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Before proceeding, we first define some useful terminologies and notations. Specifically, to distinguish C in
different episodes, we use C; to denote the C in episode j. For simplicity of notations, we use z as a shorthand
notation for a state-action-time triple (z,a,t), and use Z to denote the set of all state-action-time triples,
that is

Z={(z,a,t): z€S,a€ A, andt=0,1,--- ,H —1}.

Appendix A Proofs for Theorem 1 and Corollary 1

We prove Theorem 1 and Corollary 1 in this section. First of all, the following lemma states that Q* € Qc;,
Vj=0,1,---.

Lemma 1 Foranyj=0,1,---, we have (1) Q" € Qc; and (2) Lj; < Qf(wj,a5¢) < Ujy, Vt=0,--- ,H—1.

Proof:

First, we prove that Vj, if Q@* € Qc;, then L;; < Qf(wjt,a5:) < Ujy, ¥t = 0,1,--- ,H — 1. To see it,
notice that for t = H — 1, by definition, we have Qf (x4, aj+) = Ri(zj, a;). Furthermore, from the OCP
algorithm, we also have L;; = U;; = Ry(zj4,a5¢). Thus Ljy < Qf(zj4,a;:) < Ujy trivially holds. On the
other hand, for any t < H — 1, from Bellman equation, we have

Qi (@jt, aje) = Re(@jp, aje) + Vi (@j41),
thus, from the definitions of L;; and Ujy, Lj: < Qj (x4, ajt) < Uj, if and only if

inf  sup Qe1(zj041,a) < Vi (w5041) < sup sup Qey1 (w41, a).
QEch a€A QEQc]. acA

Note that V" | (j+1) = sup,e 4 Q7 y1(7jt+1,a), thus, the above inequality trivially holds since Q* € Qc;.

We now prove Q* € Qc;, Vj by induction on j. First, notice that if j = 0, by definition, Q¢, = Q. From
the definition of the coherent hypothesis class, we have Q* € Q = Q¢,. Now assume for any j' < j, we have
Q* € ch,. Thus, from our analysis above, we have

Lj/:t/ S Q:’(xj/,t’vaj/,t’) S Uj’ytla v]/ < j7 Vt - 07 17 T 7H —1.

Since we also have Q* € Q, thus, there is no inconsistent constraint before episode j. Thus, from the
constraint selection algorithm, we have

Qc; = QN [Njrej Mi=o,1, H-1{Q : Ljry < Qu(xjrp,ajy) <Uyp}],

and hence Q* € Qc;. By mathematical induction, we have @* € Qc;, Vj.



Algorithm 3 Definition of Z; and ¢;
Initialize Zq < 0
for j=0,1,--- do
Set t7 «- NULL
if 3t=0,1,--- ,H —1s.t. (j4,0aj¢) is marginally independent of Z; with respect to Q then

Set
t; < last period t in episode j s.t. (2, aj¢,t) is marginally
independent of Z; with respect to Q
and
. ) . R
ZJ+1 — Z]7 (x],tj ) a],tj ) t])
else
Set Zj-‘rl — Zj
end if
end for

Combining the above two results, we also have L;; < Qf(xj, aj¢) < Ujy, V(4,t). q.e.d.

Before proceeding, we define two more useful notations. Specifically, for any episode j = 0,1, -, we define
Z; and t; by Algorithm 3.
Note that based on the definition, Vj = 0,1, - -,

e Z; is a sequence (ordered set) of elements in Z. Furthermore, each element in Z; is marginally
independent of its predecessors.

e If t7 # NULL, then it is the last period in episode j s.t. (2, a;+,t) is marginally independent of Z;
with respect to Q.

Based on the notions of Z; and ¢}, we can prove the following technical lemma:
Lemma 2 Vj=0,1,--- andVt=0,1,--- , T — 1, we have
(a) Vz € Z;j and VQ € Qc;, we have Q(z) = Q*(2).

(b) If (¢, aj,t) is marginally dependent on Z; with respect to Q, then (1) aj; is optimal and (2)

Qi(zjt,aje) = Qt (zje,a50) = Vi (zje), VQ € Qe;.

Proof:
We prove this lemma by induction on j. First, notice that if j = 0, then from Algorithm 3, we have Zy = ().
Thus, Lemma 2(a) holds for j = 0.

Second, we prove that if Lemma 2(a) holds for episode j, then Lemma 2(b) holds for episode j and
Lemma 2(a) holds for episode j + 1. To see why Lemma 2(b) holds for episode j, notice that from Lemma
1, we have Q" € Q¢; C Q. Furthermore, from the induction hypothesis, we have

Q(z) =Q%(2), Vze€ Z;and VQ € Q¢; C Q.



Since (xj, a;4,t) is marginally dependent on Z; with respect to Q, then we have that

Qi(zjt,aj1) = Qi (Tje,a50), YQ € Qc;, C Q.

