A Proofs

A.1 Notation and Definitions

Throughout the proofs, we fix d, k > 2. We denote by W = W = {h,, : w € R¥*!} the class of
linear separators (with bias) over R?. We assume the following “tie breaking” conventions:

e For f : [k] — R, argmax;c, f(i) is the minimal number iy € [k] for which f(io) =
maX;e(k f);
e sign(0) = 1.

Given a hypotheses class 7 C Y, denote its restriction to A C X by H|a = {f|a : f € H}.
Let H C Y* be a hypothesis class and let ¢ : Y — V', 1t : X — X’ be functions. Denote
poH={poh:heH}andHor={hov:heH}

Given H C Y% and a distribution D over X' x ), denote the approximation error by Err(H) =
infy,eq Errp(h). Recall that by definition 1.1, H essentially contains H' C V¥ if and only if

Erry, (H) < Erry,(#H') for every distribution D. For a binary hypothesis class #, denote its VC
dimension by VC(H).

Let H C Y% be a hypothesis class and let S C X. We say that H G-shatters S if there exists an
f S — Y such that for every T' C S there is a ¢ € H such that

Ve €T, g(x) = f(x), and Vz € S\ T, g(x) # f(z).
We say that H N-shatters S if there exist f1, fo : S — Y suchthatVy € S, f1(y) # f2(y), and for
every T' C S there is a g € H such that

Ve €T, g(x) = fi(z), and Vo € S\ T, g(z) = fa(x).

The graph dimension of H, denoted d¢(#), is the maximal cardinality of a set that is G-shattered
by H. The Natarajan dimension of H, denoted dn (), is the maximal cardinality of a set that is
N-shattered by 7. Both of these dimensions coincide with the VC-dimension for || = 2. Note
also that we always have dy (H) < dg(#H). As shown in [ ], it also holds that
da(H) < 4.67logy(|Y|)dn (H).

Proof of Lemma 4.1. Let A C X be a G-shattered set with |A| = dg(L(H)). By Sauer’s Lemma,
A< (34|l < | A, thus des(L(H)) = | 4] = O(ldlog(id)). O

A.2 Multiclass SVM

Proof of Theorem 3.1. The lower bound follows from Theorems 3.5 and 3.2. To upper bound dg :=
da(L),let S = {x1,...,24,} C R? be a set which is G-shattered by £, and let f : S — [k] be a
function that witnesses the shattering. For » € R and j € [k], denote

d(x,5) = (0,...0,z[1],...,z[d],1,0,...,0) € REUFTVF

where z[1] is in the (d + 1)(j — 1) coordinate. For every (i,j) € [dg]| x [k], define z;,; =
¢(xi, f(xi))— (i, 7). Denote Z = {z; ; | (i, ) € [dg]x[K]}. Since VC(WITDF) = (d+1)k+1,
by Sauer’s lemma,

|W(d+1)k|Z‘ < ‘Z|(d+1)k+1 — (de)(d+1)k+1.

We now show that there is a one-to-one mapping from subsets of .S to W(dﬂ)k\ z, thus concluding
an upper bound on the size of S. For any T C S, choose W (T') € R¥*(d+1)(R) such that

{reS|hwea(z)=f(x)}=T.

Such a W(T') exists because of the G-shattering of S by £ using the witness f. Define the
vector w(T) € RF(@HD) which is the concatenation of the rows of W (T), that is w(T) =
(VVY({T’)(Ll)7 ceey W(T)(11d+1)7 ceey W(T)(k,l)) ceey W(T)(k7d+1)).

Now, suppose that Ty # Ty for 71,75 C S. We now show that w(7y)|z # w(T2)|z. Suppose
w.l.o.g. that there is some z; € T \ Tb. Thus, f(2;) = hwr)(z:) # hw(n)(zs) = j. It
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follows that the inner product of x; with row f(x;) of W (T}) is greater than the inner product of x;
with row j of W (T7), while for W (T5), the situation is reversed. Therefore, sign({w(T1), z; ;)) #
sign({(w(T2), z; ;)), so w(T1) and w(T5) induce different labelings of Z. It follows that the number

of subsets of S is bounded by the size of W(¥+1F| , thus 276 < (kdg)(@+1*+1, We conclude that
da < O(dklog(dk)). O

A.3 Simple classes that can be represented by the class of linear separators

In this section we define two fairly simple hypothesis classes, and show that the class of linear
separators is richer than them. We will later use this observation to prove lower bounds on the
Natarajan dimension of various multiclass hypothesis classes.

