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1 Proofs and Derivations1

1.1 The Proof of Eq. 4 in Section 3.1.12

Proof.

∇y log p (y) =

∫
p (x | y)∇y log p (y | x) dx

=

∫
p (x | y)

(
∇y log b (y) +∇yH(x)⊤T (y)

)
dx

= ∇y log b (y) + T ′ (y)
⊤
∫

p (x | y)H(x)dx

= ∇y log b (y) + T ′ (y)
⊤ E [H(x) | y] .

3

1.2 The Proof of Proposition 3.1 in Section 3.1.24

Proof. Our derivation begins with the right part of Eq. 6:5

∫
p (x | y)∇y log p (y | x) dx

=

∫
p (x | y)∇y log

p (x | y) p (y)
p (x)

dx

=

∫
p (x | y) [∇y log p (x | y) +∇y log p (y)−∇y log p (x)] dx

=

∫
p (x | y) [∇y log p (x | y) +∇y log p (y)] dx

=

∫
p (x | y)∇y log p (x | y) dx+∇y log p (y)

∫
p (x | y) dx

=

∫
p (x | y)∇y log p (x | y) dx+∇y log p (y) .
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Now, we prove that
∫
p (x | y)∇y log p (x | y) dx = 0:6 ∫

p (x | y)∇y log p (x | y) dx

=

∫
p (x | y) 1

p (x | y)
∇yp (x | y) dx

=

∫
∇yp (x | y) dx

=∇y

∫
p (x | y) dx

=∇y1 = 0.

Thus, Eq. 6 is proved.7

1.3 The Proof of Theorem 3.1 in Section 3.1.28

Proof. Given y suppose f(x,y) is invertible. Denote its inverse function as f−1
y . By solving Eq. 7,9

we obtain that10

x̂ = f−1
y (s (y)) = f−1

y

(
Ex|y [f (x,y)]

)
.

Let the Lipschitz constant of f−1
y is Lf−1

y
, the Hessian matrix of f i is Hf i

and n is the dimension11

of x. Then, we can derive that:12 ∥∥f−1
y

(
Ex|y [f (x,y)]

)
− Ex|y [x]

∥∥
2

=
∥∥f−1

y

(
Ex|y [f (x,y)]

)
− f−1

y

(
f
(
Ex|y[x],y

))∥∥
2

≤Lf−1
y

∥∥Ex|y [f(x,y)]− f
(
Ex|y [x] ,y

)∥∥
2

=Lf−1
y

(
n∑

i=1

(
Ex|y [f (x,y)i]− f

(
Ex|y [x] ,y

)
i

)2)1/2

=Lf−1
y

(
n∑

i=1

(
Ex|y

[
f
(
Ex|y [x] ,y

)
i
+
(
x− Ex|y [x]

)⊤ ∇f
(
Ex|y [x]

)
i

+
1

2

(
x− Ex|y [x]

)⊤
Hf i

(
Ex|y [x]

) (
x− Ex|y [x]

)
+o
(∥∥x− Ex|y [x]

∥∥2
2

)]
− f

(
Ex|y [x]

)
i

)2)1/2

=Lf−1
y

(
n∑

i=1

(
Ex|y

[
1

2

(
x− Ex|y [x]

)⊤
Hf i

(
Ex|y [x]

) (
x− Ex|y [x]

)
+ o

(∥∥x− Ex|y [x]
∥∥2
2

)])2
)1/2

≤Lf−1
y

(
n∑

i=1

(
Ex|y

[
1

2
Hmax

∥∥x− Ex|y [x]
∥∥2
2

]
+ o

(
Ex|y

[∥∥x− Ex|y [x]
∥∥2
2

]))2
)1/2

=
√
nLf−1

y

(
1

2
HmaxEx|y

[∥∥x− Ex|y [x]
∥∥2
2

]
+ o

(
Ex|y

[∥∥x− Ex|y [x]
∥∥2
2

]))
=
√
nLf−1

y
(HmaxTr (Cov [x | y]) + o (Tr (Cov [x | y]))) ,

where Hmax is the maximal value of Hf i
for any i. Let 1

2

√
nLf−1

y
Hmax = C, we prove Eq. 8 in13

Theorem 3.1.14

15
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1.4 A Useful Lemma16

Lemma 1.1. We state the probability density transform equation as follows. Suppose x ∼ x and17

y ∼ y and y = f(x). Assume f is invertible and its inverse function is g. Then, we have18

py (y) =

∣∣∣∣ ∂g∂y
∣∣∣∣ px (g(y)) .

