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A Properties of PMD

We present lemmas relevant to the analysis of PMD. Key to the analysis is the Three-Point Descent
Lemma, that relates the improvement of the proximal gradient update compared to an arbitrary point.
It originally comes from [37]] (Lemma 3.2) where a proof can be found, though we use a slightly
modified version from [[7]] (Lemma 6).

Lemma A.1 (Three-Point Descent Lemma, Lemma 6 in [7]]). Suppose that C C R™ is a closed convex
set, ¢ : C — Ris a proper, closed convex function, Dy (-, -) is the Bregman divergence generated by
a function h of Legendre type and rint domh N C # (). For any x € rint domh, let

T = argmin, c -{¢(w) + Dp(u, x)}. (14)
Then x* € rint dom h N C and Vu € C,
¢($+)+Dh(.’£+7$) < ¢(U)+Dh(u,1’)—Dh(U,x+) (15)

The update (E) of PMD is an instance of the proximal minimisation @) with C = A(A), x = ©¥
and ¢(z) = —n(Q¥, z). Plugging these into , Lemmarelates the decrease in the proximal
objective of 751 to any other policy, i.e. Vp € A(A),

—ne{QF, 7YY + Dy (¥ 1) < —ni(QF, p) + Di(p, 7F) — Du(p, o). (16)

This equation is key to the analysis in Section[6. In particular, it allows us to prove the following
lemma regarding the monotonic improvement in action-value of PMD iterates. This is an extension
of Lemma 7 in [7]].

Lemma A.2. Consider the policies produced by the iterative updates of PMD in ({). Then for any
k>0,
Q' (5,0) = Q¥(s,a), ¥(s,a) € S x A

A.1 Proof of LemmalA.2]

We first present Lemma 7 from [[7], from which Lemma[A.2]almost immediately follows.
Lemma A.3 (Descent Property of PMD, Lemma 7 in [[7]]). Consider the policies produced by the
iterative updates of PMD in (). Then for any k > 0

(QF, 7kl —7ky >0, vseS,

CR]

VI (p) > VR(p), Vpe A(S).

Proof. From [[7]]. Recall that the Three-Point Descent Lemma states that Vp € A(A),
Q5 T + Da(wi ™ ) < —ni(QY,p) + Di(p,w) — Di(p,nith).

Using this with p = 77’;,

Dy (nf, i ™) + D (it wl) < mp(Q5, it — xil)
and since the Bregman divergences are none-negative and 1, > 0,

0< (@b rt — it

and the result follows by an application of the performance difference lemma (Appendix

V() = VH(p) = T (@5t — )]

> 0.

Note that we use the performance difference lemma here because it gives a simple concise proof, but
we do not actually need to. To maintain our claim that we avoid the use of the performance difference

lemma, we can get the same result without it. We sketch how to do this as follows. From the first part
of the lemma, we have

(Qe,me™h) 2 (QF, ) = VE(s),

13



498 1in all states s. Now note that the left hand side above is

k k+1 Zﬂk+1 Qk(s a)

—Zwk“ ( s,a +’yZp (s'|s,a)V¥(s ))
a99  and we can then apply (QF,, k+1> > V¥(s') at state s

(s) < Zwkﬂ (a|s) (r s, a) +’yZp(s/|s,a)Vk(s'))
<> wH als) (r(s.a) +9 Y p(1s.0) Yo A (10 + 9 Y (s 0 V)

s’

s00 and as proceed iteratively in the limit you get exactly V**1(s). ]

501 Since Lemmaholds for any p € A(S), it guarantees that the value in each state is non-decreasing
502 for an update of PMD, i.e for all s € S,

VEFL(s) — VE(s) > 0.
503 Using this, we get
Q"+ (s.a) - =7 Y plsls,a) (VEF() = VA ) =0,
s’eS
s04 which concludes the proof. ]