Let! > 2. For f € {—1,1}19 i € [l], j € {—1,1} define f*I : [d] x [I] — {—1,1} by

fi’j(U,U) _ {f(“) Z ; i

And define the hypothesis class F' as
Fl={f. fe{£1}d ic, je{-1,1}}.
Forg € {—1,1}4 i e [l], j € {£1} define ¢g*7 : [d] x [I] = {—1,1} by

h(u) v=1i
gl (o) =44  v>i
—J v <1,

And define the hypothesis class G as

G ={g" ge{-1,1}1 e, je{+1}}.

Let X C V¥, H' C Y¥ be two hypotheses classes. We say that H is richer than H’ if there
is a mapping ¢ : X’ — X such that H' = H o . It is clear that if A is richer than A’ then
dnv(H') < dy(H) and dg(H') < dg(H). Thus, the notion of richness can be used to establish
lower and upper bounds on the Natarajan and Graph dimension, respectively. The following lemma
shows that W is richer than F* and G for every I. This will allow us to use the classes ', G instead
of W when bounding from below the dimension of an ECOC or TC hypothesis class in which the
binary classifiers are from W.

Lemma A.1. For any integer | > 2, W is richer than Fland Gl

Proof. We shall first prove that W is richer than F'. Choose [ unit vectors ey, ...,e; € R%. For
every i € [I], choose d affinely independent vectors such that

L1y i €{x €RY: (x,e) =1, Vi # 14, (x,e) < 1}.

This can be done by choosing d affinely independent vectors in {x € RY : (x,e;) = 1} that are very
close to e;. Define t(m,i) = x,, ;. Now fix i € [I] and j € {—1,+1}, and let f*/ € F!. We must
show that f*J = h o . for some h € W. We will show that there exists an affine map A : R? — R
for which f%/ = sign o A o . This suffices, since W is exactly the set of all functions of the form
sign o A where A is an affine map. Define M = {x € R?: (z,e;) = 1}, and let A : M — R be the
affine map defined by
Vm € [d], A(zpm;) = f(m,1).

Let P : R® — M be the orthogonal projection of R? on M. For o € R, define an affine map
Ay : RY — Rby

Ao(z) = A(P(x)) + o (x — e, €;).
Note that, Vm € [d], Aa(zm,) = f(m,i). Moreover, for every ' # i and m € [d] we have
(®m,ir — €;,€;) < 0. Thus, by choosing |« sufficiently large and choosing sign(«) depending on j,
we can make sure that f%J = signo A, o ¢.
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The proof that W is richer than G is similar and simpler. Let e,...,eq € R?~! be affinely
independent. Define

t(m,i) = (em,i) € R x R = RY,
Given g*J € G4l let A : R~ x {i} — R be the affine map defined by A(e,,,i) = ¢’ (m, i) and
let P : R? — R9~1 x {i} be the orthogonal projection. Define A : R — R by

It is easy to check that signo A o 1 = g*J. O

Note A.2. From Lemma A.] it follows that VC(F" ) C(G") < d + 1. On the other hand, both F'
and G' shatter ([d] x {1}) U{(1,2)}. Thus, VC(F') = VC(G") =d + 1

A4 Trees

Proof of Theorem 3.2. We first prove the upper bound. Let A C X be a G-shattered set with
|A] = dg(Hirees)- By Sauer’s Lemma, and since the number of trees is bounded by k¥, we have

2041 < kR | H| 4P < KR - |A|?*, thus dg (Hirees) = |A| = O(dk log(dk)).

To prove the lower bound, by Lemma A.1, it is enough to show that dy (G%) > d - (k — 1) for some
l. We will take | = |[N(T')| = k — 1. Linearly order N(T') such that for every node v, the nodes
in the left sub-tree emanating from v are smaller than the nodes in the corresponding right sub-tree.
We will identify [I] with N(T') by an order-preserving map, thus G! C {—1, 1}l4*N () We also
identify the labels with the leaves.

Define ¢; : [d] x N(T) — leaf(T") by setting g1 (i, v) to be the leaf obtained by starting from the
node v, going right once and then going left until reaching a leaf. Similarly, define g5 : [d]xN(T') —
leaf(T) by setting g»(%,v) to be the leaf obtained by starting from the node v, going left once and
then going right until reaching a leaf.