Hence we have supgeo, Qi(j1,a5t) = Qf(zjt,a5:), furthermore, from the OCP algorithm, we have
J

SuPgeq, Q(zjt,ajr) > SuPgeq, Qi(zj¢,a), Va € A, thus we have

QZ(ij,taaj,t) T el Qt(l“j,t,aj,t) > sup Qt(xj,taa) > Qf(fﬁjaa)a Va € A,
QeQc; QEQ

where the last inequality follows from the fact that Q* € Q¢;. Thus, a;; is optimal and Q} (z;+,a;j:) =
Vi#*(z¢). Thus, Lemma 2(b) holds for episode j.

We now prove Lemma 2(a) holds for episode j + 1. We prove the conclusion by considering two different
scenarios. If ¢ = NULL, then Z;41 = Z; and Qc;,, C Qc,. Thus, obviously, Lemma 2(a) holds for episode
J + 1. On the other hand, if ¢ # NULL, we have Qc,,, C Qc; and

j+1
*
Zj = |2, (@, a5, 1)

Based on the induction hypothesis, Vz € Z; and VQ € Qc, , C Qc,, we have Q(z) = Q*(z). Thus, it is
sufficient to prove that

Qs (xjprs ajr) = Qi (Tjass ajz), YQ € Qeyyye (1)
We prove Eqn(1) by considering two different cases. First, if t; = H — 1, it is sufficient to prove that
Qu-1(zju-1,058-1) = Rg-1(rjm-1,a5n-1), VQ € Qc,,,,

which holds by definition of Qc, , (see OCP algorithm, and recall from Lemma 1 that no constraints are
conflicting). On the other hand, if t; < H —1, it is sufficient to prove that

Qe (@jas, ajes) = R (w00 ajs) + Vi (T541), VQ € Qejiye

Recall that OCP algorithm add a constraint L; o < Qt* (j, v @y, t*) <Uj, & to Qc, .,
1, no constraints are conflicting). Based on the deﬁmtlons of LN} and Ujﬂt;ﬁ it is sufficient to prove that

(and again, from Lemma
‘/tt,+1(xj,t;f+l) sup sup Qt*+1(95],t*+1, ) = inf sup Qt*+l(xj,t*+1a a). (2)
J QEQC acA QGQC acA
We first prove that

Vi1 (Tigrg1) = sup sup Qe y1(zjr41, @) (3)
7 QEQc; a€A

Specifically, we have that

sSup Suth*+l(x],t*+lv a) =sup sup Qt*+1(3«"yt*+1a a) = sup Qt*+1($gt*+1>a]t*+1):V;H(xj,t;ﬂ),
Q€Qc; acA a€AQEQc; QEQc; J

where

e The second equality follows from the fact that @jpr41 € AIGMAX e 4 SUPQcQ, Qt;’f+1(xj’t;f+1, a).



e The last equality follows from the definition of ¢; and Part (b) of the lemma for episode j (which we have
just proved above, and holds by the induction hypothesis). Specifically, since t;f is the last period in
episode j s.t. (¢, a;+,t) is marginally independent of Z; with respect to Q. Thus, (fl?j7t;+1, @541, tr+
1) is marginally dependent on Z; with respect to Q. From Lemma 2(b) for episode j, we have
V(@i 1) = Quaa(@ja, aje) for any @ € Qc;. Thus, supgeg, Qur+1(zjes+1:ajm41) =
Vit (@s41)-

On the other hand, we have that

inf su * XTip* a) > su inf * T p* a) > inf * T A p* =V T p*
025, aeE\Qt]H( i+ >_aeEQ€QCj Qthrl( Gt )_Qchj Qtj+1( L j,t]+1) t;+1( ],tj+1)>

where the first inequality follows from the max-min inequality, and the second inequality follows from the
fact that Gjpri1 € A. Recall that we have V;§+1($j,t;+1) = Qt;f_;’_l(xj’t}‘_t'_l,aj’t;_t'_l) for any @ € Qc;. Thus,
ianch]. Qt;sﬂ(xj,t;ﬂ, Clj,t;f+1) = ‘/75;§+1(xj7t;+1) and the last equality holds. Hence we have

Vi (x5 = sup su siq1(Tipa1,a) > inf su s (Tipeag,a) > VaE (Tipeaq).
te1 (%50 41) Qeglz;j Sup Qty41(@5541,0) = o SUD Qty41(@5541,0) 2 Vi (@5541)

Thus, Eqn(2) holds. Hence, Lemma 2(a) holds for episode j + 1.
Thus, by induction, we have proved Lemma 2. g.e.d.

Based on Lemma 2, we prove the following exploration/exploitation lemma, which states that in each
episode j, OCP algorithm will either achieve the optimal reward (exploitation), or update Qc, , based on
the Q-value at a marginally independent state-action-time triple (exploration).

