subspace will
combine some properties of the supporting subspaces of the /1-norm and of the trace norm, since put
informally, it can be defined the range of a restriction of the linear application (L, R) — LA + AR
where L and R are restricted to have the same column and row supports as A.

More formally, let span(A) denote the subspace of R™**™2 defined by
span(A) = {LA+ AR, [ € Rm<m R € R}

and by P4 and P the orthogonal projectors onto span(A) and span®(A) respectively. We have
the closed-form expressions Px(Z) = (Idy, — UUT)Z(Idy,, — VVT) where A = ULV " is the
singular value decomposition of A.

'see [13] chapter 14.



Consider now the subspace
span; ;(A) = {L1 1A+ A1 Ry, L € R™X™ R e R™*™M2]
and its orthogonal
spaan(A) ={Z eR™M>™2 ArgZ] ;= Al 1215 = 0} .

It is easy to check that the projectors I14, 7 s onto span; ;(A) and IT; ; ; onto spany ;(A) satisfy
respectively

Ua7,s(Z)=Pa,,(Z1) and i, ;(Z)=2Z—Uar(Z)=Z—Pa,,(Z1.5)-

As we will see, Spani Jo (A) is needed to define the subgradient of €2y 4, and is the supporting
subspace for €, ; at an element A € Ay, 4.

Lemma 5. If A = ab" € Ay, with Iy = supp(a) and Jo = supp(b), then the dimension of
spany, ; (A)isk+q—1

Proof. For A = ab™, the range of L — Ly, 1, Ar,,, equals the range of as, — a;,b" which has
dimension || = k. By the same token, the range of R — Ay, j, R, J, has dimension ¢. Using
the definition of span; ; (A)

spany, 5, (A) = {ar,b" +af),a € R™, 3 e R™}

therefore by the inclusion-exclusion principle s = dim (span;, ; (4)) =k +q —1. O

The following lemma provides an explicit description of the subdifferential of €, , at an atom
A=ab" € Ak’q.

Lemma 6. The subdifferential of Q. q at A € Ay, 4 is

8qu(A) = {A+ A AZ}:),JO =0, ATZ]07J0 =0, V(I, J) € G X gq ||AI7J + ZIJ”OP < 1} .

Lemmal6l Combining the general characterization of the subgradient of a norm (see the introduction
of [[15]], or [2]] equation (1.4)) and , we get:
O, 4(A) =argmax{(B, A) : Q (B) <1}
B

=argmax{(B,A) : ||Brjllop <1, VI € Gy, VJ € G,}.
B

As the dual of the dual of a norm equals the norms itself, max{(B, A) , Q; ,(B) < 1} = Q 4(A).
Since A is an atom, by construction 0, ,(A) = 1. We also have (A4, A) =1, so O 4(A) = (A, 4).
On the other hand for all pairs of index sets (I, J) € Gy xG,, | Arsllop < 1. Itfollows that that A
is a subgradient of €2, , at A. Letting Z denote a matrix such that A+ Z € 99y, ,(A), the condition
V(I,J) € Gk x Gg, || Arg + Z1,sllop < 1 follows. To prove AZ; ; = 0and A" Zy, 5, = 0,
we can introduce vectors «, 8 such that P4(Zy,. ,) = ab™ + af’. We decompose § = ¢1b + 5
with b7 8" = 0 and similarly & = coa + o with a" o/ = 0. The condition (A + Z, A) = 1 implies
(Pa(Z1y.0,), A) = 0,50 c1 = —ca. Therefore P(Z1,.5,) = a'b" + af’" and as a consequence

HA + ZIOJDHOP ZHPA(A + ZIO7JO)||OP
=llab” +a'b" + aB’THop

a+0/ ' T 13T /T
2

=lla+a/ll2 = /llall3 + [le’]3 -

Therefore ||A + Zj, j,llop > 1 unless o = 0 and similarly we get 5’ = 0. We conclude that
Pa(Z1y,1,) = 0 or equivalently AZ; ;= 0and A" Zj, j, = 0. Conversely take B = A+ Z
where AZy ; =0, ATZ;, 5, =0, Y(I,J) € Ge x Gy ||A1,5 + Z1.7lop < 1. Ttis immediate

that B satisfies Q;  (B) < 1 and maximizes (B, A) over the unit ball of the dual norm by taking
the value 1. O