We shall show that g1, g2 witness the N-shattering of [d] x N(T) by G-.. Given S C [d] x N(T)
define C' : N(T) — G' by

-1 u<w
1 u >
1 u=w, (j,u) €S
-1 u=w, (i,u) ¢ S.

C(v)(i,u) =

It is not hard to check that V(i,u) € S, hc(i,u) = g1(i,u), and V(i,u) ¢ S, he(i,u) = g2(i,u).
O

Note A.3. Define G¢ = {g*' : g e {=1,1}4, i e [I|}. The proof shows that
dn(GL) > d - (k — 1). Since VC(G') = d, we obtain a simpler proof of Theorem 23 from

[ ], which states that for every tree T' there exists a class H of VC dimension d for which
dy(Hr) > d(k—1).

A.5 ECOC, One vs. All and All Pairs

To prove the results for ECOC and its special cases, we first prove a more general theorem, based
on the notion of a sensitive vector for a given code. Fix a code M € R¥*!(R). We say that a binary

vector u € {#1}! is g-sensitive for M if there are g indices j € [I] for which M (u) # M (u @ e;).
Here, u @ e; == (u[l],...,—u[j],...,u[l]).

Theorem A.4. If there exists a q-sensitive vector for a code M € R¥*\(R) then dy(Whyr) > d - q.

Proof. By Lemma A.1, it suffices to show that dy (F,) > d - q. Let u € {£1}! be a g-sensitive
vector. Assume w.l.o.g. that the sensitive coordinates are 1,...,q. We shall show that [d] x [q] is
N-shattered by F,. Define g1, g2 : [d] x [q] — [k] by

91(1’7y) = M(’U,), gz(a:,y) = M(u@ey)
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Let T C [d] x [q]. Define hy, ..., h; € F! as follows. For every j > g, define h; = u[j]. For j < ¢
define

ulf]  y#J
hj(xvy): ’LL[]] y=17J ('Tvy)ET
—ulj] y =3, (x,y) € [d] x [g] \ T
For h = (hq, ..., h;), it is not hard to check that

V((E,y) € T? M(h1($7y), e whl(xvy)) = g1(fc,y)7 and
V(as,y) € [d} X [Q] \Ta M(hl(xvy)v B "hl(x’y)) = 92($,y)-
O

The following lemma shows that a code with a large distance is also highly sensitive. In fact,
we prove a stronger claim: the sensitivity is actually at least as large as the distance between
any row and the row closest to it in Hamming distance. Formally, we consider A(M) =
max; minj; Ay (M[i], M[j]) > 6(M).

Lemma A.5. For any binary code M € RF*!(£1), there is a q-sensitive vector for M, where
a> LA(M) > 13(M).

Proof. Let iy the row in M such that its hamming distance to the row closest to it is A(M ). Denote
by 49 the index of the closest row (if there is more than one such row, choose one of them arbitrarily).
We have Ay (Miy], M[iz]) = A(M). In addition, Vi # i1, i, Ap(M[i1], M[i]) > A(M). Assume
w.Lo.g. that the indices in which rows ¢; and io differ are 1, ..., A(M). Consider first the case that
i1 < iy. Define u € {£1}[" by

M, jy otherwise.

Is is not hard to check that for every 1 < j < [£7], i1 = M (u) and M (u @ ej) = ia, thus u is

[é] -sensitive. If 77 > 4o, the proof is similar except that u is defined as

2
M, jy otherwise.

O

Proof of Theorem 3.3. The upper bound follows from Lemma 4.1. The lower bound follows form
Theorem A.4 and Lemma A.S. O

Proof of Theorem 3.4. The upper bounds follow from Theorem 3.3. To show that dy (Woya) >
(k — 1)d, we note that the all-negative vector u = (—1,...,—1) of length & is (k — 1)-sensitive for
the code M©¥A, and apply Theorem A 4.