Lemma 3 For any j=0,1,---, we have

e Exploration: If t; # NULL, then (a:j’t;,aﬁ;,t;f) is marginally independent of Z; and | Z;11| = | Z;|+ 1.
Furthermore, VQ) € Q¢ ,, we have Qt; (l‘j’t;,aj’t;) = Q;% (xj7t;,aj7t;).

e Exploitation: If t; = NULL, then RY) = Vj(z; ).
Proof:

Note that from Algorithm 3, if t; = NULL, then V¢ =0,1,--- T — 1, (x4, a4, t) is marginally dependent
on Z; with respect to Q. Thus, from Lemma 2(b), a;; is optimal V¢t =0, 1,--- , H — 1. Hence we have

H-1
RU) — Z Rt(xj,t,aj,t) = VO*(%}U)'
t=0

On the other hand, ¢; # NULL, then from Algorithm 3, (xji;,aj’t;,t;f) is marginally independent of Z;
and |Z;41] = |Z2;] + 1. Note (:nj7t;,aj7t;,t;) € Zjy1, hence from Lemma 2(a), VQ € Qc,,,, we have
Q; (257, aj7) = Qp (w57, aj7)- Q-e.d.

We now prove Theorem 1 based on Lemma 3.
Proof for Theorem 1:
Notice that ¥j = 0,1,---, RU) < Vi (z,0) by definition. Thus, from Lemma 3, RU) < Vi (z5,0) implies that
t; # NULL. Hence we have

1 RO <VO*(1;J.70)} <1[t; #NULL], Vj=0,1, -
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Furthermore, notice that from the definition of Z;, we have
1[t; # NULL] = |Z; 1] — |Z],

where | - | denotes the length of the given sequence. Notice that both |Z;41| and |Z;| are finite, since by

definition, we have |Z;| < j for any j =0,1,---. Thus for any J =0,1,---, we have
J J
S 1[RD <V (wi0)] < Zl t; # NULL] = 3" 1Z501] = 15l = 2| = |20l = |21, ()
j=0 7=0

where the last equality follows from the fact that |Zy| = |0| = 0.
Notice that by definition (see Algorithm 3), Vj = 0,1,---, Z; is a sequence of elements in Z such that
every element is marginally independent of its predecessors with respect to Q. Hence, from the definition

of margin dimension, we have |Z;| < dimu[Q], Vj = 0,1, --. Combining this result with Eqn(4), we have
J
> 1[RY < V5 (@j0)| <1250 < dimu[Q], V=01, (5)
=0

Finally, notice that ijo 1[V; < V§f(zj0)] is a non-decreasing function of J, and is bounded above by
dimy;[Q]. Thus,

J 00
3 [ <5t] = S5 [10 <)
j=0 Jj=0
exists, and satisfies
>o1[RD < Vi (w50)| < dim[Q).
§=0

Hence we have [{j: RY) < Vi (zj0)}| < dimy[Q]. g.e.d.
We now prove Corollary 1 based on Theorem 1:

Proof for Corollary 1:
Notice that if RU) = Vi (z5,0), then Vi (zj0) — RU) = 0; on the other hand, if RU) < Vi (z5,0), then we have
Vi (zj0) — RY) < 2RH,

since the maximum achievable total reward is RH, while the minimum achievable total reward is —RH.
Hence we have the following key inequality:

Vi (z0) — V; < 2RH1 [RU) < vo*(xj,o)] , Yi=0,1,-

Thus, VJ > 0, we have
J
[VO*(%()) RU)} < 2RHZ [RU < Vi(z; 0)} < 9RHdimy[Q),
§=0 §=0
where the second inequality follows from Eqn(5) in the proof for Theorem 1.
Recall that by definition, for any 7', we have
\T/H| -1
Regret(T) = > (V' (zj0) — RY) < 2RHdimy|[Q)].
j=0

g.e.d.



Appendix B Proofs for Theorem 2 and 3

We provide a constructive proof for Theorem 2 and 3. Before proceeding, we first define some useful
terminologies and notations. First, for any state space S, any time horizon H = 1,2,---, any action space
A, and any function class Q, we use M (S, A, H, Q) to denote the set of all finite-horizon MDP M'’s satisfying
the following conditions:

1. The state space of M is S.

2. The time horizon of M is H.

3. The single action space of M is A.

4. M admits an optimal policy u*.

5. @Q*, the optimal Q-function of M, belongs to the function class Q.

Notice that for any reinforcement learning algorithm that takes S, A, H, @ as input, and knows that Q is
a coherent hypothesis class, M (S, A, H, Q) is the set of all finite-horizon MDPs that are consistent with the
algorithm’s prior information.

