
Supplementary Document for “Submodularity Cuts and Applications”

In this supplementary material, we give the detail of a way to computeγ-extensions in Sect. A and
an outline of the submodular maximization algorithm by Nemhauser and Wolsey [16] in Sect. B.

A Details of the computation ofγ-extensions

Here, we describe a way to compute theγ-extensions of the directionsd1, . . . , dn chosen in Sect. 3.1
of our manuscript. LetS be a set with|S| = k, and leti∗ andj∗ are specified elements inS and
V \ S, respectively, and suppose thatS = {i1, . . . , ik} with i1 = i∗ andV \ S = {jk+1, . . . , jn}
with jn = j∗. Remember that we chose the directionsd1, . . . , dn as

dl =

{
ej∗ − eil

if l ∈ {1, . . . , k}
ejl

− ej∗ if l ∈ {k + 1, . . . , n − 1}
−ej∗ if l = n,

(8)

and gave the following lemma (Lemma 6 in Sect. 3.1):

Lemma 6 For the directionsd1, . . . , dn defined in Eqs.(8), a cone

K(IS ; d1, . . . , dn) = {IS + t1d1 + · · · + tndn : tl ≥ 0}

contains the polytopeD0 = {x ∈ Rn : 0 ≤ xl ≤ 1 (l = 1, · · · , n),
∑n

l=1xl ≤ k}.

Proof Let T ⊂ V be an arbitrary fixed set with|T | ≤ k. We have thatT ∈ S(D0) andIT ∈
V (D0). To show the assertion, it suffices to showIT ∈ K(IS ;d1, . . . , dn) because of the one-
to-one correspondence betweenS(D0) andV (D0). Let us partition the setS into tree partsS1 =
{i′1, . . . , i′|S∩T |}, S2 = {i′|S∩T |+1, . . . , i′|T |}, andS3 = {i′|T |+1, . . . , i′k}, where

S1 = S ∩ T and S2 ∪ S3 = S \ T.

In addition, we partition the setT into two partsT1 = T ∩ S = S1 and T2 = T \ S =
{j′|S∩T |+1, . . . , j′|T |}. Then, we have

IT = IS − IS\T + IT\S

= IS + (IT2 − IS2) − IS3

= IS +
∑|T |

l=|S∩T |+1(ej′
l
− ei′l

) +
∑k

l=|T |+1(−ei′l
)

= IS +
∑|T |

l=|S∩T |+1{(ej′
l
− ej∗) + (ej∗ − ei′l

)} +
∑k

l=|T |+1{(ej∗ − ei′l
) + (−ej∗)}.

Therefore, we obtainIT ∈ {IS + t1d1 + · · · + tndn : tl ≥ 0}.

Suppose thatIS is a vertex of a polytopeP ⊆ D0 andγ is a constant number such thatf(S) ≤ γ
andf(S(i, j)) ≤ γ for any neighborS(i, j) of S. For the directionsd1, . . . , dn defined in Eqs. (8),
the submodularity cuts algorithm requires theγ-extensionsyl = IS + θldl (l = 1, . . . , n) with
respect to the Lov́asz extension̂f : Rn → R. To obtain theseγ-extensions, it suffices to consider
the following three cases.

• For i ∈ S andj∗ ∈ V \ S, compute aγ-extensiony(1) = IS + θ(1)(ej∗ − ei).

• For two distinctj, j∗ ∈ V \ S, compute aγ-extensiony(2) = IS + θ(2)(ej − ej∗).

• For j∗ ∈ V \ S, compute aγ-extensiony(3) = IS + θ(3)(−ej∗).

Let us give explicit representations ofθ(1), θ(2) andθ(3).

