Appendix A: Proof of Theorem 1

First, we prove the claim for the conditida). Let us divide the intervgby,, fy] into finite number
of segments so that, within each segment, the weight veetéy := (w1 (6), ..., w,(0))" € [0,1]"
changes linearly witl#, and denote the breakpoints of those segmentg as 6y < 6; < ... <
0s < ... < 0s =0y, whereS is the number of those segments.

Then, consider a segment defined®® [0;,0:41], s € {0,...,5 — 1}, and denote the weight
vectors a¥l; andfd,;, asw(f,) andw(fs1), respectively. The problem of computing the solution
path within this segment is written as the following parametric optimization problem

B, « argmin Z (1 — w)wi(0s) + pwi(Os41))(1—pyootposs (r(yi, BT #:)) +7B8 DB
1€EN,,
(10)

for pn € [0, 1].

Since the loss functiofy does not depend ahand is convex piecewise-linearinwe can write/y
as

Co(r(ys, BTa:)) = Y max{din + Vi - r(yi, BT &)},
heNgy

whereg;,,, vin € R, (i, h) € N, xNy are constants, and is the number of pieces of the piecewise-
linear loss functiorty (see, for example, section 4.3.1 of [22]).

Using slack variableg = (&1,...,&,) € R™, the parametric programming problem in (10) is
rewritten as

{Bu. €.} « arglgiél (1 = pw(0s) + pw(0s41)) "€ +98 DB

s.t. & > Gin + in - r(yi, BT 2;) forall (i,h) € N, x Ny (11)

with respect tqu € [0, 1]. The problem (11) belongs to the clasgafametric QP(note that, when

u is fixed, the problem (11) is quadratic program with respegs tand &, which has a quadratic
objective function and a set of linear constraints.). As shown, for example, in [6, 9], a parametric
guadratic program which contains the parametgrii§ the linear term of the quadratic objective
function are shown to have a solution path in piecewise-linear form.

Similarly for the condition(b), we consider a segment definedta [6;, 0511], s € {0,...,S—1},
in which the weight vectotw(6) is constant (and thus omitted hereafter). Using slack varighles
for: € N,, andh € Ny

min Y > max{(an + by - r(yi, BT &) (ch + dib),0} + 78T DB

1€N,, heNg
< min Z (cn + dnb) Z max{(an + b, - (y;, 8" &)),0} + 3" D73
B heNy iEN,

< min Z (ch + dpb) Z &n+8 DB

B Loy i€N,
st &n > ap +bp (Y, BT &), & >0V (4,h) € N, x Ny
The parametric programming problem in Theorefiv)lis thus written as

{Bo, &} < min > (ch+dn) > &in+78 DB

£ heNg ieN,,
st. & > an+ by - r(ys, BT &), & >0V (i,h) € N, x Ny

for 6 € [05,0s11], and it also belongs to parametric QP, meaning that the optimal solution path is
shown to be piecewise linear éh O
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