3.3 Proof of Proposition 1 of the main text

Proof. To prove the result, we use the fact that the statistical dimension can be expressed as the mean
quadratic Euclidean distance to the normal cone. Indeed, if T (A) denotes the tangent cone of a
regularizer Q2 at A € RP, then the normal cone N (A) is the polar cone of T (A), or equivalently
the conic hull of the subgradient 9Q(A) of  at A ([13], Theorem 23.7). Then, proposition 3.6 in
[4] shows that

G(A,Q) = ]E[dist(G,NQ(A))Z :

where dist(G, No(A)) denotes the Euclidean distance of the Gaussian vector G with i.i.d. standard
normal entries to the normal cone N (A).
We therefore have G(A, Q) < IE[HG — E(G)H%] for any =(G) € Nq(A). Following [4], who

prove a couple of results using this technique, we construct a matrix Z(G) belonging to the normal
cone, for which this squared distance be sharply upper bounded.

Let A = ab' be an element of Ay, 4, with Iy = supp(a) and Jy = supp(b). Let u; = H%H and

vy = Hg—ju Note that while a; is a subvector of a, the notation «; does not refer to a subvector

of some vector v and that therefore [ur];, # [u,]r = ar since |lar, || = |la]] = 1. We will use
i =[I\Ip| and j = |J\Jo|.

Define Z(G) = ¢(G) ab” + G, with G = Hj7107J0 (@) and let €(G)? be equal to
16

-
7||G10,J0H3p\/§gg§ 1G1l12,V max Ty fmex, G at. s w3+ G 1o, 505005135
" J€9q (,Og(ﬁfm v (E + 5) [ I\To =5

7 5

where, for short, we wrote v = 7(a, b) for the signal strength of (a, b) (see Definition 3 in the main
text).

We prove in Section (see the main lemma@) that this Z(G) satisfies =(G) € Ng,  (A).

Using the decomposition G = 114 1, s,(G) + 115 ;5 (G) and the fact that 14 1, s,(G) is by
construction orthogonal to the normal cone, we have

S(A, Q) <E|G-E(G)|F =Ele(G)ab™ —ILa,1o,5 ()|
= E[e(G)abT|[3 + |14, 10,5 (G |7 (16)
=Ee(G)?+ (k+q-1), (17)

where follows from Pythagoras theorem and is due to [lab™||r = 1 and the fact that
T A.1,.0,(G)||% follows a chi-square distribution with k& + ¢ — 1 degrees of freedom, since by
lemmathis is the dimension of span; ; (A).

The rest of the proof consists in bounding the three terms of E ¢(G)?. By lemmata [7| and E] we
respectively have:

Skt qr),

N

16
? E[HGIO,JO ||?)p}

IA
2

16 [(l{:logrz1 Jrqlogrn;z> +2(k+q)] .

2
Bmax G 2,
The third term is bounded in Lemmaby %(k‘ V q)log ((my — k) V (m2 — q)) + 674(145 Vv q).
Combining these terms with equation (I7), we obtain

64 64 48
S(A, Q) < <’y2 + > +35) (k+q¢g+1)+16 <l<:log”]21 +qloquLZ) + V(qu)log(ml Vmg).

O



3.3.1 Upper bounds for ¢(G)?

This section provides upper bounds on the terms that compose Ee(G)?.

Lemma 7. For every matrix G € R™1*™2 with entries drawn iid from N (0, 1), and for Iy € Gy,
Jo € G4 we have

E[”GIO,Jo”cQ)p] < 4(k + Q) +4 (18)
Lemmal[Zl From (8)), we have for s > 0,
P(|G1y.50llop > VE + /G + 5) < exp(—s?/2)
2
and as a consequence, and given that (\/E +a+ s) <2 ((\/E + )%+ 32),

P(IG1.l2 > 2 (VE+ va)* + %) | < exp(~s2/2).