A.1 Computation of θ(1)

We haveθ(1) = max{t ≥ 0 : f̂(y(t)) ≤ γ}, wherey(t) := IS + t(ej∗ − ei). Note that
f(S) = f̂(y(0)) ≤ γ andf(S(i, j∗)) = f̂(y(1)) ≤ γ. The convexity off̂ impliesθ(1) ≥ 1. Thus,
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Figure 1: Determination ofθ in computing
theγ-extension through Lov́asz extension for
l ∈ {1, . . . , k} (cf. Eq. (8)).

we consider a parametert ≥ 1. The different components ofy(t) are ordered ast ≥ 1 > 0 ≥ 1− t,
andy(t) can be represented as

y(t) = (t − 1) · I{j∗} + 1 · IS(i,j∗) + (t − 1) · IV \{i} + (1 − t) · IV .

In view of the definition of the Lov́asz extension, the value of̂f(y(t)) is given by

f̂(y(t)) = (t − 1) · f({j∗}) + 1 · f(S(i,j∗)) + (t − 1) · f(V \ {i}) + (1 − t) · f(V )

= f(S(i,j∗)) + (t − 1)
{

f({j∗}) + f(V \ {i}) − f(V )
}

.

So,θ(1) is bounded if and only ifddt f̂(y(t)) = f({j∗}) + f(V \ {i}) − f(V ) > 0. As a result, we
have the following (see also Fig. 1):

θ(1) =

 1 +
γ − f(S(i,j∗))

f({j∗}) + f(V \ {i}) − f(V )
if f({j∗}) + f(V \ {i}) − f(V ) > 0,

+∞ otherwise.

A.2 Computation of θ(2)

We haveθ(2) = max{t ≥ 0 : f̂(y(t)) ≤ γ}, wherey(t) := IS + t(ej − ej∗). Note that
f(S) = f̂(y(0)) ≤ γ. First, we suppose thatt ∈ [0, 1]. The different components ofy(t) are
ordered as1 ≥ t > 0 ≥ −t andy(t) can be represented as

y(t) = (1 − t) · IS + t · IS∪{j} + t · IV \{j∗} + (−t) · IV .

Thus, the value of̂f(y(t)) is given by

f̂(y(t)) = (1 − t) · f(S) + t · f(S ∪ {j}) + t · f(V \ {j∗}) + (−t) · f(V )

= f(S) + t ·
{

f(S ∪ {j}) + f(V \ {j∗}) − f(S) − f(V )
}

=: glow(t).

If γ < glow(1), we obtain d
dtg

low(t) = f(S ∪ {j}) + f(V \ {j∗}) − f(S) − f(V ) > 0 and thus

θ(2) = γ−f(S)
f(S∪{j})+f(V \{j∗})−f(S)−f(V ) . Otherwise, we haveθ(2) ≥ 1.

Next, we suppose thatglow(1) ≤ γ and1 ≤ t. The different components ofy(t) are ordered as
t ≥ 1 > 0 ≥ −t andy(t) can be represented as

y(t) = (t − 1) · I{j} + 1 · IS∪{j} + t · IV \{j∗} + (−t) · IV .

Thus, the value of̂f(y(t)) is given by

f̂(y(t)) = (t − 1) · f({j}) + 1 · f(S ∪ {j}) + t · f(V \ {j∗}) + (−t) · f(V )

= f(S ∪ {j}) − f({j}) + t ·
{

f({j}) + f(V \ {j∗}) − f(V )
}

=: ghigh(t).

On the assumption thatglow(1) ≤ γ, θ(2) is bounded if and only ifddtg
high(t) = f({j}) + f(V \

{j∗}) − f(V ) > 0. As a result, we obtain

θ(2) =



γ − f(S)
f(S ∪ {j}) + f(V \ {j∗}) − f(S) − f(V )

if γ < glow(1),

γ − f(S ∪ {j}) + f({j})
f({j}) + f(V \ {j∗}) − f(V )

if γ ≥ glow(1) and d
dtg

high(t) > 0,

+∞ if γ ≥ glow(1) and d
dtg

high(t) ≤ 0.

Note thatglow(1) = ghigh(1), d
dtg

low(t) ≤ d
dtg

high(t) and f̂(y(t)) = min{glow(t), ghigh(t)} for all
t ≥ 0.
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Algorithm 3 Description of the algorithm by Nemhauser and Wolsey.

