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1 Preliminaries

• A = USUT is the eigenvalue decomposition of the symmetric M -by-M matrix A, where
U is an M -by-M orthonormal matrix, of the M eigenvectors of A and S is an M -by-M
diagonal matrix, holding the corresponding eigenvalues of A as diagonal entries.

• A�B is the pointwise or Hadamard product of A and B.
• A⊗B is the Kronecker product of A and B.
• Y ∈ RN×D is the matrix of all samples, having N rows and D columns.

• vec(A) =


a11
a21

...
aLM

 is the vec-operator, that concatenates the columns of a matrix A in

a column vector.

• vec−1
L×M


a11
a21

...
aLM

 = (A) is the inverse vec-operator, that arranges the entries of a vector

in an L×M matrix A.

2 Covariance estimation in Kronecker Gaussian processes

Here, we give details of an efficient implementation of the tensor Gaussian process model derived
in the main paper.

1These authors contributed equally to this work.
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The basic model

We start with a general form a Gaussian process model where the covariance has a Kronecker struc-
ture:

ln p(Y |R,C, σ2) = N
(
vec(Y)

∣∣0,C(ΘC)⊗R(ΘR) + σ2I
)
. (1)

Here, Y is the data matrix withN rows (samples) andD columns (features). We defined R(ΘR) as
the row “row covariance” of the data matrix and C(ΘC) corresponds to the “column covariance”.

For notational convenience we will drop the dependence of the covariance matrices on additional
hyperparameters ΘR and ΘC, respectively. Furthermore, we will make the simplifying assumption
that C is kept constant, i.e. has no parameters that need to be adapted during learning. Importantly,
this is no restriction for general solutions as all calculations can be performed with respect to other
covariance as well, for example iteratively optimizing hyperparameters of R and C in turn.

To implement parameter optimization of the covariance parmeters of the model in Equation (1), we
require efficient evaluation of the marginal likelihood and the gradients with respect to hyperparam-
eters.

2.1 Efficient evaluation of the marginal likelihood

The term we want to evaluate is the log-marginal-likelihood, given by the log of the multivariate
Normal density

L(ΘR,ΘC, σ
2) =

−N ·D
2 ln 2π − 1

2 ln |C⊗R + σ2IN ·D|︸ ︷︷ ︸
log-det

− 1
2 vec(Y)T(C⊗R + σ2IN ·D)

−1vec(Y)︸ ︷︷ ︸
squared form

. (2)

In the following, we make heavy use of the eigenvalue decomposition of C ⊗R = USUT, where
U is anN ·D-by-N ·D orthonormal matrix, holding the eigenvectors of C and S is anN -by-NG di-
agonal matrix, holding the corrseponding eingenvalues on the diagonal. This decomposition can be
efficiently obtained from the composition of the individual kronecker terms (after some reordering),
i.e. C⊗R = (UC ⊗UR)(SC ⊗ SR)(UT

C ⊗UT
R).

We derive efficient solutions for the logarithm of the determinant of C ⊗R and the squared form
separately.

2.1.1 Efficient evaluation of the log-det

Assuming that we have the eigenvalue decompositiosn for R and C, the logarithm of the determi-
nant can be written as

ln |C⊗R + σ2IN ·D| = ln |(UC ⊗UR)(SC ⊗ SR)(UT
C ⊗UT

R) + σ2IN ·D|
= ln |(UC ⊗UR)|+ ln |(SC ⊗ SR + σ2IN ·D)|+ ln |UT

C ⊗UT
R|

= ln |(SC ⊗ SR + σ2IN ·D)|

=

N∑
r=1

D∑
c=1

− ln(SR[r, r] · SC[c, c] + σ2). (3)

This term can be evaluated in O(N ·D).
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2.1.2 Efficient evaluation of the squared form

Also the squared form in the log marginal likelihood can be evaluated efficiently as follows:

vec(Y)T(C⊗R + σ2I)−1vec(Y) = vec(Y)TU(S + σ2I)−1UTvec(Y)

Using orthogonality of U = (UT )−1:

= vec(Y)T(UC ⊗UR)(SC ⊗ SR + σ2I)−1(UT
C ⊗UT

R)vec(Y)

using the vectorization identities of kronecker structures

= (vec(UT
RYUC))

T(SC ⊗ SR + σ2I)−1vec(UT
RYUC) (4)

We only need to compute the diagonal of (SC ⊗ SR + σ2I)−1, which already has been computed
before. As this term involves the rotation of the data matrix Y, it can be evaluated in O(N2D +
ND2).