505 A.2 Extension of Lemma|A.2]to inexact setting:

s06 As in the exact case, we first present Lemma 12 from [7]] which is the extension of Lemmato the
507 inexact case. We note that in the inexact case, we lose the monotonic increase of values due to the

s0s inaccuracy in our estimate Q of Q.
so9 Lemma A.4. Consider the policies produced by the iterative updates of IPMD in (9). For any k > 0,
si0 if [|Q% — Qklloc < 7, then

Ak k1 _ _k
511 (QF, w1l — 78y >0, VseS,

. 2T
VL (p) = VF(p) = — W EAW®).

si2 Proof. From [7]. The Three-Point Descent Lemma applied to the IPMD update (9) gives Vp € A(A),

—mi (@S, k“> + Dy md) < —mi{QY,p) + Di(p, k) — Du(p,wi™).
513 Using this with p = 775 )
Dy (7%, 71 + Dy (e k) < i (QF k kL ok
514 and since the Bregman divergences are none- negatlve and 7 > 0,
0 < (@bt = )

S
515 which proves the first inequality. Now we cannot use the above inequality directly with the perfor-

st6  mance difference lemma since Q’; is not the true action-value. Instead, we have

1
VY (p) = VE(p) = EESNWI {<Q'§’ me =l
_ dk+1{ Ok, wk+ _ gky 4 (Qk, phH _ﬂ_kﬂ
> —E_ g | = Q8 = Qbllocllmtt — k]l
> T B[ 27
_ 27'
=1
517 which concludes the proof. |
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Using the above lemma, we can state and prove the extension of Lemma[A.2]to the inexact setting.
Lemma A.5. Consider the policies produced by the iterative updates of IPMD in (9). For any k > 0,
if QL — Q¥llco < 7, then

~ ~ 2
Qk+1(85a) Z Qk(saa) - 1 i’YA’/7

V(s,a) € S x A.

Proof. As in the exact case, since Lemmaholds for any p € A(S), it applies to each state, i.e for
all s € S,

2T
Vi (5) — VE(s) > — )

(s) = VHs) =~

Using this, we immediately have
, -2
Qk_H(S,a) _ Qk(&a) — Z p(s'|s, a) (Vk+1(s/) _ Vk(s/)) > 7'7)
L=y

s'eS

which concludes the proof. ]

B Performance difference lemma

Lemma B.1 (Performance Difference Lemma). For any 7,7’ € II, we have

’ ]_ ’
Vﬂ(p) - Vﬂ- (P) = m]ESNd; <Q§ y s — 7T;> .

The performance difference lemma [14] is a property that relates the difference in values of policies
to the policies themselves. The proof can be found in their paper under Lemma 6.1.

C Guarantees of Theorem (4.1|for various step-size choices

We give here two more choices of {cj }kez., for the step-size E of PMD and their corresponding
guarantees from Theorem {1 N

* ¢; = ¢ for some ¢y > 0 yields a step-size with a constant component. The resulting bound
is
Co

1—7’

IV* = VElloo <AHIIV* = VOl +

which converges linearly up to some accuracy controlled by cg.

s ¢; = vty for some initial ¢y > 0 will yield a step-size with a component that is
geometrically increasing as in [7]], though at a slower rate than the one discussed in Section
[ The resulting bound is

IV = VElloo <2* (V= VOllow + ko),

which converges linearly with the sought-for y-rate, though in early iterations the & factor
may dominate.
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Figure 1: Example MDP used in the proof of Theorem[4.2]

D Proof of Theorem

Fixn > 0and § € (0,(1 — 7)y™). Consider the MDP shown in Figure [I. The state space is
S = {s0, 51, 8, ..., Sn, s}, } and the action space is A = {a1, a2}. There is a chain of states of length
n + 1 with the states indexed from 0 to n. The left-most state (sg) is absorbing with reward +1. In
the other states in the chain (s; for ¢ = 1, ..., n), the agent can take action a; and move left (to s;—1)
with reward of 0, or take action as and move to an additional absorbing state unique to the state it is
currently in (s};) with reward r; = ~#+1 1§ (that the agent also receives in that state for all future
time-steps). Summarising, we have for 1 <7 <n

p(8i71|8i,a1) = ]_’ T(Si,al) — 0,
p(si|si a0) =1, r(si,an) =1 =41+,
p(shlsl,a) =1, r(sh,a)=r;=+"T1+6 Vac A

