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Abstract

This is supplemental material for the NIPS paper “The variational hierarchical EM
algorithm for clustering hidden Markov models” [1]. It contains the derivation of
the VHEM-H3M algorithm, and the associated E-step and M-step computations.

1 Derivation of the VHEM algorithm for HMMs

We derive the VHEM algorithm for hidden Markov models. We present the problem formulation in
Section 1.1, and derive the variational lower bound in Sections 1.2, the variational E-step in Section
1.3 and the M-step in Section 1.4

For the reader’s convenience, we summarize the notation used in [1] in Table 1.

1.1 Formulation

Let M®) be a base hidden Markov mixture model with K (*) components. The goal of the VHEM
algorithm is to find a reduced hidden Markov mixture model M) with K < K©®) (i.e., fewer)
components that represents M () well. The likelihood of a random sequence y;., ~ M(©®) is given
by

K®)
b )
p(yl:‘r‘M(b)) = Z w/g )p(ylz‘r‘z(b) = ZvM(b))a (l)
i=1
where z(®) ~ multinomial(wgb), o ~w(Kb)(b)) is the hidden variable that indexes the mixture compo-

nents. p(y1.-|z = 1, M(b)) is the likelihood of y;., under the ith mixture component, and wgb) is the
mixture weight for the ith component. The likelihood of the random sequence yy., ~ M) is

K™
P M) =3 Wl p(yrr ) = 5, M), 2)
j=1
where z(") ~ multinomial(wp, e ,wgg,,.)) is the hidden variable for indexing components in

MO,

At a high level, the VHEM-H3M algorithm estimates the reduced H3M model M) in (2) from
virtual sequences distributed according to the base H3M model M ®) in (1). From this estimation
procedure, the VHEM algorithm provides:

1. asoft clustering of the original K (*) components into K (") groups, where the cluster mem-
bership is encoded in assignment variables that represents the responsibility of each reduced
mixture component over each base mixture component, i.e., 2; ; = P(z(") = j|z(®) = i),
fori=1,...,K® and j = 1,..., K",



Table 1: Notation used in the derivation of the VHEM-H3M algorithm.

variables base model (b) reduced model (r)
index for HMM components 7 i
HMM states 15} p
HMM state sequence Brr =4{B1, -+, B} p1r ={p1, - ,pr}
index for component of GMM m l
models
H3M M® MO
HMM component Mgb) M;T)
GMM emission M% MYZ
component of GMM M%m Mgrg P
parameters '

H3M mixture weights w® = {w(b)} W) = {wm}
HMM initial state m(®) {7r(b> B! m(r) {ﬂ(r)”}
HMM state transition matrix A®)E = [q E,b}; ] A = [am 71
GMM enision DTS e o s,

probability distributions notation shorz hand _
HMM state sequence (b) (21 = Brr|z® =i, MO p(B1..|M; b>) éw ’
HMM state sequence (1) plrrr = prr|2®) = j, MD)  p(py. T\M“)) o
HMM observation likelihood (r) (Y127 = 5, M) (Y1 T\/\/l )
GMM emission likelihood (r) - p, M) plye M, 57)
Gaussian component likelihood (r)  p(y:|¢: = £, 2 = p,M(T)) p(y |M§7p) 2)

expectations

HMM observation sequence By =m0 1] M(b) [
GMM emission Eyt‘wt:ﬁ«,MEh) [] EMm []
Gaussian component Ey/. oz mo =B, MY [] EMEb;,m []

expected log-likelihood lower bound variational distribution
EMEb) [log p(Y;|M")] Liysn @iz =7) = 2y
EMEb) [logp(y1,|/\/l§r))] L q" (P1f7_|/31:r) = ¢Z’f:7‘51_:7_

" G = (p1]B1) Hzlg)af? gpt‘ptfh Br)

By [log p(y|M;’,)] Lt 055 (C = LIm) = gy, "

2. novel cluster centers represented by the individual mixture components of (2), i.e
p(y1.r |2 = j M) forj=1,..., K.

Finally, because we take the expectation over the virtual samples, the estimation is carried out in an
efficient manner that requires only knowledge of the parameters of the base model without the need
of generating actual virtual samples.