Setting t = 2s% yields  P(||G1,,J, ||§p > 4(k + q) +t) < exp(—t/4). It follows that

BllGronlty) = [ PG lR, = ¢)a
0
4(k+q) ) )
! / /
= / dt +/ P(”GI(MJO”OP >t )dt
0 4(k+q)
< 4(k+q) +/ exp(—t/4)dt = 4(k + q) + 4.
0 O
Lemma 8.
Emax ———— max 1G sy o3 + 1G gy 000005 3
"y (% + %) NIol=1

< ?(k‘\/q)log((nn —k)V(ma—q))+ 6,74(k\/q>'

Lemmal8 As the sets I NIy x J\Jy and I\ Iy x J N Jy are disjoint, and uy, vy of unit length, the
random variable

Mi,y = ||GImO,J\J0uI||§ + ||GI\IO,JmJUUJ||§
follows a chi-squared distribution with i + j degrees of freedom: M; ; ~ x? ;> Where i = [\
and j = |J\Jp|. Using Chernoff’s inequality and the form of the chi-square moment generating
function, we have that for any fixed real number « and fixed index sets [ and J, for all ¢ € (0,1/2),

y itg
IP|:MI’] > a} = P[etMU > et“} <e PR etMrg = gto(q — 2t)_T].
So, taking the maximum over index sets I and J with the same intersection sizes with Iy and Jy
respectively, and using a union bound on the independent choices of I and J,

mi —k mo — ¢ 1+
< . . e —ta — —
P ur\nlglxi My >a ( i > ( j > Xp{ ta log(1 2t)}

[T\ Jol=3

1+

< exp {ta - log(1 — 2¢t) + i log(my — k) + j log(mg — q)} .
Take o« = A\(i + j), we have for any ¢ < 1/2, assuming w.l.o.g. m; — k > ms — ¢,

1+ J
2

P max My >Ai+j7)| <exp {—t/\(i +7)—
ol
17\ Jg |=7

log(1 — 2t) + i log(my — k) + j log(ma — q)}

< oxp {(z’ +5) (—m - %log(l — 2) + log(m — k)) } .



max |1\rq|=i M[ J,take t = %(
[I\Jo|=3

Introduce M; ; = Hl_ 7

L 1 1 3
P max M;; > A < Z exp{(z—i-j) (—2 (1— - k))\—i— §log(m1 —k))}
0<j<gq 0<i<k
(i,3)#(0,0) 0<j<q
(5,)7(0,0)
_5 — B
=) By p— —1<28,
D SR

whereﬁzexp{—%( ))\+ logml—k}
As a consequence, we have

E[max M, ;| = / Plmax M, ; > A|ldA
0

0 i
21k tog k . 5 . X
§/ d)\+2/ exp{log(mlk)(l >)\}d)\
0 ?i;njkik; log(m1—k) 2 2 my —k
3(m1 k) —k
< 71 k 47
Tmy —k— o8+ m;—k—1
< 6log(mi —k)+8.
It follows that
8
K g?a{i m fpax 1G gy st I3+ 1G 1 15,00000 113
ooy | \F T IIMol=
< V(kVQ)log((W—k)V(mQ—q))+7(qu). (19)

O

3.3.2 The scaling factor ¢(G) ensures that =(G) € Ng, (A)
We will use the notation u; = ”a T andvy = Gl b T We will use several times the fact that a = ay,,
ar = arni, and the corresponding properties for b, v and v.

The objective of this appendix is to prove the following lemma:
Lemma 9. Let ¢(G)? be equal to

16 8
— G0, ng v max HGIJHop \ nax  —r——  max, ||Gmf0 J\Joul||2+HGI\IO,JF1JDUJ“2
Jegq ; 0§¢(<oqo) y (g + %) NI =
2,7 B

Then, for every G € R™*™2  the matrix Z(G) = ¢(G)A + Hj,IO,Jo (G) belongs to the normal
cone of Qy, 4 at A.

Lemmal9 Recall that the subgradient of the norm 2 at A is defined as

O0(A) = {M € R™ ™2 [ (4, M)p = Q(4), 0 (M) < 1},
and that the normal cone Ng(A) is the conic hull of the subgradient. Given that (ab',Z(G)) =
€(G) = €(G)Q,q(abT), we have that 2(G) is in Ng, , (ab") if and only if ¢(G) "'Z(G) belongs to
the subgradient 9Q(ab ). But given that the property (ab', €(G) 'Z(G)) = Qi 4(ab ") is satisfied,
it is sufficient to show that Q;  (¢(G)'2(G)) < 1.

