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Abstract

A new regression technique based on Vapnik’s concept of support
vectors is introduced. We compare support vector regression (SVR)
with a committee regression technique (bagging) based on regression
trees and ridge regression done in feature space. On the basis of these
experiments, it is expected that SVR will have advantages in high
dimensionality space because SVR optimization does not depend on the
dimensionality of the input space.

1. Introduction

In the following, lower case bold characters represent vectors and upper case bold
characters represent matrices. Superscript "t" represents the transpose of a vector. y
represents either a vector (in bold) or a single observance of the dependent variable in the
presence of noise. y® indicates a predicted value due to the input vector x® not seen in
the training set.

Suppose we have an unknown function G(x) (the "truth") which is a function of a vector
x (termed input space). The vector x° = [x,,X,,...,x;] has d components where d is
termed the dimensionality of the input space. F(x,w) is a family of functions
parameterized by w. w is that value of w that minimizes a measure of error between
G(x) and F(x,w). Our objective is to estimate w with w by observing the N training
instances v;, j=1,-,N. We will develop two approximations for the truth G(x). The first
one is F,(x,w) which we term a feature space representation. One (of many) such
feature vectors is:
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which is a quadratic function of the input space components. Using the feature space
representation, then F,(x,w) =z'w, that is, F,(x,w) is linear in feature space although
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it is quadratic in input space. In general, for a p’th order polynomial and d’th
dimensional input space, the feature dimensionality f of w is

ptd-1 |
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i=d-1
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where C} = ITE Tk
The second representation is a support vector regression (SVR) representation that was
developed by Vladimir Vapnik (1995):

N
Fo(x, W)=Y (0 —0;)(Vix+1Y +b
i=1
F, is an expansion explicitly using the training examples. The rationale for calling it a
support vector representation will be clear later as will the necessity for having both an
o. and an o rather than just one multiplicative constant. In this case we must choose the
2N + 1 values of o; o and b. If we expand the term raised to the p’th power, we find f
coefficients that multiply the various powers and cross product terms of the components
of x. So, in this sense F; looks very similar to F, in that they have the same number of
terms, However F, has f free coefficients while F, has 2N+1 coefficients that must be
determined from the N training vectors.

We let a represent the 2N values of o; and c;. The optimum values for the components
of w or o depend on our definition of the loss function and the objective function. Here
the primal objective function is:

N
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where L is a general loss function (to be defined later) and F could be F; or F,, y; is the
observation of G(x) in the presence of noise, and the last term is a regularizer. The
regularization constant is U which in typical developments multiplies the regularizer but
is placed in front of the first term for reasons discussed later.

If the loss function is quadratic, i.e., we L[-]=['], and we let F=F,, i.e., the feature space
representation, the objective function may be minimized by using linear algebra
techniques since the feature space representation is linear in that space. This is termed
ridge regression (Miller, 1990). In particular let V be a matrix whose i’th row is the i’th
training vector represented in feature space (including the constant term "1" which
represents a bias). V is a matrix where the number of rows is the number of examples
(N) and the number of columns is the dimensionality of feature space f. Let E be the fxf
diagonal matrix whose elements are 1/U. y is the Nx1 column vector of observations of
the dependent variable. We then solve the following matrix formulation for w using a
linear technique (Strang, 1986) with a linear algebra package (e.g., MATLAB):

Viy =[V'V+E]lw

The rationale for the regularization term is to trade off mean square error (the first term)
in the objective function against the size of the w vector. If U is large, then essentially we
are minimizing the mean square error on the training set which may give poor
generalization to a test set. We find a good value of U by varying U to find the best
performance on a validation set and then applying that U to the test set.


