We prove a result that is stronger than Theorem 2 and 3 by considering a scenario in which an adversary
adaptively chooses an MDP model M € M (S, A, H, Q). Specifically, we assume that

e At the beginning of each episode j, the adversary adaptively chooses the initial state ;¢ for that
episode.

e At period t in episode j, the agent first chooses an action a;j; € A based on some RL algorithm!,
and then the adversary adaptively chooses a set of state-action-time triples Z;; C Z and specifies the
instantaneous rewards and state transitions on Z;;, subject to the constraints that (1) (xj4,aj,t) €
Z;, and (2) these adaptively specified instantaneous rewards and state transitions must be consistent
with the agent’s prior knowledge and past observations.

We assume that the adversary’s objective is to maximize the number of episodes in which the agent achieves
sub-optimal rewards. Then we have the following lemma:

Lemma 4 VH = 1,2,---, VK = 1,2,---, and VR > 0, there exist a state space S, an action space A
and a function class Q with dimy[Q] = K such that no matter how the agent adaptively chooses actions,
the adversary can adaptively choose a finite-horizon MDP M € M (S, A, H, Q) satisfying the following
conditions:

® SUP(g.q) ‘Rt(xv CL)| < R.

o The agent will achieve sub-optimal rewards in at least K episodes, and supy Regret(T) > 2RHK .

Proof:

We provide a constructive proof for Lemma 4. Specifically, VH = 1,2,---, VK = 1,2,---, and VR > 0,
we construct the state space as S = {1,2,---,2K}, and the action space as A = {1,2}. Recall that
Z={(z,a,t): z€S,t=0,1,--- |H — 1, and a € A}, thus, for S and A constructed above, we have |Z| =
AK H. Hence, Q*, the optimal Q-function, can be represented as a vector in RH

'In general, the RL algorithm can choose actions randomly. If so, all the results in this section hold on the realized sample
path.



t=0 t=1 t=2 t=3 t=T-1

Statel1 O > >@——@—>e0 ¢ ¢ —Q

State 2 = O >@—>e0 ¢ ¢ —@

State 2K-1 O > O >@—o0 ¢ ¢ —@

State 2K > >@ >@—>e0 0 ¢ —0@

Figure 1: Illustration of the state transition

Before constructing the function class Q, we first define a matrix ® € R* 7K a5 follows. V(z,a,t) € Z,
let ®(x,a,t) € RE denote the row of ® corresponding to the state-action-time triple (z,a,t), we construct
®(x,a,t) as:

(T —t)e, ifx=2k—1forsomek=1,---,K,a=1,2andt=1,--- ,H—1
—(T—t)e ifx=2kforsomek=1---,K,a=12andt=1,--- ,H—1

Pz, a,t) = Te; ifzr=2k—1or 2k forsomek=1,--- ,K,a=1andt=0 (6)

—Tey ifr=2k—1or2kforsomek=1,--- ,K,a=2andt=0
Notice that rank(®) = K. We construct Q = span [®], thus we have
dimy;[Q] = dimyy[span [®]] = dim (span [®]) = rank(®) = K.
Now we describe how the adversary adaptively chooses a finite-horizon MDP M € M (S, A, T, Q):

e For any j = 0,1,---, at the beginning of episode j, the adversary chooses the initial state in that
episode as
zj0 = (jmod K) x 2+ 1.

That is, To0 = TK,0 = T2K,0 = """ = 1, 1,0 = TK+1,0 = T2K+1,0 = " = 3 ...
e Before interacting with the agent, the adversary chooses the following system function F”:

2k—1 ift=0,z=2k—1or 2k forsome k=1,--- ,K,anda=1
Fi(x,a) =< 2k ift=0,x=2k—1or 2k for some k=1,--- K, and a = 2
T ift=1,---,H—2and a=1,2

The state transition is illustrated in Figure 1.

2More precisely, in this constructive proof, the adversary does not need to adaptively choose the system function F. He can
choose F' beforehand.



e In episode j =0,1,--- , K — 1, the adversary adaptively chooses the reward function R as follows. If
the agent takes action 1 in period 0 in episode j at initial state x;0 = 2j + 1, then the adversary set

Ro(2j +1,1) = Ro(2j +2,1) = Ry(25 +1,1) = Ry(2j +1,2) = —R

Ro(2j+1,2) = Ro(2) +2,2) = Re(2j +2,1) = Re(2j +2,2) = R

YVt =1,2,--- ,H — 1. Otherwise (i.e. if the agent takes action 2 in period 0 in episode j), then the
adversary set

Ro(2j+1,1)=Ro(2j+2,1) = R(2j + 1,1) = Ry(2j + 1,2) = R

Ro(2j +1,2) = Ro(2j +2,2) = Ry(2j +2,1) = Ri(2j +2,2) = —R
Notice that the adversary completes the construction of the MDP model M at the end of episode
K—1.