We therefore need to prove that, for all (I,.J), we have ||A;; + ¢(G)' Gryllop < 1. This is
equivalent to requiring that

1AL +e(G) " a1 s(G)llop <1 and  e(G) ™ [Px(Gro)lop < 1. (20)
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First the second inequality of (20) is satisfied since

1P (Gr)llop < 11GTsllop = 115 14 s, (G211 sl < €(G)*.

op < I

There thus remains to prove the first inequality of . Note that the matrix AL +

€(G)" la J(é) has rank 2, so its Frobenius norm by at most a factor of /2 larger than its
operator norm. Working with the Frobenius norm is more convenient, so knowing that

1Az +€(G) " Ta1,5(G)llop < AL + €(G) Ta (G F
we will establish an upper bound on the latter quantity.

By definition B o B
HA_’[’.](G) = UIU}—G + G’U,]’U:]r + U}FG'UJ ’U,I'U}—,

and by lemma denoting v; ;(G) = || A7y + €(G) "' 141 7(Gr.s)||3% we then have
vr.(G) = larllbsllurv] + e(G) " (uru] Gy + Grovsv) —u' Gryvsup])||

<llarll*bs11> + 2 llasrllllbsll—= u] Grovs + ——5 (u] G1sG] yur +v; G}, Gryvs) .

1 1
(@ " e(G)?
Now, recall that G = TT5 4.10.7,(G)- Lemma explicits the structure of G. It is exploited in to
obtain the inequalities of lemmaﬂzl that yield

2
vr ;(G) < ||a1||2|\bJ||2+@ larll[bs]l [laz\ [l 10go\ s I |G 1070 lop

1
+€(T)2(||G?010,J\JUUIH§ + 2 llag\r1I? [|G 1o, 06 112)

1
+ g 18R+ 2P G n ). @D
Finally, using the fact that €(G)? equals
16 8
- ||Glo,JoHop\/maX HGIJ”opV nax  —r—— max ||GImIO J\Jouf||2+||GI\IO,JQJOUJ||27
v Jqu . 0;1(<0q0) (% + %) |J\J?)\ =j
%) ’

and given that inequality (ZT)) implies the inequality

8l (i 72
v1.0(©) <larl? a1 + Jhaallbs gl ool + 3 (5 +2) + 5 Qlanal? + Poagal?)

Define o := [laz\7[|* = 1 = flas||* and B := [[b o\ g1 = 1 [[b.s[|*.

With these notations and rearranging the terms, we can rewrite the above inequality as
2

v1,(G) < (1= a)(1 = )+ 2VaBL—a)(1 = B) + (a+8) + (k 4 ;) .

Since 0 < o, 8 < 1 and using v/aB < 3(a + 3), we have

0B < L(a+B) amd VaB(l-a)1 - F) < (ot B)

2
These inequalities imply that

1 2 i
@ strea(-tegr i) e (i)
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By definition of v = min .ex, (ka?,qb?), we have £ < < and % < % Moreover, given that
Jedy

0 <~ <1, we have % —2—q= %(4 -2y —92) > %, so that factorizing ¢ in the previous
expression, we obtain

@ < g [(=F re)esn+ (1)

INIA
— —

+
0|2

|
2=

Q

+

=

+
7N
El IS

+
SEAS]
N———

which concludes the proof.

3.3.3 Technical lemmas

This section gathers the lemmata needed to prove lemma 9]
Lemma 10.

louww” +uu" G+ Guo' —u Guuv |% = o+ 20u" G+ u ' GG Tu+ v GG — (u' Gv)?

<a? 420" Guv+u"GGTu+v G TGo .

This lemma is proved by straightforward algebra.
Lemma 11. The matrix Gy = [Hg_ﬂlo,Jo (@)]17 is of the form Gry = G1 + Gy with

él = G]J — G[ﬁ]m]mjo and GQ = (Id] - a[aT)GIOJO (IdJ — bb}).