Notation. We will always use ¢ and j to index the components of the base model, ./\/l(b), and the
reduced model, M ("), respectively. To reduce clutter, we will also use the short-hand notation Mgb)
and Mg-r) to denote the ith component of M(®) and the jth component of M(™). Hidden states of
the HMMs are denoted with 5 and p for the base model M(b) and reduced model /\/l;-r). The GMM
emission models for each hidden state are denoted as /\/l(bg and /\/157,) We will use m and ¢ for
indexing the Gaussian mixture components of the emission models of the base and reduced models,
respectlvely, The individual Gaussian components are denoted as Mgf)ﬁm for the base model and

MJ 4
base mixture model as M? = {7(®)i A®) Adesm (0).c (Bb)mZ,E(b) _1}3—1}> and for the j-th
HMM in the reduced mixture as M§ D = {n(")d, AW, 7, {{c , ,LLE) ;’7, 227}%1 pany

for the reduced model. Finally, we denote the parameters of i-th HMM component of the



When appearing in a probability distribution, the short-hand model notation (e.g., /\/lz(-b)) always
implies conditioning on the model being active. For example, we will use p(y1:T|M§b)) as short-
hand for p(y1..|2® = i, M®), or p(yt\/\/lfbg) as short-hand for p(y;|z; = 3,2 = i, M®),

Furthermore, we will use wél?f as shorthand for the probability of the state sequence (31., in the

base HMM component MY e, p(Br.r |Ml(»b)), and likewise for the reduced HMM component.

K2

Expectations will also use the short-hand model notation to imply conditioning on the model. In
addition, expectations are assumed to be taken with respect to the output variable (y1., or y;), unless
otherwise specified. For example, we will use E M [] as short-hand for E,, | vq) L0 —;[]-

Table 1 summarizes the notation used in the derivation, including the variable names, model param-
eters, and short-hand notations for probability distributions and expectations. The bottom of Table 1
also summarizes the variational lower bound and variational distributions, which will be introduced
subsequently.

1.2 Variational HEM algorithm

To learn the reduced model in (2), we consider a set of N virtual samples distributed accordingly
to the base model M® in (1), such that N; = N wl(b) samples are drawn from the ith compo-

nent. We denote the set of IV; virtual samples for the ith component as Y; = {yﬁ;m)},]x":l, where

ygf’m) ~ Mgb), and the entire set of N samples as Y = {Yq}fi(f) Note that, in this formulation, we

!
are not considering virtual samples {z{""™ ("1 for each base component, according to its joint

distribution p(z1.7, y1.-|M gb)). The reason is that the hidden state space of each base mixture com-

ponent /\/lz(-b) may have a different representation (e.g., the numbering of the hidden states may be
permuted between the components). This basis mismatch will cause problems when the parameters

of /\/lg»r) are computed from virtual samples of the hidden states of {/\/lz(-b)}filb). Instead, we treat

X; = {xgi’m)}ﬁizl as “missing” information, and estimate them in the E-step. The log-likelihood

T

of the virtual samples is
K®)
log p(Y M) =3 " log p(V;| M) 3)
i=1
where, in order to obtain a consistent clustering, we assume the entirety of samples Y; is assigned to
the same component of the reduced model [2].

The original formulation of HEM [2] maximizes (3) with respect to M) and uses the law of large

numbers to turn the virtual samples Y; into an expectation over the base model components /\/lz(-b).
In this paper, we will start with a different objective function to derive the VHEM algorithm. To
estimate M ("), we will maximize the average log-likelihood of all possible samples, weighted by

their likelihood of being generated by M Eb), i.e., the expected log-likelihood of the virtual samples,

K®
TMD) =By [logp(VIMD)] = ST By [logp(vil M), @

i=1

where the expectation is over the base model components /\/lz(-b). Maximizing (4) will eventually
lead to the same estimate as maximizing (3), but allows us to strictly preserve the lower bound,
which would otherwise be ruined when using the law-of-large numbers with (3).

A general approach to deal with maximum likelihood estimation in the presence of hidden variables
(which is the case for H3Ms) is the EM algorithm [3]. Although in the traditional formulation the
EM algorithm is presented as an alternation between an expectation step (E step) and a maximiza-
tion step (M step), in this work we take a variational perspective [4, 5, 6], which views each step as a
maximization step. The variational E-step first obtains a family of lower bounds to the log-likelihood
(i.e., to equation 4), indexed by variational parameters, and then optimizes over the variational pa-
rameters to find the tightest bound. The corresponding M-step then maximizes the lower bound



(with the variational parameters fixed) with respect to the model parameters. One advantage of the
variational formulation is that it readily allows for useful extensions to the EM algorithm, such as
replacing a difficult inference in the E-step with a variational approximation. In practice, this is
achieved by restricting the maximization in the variational E-step to a smaller domain for which the
lower bound is tractable.