The value of § is carefully restricted so that the optimal action in all the states of the chain is a;. The
proof will consist in showing that if the agent starts with an initial policy that places most probability
mass on the sub-optimal action aq, then it has to learn that a; is the optimal action in the state directly
to the left before it can start switching from action as to a; in the current state. And this can at best
happen one iteration at a time starting starting from the left-most state. In particular, we consider 7°
st 70(a]s) = a, m™(az|s) = 1 — « for all states and some a 5.t 0 < o < §(1 — ). We make the
following claim from which the result will follow straightforwardly.

Claim: Fix k < n. The policies produced by PMD satisfy 7% (a1 |s;) < a for k < i < n.
We prove this claim by induction.

Base Case: We want to show that 7! (a1 |s;) < a fori > 1. We do this by showing that Q°(s;, a1) <
Q°(si,az) for i > 1 so that the probability of 7! (a1|s;) cannot increase w.r.t 7°(a1|s;), which is «

16
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566
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568

569

(this follows from (Q¥, 7%+1 — 7%} > 0 for all iterations of PMD). We have:

s S

Q%(sisa1) =V (si-1)
= 7(0Q (51 1.00) + (1 = )Q (511, a2)

i—1

v Ti—1 )
< =
- 7(a1 -7 * 11—+~
(a) Nl NS
< v(é 1—x + )
( )1—7 L=
Y 4y )
= +
1—7 1—7x
(b) ~itl
2 0
I—y 1-v
:QO(Si7a2)7

where we used o < (1 — ) in (a) and y(1 + "=t — 4%) < 1 fory € [0, 1) in (b). This concludes
the base case.

Inductive Step: Now assume that the claim is true for & and we want to show that 7%+1(a;s;) < a
fori > k + 1. We do this in the same way as the base case by showing that Q*(s;, a1) < Q*(s;, az)
for i > k + 1 so that the probability of 7%*1(a,|s;) cannot increase w.r.t 7% (ay|s;), which is less
than or equal to « by the inductive hypothesis. We have:

Q" (siya1) = V(1)
= W(Wk(a1|8i71)Qk(8if1, a) + Wk(a2|3i71)Qk(5i717 az))

(a)
< ’Y(an(Si—la ar) + Q% (si_1, az))

i—1

v 7"1’—1)
< -
_W(Oél—y 11—+~
(b) N SN Y
< 5(60 -~ + )
( )1—7 L=~y
Y (AT )
= +
1—v 11—
(¢) i+1
dam 0
11—y 1-—»v
= Q" (si, a2),

where we used in (a) that 7% (a;|s;_1) < a fori > k + 1, which is true by the inductive hypothesis
since i — 1 > k, in (b) that « < §(1 — 7) and in (c) that y(1 + 7*~! — %) < 1 fory € [0, 1). This
concludes the proof of the claim.

Now using the claim

VF(spi1) = 7 (a1]81101) Q% (sk41, a1) + 7 (az|sk41) Q" (sk41, az)
k+1

Tk+1
<
_al—v+1—v

- ,yk-i-l ’7k+2+6
o 1—n 1—7v

)

17



570 SO

571 where we used that o < §. Now note that

’Yk+1 B ,7k+1 B ,yk+2 +5
1—~ I—~ I—~
’yk+1(1 '7) B a,yk‘+1 +5
1—7 1—7

k1 @t90

1—7y
k+1 26

1—7’

V9(s1) = aQ’(s1,a1) + (1 — a)Q%(s1, az)