Lemmallll
H)l(,IO,JO(G) = G- HX,IoJo(G)
_ T T T T
= G- anaIUGloJo - GloJobJobJo + aloa’loGIoJobJobJo
= G- GIOJO + (Idfo - CL[OCL};) GIOJO (IdJo - bJobj]ro)’
so that [Hg_(,Io,Jo (G)]]J = G[J — G[ﬁ]O’JQJO + (Id[ — aIaT) G[O.]O (Id] — bb;)
O
Lemma 12. We have u?él = uIGm[OJ\JO and éle = Gn\1p,JnJ VT -
LemmalIZ] Given that supp(uy) C Iy, we have
uj Gy =uj (Gry — Gran.in) = Ut (Grare.s — Ginty.ong,) = U;GIOIO,J\JO ,
which proves the first equality. The second one is proved similarly. O

Lemma 13. We have

IN

u; Gryvg

T~ ~T
Uy G]JGIJU]

lar\ gl 10s\ 111G 1o 50 llop:

< NG s nautll + 2llam gl G o655,

N

v Gl;Grvs < Gnreans vl + 2105 s 12 1Gre 5012

Lemma[I3l Given that G;; = Gy + Go and u] Gy = U;[CN‘;’IQIO’J\JO, we have u] Givy =
U;lejmjo = 0, so that

u;ré[,]’l)!] = u}—éng
= w; (Id; —ara") Gy, (Idy — bb) vy

ler =llazll a [[[Groso o, 1o = 1o 0]

ININ

||a10\1|\ ”bJo\JH ||GI(JJ0||OP7
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2
because |[u] (Id; — aza")||> = ||us — |las]| a|” = 1 = 2||as||* + ||ar||* = [|ag,\1]|?, and symmet-
rically ||vs — [[b.s]| || = [|b.so\ ]I This shows the first inequality.

For the two next inequalities, note that
uf GryGiyur = |Gyurll” = |G ur|” + 1G] |

because (élTuj, C~¥2Tu1> = 0 as aresult of the fact that by lemma G’lTuI and G;ul have disjoint
supports.

Now |G url|* = (1G], pgourl3 and [|GTurll < 2llag\rl* [1Gro. 13, because |[1d —

bsbT ||(2)p < 2 (see Lemma |14| for a proof). This shows the second inequality and the third follows

by symmetry. O
T2 4

Lemma 14. [Id —bsb" |5, < 3

Lemmal[4] The largest singular value is attained on the span of b; and b both on the left and on
the right. Given that ||b|| = 1, it is therefore also the largest eigenvalue of the matrix of the linear
operator restricted to this span which is equal to

[(1095) - (11793)337

for z = ||bs||%. Tedious but simple calculations show that the squared operator norm of this matrix
isequal to 1 —z/2 + 1/2+/x(4 — 3x), which takes its maximum value 4/3 for z = 1/3. O

4 Lower bounds

[11] has shown that the combination I',, of the £; norm and of the trace norm does not improve rates
up to constants over the best of the two norms. More precisely, we can derive from [11, Theorem
3.2] the following result

Proposition 2. There exists M > 0 and C > 0 such that for any my,ma, k,q > M with m, /k >
M and mg/q > M, forany A € Ay, 4 and for any u € [0, 1], the following holds:
S (A,T,) > C¢(a,b) ((kq) A (m1+ma—1)) =2,

with

o) =1 - (1= LelEy ( IOy

q

Note thai((a7 b) < 1 with equality if either a € ,ZZ” orb € /T;”?, so in particular {(a,b) = 1 for

ab' € Ay,q. In that case, we see that, as stated by [L1]], I, does not bring any improvement over
the ¢; and trace norms taken imdividually, and in particular has a worse statistical dimension than

Qg and Qy, 4.
Proof of Proposition[2] Proposition 2]is a consequence of the following result:

Lemma 15. Let ab' € Ag.go X+ R™>™2 & R™ q linear map from the standard Gaussian
ensemble andy = X (ab"). If n < %mlmg and further