1.2.1 Lower bound to an expected log-likelihood

Before proceeding with the derivation of VHEM for H3Ms, we first need to derive a lower-bound
to an expected log-likelihood term (e.g., (4)). In all generality, let {O, H} be the observation and
hidden variables of a probabilistic model, respectively, where p(H) is the distribution of the hidden
variables, p(O|H) is the conditional likelihood of the observations, and p(O) = >" ,, p(O|H)p(H)
is the observation likelihood. We can define a variational lower bound to the observation log-
likelihood [7, 8]:

logp(O) = log p(O) — D(q(H)||p(H|0)) (5)
p(H)p(O|H)
B Z )log * q(H) ©

where p(H|O) is the posterior distribution of H given observation O, and D(pllq) =
[ p(y)logt (Zg dy is the Kullback-Leibler (KL) divergence between two distributions, p and q. We

introduce a variational distribution ¢(H ), which approximates the posterior distribution, where

g 9(H) = 1 and ¢(H) > 0. When the variational distribution equals the true posterior,
q(H) = P(H|O), then the KL divergence is zero, and hence the lower-bound reaches log p(O).
When the true posterior is not possible to calculate, then typically g is restricted to some set of
approximate posterior distributions Q that are tractable, and the best lower-bound is obtained by
maximizing over g € Q,

p(H)p(O|H)

q(H) @

logp(O) > max Z q(H log

Using the lower bound in (7), we can now derive a lower bound to an expected log-likelihood
expression. Let Ep[-] be the expectation of O with respect to a distribution p,(O). Since py(O) is
non-negative, taking the expectation on both sides of (7) yields,

Ey [log p(0)] > E I?eaxz ) log W .
p(H)p(O|H)

> maxE, %: a(H)log == 5= ©

:r&%{ZQ(H) {logzgg; + Ey [logp(OH)]}’ (10)

where (9) follows from Jensen’s inequality (i.e., f(E[z]) < E[f(x)] when f is convex), and the
convexity of the max function.

1.2.2 Variational lower bound

We now derive the lower bound of the expected log-likelihood cost function in (4). The derivation
will proceed by successively applying the lower bound from (10) on each arising expected log-
likelihood term, which results in a set of nested lower bounds. We first define the following three
lower bounds:

B log p(Yi|MT)] > Liys, (11)
E o [log p(yrr| M) 2 Lifhsar, (12)
E v log p(ylM{)] > LEA. (13)



The first lower bound, L£%;5,,, is on the expected log-likelihood of an H3M M) with respect to
an HMM Mgb). The second lower bound, L?IjM - 1s on the expected log-likelihood of an HMM
My), marginalized over observation sequences from a different HMM M Z(.b). Although the data log-
likelihood log p(y1:T|M§T)) can be computed exactly using the forward algorithm [9], calculating
its expectation is not analytically tractable since log p(y1:T|/\/l§»r)) is essentially a mixture model'.
The third lower bound, EG 1\64)1\5] 2 , is on the expected log-likelihood of a GMM emission density
M( ") with respect to another GMM M( This lower bound does not depend on time, as we have

assumed that the emission densities are tlme invariant.

Looking at an individual term in (4), p(Y;|M () is the likelihood under a mixture of HMMs, as
in (2), where the observation variable is Y; and the hidden variable is z; (the assignment of Y; to a

component M;T)). Hence, introducing the variational distribution ¢;(z;) and applying (10), we have

E M® {logp Y|M

p(z = jIM™)

log——F————
qi(zi = j)

+ o logp(VilMY )]} (14)

p(zi = jlM™)
¢i(zi = j)

qi(zi = J)
=)l

- (r)
:Inaquz {logp = JjIM™) -‘rEM(b)[lng le|MT) ]} (15)
{log

+NEM@mgm%ANﬂU@, (16)

where in (15) we use the fact that Y; is an i.i.d. set of N; samples. In (16), logp(y1:7|./\/l§r)) is the
observation log-likelihood of an HMM, which is a mixture distribution, and hence its expectation

cannot be calculated directly. Instead we use ithe lower bound EiH’jM s defined in (12), yielding

p(zi = jIM™)