2
gl Sy
= 1—
ot -
572 SO
2
Y Y v +0
V*(s1) = VO(s1) = —— —a—1— — (1 —
(s1) (s1) T ( @1_v
2

1 ¥ B ¥+ 4

1-a 9

- _ _.5)

1—’}/<,y 7

1-a 9
,1_7@—7)

1l -«

_71—7(1_7>

=v(1-a)

<7y

7)

573 and by induction we can show this is the case for all states (above is base case), the inductive step is

574 as follows (assuming V*(s3,) — VO(sx) <),

V*(sk41) = VO (sky1) = " (1
1—7v
:a—QHV
<
<7

575 and So

[

s76  which combining with (T7) gives,

V*(sk11) — VF(sp41) > AV = Voo —

= V"= V¥ 2 IV = VOl —

577 which concludes the proof.

+1 7k+2 _
1—x

(1—a)y" +ay®

VO”OO S rYa
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E Proof of Theorem 4.3

Consider the same MDP as in the proof of Theorem [4.2]in Appendix D] (see Figure [I). Denote

_ 1 VY 1=y e L v
c= =3 andnotethatc<l+ﬁ 5 smce4<1+ﬁf0r7>0.2.

Suppose you consider NPG updates with initial policy 7° (a1 |s;) = c. Recall that NPG is the instance
of PMD with relative entropy as the mirror map. It can be shown that NPG has the closed form update

7 (als)em Q" (s:0)
Za’ 7k (a/|3)enka(57a/) ’

7" (als) =

We know from the proof of Theorem D that for any step-size regime, for i > k + 1
Qk(5i7 (11) < Qk(Si, az).

Now, |[V* = VOloo = V*(s1) — VO(s1) < v — % (see Sectionbelow). The idea of the proof
is to show that satisfying the bound given in the statement of the theorem will imply that a certain
condition on the step-size.

Fix a state s;, and let ko be the first iteration where Q% (s, a1) > Q*°(sy, as). By the above, we
must have k < kg + 1, or kg > k — 1. By the proof of Theoremlﬁ, we also have 7% (a1 |s) < «
(before iteration kg, Q (s, -) favors as, so 7% (a1 |s,) has not increased compared to 7°(ay |s) = a).

We want a y-contraction at every iteration, i.e. we assume the following is satisfied:

- , 6
V(i) = VE 1) S 95TV = Vol ) <977 (= = + )

Now, by direct computation,

k_
V() = VI ) = 70 a9 (V7 (sm) = VI ) 750 o) =

k
A —ry 6
2 7TkOJrl(612|S2)1f = 7" (ag)s2) (v — m)

Putting this together with the above (this is an implication as this is about the necessity rather than
sufficiency), we must have:

0
w0t (agls) (vF — 1)< oty — ——+¢)
ol 1
ko+1 )
Y Y — +tc¢
— ﬂ_k:o+l(a2‘82) < (k 1(S y )
(v ﬁ)

If we choose 0 < %(1 —y)(1— \ﬁ)'yk then 3 < /7 and require

T (ag]s2) < V7.
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s95 To see this, start from 8 < /7, this is equivalent to
1 5
Yoy = 125 +e)

1—v <f
> VY
("~ 1%)
k 5
— 15 t¢
¢%<\/> since ko +1>k
(v —m)
= - o+ 0) < A - o)
VO S VALt
)
<=’Yk(7+c)§\ﬁ(’7k—ﬁ)
1 )
=TIy o) <A 1o,
6 k_l
=1 *(VY=7-0)
— 0 7%(\f v - vl 7177) since —¢ > — VY 19
e 1+,7 2 1+,7 2
1) 1 Yy
<=>177§7’“ Q(W—v—%( V7))
5 k—1 f Y
et LA REEE R
4 k-1,
7< T (XY L
=i, s iy Ty

=32 3 - VD - ),

s96  which is the condition for § we imposed initially.

se7  To achieve the above condition 70 (as|ss) < /7, recalling that 7% (as|s2) > 1 — a, my, has to