2 b2
ngno:zg(a,b)%((kq)/\(ml—&—mg—l))—l with ((a,b):l—(1—||62|1)(1—n(1||1>,

then, with probability 1 — ¢y exp(—cang), solving formulation with the norm I, fails to recover
ab' simultaneously for any values of p € [0, 1], where ¢, and cy are universal constants.
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Indeed, take M such that when mq, ma, k, ¢, m1/k, ma/q > M then ny is large enough to ensure
1 — ¢y exp(—cang) > 4exp (r 32/17). Then accordmg to Lemma | solving (13)) with the norm
I',, fails to recover A = ab' with probab1l1ty at least 4 exp (—32 7). On the other hand, [1}
Theorem 7.1] shows that, when n > & (A,T',) + A, for any A > 0, then solving (13)) with the norm
I',, correctly recovers A with probability at least

—2\2/8
oo (Grn ) -

where w?(A4,T,) = & (4,T,) A (mima — & (A I'))). Take A = 16w(A,T",,), then using the fact
that w(A,T,) > 1 we get that the probability (22)) is smaller than 4 exp (—32 / 17). This implies that

no <G (AT,)+ A< G(AT,)+16y/6 (A,T,) <176 (A,T,) .
0

Proof of LemmalI3] The proof consists in applying theorem 3.2 in [[L1]] for the combination of the
£1-norm with the trace norm. We adapt slightly the notations of that paper to reflect the fact that
we are working with matrices. Since we consider conic combinations of the /; and trace norms, the
number of norms is therefore 7 = 2. To apply the theorem we need to specify x, 8, dpin,y and C°
in the notations of that paper.

For each decomposable norm v; for j € {1,2}, with v; the ¢;-norm and and v the trace norm,
given a point ab’ (which corresponds to the point xq in [[11]]), the authors define
e T the supporting subspaces and E; (e; in the paper), the orthogonal projection of any
subgradient of the norm in ab' (Definition 2.1),
e L, the Lipschitz constant of ; with respect to the Euclidean norm (Definition 2.2),

|E;l|7 mima

T dim(T))

(Definition 2.2).

Letab' € Ay, with support Iy x Jo and s, = sign(a), s, = sign(b). Denoting ¢;; the element of
the canonical basis of R™*™2 we have

o T = span({eq; } (i), % Jo) SO that dim(T7) = kg,

o Ih={av" +ub" | u € R™ v & R™2} so that dim(Ty) = my + mg — 1.
By definition d,;,, = dim(77) A dim(7%). We have

E1 = SGSJ, HElH% = k‘q, E2 = abT, ||E2||%;~ = 1, L1 = \/kﬁ N L2 =\ M /\mg,

mi1mso mimeso 1

and thus Kk = , Ko = , sothat Kk = K1 A Ky > —.

! kq 2 (my Amg)(mq +mg — 1) ! =9
We then have 6 defined as 6 = 61 A 0, with §; = ||Eq ;||2/||E;ll2 where En ; is the projection
of E; on Ty N1y, But By € Tj so that f = 1. The situation is less simple for E;. Indeed,

Enq = |lallias] + ||bll1sabT — abT|lal|1]|b]|1. Some calculations lead to
g2 — lali | [BlE _ llal? 1]
Lok q kg’

hence the definition of ((a,b) = 6> = 03 A 03. Theorem 3.2 in [I1] offers the possibility of
constraining the estimator to lie in a cone C. In our case, C = R™1*™2_ gjven the definition of v we
therefore have v < 2. The result follows from applying the theorem with 62 = ((a,b) and using
/2 _ 1 L]

8177——34222_6‘
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5 Algorithm

Here we briefly discuss how to solve problems of the form:

min = L(Z) + M 4(2). (23)
ZERm1 Xma
Although convex, this problem can be computationally challenging. We present a working set algo-
rithm to approximately solve such problems in practice.

5.1 A working set algorithm

Given a set S C G x G, of pairs of row and column subsets, let us consider the optimization
problem:

. (1J) (1J) 1J)
Jpmin L Yz )+)\ S ZO0) st Supp(ZUV) CIx J, (IL]) €S (Ps)
(I,J)es (I,J)es

Let (Z’\”)( 1,7)es be a solution of this optimization problem. Then, by the characterization of
Qpq(Z) in , Z =3 1.1es ZU7 is the solution of 1| when & = Gy, x G,. Clearly, it is still

the solution of |i if S is reduced to the set of non-zero matrices Z” at optimality often called
active components.