+ N; L% }éﬁ .
qZ( ]) HMM H3M

a7

By [logp(YM/l )} > H;aXZ qi(zi = j) {log
J

Next, we calculate the lower bound ﬁlHJM - Starting with (12), we first rewrite the expectation

E to explicitly marginalize over the HMM state sequence f3;., from Mgb),

m®
Ep log p(y1.- M) = By m® [Eyl;flﬁl;T,Mﬁ”) log p(y1:- M) (18)
(b R T
= Z ﬁl)-r Y1 1—|51:1—,M§b) [logp(y1;7|/\/l§- ))] (19)
Bi:r

For the HMM likelihood p(ylzT\MY)), the observation variable is y;., and the hidden variable is
the state sequence p;.,. We therefore introduce a variational distribution ¢*7 (p1.+]B81:+) on the state
sequence pj.., which depends on a particular sequence (31., from ./\/lgb). Applying (10) to (19), we

'For an observation sequence of length 7, an HMM with S states can be considered as a mixture model
with O(S™) components.



have

E 0 [log p(y1.-| M)

(b),i i p(prr| M) (r)
Z Zﬂ-ﬁI:T rzlfgxzq ’ (p1:7'|/81:7') log il 1R\ + E . Mgb) [logp(yl:‘r|p1:‘ran )]

G5 (p1.+|B1:r) Y1:r|Brir,

Bi.r P1:r
(20)
(r)
b),i 1,7 p(p17|M ) r
= Zﬂéﬂ, max Y ¢ (p1r|Brir) { log =+ > B o) [logp(yt|/\/l§’3t)] (1)
Biir -’ p1:ir 77 (pr:r|Br:r) 7 i8¢
( )
> * (’01 |M T ﬁ ,Uet) | & i 29
Zﬂ'ﬁ maXZq Plrwlr |51 —I—Z GMM £ L vm (22)
Biir Pl:r L7 T

where in (21) we use the conditional independence of the observation sequence given the state
sequence, and in (22) we use the lower bound, defined in (13), on each expectation.

Finally, we derive the lower bound Eg Jé)]v(ﬂ #) for (13). First we rewrite the expectation with respect

to ME 5 to explicitly marginalize out the GMM hidden assignment variable ¢,

B log p(y| M) = EQM@) (B logp(ylM)))| (23)
- Z HE o [logplylM)] 4
Note that p(y|/\/l J, p) is a GMM emission distribution, and hence the observation Variable is y, and

the hidden variable is . Therefore, we introduce the variational dlStrlbuthl’l q (( |m), which is

conditioned on the observation y arising from the m-th component in ./\/lZ 3 and apply (10),
B log p(y| M)
M r
{ o PEIM)

(b)yi
22.¢ maqu %
= B8,m ,
m=1 ﬁp ¢=1 q}i?p(qm)

+EME?:> [IOgP(ZAM”g)]} L(G}vﬂf)h(fjp)a

(25)

(r)

where E M [log p(y |/\/l ip é)] is the expected log-likelihood of a Gaussian distribution M, _,

with respect to another Gaussian M which has a closed-form solution (see Section 1.3.1).

7 p m?
In summary, we have derived a variational lower bound of the expected log-likelihood of the virtual
samples in (4),

K®

T(MD) =B [logp(YIM©)] = Z Lirsns: 26)

which is composed of three nested lower bounds, correspondlng to different model elements (the
H3M, the component HMMs, and the emission GMMs),

zZ; = (r
l:j){lg(lj'M)

+ N, L% } (27)
q'L(Z’L_j) HMM

i
tram = H;ax g q:(z
i )
J

i i i (pl 7’| t
£I7{]M]\/[ Zﬂ-b) rng‘g(zqd(plzr|61:r) {10 W Z‘CGMMJP) ) (28)

Bl T P1:r t
(r)
i b) p(C‘M B )
E(G]\/[]\{j #) = Z C( maXZq { 0og qgj (C|j7;)) + EMEb;)g [logp(y‘MJ 0, g)]
98,0 ¢=1 P

(29)



where g;(2;), ¢ (p1.+|P1.+), and q;:;jp(( |m) are the corresponding variational distributions. Finally,
the variational HEM algorithm for HMMs consists of two alternating steps:

e (variational E-step) given M), calculate the variational distributions qgf‘p(c |m),
a7 (p1.+|B1.+), and q;(2;) for the lower bounds in (29), (28), and (27);

K(b) ,Cl

e (M-step) update the model parameters via MO* = = argmax v 21 Lysnr-

We next derive the E- and M-steps of the algorithm.