We now prove that the constructed MDP model M € M (S, A, T, Q). This is sufficient to prove Q*, the
optimal Q-function of M, lies in the function class Q. To see it, notice that Vj = 0,1,--- , K — 1, if the
agent takes action a;o = 1 in period 0 in episode j, then from the constructed MDP model M, we have
Qo(2j +1,1) = Q5(2) +2,1) = —RH
Qi(2j+1,a)=—-R(H—t) Vt=1,--- ,H—1,Va=1,2
Q;(2j+2,a)=R(H—t) Vt=1,---,H—-1,Va=1,2

On the other hand, if the agent takes action ajo = 2 in period 0 in episode j, then we have

Qo(2j +1,1) = Q4(2j +2,1) = RH

Qo(27 +1,2) =Qy(2j +2,2) = —RH
Qi(2j+1,a)=R(H—-t) Vt=1,--- ,H—-1,Ya=1,2
Q;(2j+2,a)=—-R(H—t) Vt=1,--- H—1,Va=1,2
Note that (ag,a1,0,- - ,arx—1,0) completely determines the constructed MDP model M. For the convenience
of exposition, we use M (ap,0,a1,0, - ,ax—1,0) to denote this particular MDP model.

Recall that Q = span [®], where ® is defined in Eqn(6). Note that based on the definition of @, for any
combination of
(a0, a0, »ax—1,0) € {1,2}",
the optimal Q-function of MDP M (ag 0, a1,0,- - ,arx—1,0) lies in Q. Specifically, the optimal Q-function of
MDP M (app,a1,0, - ,arx—1,) is PO, where 6 € RE | and 0, the kth element of 6, is defined as

ek: { :R ifak_l =1
R if Ap—1 = 2’
forany k=1,2,--- , K.

Finally, we show that the constructed MDP model M satisfies Lemma 4. First, notice that obviously,
we have |R;(z,a)| < R, ¥(x,a,t) € Z. Second, we note that the agent achieves sub-optimal rewards in the
first K episodes, thus, he will achieve sub-optimal rewards in at least K episodes. The cumulative regret in
the first K episodes is 2K HR, thus, supy Regret(T) > 2K HR.

g.e.d.

Since the fact that an adversary can adaptively choose a “bad” MDP model simply implies that such
MDP model exists, thus, Theorem 2 and 3 follow from Lemma 4.



Appendix C Proofs for Theorem 4, Corollary 2 and Proposition 1

Before proceeding, we first briefly how constraint selection algorithm updates Q¢’s for the function class
Q specified in Eqn(4.1). Specifically, let 6, denote the coefficient of the indicator function ¢, V(¢, k).
Assume that (z,a,t) belongs to partition Z;j, then, with Q specified in Eqn(4.1), L < Qi(z,a) < U is a
constraint on and only on 6, ;, and is equivalent to L < 6,3 < U. By induction, it is straightforward to see
in episode j, Qc¢; can be represented as

{9 e RK 1 09) < 0,5 <O), VL, k:)} ,

for some nglz’s and gg,z’s. Note that Q(le can be —oo and @S,ﬁ can be oo, and, when j = 0, gi?k) = oo and

t?
ngk) = —o0. Furthermore, from the constraint selection algorithm, ?,Ejlz is monotonically non-increasing in

J ,7f0r any (t,k) (since when ranking the constraints, constraints with smaller upper bound are preferred).
Specifically, if OCP adds a new constraint L < 6;, < U on 6} in episode j, we have 51(5,],:_1) = min{gg,z, U},

otherwise, 7;7:1) = 553,2. Thus, if 0?,2 < 00, then V5’ > j, we have 51(57,;) < o0.

)

For any (z,a,t) € Z, and any j, we define the optimistic Q-function in episode j, Q%(m, a) as

Q9(x,a) = sup Q(w,a),
QGch

and the pessimistic Q-function in episode j, QJC% (z,a) as

Q%(x, a) = Qieanc, Qi(x,a).

J
Clearly, if (x,a,t) € Z; ), then we have Q%(m,a) = 7?,2, and Q%(x,a) = Q(j). Moreover, (z,a,t)’s in the
’ Js ) 7 t,k
same partition have the same optimistic and pessimistic Q-values.

It is also worth pointing out that by definition of p, if (z,a,t) and (2/,d’,t) are in the same partition,
tI}en we have |Qf(z,a) — Qf(xi, a)| < 2p. To see it, let Q € argmingeg |Q — QF|loc, then we have
|Qt(z,a) — QF (x,a)| < p and |Q(2',a’) — QF (a',a’)| < p. Since Q € Q and (z,a,t) and (2/,d,t) are in
the same partition, we have Q;(x,a) = Qy(«/,a’). Then from triangular inequality, we have |Q}(x,a) —
Q; (', )| < 2.

We first prove the following lemma:

Lemma 5 Y(z,a,t) andVj =0,1,---, if Q]%(az,a) < 00, then |Q%(m,a} —Qf(z,a)| <2p(H —1t).

Proof:
We prove Lemma 5 by induction on j. Note that when j = 0, V(z,a,t), Q]%(x, a) = oo. Thus, Lemma 5
trivially holds for j = 0.