To show that dy(Wap) > d (kgl), assume for simplicity that %k is odd (a similar analysis can be
given when £ is even). Define u € {il}(g) by

S 1 j-i< kAL

Vi < j, uli,j] = s

i< uli,]] {—1 otherwise.
For every n € [k], we have >, ;. u[i, j] - Mﬁm) = 0, as the summeition counts the number
of pairs (4, j) such that n € {4, j} and M\, , agrees with u[i, j]. Thus, M*"(u) = 1, by our tie-
breaking assumptions. Moreover, it follows that forevery 1 < ¢ < j < k, we have M AP(u@e(i) 7)) €
{4, 7}, since flipping entry [i, j] of u increases (M4Fu); or (M“Fu); by 1 and does not increase
the rest of the coordinates of the vector M “”w. This shows that v is (kgl)-sensitive. O
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A.6 Approximation

Proof of Theorem 3.5. We first show that for any tree for k classes T, L essentially contains Wy. It
follows that £ essentially contains W,ees as well. Let D a distribution over R4 1letC: N (T)—>WwW
be a mapping associating nodes in 7" to binary classifiers in WV, and let e > 0. We will show that
there exists a matrix W € R¥*(@+1) such that Pr,p[hw (z) # ho(z)] < €

For every v € N(T), denote by w(v) € R4 the linear separator such that C'(v) = hy(,). For

every w € R4 define & = w + (0,...,0,7). Recall that for z € R? z € R is simply
the concatenation (x,1). Choose r > 0 large enough so that Pr,.p[||Z|| > r] < €/2 and Yv €
N(T), ||w(v)]| < r.Choose vy > 0 small enough so that

Pr [3v € N(T), (0(v), 7) € (=7, 7)) = Pr [Fve N(T), (w(v),7) € (=27,0)] <¢/2.

Leta = 2r?/y + 1. Fori € [k], let v;1,...,v;m, be the path from the root to the leaf associated
with label ¢. For each 1 < j < m; define b; ; = 1 if v; j4 is the right son of v; ;, and b; ; = —1

otherwise. Now, define W € RF*(4+1) to be the matrix whose 7’th row is w; = Zmﬁl

Jj=1
by 50 (Vi)
To prove that Pry.plhw (z) # hc(x)] < e, it suffices to show that hy (x) = he(z) for every
r € RY satisfying ||Z|| < r and Vo € N(T),ﬁﬂ')(v), Z) ¢ (—~,), since the probability mass of the
rest of the vectors is less than €. Let x € R® be a vector that satisfies these assumptions Denote
i1 = ho(z). It suffices to show that for all iy € [k] \ {i1}, (wi,, ) > (wi,, T), since this would
imply that hyy (x) = 41 as well.

afj .

Indeed, fix io # i1, and let jy be the length of the joint prefix of the two root-to-leaf paths that match
the labels 41 and 5. In other words, Vj < jo, vi, j = Vi, j and v, jo+1 7 Vi, jo+1. Note that

<i‘7 (bil,jo - bi27j0)w(vi17jo)> <.’L‘ 2b11,70 (Ullxjo» = 2|<j’ ’J](vihjo»‘ > 27.

The last equality holds because b;, ;, and (Z, w(v;, j,)) have the same sign by definition of b; ;. We

11,50
have
milfl mi271
(wiy, @) — (wiy, T) = (7, Z a_Jbihjw(vil,j) - Z a_Jbimjw(viz,j»
j=1 j=1
miq —1 mi,—1
= (Z,a”” (bihjo - b127jo)w(vi17jo)> + (2, Z aijbihjw(vil,j) - Z aijbizvjﬁ](vimj»
'*j0+1 J=jo+1
2 <f7a7j0 (bihjo — by, Jo) (vi, Jo Z a™I2r?
J=jo+1

2
> 2q77° (’y— ! >>0.
a—1

Since this holds for all i5 # i1, it follows that hy, (x) = i1. Thus, we have proved that £ essentially
contains Wi ees-

Next, we show that £ strictly contains W ees, by showing a distribution over labeled examples
such that the approximation error using L is strictly smaller than the approximation error using
Wirees- Assume w.l.o.g. that d = 2 and £ = 3: even if they are larger we can always restrict the
support of the distribution to a subspace of dimension 2 and to only three of the labels. Consider
the distribution D over R? x [3] such that its marginal over R? is uniform in the unit circle, and
Prix yv)y~plY =i | X = 2] = I[z € D;], where Dy, D,, D3 be subsets sectors of equal angle of
the unit circle (see Figure 1):

Clearly, by taking the rows of W to point to the middle of each sector (dashed arrows in the illustra-
tion), we get Erry,(£) = 0. In contrast, no linear separator can split the three labels into two gropus
without error, thus Erryy (Wirees) > 0.