1.3 Variational E-step

The variational E-step consists of finding the variational distributions to maximize the lower bounds
in (29), (28), and (27). In particular, given the nesting of the lower bounds, we proceed by first
maximizing the GMM lower bound Lg’]@)ﬂflj *) for each pair of emission GMMs in the base and

reduced models. Next, the HMM lower bound £ HJM 18 maximized for each pair of HMMs in
the base and reduced models, followed by maximizing the H3M lower bound L%, for each base
HMM. Finally, a set of summary statistics are calculated, which will be used in the M-step.

1.3.1 Variational distributions

We first consider the forms of the three variational distributions, as well as the optimal parameters
to maximize the corresponding lower bounds.

GMM: For the GMM lower bound Lg}@)j\y i ), we assume each variational distribution has the form

a57,(¢ = Ulm) =m0 (30)
where Ze]\i1 7)ET£)’(j #) = 1, and néli;fj)’(j ) > 0, V£, Intuitively, 5(?)-(:) is the responsibility

(4,8),(4,p)

matrix between each pair of Gaussian components in GMMs ME and M\ where Nejm

J, p’
represents the probability that an observation from component m of ME ;3 corresponds to component
(r)

Cof M,

Substituting into (29), we have
000 _ - B),(j e’ (r)
©,8),(J,p B), (3P r

Lovne™ = ,m (1 nax ZW\ log (z,ﬁ) g T EMEf’g,m[Ing(mMjml)]

m=1 Me|m 7] £lm

€Y
The maximizing variational parameters are obtained using Appendix C.2,

(7).3 {
' ' c expi E, o [logp(y|/\/l )]}
(i ) p,t M) J.p.L
né‘yﬁ)u(]ﬂ) B, (32)

S c( )/j exp {EM@) [IOgP(yM/lj o, z/)]}

where the expected log-likelihood of a Gaussian M( r) ,.¢ With respect to another Gaussian M, pom 18
computable in closed-form,
r d T 1 ks ,- —_ b ,i
EME,&%,m [lng(@/|M;-7;’g)] =3 log 27 — = log ‘Z( )]‘ St ((22,2 7) 1255,)771) -

1 r), b),i )7\ — r),J b),i
- 5y~ ué,)m)T(E;}]) gy = -

HMM: For the HMM lower bound L}/, We assume each variational distribution takes the form
of a Markov chain,

qi7j(p1:7'|61:7') = ¢i7j(p1:7'|ﬁ1:7) = ¢§7j(l)1‘/31) H ¢i’j(Pt|Pt—1, Bt)7 (34)

t=2



where Zi:l ¢ (p|B1) = 1, and Zi:l ¢ (ptlpe—1,B:) = 1. The variational distribution
q"7 (p1.+|B1.~) represents the distribution of the state sequence p;., in HMM M§-T), when M;T) is

used to explain the observation sequence generated by Mgb) that evolved through state sequence

ﬁl:’r'

Substituting into (28), we have

7
Ly = Zﬂﬁ o maqu& (pr:r|Brer {log W + Zﬁc}@tM]’pt)} . (35

Brir plir t

The maximization with respect to ¢.7 (p;|ps_1,8:) and ¢%7 (p1|B1) is carried out independently
for each pair (3, j), and follow [10], which is further detailed in Appendix A. By separating terms

and breaking up the summation (3;., and p1.,, the optimal (;Aﬁ] (pt|pt—1, Bt) and q@llj (p1|B1) can be
obtained using an efficient recursive iteration (similar to the forward algorithm).

H3M: For the H3M lower bound L%, ,,, we assume variational distributions of the form ¢;(z; =

(") .
J) = z;j, where Zle zij = 1, and z;; > 0. Substituting into (27), we have

(r)
w;
Ly = max Z “ij { HMM} (36)

Zij

The maximizing variational parameters of (36) are obtained by using Appendix C.2,

Ly = L)
ij

> W/ S exp(NiLiysar)

(37)

Note that in the standard HEM algorithm derived in [2, 11], the assignment probabilities z;; are
based on the expected log-likelihoods of the components, (e.g., E MO [log p(y1.+ \MO )] for H3Ms).