Second, we prove that if Lemma 5 holds for episode j, then it also holds for episode j + 1, for any
j=0,1,---. To prove this result, it is sufficient to show that for any (z, a,t) whose associated optimistic Q-
value has been updated in episode j (i.e. Q%(az, a) # Q%l,t(az, a)), if the new optimistic Q-value Q%Lt(az, a)
is still finite, then we have

©
‘Qj+1,t($7a) - Q:(«T, a’)‘ < 2p(H - t)

This is because for any (z,a,t) with leyt(m, a) = Q©(a:, a), Lemma 5 holds for episode j + 1 by induction

j?t
hypothesis.



Note that if Q%(x, a) # le,t(x, a), then (z, a,t) must be in the same partition Z;  as (x;, a;, t). Fur-
thermore, from the discussion above, and noting that SUPQeQ, SUPacA Qt+1(Tjt4+1,a) = SUPye 4 Qg+1 (141, 0),
we have

Q9 (2,a) = guty _ Ry 1(zjm-1,a51-1) ift=H-1
JHLE tik Ri(xj 1, aj1) + Supgea Q%-yl(xxtﬂa a) ift<H-1

We now prove \qu(x, a) — Qf(z,a)| <2p(H —t) by considering two different scenarios:
e If t = H — 1, note that Q%Lt(x,a) = Ry—1(xju-1,050-1) = Qp_1(xjH-1,05H-1), since (z,a,t)

and (z; m—1,ajH-1,H — 1) are in the same partition, from our discussion above, we have |Q;(x,a) —
Q31 (xjH-1,051-1)| < 2p. Hence we have that

1Q; (,a) — Q91 4 (,a)| < 2p=2p(H — ).
e If t < H — 1, note that

QY1 (x,a) = Ry(wjs,a5,) + sup Q% 1 (w021, 0).
ae

If Q%Lt(x,a) < 00, then sup,c 4 Q‘%+1(.Tj’t+1,a) < oo, and hence Qj%Jrl(xj,tJrl,a) < o0, Va € A.
Furthermore, from the induction hypothesis, QJ% 11(@je11,a) < oo, Va € A, implies that

Q51 (2j041,0) — Qfy1 (wjur,a)| < 2p(H —t—1), Vae A. (7)
On the other hand, from the Bellman equation at (4, a;¢,t), we have that
Q1 (w1, ajt) = Re(wj, aje) + Vi (wjee1) = Re(wjin, aje) + sup Qi1 (g1, 0).
ac

Consequently, we have that

® *
QF1(,0) = Qi (@i a50)| =

®
sup Q;741(%j441,a) — sup Qyy1 (441, a)
acA acA

IN

sup ’Q]%+1($j,t+l’ a) — QIJrl(l‘j,t-f—l, a)‘
acA
< 2p(H —t—1). (8)

On the other hand, since (z,a,t) and (z;¢,a;j¢,t) are in the same partition, we have

|Q:(3§', CL) - Q:(xj,taaj,t)‘ S 2P7

consequently, we have
QP a) = Qi(w,a)| < 2p(H —1).

Thus, Lemma 5 holds for episode j + 1. By induction, we have proved Lemma 5. g.e.d.

Based on Lemma 5, we have the following result:
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Lemma 6 Vj =0,1,---, ifQ%(mN,aN) < oo foranyt=0,1,--- ,H — 1, then we have
Vi (250) — RY) < 2pH(H +1) = O (pH?) . 9)
Furthermore, if the conditions of Proposition 1 hold, then we have

Vi (250) — RY) < 6pH = O(pH). (10)

Proof:
Notice that from OCP algoriothm, Vi =0,1,--- , H — 1, we have

Q]%(a:jjt, ajt) > Qj%(xji,a), Va € A.
Thus, if Q?ft(xjyt,ajyt) < oo forany t =0,1,--- , H — 1, we then have
Q%(xj,t,a) <oo, Vt=0,1,---,H —1 and Va € A.
Consequently, from Lemma 5, we have that
Qi (zj,a) — Q%(acj,t,a) <2p(H—t), Vt=0,1,--- ,H—1and Va € A.
Thus, for any t =0,1,--- , H — 1, we have

Qi (wjt,aje) +2p(H — 1) > Q%(Zﬁj,t, ajt) > Q%(fﬂj,ta a) > Qi (wji,a) —2p(H —t), Vae A
Hence we have Qj(zj¢,aj¢) > Qf (xj¢,a) —4p(H —t), Va € A. Thus we have

Qi (T4, aj1) > Slelp Qi (rjt,a) —4p(H —t) = V" (z54) — 4p(H — ). (11)

Notice that the above inequality holds for any ¢t =0,1,--- , H — 1.
We first prove Eqn(9). Note that from Bellman equation, we have

Rt(llij,t,ajJ) + ‘/;11(37j7t+1) ift<H-—-1
RH—l(l‘j,H—l, aj,H_l) ift=H -1

Qi) = {
Thus, for any ¢ < H — 1, we have
R(je, aje) = Vi (x50) — Vi (@je41) — 4p(H — 1),

and
Ry-1(zjn-1,a5m-1) = Vi_1(xjm-1) — 4p.