598  satisfy
1

ko =
Tk QFo (sg, a1) — QFo(si, as)

[log((l —a)(1 =)+ KL(FEGH 7(y)

s99 To see this, again start from 01 (ay[s9) < /7 this is equivalent to (use kg = m for simplicity of

600 notation) using the closed-form update of NPG:
7" (az]s2) exp(nm Q™ (s, az)) <
V(" (az]s2) exp(m Q™ (sk, az)) + 7" (a1]s2) exp(nm Q™ (sk, a1)))

L Mexp(ﬁm@m(skaal)—Qm(skv@)))

ﬁ - 7™ (az|s2)
! ff - H; < exp (1 (Q™ (58, 1) — Q™ (51, 42)))
= @ 0) = Q" sk, ) > g (T T
1
= Qm(sk,m)icz (51 02) {1°g< ﬁf”m caka)) + og (m)]
= m 2 Qm(sk,a1) — : Q™ (s, a2) {log( ) + KL ﬂ?’z)}

= fm = Q™ (s1,a1) i Q™ (sk,as) {log <(1 —a)(l- \f)) + KL(75 " 77?7;)}

601 As we take a — 0, the KL term will dominate. In particular, note « < 1 —~ysol —a > vy and

(1 =a)(=v7) >0 =v7)
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s02 and if we further impose the condition o < (1 — ,/7)? then

(1= a)(I=7) > Va>/7*(alss)

603 and the step-size needs to satisfy the following condition:

1
2 1 ko KL(7kot ko }
ko = Oka (g, a1) — QR (sy, az) [ og(y/mko (ay|s2)) + KL(7T, 7i0)
1
— KL ko-‘rl ko KIL k0+1 ko
Qko(slmal) - QkO(Sk,ag) [ 2 ( ) + ( sk):|
1
= KL(ﬁ§2+1,W§£) (18)

2(Q (sk, a1) — QM (s, az2))

o4+ Distinct Iterations: Note that the iteration ko(sy) where Q(-, si,) starts becoming bigger at a; that
605 g is distinct for each s. Fix any sy, and ko = ko(sx). We have

Q™ (s, a1) < Q™ (sk, as)
Q (51, a0) < QF (55, ay)

606 then 7F0F1(ay|sy) < 7% (a1|sk) < a (since Q! points towards ay in sy for all t < k). Then
s07 applying exactly the same steps as in the proof of Theorem[4.2] we have

QM (sp41,01) < Q%F (sp41, a2),
eos meaning that ko(sy) is disctinct to ko(sg+1).

609 Upper Bounding Q-value difference: We want to upper-bound the Q-value difference appearing in
610 the step-size condition above. We have,
k-+1
ko _ Tk _ i +6
Q™ (sk, az) 11—~ 1=

’Yk

1—~

Q™ (s, a1) = YV (s11) <

611 So,

Qko(slmal) — Qko (Sk, ag) < — -

s12  Plugging this into the above bound (I8), if the iterates of NPG are to satisfy the bound with the ~-rate
613 in the statement of the theorem, the step-size must at least satisfy the following condition:

Nko > TKL( kO—H W?}S)v
614 which concludes the proof. |

615 E.1 Largest sub-optimality gap at iteration 0

616 In this section, we prove the claim that

1
IV* = VOl = V*(51) = VO(s1) Sy = ——

L=~
617 Proof: Firstof all, V*(s1) — VO(s1) = 7°(az[s1) =5 = (1 — a)(v - L) v — 2. For the
618 first part, we proceed by induction. We will use throughout that
k
¥ =7y & é N o )
=4"—— <V V =(1-— - —
Tt = e SV ) V) = (L ey - )
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619

620

621

622

This is true if (when LHS is the largest)

1) 0
2_ 7 < (1-— -
o S )
which holds when
N2
o< (1 —9)
Y1 —7)=46
—=a<ll-—y

Base Case:

V*(s2) = VO(s2) = ay(V*(s1) = VO(s1)) + (1 = a) 11—~

< ay(V*(s1) = VO(s1)) + (1 = @) (V*(51) = VO(s1))

<V*(s1) = VO(s1)
Inductive Step: Assume true for k. Then,

k+1

v —Tk+1

V¥ (sir1) = VO(sk11) = ay(V(s) = VO(s1)) + (1~ a) 1=~

< ay(V¥(s1) = VO(s1)) + (1 = a)(V*(s1) = VO(s1))

623

< V*(s1) = VO(s1),

which concludes the proof.
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F Inexact policy mirror descent and the generative model

The following Lemma from [[7] controls the accuracy of the estimator Q\’; specified in M of Section
[5] with respect to H and M,:

Lemma F.1 (Lemma 15 in [[7]). Consider using to estimate Q¥ for all state-action pairs for K
iterations of IPMD. Then for § € (0,1), ifforallk < K,

—2H
~y 2K|S||A]
5 log( 5 )

Then with probability at least 1 — 0, we have for all k < K,

My, >

~ 2/7H
105~ Q¥ < 22—
-7

The proof of this result can be found in Lemma 15 of [7].

F.1 Proof of Theorem[5.1]

This proof is similar to that of [7] (Theorem 14). It is also similar in structure to the proof of Theorem
in Section [6l

Fix a state s € S and an integer £ > 0. For now let’s assume that our Q-estimates are 7-accurate
(t > 0), ie.

1Q — Q¥loe < 7
for all £ > 0. With this assumption, we have from Lemma|A.5|in Appendix|A.1]

2yT

Qk—‘rl(saa) Z Qk(saa) - 1 — ’77

V(s,a) € S x A.

Now proceeding in a similar way to Section [6]

(QF w8 — 7w = (QF, my — i) +(QF — QF,mf — m{ ™)

>(Q5, 7)) — (QF, mith) — QY = QI llmt — 7™ 1y

2
> (QF, ity — (QFFL mhtty - 1T _op

1—v
> (@bt~ VA (s) - 1
= (QF — Q5 7h) + V*(s) — VETI(s) — 14%
> Q2 - Qe+ V() — VEH ) - 2T
> <AV = Vil + V2 (5) = V() - 10

Now again proceeding exactly as in Section |6/ with this extra 7-term using the step-size condition
gain p g y g P
cr = v2*t1h) we end up with
Y p

4
[V = VA oo S AV = Voo 924 4 2
-7
Unravelling this recursion yields
k 4,77_ k—1
L N (e A N S s K DL
i=1 =0

1 >+ Ayt
L—v/  (1=7)*

< (IV* = VO +
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650

Now using the properties of the estimator (10) in LemmalF.1, we have with probability 1 — § for all
0<k<K,

27H
T = —
1—7’
giving
. 1 8y
IV = VAl <2 (V" = VOl + == ) + =
l—y/ (1=7)?
H
< 2 +F 4 8y '
1—vy (1-7)
This establishes the first bound. Now
4
K > 1 k< e/2,
1—~ B0 —7)e T, =¢/
1 16 8y
H > log = = 773 <e/2
l—y Z(1—7)% (1—=7)

giving
[V* = V¥ <e/24¢/2=c¢

as required. In terms of M, we have

—2H
g 2K|S||A|
>
M > 5 log 5
1, 16 2, 2K|S|A|
> (- it el L
= 2((1—’)/)35:) log==5

162 2K|S||A]
= log
2(1 — )82 o
and the corresponding number of calls to the sampling model, i.e. the sample complexity is (what we

have shown above is actually a lower bound but can choose K, H, M so that it is of the following
order),

~ |S|[A|
S|-1A «K~H«M:O<7>,
S1-14 T
where the notation O() hides poly-logarithmic factors. This completes the proof. ]
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G MDP examples

G.1 MDP on which distribution-mismatch coefficient scales with size of state space
We construct an MDP on which