For the variational HEM algorithm, these expectations are now replaced with their lower bounds (in
our case, CHMM).

1.3.2 Lower bound

Substituting the optimal variational distributions into (31), (35), and (36) gives the lower bounds,

(r)

‘53-13M Z Zij {1Og A_
o (i.6:)
Ly = Z 51 i Z 0" (p1:r|Br:r) = + Z ﬁc}\fM] P (39)

B1ir P1ir (bl’j P1: T|ﬁlr t

(T)aJ
B ~(1,8), T
LG Z ¢ Z”éhn 7§ log e S T Eayy Jozpl M )16 40)

LN, ﬁHMM} (38)

i.8,m
Llm

The lower bound L}/, ,, requires summing over all sequences 31.- and p1., This summation can be

computed efficiently along with 27 (p¢|ps—1, 8¢) and q@llj (p1]B1) using a recursive algorithm from
[10] and is described in Appendix A.



1.3.3 Summary Statistics

After calculating the optimal variational distributions, we calculate the following summary statistics,
which are necessary for the M-step:

vy’ (p1, 1) = Fgﬁ)l¢1’J(P 151) 41)
&7 (pr—1,pt,B1) = Z v 21 (pe—1, Be-1) Cbg?iﬁt 017 (pelpe—1, Be) fort =2,...,7 (42)
Br—1=1
9 (o, Be) = Z &7 (pr—1, pr, Br) for t = 2,. (43)
pt—1=1
and the aggregate statistics
S
w ) = Y (B (44)
v (p,B) = Y w(p,B) (45)
t=1
AL T S ..
90, p) = D) &7 (p.0, B). (46)
t=2 =1

The statistic ﬁi’j (p) is the expected number of times that the HMM Mgr) starts from state p, when
modeling sequences generated by ./\/lgb). The quantity 7% (p, 3) is the expected number of times
that the HMM M;T) is in state p when the HMM ./\/lz(-b) is in state 3, when both modeling sequences
generated by Mgb). Similarly, the quantity é” (p, p') is the expected number of transitions from
state p to state p’ of the HMM M(T), when modeling sequences generated by M Eb).

1.4 M-step
In the M-step, the lower bound in (26) is maximized with respect to the parameters M ("),
K®
MT" = argmax Z Lirans- 47)
M) =1

The derivation of the maximization is presented in Appendix B. Each mixture component of M (")
is updated independently according to

KO
(" Dy Zig

w;t = O (43)
K® b) i, K® b) 2 i
it 2l g o (p) (Mg* _ i 5 o, )5 7(p,p') 49
T " = KO @) id oy e K®) ; @9
Z' 1 2im1 Zigw; P17 () Zg D Zw‘” f’J(/’ o)
. O, (?72\175) (a,m) L (7715\;5) (Gp) H(ﬁb)ﬂ,;)
" = iy = : (50)
Ps M ~(4,8),(7, ’ ’ ~(4,8),(J, ’
M, (né/‘m) ( p)) Q. (772‘ ):( p))

i b [ T), b ),
e (A (S = B s = 15T

i,0 s ’
Q,, (i 0

where €2; ,(-) is the weighted sum operator over all base models, HMM states, and GMM compo-
nents (ie., over all tuples (7, 5, m)),

=i (51)

K® S

M
Q,(f( Zzww S0 (p,8) Y e (i, Bm). (52)
= m=1

B=1



Note that the covariance matrices of the reduced models (51) are never smaller (in magnitude) than
the covariance matrices of the base models, due to the outer-product term. This regularization effect
derives from the E-step, which averages all possible observations from the base model.

Appendix A. Derivation of the E-step

The maximization of (35) with respect to .7 (p¢|ps—1, 8¢) and ¢%7 (p1|By) is carried out indepen-
dently for each pair (4, ), and follow [10]. In particular it uses a backward recursion, starting with

ﬁiil(ﬂt,pt) = 0, fOI‘t = Tyeeny 2
aﬁ,:) z,pf exp {‘C(i'ﬂt)’(j’pt) + Ei’j1(5ta pt)}

S ) i,'
zp afid.p exp {ﬁéuf;) 0 £, (Brap) )

i’ij (ptlpe—1,B:) = (53)

Ly (Be—1, pe-1) Z aﬂi)l IOgZ agl exp{ Laind 7 + £iﬁ1(ﬁ’p)} BRSNS

and terminates with
(r),g ﬁ(iﬁl),(j,m) ﬁi,j
Tpy ~ €XP \ Lcomm + Ly (B1,p1)

2,5 _

17 (p1]B1) = — o (55)
55 7l exp {E((}]\;llg/ll%(mp) +£2,a(517p)}

E:[,I\JAM _ E :ﬂ_ (0), 110g E 7T(7 J exp {E( B),(3.p) +£w(6> )} (56)

B=1
where (56) is the maxima of the terms in (35) in Section 1.3.1.