Summing up the above inequalities, we have

H-

,_n

H—
Ri(zj1,a5t) > V' (w50) = V5 (wj0) —2pH(H +1).
t=0 t=0

,_.

That is Vi (zj0) — Soro! Re(xjs, a) = Vi (zj0) — RY < 2pH(H +1).
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We now prove Eqn(10). Specifically, for any ¢t =0,1,--- , H — 1, if
Qc, C{Q € Q: Ljy < Qulwjy, a5) < Ui},

then we will have ° ®
Ujt > Qi (wjt, aj1) > Qi (wjt,a51) > Lyt

Note that by definition, Uj g—1 = Ljg—1 = Ru—1(xjH-1,05,5-1), and for t < H — 1, we have
Gt = Re(@jie, aj) + sup Qji1(Tjp+1,0) = Re(wje, ajie) + Q1 (@41, ajt41),
ac
and

Li: = Ryxji,aje)+ inf sup Qui1(xjev1,0)
QEQC]' ac A

> Ry(wje, aje) + sup Q?}H(%‘,Hb a) > Re(xje, aj) + Qﬁ+1(%‘,t+1a W),
ac

where the first inequality follows from the max-min inequality, and the second inequality follows from the
fact that a;;+1 € A. Thus we have

Y

Q]%(xj,t, ajt) Ri(wj1,a5¢) + Qjcj)t-i-l(xj,t-i-l? ajir1) VE<H -1

V

Q% 1 (wjm-1,0.0-1) > Rug-1(zjm-1,a5m1-1)-
Thus, we have Q%(xj,o, ajo) > Zif)l Ri(zj4,a;4) = RY). Similarly, we have that
©) ] . < R . . © , . Yt H -1
Qj,t(xﬂ:t’aﬂvt) > (@0, aje) + Qj,t+1(l‘y,t+1,ag,t+1) <
Q?H—l (ja-1,050-1) < Rp-1(vjn-1,a50-1),
andhenceQQ(:ﬁ- aj0) < SSH M Ri(xjy,a5,) = R9). S h
5,0\%5,0,45,0) = 2 40 Lt Tjt, Ajt . DO we have

Q?}(ﬂ?y‘,u%t) > Qg%(fvj,ta aji) > RY) > ch?o(%’j,m aj,0),

and hence . . |
Qj,O(xj,Oa aj,O) = Qj,O(xj,O,aj@) — R(J)

Since Q%(azjjo, ajo) = RUY) < 50, then from Lemma 5,
RU) — Qo (5,0, aj,O)’ = ‘Q%(ﬂfj,mam) — Qo(j0,a50)| < 2pH.

Thus, RY) > Q§(zj0,a,0) — 2pH. Furthermore, from Eqn(11), Q}(zj0,a;0) > Vi (;0) — 4pH. Thus we
have RU) > Vi (z;0) — 6pH, and hence

Vi (zj0) — RY) < 6pH = O(pH).
g.e.d.

Thus, Proposition 1 directly follows from Lemma 6. Before proving Theorem 4, we first define some useful
notations. Specifically, for any j = 0,1, - -, we define ¢} as the last period ¢ in episode j s.t. Q]%(CL‘Lt, aji) =

oo. If Qj%(xj,t,aj,t) < ooforallt=0,1,---,H —1, we define ¢t; = NULL. We then have the following
lemma:

12



Lemma 7 » 22 1[t; # NULL] < K, where K is the number of partitions.
Proof:
Vj=0,1,---,ift; # NULL, then by definition of ¢, Qg; (ﬂfj,t;,aj,t;) = 00. We now show that Q%t; (:cj,t; , aj,t;) <

oo for all j/ > j, and Qg@,t; (ﬂfj,t;,aj,t;) = oo for all j/ < j.

-/

Assume that (:Uj7t;,aj7tj,t;) belongs to partition Zt; &, thus Q]@t* (x; t aj t;) = HEJ ,)ﬁ, vy = 0,1,---
J ) it Yy Yy 57
—(4
Based on our discussion at the beginning of this section, 9,5] ;ﬁ is monotonically non-increasing in j’. Thus,
_77
© . . . ey g S) _
leyt;(:cj,t;,aj,t;) is monotonically non-increasing in j’, and hence for any j' < j, we have Q Pt (acﬁt;s,aj’t;) =

0o. Furthermore, to prove that Qj@t* (:vj,t;,aj,t;) < oo for all j/ > j, it is sufficient to prove that
it