2.2 Efficient evaluation of the gradients w.r.t. to covariance hyperparameters

Here, the aim is to evaluate the gradient of Equation (1) w.r.t. to a particular column covariance
parameter θC ∈ ΘC, row covariance parameter θR ∈ ΘR and the noise parameter σ2.

2.3 Derivatiaves w.r.t. noise variance σ2

2.3.1 Derivatiaves of the log-det term w.r.t. noise variance σ2

d

dσ2
ln |C⊗R + σ2I| = Tr

[
(C⊗R + σ2I)−1 d

dσ2
(C⊗R + σ2I)

]
= Tr

[
(C⊗R + σ2I)−1 d

dσ2
(σ2I)

]
= Tr

[
U(SC ⊗ SR + σ2I)−1UTI

]
Using that the sum of the eigenvalues of a matrix equals its trace, the derivative becomes

N∑
r=1

D∑
c=1

1

SR[r, r] · SC[c, c] + σ2
. (5)

2.3.2 Squared form derivatives w.r.t. noise variance σ2

d

dσ2
vec(Y)T

(
C⊗R + σ2I

)−1
vec(Y) = vec(Y)T

d

dσ2

(
C⊗R + σ2I

)−1
vec(Y).

Using
d

dσ2
A−1 = −A−1

[
d

dσ2
A

]
A−1, this becomes

− vec(Y)T
(
C⊗R + σ2I

)−1
[

d

dσ2

(
C⊗R + σ2I

)] (
C⊗R + σ2I

)−1
vec(Y)

= −vec(Y)T(UC ⊗UR)(S + σ2I)−1(UT
C ⊗UT

R)(
d

dσ2
σ2I)(UC ⊗UR)(S + σ2I)−1(UT

C ⊗UT
R)vec(Y)

= −vec(UT
RYUC)

T(S + σ2I)−1(
d

dσ2
σ2I)(S + σ2I)−1vec(UT

RYUC) (6)

3



2.4 Derivatives w.r.t a row covariance parameter θR

2.4.1 Derivatives of the determinant w.r.t. a row covariance parameter θR

d

dθR
ln |C⊗R + σ2I| = Tr

[
(C⊗R + σ2I)−1 d

dθR
(C⊗R + σ2I)

]
= Tr

[
(UC ⊗UR)(S + σ2)−1(UT

C ⊗UT
R)(C⊗ d

dθR
R)

]
.

Using the identity (A⊗B)(C⊗D) = AC⊗BD this equals

Tr
[
(UC ⊗UR)(S + σ2I)−1(UT

CC⊗UT
R

d

dθR
R)

]
Using Tr(AB) = Tr(BA), this becomes

Tr
[
(S + σ2I)−1(UT

CC⊗UT
R

d

dθR
R)(UC ⊗UR)

]
= Tr

[
(S + σ2I)−1(UT

CCUC ⊗UT
R

d

dθR
RUR)

]
= Tr

[
(SC ⊗ SR + σ2I)−1

(
SC ⊗ (UT

R

d

dθR
RUR)

)]
= diag

(
(SC ⊗ SR + σ2I)−1

)T (
diag(SC)⊗ diag(UT

R

d

dθR
RUR)

)
(7)

As this derivation only involves the trace, we just need the diagonal of the Kronecker product, which
only involves the diagonal of (UT

R
d

dθR
RUR).

For the special case, where d
dθR

R has only one non-zero row:

diag
(
(SC ⊗ SR + σ2I)−1

)T (
diag(SC)⊗ diag(UT

R

d

dθR
RUR)

)
= diag

(
(SC ⊗ SR + σ2I)−1

)T (
diag(SC)⊗ diag([UR]Ti: [

d

dθR
R]i:UR)

)
= diag

(
(SC ⊗ SR + σ2I)−1

)T(
diag(SC)⊗

(
[UR]i: �

(
[
d

dθR
R]i:UR

))T
)

(8)

For the special case, where d
dθR

R has only one non-zero column:

diag
(
(SC ⊗ SR + σ2I)−1

)T (
diag(SC)⊗ diag(UT

R

d

dθR
RUR)