Finally, to see that £ essentially contains Woya, we note that Woya = Wy where T is a tree such
that each of its internal nodes has a leaf corresponding to one of the labels as its left son. Thus Woya
is essentially contained in W ces- L]
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Figure 1: Illustration for the proof of Theorem 3.5

Proof of Theorem 3.7. Tt is easily seen that W4 p contains £: Let W € R4+1*% and denote its i’th
row by W{i]. For each column (i, j) of MAF, define the binary classifier 2; ; € VW such that Vz €
R h; (%) = sign((W[j] — W[i], z)). Then for all z, hy (x) = MAP(hy 1(2), ..., hi—1%(2)).

To show that the inclusion is strict, as in the proof of Theorem 3.5, we can and will assume that
d = 2. Choose k* to be the minimal number such that for every k¥ > k*, dy(Wap) > dy(L):
This number exists by Theorems 3.4 and 3.1 (note that though we chose k* w.r.t. d = 2, the
same k* is valid for every d). For any k > k*, it follows that there is a set S C R? that is N-
shattered by Wap but not by L. Thus, there is a hypothesis A € W4 p such that for every g € L,
gls # hls. Define the distribution D to be uniform over {(z,h(z)) : * € S}. Then clearly
Errp (L) > Err,(Wap) = 0. O

Next, we prove Theorem 3.6, which we restate more formally as follows. Note that the result on
OvVA is implied since there exists a tree that implements OvA.

Theorem A.6. (Restatement of Theorem 3.6) If there exists an embedding . : RY — R and a tree
T such that W o v essentially contains L, then necessarily d' > Q(dk).

Proof. Assume that i € [k] is the class corresponding to the leaf with the least depth, {. Note that
I <logy(k). Let ¢ : [k] — {£1} be the function that is 1 on {¢} and —1 otherwise. It is not hard to
see that ¢ o L is the hypothesis class of convex polyhedra in R* having k — 1 faces. Thus,

VC(¢o L) = (k—1)d, 3)

[seee.g. , ]. On the other hand, ¢ o quf, is the class of convex polyhedra in RY having
I <log,(k) faces. Thus, by Lemma 4.1

VC(po WE 01) < VC(po WE) < O(ld log(ld')) < O(log(k)d log(log(k)d'))  (4)

By the assumption that W% o, essentially contains £, VC(¢oL) < VC(¢poWZ o). Combining with

equations (3) and (4) it follows that d(k — 1) = O(log(k)d’ log(log(k)d’)). Thus, d’ = Q (dk). O

To prove Lemma 3.8, we first state the classic VC-dimension theorem, which will be useful to us.
Theorem A.7 ( [ 1. There exists a constant C' > O such that for every hypothesis class

1
H C {£1}* of VC dimension d, a distribution D over X, €,5 > 0 and m > C%ﬁ we have

P Err} > inf Errg(h) —¢| >1—4.
JPr |Brrp (H) > Jnf rrg(h) — €| >
We also use the following lemma, which proves a variant of Hoeffding’s inequality.

Lemma A.8. Let 51,...,0; > 0and let v1,...,v € R, such that Vi, |v;| < B;. Fix an integer
je{l,...,|%]} and let p = j/k. Let (Xi,...,Xy) € {£1}* be a random vector sampled
uniformly from the set {(x1,...,xy) : Zle ”“TH = pk}. Define Y; = B; + X;7; and denote
a; = Bi + |Vil|- Assume that Ele o; = 1. Then

k 2
€
E Yi<p—e¢| <2exp| —5—— .
] <2Zk 2)

i=1 i=1 %

Pr
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Proof. First, since p < %, it suffices to prove the claim for the case Vi,7; > 0 since this is the

“harder” case. Let Z1,...,Z € {£1} be independent random variables such that Pr[Z; = 1] =
p — 5. Denote W; = 3; + Z;y;. Further denote W = Zle W;and Z = Zle %

Note that for every jo < j = pk, given that Z = jy, W can be described as follows: We start with
the value Zle B; — v; and then choose jy indices uniformly from [k]. For each chosen index i, the
value of W is increased by 27;. Ele Y, can be described in the same way, except that that 7 > jg
indices are chosen. Thus, Pr [Zle Y; < p— e} <Pr[W < pu—e|Z=jo|. Thus, we have

k
Pr ZYi<ﬂ—e <Pr[W<p—e|Z<pk]
i=1
SPr[7 Sufe}/Pr[ngk‘]
§2Pr[V_V§u—e]

The last inequality follows from Hoeffding’s inequality and noting that

EIWi] = i+ 2(n— 5) = D = (0= 5) (B +7) + (1= i+ 5)(B = %) = (= 5.