Appendix B. Derivation of the M-step

The M-steps involves maximizing the lower bound in (26) with respect to M ("), while holding the
variational distributions fixed,

K®
M = argmax Z Liran- (57)
ME
Substituting (38) and (39) into the objective function of (57),
K®
)) = Z Lian (58)

W™ 7
_sz log——kNZ (b) ZW’J Plrﬂlr)[ L +Z£GZVIM]pf

Biir pLr ¢Z’j(p17|517 t
(59)

In the following, we detail the update rules for the parameters of the reduced model M ("),

HMMs mixture weights

K
j:l [l

({w("’)} Z Z Zij log w = Z [Z 2”‘| IOg OJJ(-T) (60)
J i

Given the constraints Z J,l wj(r) =1land wy) > 0, (60) is maximized using the result in Appendix

C.1, which yields the update in (48).

Collecting terms in (59) that only depend on the mixture weights {w§7')} we have

10



Initial state probabilities

The objective function in (59) factorizes for each HMM /\/l(-r), and hence the parameters of each
HMM are updated independently For the j-th HMM, we collect terms in (59) that depend on the

initial state probablhtles {wp g 5 15

Zz”N Zw(b)’ Z(bl’] pl\b’l)logwr)ﬂ (61)
p1
= ZZ%N ZW 61 (p1]B1) log ) (62)

P1 i

219 (p1)
= Z Z 2 Nivi (p) log 7r(7") J (63)

x Z lz zuw 1 log 77( ") (64)

where in the (63) we have used the summary statistic defined in (41). Considering the constraints
Zf L 7r£ 4 = 1 and 7T(T)’J > 0, (64) is maximized using the result in Appendix C.1, giving the
update formula in (49).

State transition probabilities

Similarly, for each HMM M(T) and previous state p, we collect terms in (59) that depend on the

transition probabilities {a( )’J 5, 1
Jp({a(r)] S/ ZZZJN Zw(b)7 ngld pl 7‘51 'r) IOg’]T ) (65)
Biir pLir
b),i 2i,j ).j
DI [H LETED ol i R | ST
Br.r Lt= prir Lt=2 t=2
fZZzUNf*jpp)loga()J (67)
i p'=1
x Z [Zz” (b )5” (p, p )] loga( )’J. (68)
Considering the constraints Zf,zl ag:;ﬂ = 1and aE:I))}j > 0, (68) is maximized using the result in

Appendix C.1, giving the update in (49).

Emission probability density functions

The cost function (59) factors also for each GMM indexed by (j, p, £). Collecting relevant terms in
(59),

T b),i i 2,5¢),(J,Pt
LM ) ZZUN oty 8 (prr|Brir) Zd R (69)
Bi:r pP1ir
=22l ZW P BEETT (10)

S

x ZéijNi Z 3 (p Z c(b i Agnf) J(4:p) {1og iy EME?}m[lOgP(mM%’Z)] (71)

—q, ( ﬁ) (4-p) |:10gC(T) J EM“} [logp(yM/l] pz)]D (72)
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where in (72) we use the weighted-sum operator defined in (52), which is over all base model GMMs

{ Ebgm} The GMM mixture weights are subject to the constraints Zé\il cgz’j = 1,Vj, p. Taking

the derivative with respect to each parameter and setting it to zero?, gives the GMM update equations
(50) and (51).

Appendix C. Useful optimization problems
Appendix C.1

The optimization problem

L
max Z Be log
=1

L (73)
S.t. Z ap=1
=1
Qy Z 0, \/4
is optimized by
* 6@
0 = . (74)
=15
Appendix C.2
The optimization problem
L
max > e (B —log )
¢ =1
L (75)
S.t. Z ap=1
=1
ap >0,V
is optimized by
of = — PP (76)

I .
Zf’:l exXp Bé
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