)
= diag

(
(SC ⊗ SR + σ2I)−1

)T(
diag(SC)⊗

((
UT

R[
d

dθR
R]:i

)
� [UR]Ti:

))
(9)

So for the case, where KR = XXT, the derivative w.r.t. an entry of X is:

diag
(
(SC ⊗ SR + σ2I)−1

)T(
diag(SC)⊗

(
[UR]i: �

(
[
d

dθR
R]i:UR

))T
)
+

diag
(
(SC ⊗ SR + σ2I)−1

)T(
diag(SC)⊗

((
UT

R[
d

dθR
R]:i

)
� [UR]Ti:

))
= 2diag

(
(SC ⊗ SR + σ2I)−1

)T(
diag(SC)⊗

((
UT

R[
d

dθR
R]:i

)
� [UR]Ti:

))
= 2vec

(((
UT

R[
d

dθR
R]:i

)T

� [UR]i:

)
vec−1

N×D(diag
((

SC ⊗ SR + σ2I)−1
))

diag(SC)

)
,

(10)

where we rearranged the transposes and used A�B = B�A.
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2.4.2 Derivatiaves of the squared form w.r.t. a row covariance parameter θR

d

dθR
vec(Y)T

(
C⊗R + σ2I

)−1
vec(Y) = vec(Y)T

d

dθR

(
C⊗R + σ2I

)−1
vec(Y)

using
d

dθR
A−1 = −A−1

[
d

dθR
A

]
A−1

= −vec(Y)T
(
C⊗R + σ2I

)−1
[

d

dθR

(
C⊗R + σ2I

)] (
C⊗R + σ2I

)−1
vec(Y)

= −vec(Y)T(UC ⊗UR)(S + σ2I)−1(UT
C ⊗UT

R)(C⊗ d

dθR
R)(UC ⊗UR)(S + σ2I)−1(UT

C ⊗UT
R)vec(Y)

= −vec(UT
RYUC)

T(S + σ2I)−1(UT
C ⊗UT

R)(C⊗ d

dθR
R)(UC ⊗UR)(S + σ2I)−1vec(UT

RYUC)

= −(vec(UT
RYUC))

T(SC ⊗ SR + σ2I)−1(UT
CCUC ⊗UT

R

d

dθR
RUR)(SC ⊗ SR + σ2I)−1vec(UT

RYUC)

= −vec(UT
RYUC)

T(SC ⊗ SR + σ2I)−1
(
SC ⊗ (UT

R

d

dθR
RUR)

)
(SC ⊗ SR + σ2I)−1vec(UT

RYUC)

= −vec(Ỹ)T
(
SC ⊗ (UT

R

d

dθR
RUR)

)
vec(Ỹ)

= −vec(Ỹ)Tvec
(
(UT

R

d

dθR
RUR)ỸSC

)
, (11)

where vec(Ỹ) = (SC ⊗ SR + σ2I)−1vec(UT
RYUC).

For the special case, where the derivative of R is a row matrix:

− vec(Ỹ)Tvec
(
(UT

R

d

dθR
RUR)ỸSC

)
= −vec

(
Ỹ
)T

vec

(
([UR]Ti: [

d

dθR
R]i:UR)ỸSC

)
= −Tr

((
ỸT[UR]Ti:

)(
[
d

dθR
R]i:URỸSC

))
= −[ d

dθR
R]i:URỸSCỸT[UR]Ti: , (12)

where we use the fact that the trace of an outer product between vectors equals to the inner product
between the vectors.

For the special case, where the derivative of R is a column matrix:

= −vec(Ỹ)Tvec
(
(UT

R

d

dθR
RUR)ỸSC

)
= −vec(Ỹ)Tvec

(
(UT

R[
d

dθR
R]:i[UR]i:)ỸSC

)
= −Tr

(
ỸT(UT

R[
d

dθR
R]:i[UR]i:)ỸSC

)
= −[UR]i:ỸSCỸTUT

R[
d

dθR
R]:i (13)

So for the derivative w.r.t. entries in hidden factors X in a linear kernel KR = XXT we have to
compute the following term:

− [
d

dθR
R]i:URỸSCỸT[UR]Ti: − [UR]i:ỸSCỸTUT

R[
d

dθR
R]:i

− 2[UR]i:ỸSCỸTUT
R[

d

dθR
R]:i, (14)

where we observe that the second term is the transpose of the first one.
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