Sothat S, BIWi] > (n—§) S, ay = u— 5. -

Proof of Lemma 3.8. The idea of this proof is as follows: Using a uniform convergence argument
based on the VC dimension of the binary hypothesis class, we show that there exists a labeled sample
S such that [S| &~ %tx and for all possible mappings ¢, the approximation error of the hypothesis
class on the sample is close to the approximation error on the distribution Dg. This allows us to
restrict our attention to a finite set of hypotheses, based on their restriction to the sample. For these
hypotheses, we show that with high probability over the choice of ¢, the approximation error on the
sample is high. Using a union bound on the possible hypotheses, we conclude that the approximation
error on the distribution will be high, with high probability over the choice of ¢.

For i € [k], denote p; = Prpp[f(x) = i]. Let S = {(z1,¥1)s- -, (Tm,ym)} € X X [k] be an

i.i.d. sample drawn according to D where m = [C %], for the constant from C' from
Theorem A.7. Given S, denote Sy{(z1,0(¥1));- -, (Tm, ¢(ym))} C X x {£1}. Fori € [k], let
o Hgy=i}
b=

For any fixed ¢ : [k] — {41}, with probability > 1 — 2~(*+2) gver the choice of S we have, by
Theorem A.7, that Erry, (H) > infjey Errs, (h) — v. Since [{£1}F)] = 25, wp. > 1 -],

[k] * - v
Vo € {£1}¥, Errp, (H) > }%gqf_lErrS(b(h) 5" (3)
Moreover, we have
k k
1 m m(m —1)100 10 60
B> p3 = — 2 N o<p (M T ) < 2
[;pl] m? ; (<2)p’ +mpz) = < m? R mk) =
Thus, by Markov’s inequality, w.p. > 3 we have
k
120
2
2~ 6
;pl <= (©6)

Thus, with probability at least 1 — i — % > 0, both (6) and (5) holds. In particular, there exists a
sample .S for which both (6) and (5) hold. Let us fix such an S = {(x1,91),-- ., (Tm,ym)}-

Assume now that ¢ € {#1}[¥] is sampled according to the first condition. Denote
Y = {7« hlzj) # 6(y;) and y; = i}|/m.
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For a fixed h € H we have

14

P;r {Errsd)(h) <p-— 2] = P;r

b v
;Yi<ﬂ—21

We note that Y; are independent random variables with E[Y;] > up; and 0 < Y; < p;. Thus, by
Hoeffding’s inequality,

v V2 V2k
P [E h ——} < —_— | < ——.
¢r rg, (h) < p 5 exp( 22?_11312) exp( 24())

By Sauer’s lemma, [H|(;,, . o}
the choice of ¢, inf,ey Errg, (h)

(%)d. Thus, with probability > 1 — (%)d exp (—g%) over

<
> p — 5 and by (5) also

. 1
Errp, (H) > 5~V @)

V2

Finally, sincem = O (k+d), ifk=Q (W) then Eq. (7) holds w.p > 1—4, concluding

the proof for the case when the first condition holds. If the second condition holds, the proof is very
similar, with the sole difference that Lemma A.8 is used instead of Hoeffding’s inequality. O

Proof of Corollary 3.9. The Corollary follows from Lemma 3.8, by noting that Err,(Hr) >

Errp, (M), where ¢ : [k] — {£1} is defined as ¢(i) = 1 if and only if A~'(i) is in the right
subtree emanating from the root of 7'. O

Proof of Corollary 3.10. Let ¢ : [k] — {£1} be the function that is —1 on [|4]] and 1 otherwise.
By Lemma 4.1, applied to L(H) = ¢ o H(ar1a), VC(¢ © H(ar1a)) = O(dllog(dl)), so that,
by Lemma 3.8 (applied to a random choice of A instead of ¢), Err}*‘%oA (¢ o "H(MJd)) > % -V

with probability > 1 — § over the choice of A. The proof follows as we note that for every A,
EI‘I‘*D (,H(]u)\—l)) = EI‘I‘*DA (H(M,Id)) Z EI‘I‘*DM/\ (¢ o H(]VI,Id))~ O
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