%
p

3
o0

1
9’):1—7’

scales with |S|, and hence so does the iteration complexity of the bound of [[7] for exact PMD.
Consider an MDP with state-space S = {s1, $2, ..., S, } of size n and arbitrary action space A. s; is
an absorbing state giving out rewards of 1 at each time-step, regardless of the action taken, i.e

p(s1|s1,a) =1, r(s;,a) =1 Vae€ A

All others states have an action, say a1, that gives out a reward of 1 and with probability 1 — § brings
the agent to state s; for some § > 0 and spreads the remaining ¢ probability arbitrarily amongst the
other states. The other actions have arbitrary rewards strictly less than 1 associated to them, and
arbitrary transition probabilities that place 0 mass on state s, i.e

p(sils,a1) =1=96, r(s,a1) =1 Vs# sy,
p(s1]s,a) =0, r(s,a) <1 Vs#s1,Va#a.

Denote rmax = MaxXs4s, axa, r(s,a) < 1. The following condition ensures that a; is the optimal
action in all states,

1—
5 S 7’7(1 - Tmax)
Y

so that 7*(s) = a; for all states s. To see this, consider s; # $1, a,, # a1 and an arbitrary policy 7,

Q (snvan) =1+ (T 0+ 3 plsylsian)V7(s,))
j=2

I—v
1-9
2l+y—
-~
n
Q (s0s ) = r(si,am) +7' > plsylsi,a1)V7(s5)
j=2
1
< Tmax +77
L=y
and solving
n <1 1-6
Tmax 7 L= P
77 1=

will yield the condition above.

Then for ¢ > 1 (abusing notation, s; denotes the state at time t),
P™ (54 = s1|s0 = 8) = Z]P’”* (st = 51,811 = §'|sg = )
>
= Zp(sﬂs’, a1)P™ (si—1 = 5'|so = )
>
> Z(l — 6P (541 = §'|so = 5)
-

=1-9§
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672
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674
675

676
677
678

679

680
681

682
683

684
685
686
687

and

dy(s1) = Zp Z'yt]P’” (st = s1]80 = 8)
t=0
—N p(s)Y A -
s t=1
Zp A/ 5)

(175).
d L dsle) _ 4(1-0)
1% 2265 = S

and depending on what p you consider, 6, can be arbitrarily large. In particular, the natural choice of
the uniform starting-state distribution p(s) = 1/n leads to

Now

1-9
6, >n21 =%
(1=2)
which gives an iteration complexity under the result of [7] for an e-optimal policy that is
~v(1 = 9) 2

A E e

Recall that n = |S|, so this iteration complexity scales linearly with the size of the state space.

G.2 Family of MDPs on which sub-optimality gaps can be made arbitrarily small
We present how to construct a family of MDPs on which AF(s) defined in Section Ecan be made
arbitrarily small.

Consider an arbitrary MDP M with state space S and action space A. For each state-action pair
(s,a) € S x A, create a duplicate action @’ s.t the transitions from that action in that state are the
same as for the original pair, i.e

p(s'|s,a) = p(s'|s,a’) Vs €S
and the reward is shifted down by § > 0 from the original reward, i.e
r(s,a’) =r(s,a) — 4.

This results in a new MDP M’ with an augmented action space A’, that is twice the size of the action
space of the original MDP M. In terms of action-value of an arbitrary policy 7, this results in

Q%/(S, Cl) - Qj/l’(sv Cl/) =9,

where the notation Q7 , refers to action-values in the MDP M. In terms of sub-optimality gaps, this
gives

AT (s) < 0.
Choosing § small enough, we can make the step-size of [9] arbitrarily large, at least in early iterations.
The step-size condition (5) of Theorem {.T]will be less affected by this issue as it does not depend

directly on A¥(s), and not at all in the first iteration. Beyond its generality to PMD, this illustrates
the benefit of our result restricted to NPG over the result of [9]].
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