1.5 The Derivation of f (x,y) for Gamma Noise in Section 3.2.219

The derivation target is:20

f (x,y) = ∇y log p (y | x) = α− 1

y
− α

x
.

Proof. According to Eq. 11, we have that:21

∇y log p (y | x) =∇y log

d∏
i=1

αα

Γ (α)

(
yi
xi

)α−1

exp

{
−αyi

xi

}
· 1

xi

=∇y

d∑
i=1

log
αα

Γ (α)

(
yi
xi

)α−1

exp

{
−αyi

xi

}
· 1

xi

=

d∑
i=1

∇y log
αα

Γ (α)

(
yi
xi

)α−1

exp

{
−αyi

xi

}
· 1

xi

=

d∑
i=1

∇y

(
(α− 1) log yi −

αyi
xi

)
=
α− 1

y
− α

x
.

22

1.6 The Proof of Eq. 12 in Section 3.2.223

Proof.

s (y) =
α− 1

y
− α

x

⇐⇒y ⊙ s (y) = α− 1− αy

x

⇐⇒αy

x
= α− 1− y ⊙ s (y)

⇐⇒x =
αy

α− 1− y ⊙ s (y)
.

24

1.7 The Derivation of f (x,y) for Poisson Noise in Section 3.2.225

The derivation target is:26

f (x,y) = ∇y log Pr (y | x) = λ log (λx)− λ log

(
λy +

1

2

)
.

3



Proof. According to Eq. 13, we have that27

∇y log Pr (y | x) =∇y log

d∏
i=1

(λxi)
λiyi

(λyi)!
e−λxi

=

d∑
i=1

∇y log
(λxi)

λiyi

(λyi)!
e−λxi

=

d∑
i=1

∇y (λiyi log λxi − log (λyi)!)

=λ log (λx)− λ log

(
λy +

1

2

)
.

Here, we set ∇yi
log (λyi)! = λ log

(
λyi +

1
2

)
.28

1.8 The Proof of Eq. 14 in Section 3.2.229

Proof.

s (y) = λ log (λx)− λ log

(
λy +

1

2

)
⇐⇒s (y)

λ
= log (λx)− log

(
λy +

1

2

)
⇐⇒ log (λx) =

s (y)

λ
+ log

(
λy +

1

2

)
⇐⇒λx =

(
λy +

1

2

)
⊙ exp

{
s (y)

λ

}
⇐⇒x =

(
y +

1

2λ

)
⊙ exp

{
s (y)

λ

}
.

30

1.9 The Derivation of f (x,y) for Rayleigh Noise in Section 3.2.231

The derivation target is:32

f (x,y) = ∇y log p (y | x) = 1

y − x
− y − x

σ2x2
.

Proof. According to Eq. 15, we have that33

∇y log p (y | x) =∇y log

d∏
i=1

1

xi

yi − xi

xiσ2
exp

{
− (yi − xi)

2

2x2
iσ

2

}

=

d∑
i=1

∇y log
1

xi

yi − xi

xiσ2
exp

{
− (yi − xi)

2

2x2
iσ

2

}

=

d∑
i=1

∇y

(
log (yi − xi)−

(yi − xi)
2

2x2
iσ

2

)
=

1

y − x
− y − x

σ2x2
.

34
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1.10 The Proof of the Solving Method in Algorithm 335

Proof. Our target equation is:36

s (y) =
1

y − x
− y − x

σ2x2
.