©
Qj12 (T ajes) < 00

From OCP, the algorithm will add a new constraint th* < Qt; (mjyt;,aj7t;) < ijt;. We first prove that
U, ¢ < 0o To see it, notice that if t; = H — 1, then Uj b= Ujag—1 = Ruy—1(xjg—1,a;n-1) < 0o. On the
other hand, if t7 < H — 1, then by deﬁmtlon

_ _ ©
Ujey = Ruy (2507, ajes) + sup Qj,t;f+1(37j,t;+1v @) = R (242, ajes) + Qe 1 (T 41, 4. 41)-

From the definition of ¢, Q%;+1(xjyt;+l,aj7t;+l) < 00, thus Uj,t; < 0.
Based on our discussion at the beginning of this section, due to the constraint selection algorithm, for
episode j + 1, we have

© (JH)
Qjﬂ,t;(xj,t;aaj,t;) 9 n{gt* o Ujas } < Ujge < 00,

Thus, qu; (541, ajr) < oo and hence Qj@,t; (541, ajr) < oo for all Jj >
701"

Thus, if we consider Q]@’t; (mﬂ; , aj7t;_=) = Ot;’k as a function of 5/, then this function transits from infinity
to finite values in episode j. In summary, ¢; 7 NULL implies that 5,51 i transits from infinity to finite values
37

(),

in episode j. Since other gt,k s might also transit from oo to finite values in episode j, we have
1[t; # NULL] < # of @E?'k)’s transiting from oo to finite values in episode j, Vj=0,1,---.

Note that from the monotonicity of 5&), for each partition, this transition can occur at most once, and
there are K partitions in total. Hence we have

1]t} # NULL] < K.
j=0

qg.e.d.
Finally, we prove Theorem 4.
Proof for Theorem 4:

First, notice that Vj = 0,1, -+, if ¢7 = NULL, then by definition of ¢;, V¢ = 0,1,--- , H — 1, Qﬁ(mﬂ, aji) <
oo. Then from Lemma 6, we have

Vi (250) — RY) < 2pH(H +1).
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Thus, Vg (x;0) — RY) > 2pH(H + 1) implies that t7 # NULL, which is equivalent to
1 [Vo*(xj,o) ~RY > 2pH(H + 1)} <1[ #NULL], Vj=0,1,---.

Thus, we have

> 1 [V (o) = B > 2pH(H +1)] < 3°1[t #NULL] < K,
=0 =0

where the last inequality follows from Lemma 7. Thus,
(2 B9 < Vi (e0) — 20H(H +1)}] < K.
g.e.d.

Finally, we prove Corollary 2:

Proof for Corollary 2:
Notice that by definition, we have

|T/H |1
Regret(T Z [VO (x50) — RU )}
Thus we have
|T/H|-1
Regiet(T) = > [Vi(ws0) = RD| 1 |Vi(wj0) = RD > 20H(H +1)]
\T/H]-1

N Z [Vo*(xjﬁ) a R(j)} 1 [vo*(xjvo) — RY) < 2pH(H + 1)}

\T/H |1
2RH > 1 [vo*(xj,o) — RU) > 9pH(H + 1)]
=0

IN

|T/H| -1
+ 2pH(H+1) Z [Vo T0) R()}

IN

2RHK + 2pH(H +1)|T/H| < 2RKH + 2p(H + 1)T.

g.e.d.

Appendix D Proof for Proposition 2

We now prove Proposition 2.
Proof for Proposition 2:

If Q is a linear subspace/polytope with dimension d, then in one period, OCP needs to perform the following
computation:
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1. Construct Q¢ by constraint selection algorithm. This requires sorting |C| constraints by comparing
their upper bounds and positions in the sequence (with O (|C|log |C|) operations), and checking whether
QcNCr # @ for |C| times. Note that checking whether Q¢ NC; # @ requires solving an LP feasibility
problem with d variables and O (|C|) constraints.

2. Choose action aj. Note that supgeg, Qi(xj,a) can be computed by solving an LP with d variables
and O (|C|) constraints, thus a;; can be derived by solving |.A| such LPs.

3. Compute the new constraint L;; < Q¢(xj¢,aj+) < Uj;. Note Uj; can be computed by solving | A| LPs
with d variables and O (|C|) constraints, and L;; can be computed by solving one LP with d variables
and O (|C| + |A|) constraints.

If we assume that all the encountered numerical values can be represented with B bits, and use Karmarkar’s
algorithm to solve LPs, then for an LP with d variable and m constraints, the number of bits input to
Karmarkar’s algorithm is O (mdB), and hence it requires O (mBd*®) operations to solve the LP. Thus,
the computational complexities for the first, second, third steps are O (|C|?d**B), O (] A||C|d**B) and
O (|A|C|d*®B), respectively. Hence, the computational complexity of OCP is O ([|A] + |C|] |C|d*"B) oper-
ations per period. q.e.d.
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