We propose to solve problem (23)) using a so-called working set algorithm which solves a sequence
of problems of the form for a growing sequence of working sets S, so as to keep a small number
of non-zero matrices Z“*) throughout. Working set algorithms [2| Chap. 6] are typically useful to
speed up algorithm for sparsity inducing regularizer; they have been used notably in the case of the
overlapping group Lasso of [7]] which is also naturally formulated via latent components.

These algorithms rely on the structure of the Karush-Kuhn-Tucker (KKT) conditions for optimality.
For problem (Pg)), writing Z?7) = UYEUIDYVUD the thin SVD of Z7), the KKT conditions are
that, for all (1, J) in S,

either ZU” 0 and Ty [VL(Z)| 1+ AUVENT = (24)
or ZY7=0 and IVL(Z)1]lop < A (25)

The principle of the working set algorithm is to solve problem for the current set S so that
and are (approximately) satisfied for (I, J) in S, and to check subsequently if there are
any components not in S which violate (25). If not, this guarantees that we have found a solution to
problem , otherwise the new pair (I, J) corresponding to the most violated constraint is added
to S and problem is initialized with the previous solution and solved again. The resulting
algorithm is Algorithm [I] (where the routine SSVDTPI is described in the next section). Problem
is solved easily using the approximate block coordinate descent of [14] (see also [2, Chap. 4]),
which consists in iterating proximal operators. The modifications to the algorithm to solve problems
regularized by the norm €, - are relatively minor (they amount to replace the trace norms by penal-
ization of the trace of the matrices Z"” and by positive definite cone constraints) and we therefore
do not describe them here.

Determining efficiently which pair (I, .J) possibly violates condition is by contrast a more
difficult problem that we discuss next.

5.2 Finding new active components

Checking whether (25) holds amounts to check whether arg max VL) rsllop is
(I,J)EGKr xGq\S p

smaller than A, and if not to find (I, J) that violates this condition. Since the condition is satisfied
for (I, J) € S, this corresponds to solving the following sparse singular value problem

max a VL(Z)b st ab’ € Ay,. (k, q)-linRank-1

a’7

This problem is unfortunately NP-hard since rank 1 sparse PCA problem is a particular instance of it
(when VL(Z) is replaced by a covariance matrix), and we therefore cannot hope to solve it exactly
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Algorithm 1 Active set algorithm

Require: L, tolerance € > 0, parameters A, k, ¢
SetS§=9,Z=0
while ¢ = true do
Recompute optimal values of Z, (Z"7);, j)es for using warm start
(I,J) + ssvDTPI(VL(Z),k,q,¢)
if [|[VL(2)]1,1]lop > A then
S« SuU{(l,J)}
else
c<4 false
end if
end while
return Z, S, (ZY7) (1 1)es

with efficient algorithms. Still, sparse PCA has been the object of a significant amount of research,
and several relaxations and other heuristics have been proposed to solve it approximately. In our
numerical experiments we use a basic truncated power iteration (TPI), also called TPower, GPower
or CongradU in the PSD case (8,116} 10], which has been proved recently by [[16]] to provide accurate
solution in reasonable computational time under RIP type of conditions. Algorithm 2] provides a
natural generalization of this algorithm to the non-PSD case. The algorithm follows the steps of a
power method, the standard method for computing leading singular vectors of a matrix, with the
difference that at each iteration a truncation step is use. We denote the truncation operator by 7},. It
consists of keeping the k largest components (in absolute value) and setting the others to 0.