For simplicity, we do not use bold font. Let t = y−x
x and assume t > 0 because x should be smaller37

than y according to the Rayleigh distribution. We denote s (y) as s. Fixing x, then38

s =
1

y − x
− y − x

σ2x2

⇐⇒sx =
x

y − x
− y − x

σ2x

⇐⇒sx =
1

t
− t

σ2

⇐⇒t2 + σ2sxt− σ2 = 0

Since t > 0, we have39

t =
−σ2sx+

√
σ4s2x2 + 4σ2

2

After solving t, we compute x = y
t+1 . Therefore, the iterative process contains two steps:40

• t = −σ2sx+
√
σ4s2x2+4σ2

2 .41

• x = y
t+1 .42

43

1.11 The Derivation of ∇y log py (y | x) for Multiplicative Noise with Convolution Transform44

in Section 3.2.245

The derivation target is:46

∇y log py (y | x) = A−1,⊤∇z log pz
(
A−1y | x

)
.

Proof. According to Lemma 1.1, we have y = f(z) = A−1z, then g(y) = Ay. Thus,47

py (y | x) =
∣∣A−1

∣∣∇z log pz
(
A−1y | x

)
⇐⇒∇y log py (y | x) = A−1,⊤∇z log pz

(
A−1y | x

)
.

48

1.12 The Proof of Eq. 16 in Section 3.2.349

Proof. Let z̄ = E [z | y]. Then, we have:50

py (y | x) ≈
∫
z≈y

py (y | z) pz (z | x) dz

≈
∫
z≈y

py (y | z)
(
pz (z̄ | x) +∇zpz (z̄ | x)T (z− z̄)

)
dz

=pz (z̄ | x)
∫
z≈y

py (y | z) dz +∇zpz (z̄ | x)T
∫
z≈y

py (y | z) (z − z̄) dz

≈pz (z̄ | x) +∇zpz (z̄ | x)T (y − z̄) .

51
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Table 1: The specific conclusions of Gaussian, Gamma and Poisson noise in Noise2Score.

Noise H (x) T (y) b (y) H−1
T (y) (z) x̂

Gaussian
x

σ2
y

1
√
2π

d
σd

e
−
∥y∥22
2σ2 σ2z σ2s (y) + y

Gamma
(
α1− 1,−α

x

)
(log y,y) 1

αy

α− 1− y ⊙ z

αy

α− 1− y ⊙ s (y)

Poisson log (λx) λy
1∏d

i=1 (λyi)!

1

λ
exp

{z

λ

} (
y +

1

2λ

)
⊙ exp

{
s (y)

λ

}

1.13 The Proof of Eq. 17 in Section 3.2.352

Proof.

∇y log py (y | x) =∇y log

(
pz (z̄ | x)

(
1 +

∇zpz (z̄ | x)T (y − z̄)

pz (z̄ | x)

))

≈∇y log pz (z̄ | x) +∇y
∇zpz (z̄ | x)T (y − z̄)

pz (z̄ | x)

=
∇zpz (z̄ | x)
pz (z̄ | x)

= ∇z log pz (z̄ | x) .

53

2 Conclusions of Gaussian, Gamma and Poisson Noise54

Refer to Table 1.55

3 Experiment56

When training score function, for σa in Eq. (29), we set initial value as 0.05 and final value as57

1× 10−6. We reduce σa linearly every 50 training steps and keep it as 1× 10−6 for the final 50 steps.58

Another important point about the training for non-Gaussian noise model (from No.5 to No.10), we59

add a slight Gaussian noise to noisy images such that the score function estimation is stable and60

remove the additive Gaussian noise when inference as we do in mixture noise models. Here, we set61

the σ of Gaussian noise as 5.62

For Neighbor2Neighbor, We use the code in https://git-hub.com/TaoHuang2018/Neighbor2Neighbor63

and keep the default hyper-parameters setting.64

For Noisier2Noise, we use the code in https://git-hub.com/melobron/Noisier2Noise. We set α = 165

and compute the average of 50 denoised results.66
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