1: Let Q1 = {T1, . . . , Tm} be a set of distinct subsets ofV .
2: Setstop ← false andi ← 1.
3: while stop = false do
4: Solve the MIP problem (S1) with respect toQi, and let(ηi, ISi

) be an optimal solution.
5: if f(Si) = ηi then
6: stop ← true (Si is an optimal solution andηi the optimal value).
7: else
8: SetQi+1 ← Qi ∪ {Si} andi ← i + 1
9: end if

10: end while

Remark: If f(S) = γ, thenθ(2) can be equal to0. In such a case, we choose a smallδ > 0 and
replaceθ(2) by δ so that the resulting submodularity cutH satisfies Lemma 4.

A.3 Computation of θ(3)

We haveθ(3) = max{t ≥ 0 : f̂(y(t)) ≤ γ}, wherey(t) := IS − t · ej∗ . Note thatf(S) =
f̂(y(0)) ≤ γ. Consider a parametert ≥ 0. The different components ofy(t) are ordered as
1 > 0 ≥ −t andy(t) can be represented as

y(t) = 1 · IS + t · IV \{j∗} + (−t) · IV .

Thus, the value of̂f(y(t)) is given by

f̂(y(t)) = 1 · f(S) + t · f(V \ {j∗}) + (−t) · f(V ) = f(S) + t
{

f(V \ {j∗}) − f(V )
}

.

So,θ(3) is bounded if and only ifddt f̂(y(t)) = f(V \ {i}) − f(V ) > 0. Thus, we have

θ(3) =


γ − f(S)

f(V \ {j∗}) − f(V )
if f(V \ {i}) − f(V ) > 0,

+∞ otherwise.

In particular, iff is nondecreasing, it holds thatf(V \ {i}) ≤ f(V ) and thus we haveθ(3) = +∞.

B Outline of the algorithm by Nemhauser & Wolsey

Throughout this section, we assume thatf : 2V → R is nondecreasing. Nemhauser and Wolsey [16]
showed that the submodular maximization problem

max
S⊆V

f(S) s. t. |S| ≤ k (1)

can be reformulated as
max
η, y

η

s. t. η ≤ f(S) +
∑

j∈V \Sρj(S)yj , ∀S ∈ 2V ,∑
j∈V yj = k, yj ∈ {0, 1}, ∀j ∈ V,

(10)

whereρj(S) := f(S ∪ {j}) − f(S). Specifically,(η, y) = (f(S), IS) is an optimal solution to
(10) if and only ifS is an optimal solution to (1). Let us denote the optimal value of (10) byη∗. The
problem (10) is a mixed integer program (MIP) withO(2n) inequalities, and it would be intractable
because of the number of constraints.

We describe the algorithm of Nemhauser and Wolsey [16] for the submodular maximization problem
(1). Initially, we letQ1 = {T1, . . . , Tm} be a set of distinct subsets ofV , and seti ← 1. In iteration
i ≥ 1, solve the following (relatively small) MIP

max
η, y

η

s. t. η ≤ f(S) +
∑

j∈V \Sρj(S)yj , ∀S ∈ Qi = {T1, . . . , Tm, S1, . . . , Si−1},∑
j∈V yj = k, yj ∈ {0, 1} , ∀j ∈ V,

(S1)
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and let(ηi, ISi
) be an optimal solution to (S1). Since the feasible region of (S1) is larger than or

equal to that of (10),ηi is an upper bound onη∗. Thus, we havef(Si) ≤ η∗ ≤ ηi. Therefore, if
f(Si) = ηi, Si is an optimal solution to the submodular maximization problem. Iff(Si) < ηi, set
Qi+1 ← Qi ∪ {Si}, i ← i + 1 and execute the next iteration. The description of the algorithm is
given in Alg. 3. It terminates after at most

(
n
k

)
iterations.

Note thatη1 ≥ η2 ≥ · · · ≥ η∗. Thus, Alg. 3 can also be regarded as a subroutine just for the
nonincreasing upper boundηi.
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