Algorithm 2 SSVDTPI: Bi-truncated power iteration for -linRank-1

Require: A € R™*™2_[k ¢ and tolerance € > 0

Pick a random initial point b(®) ~ A/(0, I,,,,) and let

while [T 4D — gt=DT Ap(t-D[/jalt-D T Apt—1| > ¢ do
a+ Ab®  \\ Power
a <+ Ti(a) \\ Truncate
b+ ATa \\Power
b+ T,(b) \\ Truncate
a1V < a/|allz and b+ « b/|b||2 \\ Normalize
t+t+1

end while

I + Supp(a™®) and J < Supp(b*))

return (I, J)

Despite poor computational properties predicted for the worst cases by the theory, in practice Algo-
rithm2]turns out to perform well, and we observe the linear convergence rate predicted by the theory
of [16] very often. We stress that Algorithm |1|is by design robust to certain errors of Algorithm
For instance, if an incorrect component is added to S at some iteration, but the correct components
are identified later, the algorithm will eventually shrink the incorrect components to 0. One of the
causes of failure of TPI type of methods is the presence of a large local maximum in the sparse PCA
problem corresponding to a suboptimal component; incorporating this component in S will reduce
the size of that local maximum, thereby increasing the odds of selecting a correct component the
next time around. If however the heuristic fails at some point to find components that violate ([23)),
we can not guarantee that we have reached global optimality.

References

[1] D. Amelunxen, M. Lotz, M. Mccoy, and J. Tropp. Living on the edge: a geometric theory of
phase transition in convex optimization. submitted, 2013.

[2] F. Bach. Optimization with sparsity-inducing penalties. Foundations and Trends®) in Machine
Learning, 4(1):1-106, 2011.

16



[3] V. Chandrasekaran and M. 1. Jordan. Computational and statistical tradeoffs via convex relax-
ation. Proceedings of the National Academy of Sciences (PNAS),, 2013.

[4] V. Chandrasekaran, B. Recht, P.A. Parrilo, and A.S. Willsky. The convex geometry of linear
inverse problems. Foundations of Computational Mathematics, 12, 2012.

[5] K. R. Davidson and S. J. Szarek. Local operator theory, random matrices and Banach spaces.
Handbook of the geometry of Banach spaces. North-Holland, 2001.

[6] R. Foygel and L. Mackey. Corrupted sensing: Novel guarantees for separating structured
signals. Submitted, 2013.

[7] L. Jacob, G. Obozinski, and J.-P. Vert. Group lasso with overlap and graph lasso. In Interna-
tional Conference in Machine Learning (ICML), 2009.

[8] M. Journée, Y. Nesterov, P. Richtarik, and R. Sepulchre. Generalized power method for sparse
principal component analysis. Journal of Machine Learning Research (JMLR), 2010.

[9] V. Koltchinskii, K. Lounici, and A. Tsybakov. Nuclear norm penalization and optimal rates for
noisy matrix completion. Annals of Statistics, 2011.

[10] R. Luss and M. Teboulle. Conditional gradient algorithms for rank one matrix approximations
with a sparsity constraint. STAM Review, 2012.

[11] S. Oymak, A. Jalali, M. Fazel, Y. Eldar, and B. Hassibi. Simultaneously structured models
with application to sparse and low-rank matrices. submitted, 2012.

[12] S.Oymak, C. Thrampoulidis, and B. Hassibi. The squared-error of generalized lasso: A precise
analysis. submitted, 2012.

[13] R.T. Rockafellar. Convex Analysis. Princeton University Press, 1997.

[14] P. Tseng and S. Yun. A coordinate gradient descent method for nonsmooth separable mini-
mization. Mathematical Programming, 117(1-2):387-423, 2009.

[15] G.A. Watson. Characterization of the subdifferential of some matrix norms. Lin. Alg. Appl.,
170:1039-1053, 1992.

[16] X.-T. Yuan and T. Zhang. Truncated power method for sparse eigenvalue problems. Journal
of Machine Learning Research (JMLR), 2013.

17



	Characterizations of k,q and its dual.
	Slow-rate bounds
	Proof of Lemma 2 of the main manuscrit
	Proof of Corollary 1 of the main manuscript

	Results on statistical dimensions
	The statistical dimension and its properties
	Supporting subspace, projections and subgradients
	Proof of Proposition 1 of the main text
	Upper bounds for (G)2
	The scaling factor (G) ensures that (G) Nk,q(A)
	Technical lemmas


	Lower bounds
	Algorithm
	A working set algorithm
	Finding new active components


