A Appendix: Experiments (Continue)

A.1 Further Details for the Experiment Settings

For the data partitioning, we have the Mini-ImageNet and CIFAR-100 data sets divided into the
partitions 64 : 16 : 20, which correspond to the training set, validation set and the testing set
respectively. Each class is corresponding to a task. Then, for the Drug data set, we partition the tasks
into 4100 : 76 : 100 representing the training set, validation set and the testing set.

For our BASS, we apply two 2-layer FC networks for f1(+;601), fa(:; 022 respectively, and set network
width m = 200. For deriving approximated arm rewards, we let |{2}* id| = 5. Recall that we apply
the approximation approach mentioned in Remark [3 to reduce the space complexity and time
complexity in practice for the experiments. Here, we tune the pooling step such that the inputs
of f1(+;01), f1(+;01) are approximately 50 and 20 respectively. For the learning rate, we find the
learning rate for BASS with grid search from {0.01,0.001, 0.0001}, and choose the learning rates for
the meta-model n; = 0.01, 72 = 0.001. The meta-model architecture as well as its learning rates will
stay the same for all the baselines and our proposed BASS. For the CIFAR-100 and Mini-ImageNet
data sets, we use the the meta-model with four convolutional blocks where the network width of
each block is 32, followed by an FC layer as the output layer. For the Drug data set, we apply a
meta-model with two FC layers, where the network width is 500. All the experiments are performed
on a Linux machine with Intel Xeon CPU, 128GB RAM, and Tesla V100 GPU. Code will be made
available at https://github. com/yunzhe0306/Bandit_Task_Scheduler.

A.2 Effect of the Task Noise Magnitude

We conduct the experiments to show the effects of the noise magnitude factor ¢ on the Drug and
CIFAR-100 data sets. The experiment results are shown in Table |4}

Table 4: Comparison with baselines with different noise magnitude [data set (noise magnitude ¢) ;
final results + standard deviation].

Algo.\Data  Drug(0.3)  Drug(0.5) CIFARI00(0.3) CIFARI00 (0.5)

Uniform 0.218+0.007  0.220£0.001 0.655+0.009 0.526£0.011
SPL 0.243£0.008  0.236+0.004 0.625+0.017 0.367+0.039
FOCAL 0.224+0.019  0.223+0.003 0.638+0.010 0.485+0.006
DAML 0.182+0.025 0.177£0.003 0.543+0.017 0.414+0.025

GCP N/A N/A 0.653+0.005 0.508+0.009
PAML 0.186+0.006  0.205+0.009 0.537+0.009 0.316£0.022
ATS 0.239+0.011  0.23740.014 0.651+£0.001 0.505+0.015

BASS (Ours) 0.258+0.003  0.245+0.006  0.657+0.005 0.553+0.008

With increasing noise magnitude e, the performances of the meta-model trained by baselines and our
BASS tend to drop, which is intuitive. In particular, for the CIFAR-100 data set, when we increase e,
the performance difference between BASS and the other baselines tends to increase. This can be the
reason that the greedy baselines with no exploration strategies can be more susceptible to the task
noise perturbation, which can lead to the sub-optimal performances of the meta-model.

Table 5: Experiment results of noise-free settings on three real data sets (5-way, 5-shot).

Data \ Algo. Uniform SPL FOCAL-LOSS DAML GCP PAML ATS BASS
Drug 0.206+0.012  0.234+0.006  0.240£0.003  0.190+0.002 N/A 0.220£0.010  0.233£0.001  0.256+0.003
M-ImageNet 0.576+0.016 0.554+0.004  0.582+0.005  0.437£0.015 0.564+0.002 0.4674+0.007 0.5614+0.004 0.586-0.008
CIFAR 0.681£0.010  0.681£0.008  0.69240.023  0.662+£0.027 0.681£0.016 0.640+0.011  0.6954+0.035  0.697+0.029

From the Table li’ we can see that when there is no noise, the overall performance does not differ
significantly across different methods. The reason could be that since the meta-learning backbone
remains the same for all the methods, the meta-model performance upper bound can be similar
for different scheduling algorithms, without the presence of other confounding factors (e.g., noise,
task distribution skewness). In the practical application scenarios with noisy data, BASS-guided
meta-models tend to perform well in presence of task noise and skewness compared with baselines,
as presented by our experiments in the main body.
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A.3 Parameter Study for Exploration Coefficient

As in Eq. [7 and Eq. [9, BASS involves an exploration coefficient « to balance the exploitation-
exploration and the two exploration objectives. Here, we conduct the parameter study for the
exploration coefficient «, and include the results with no exploration (i.e., removing fs).

Table 6: Comparison among different v values [dataset (shot) ; final results & standard deviation].

Algo. \ Data Drug (1) Drug (5) CIFAR100 (1) CIFAR100 (5)
No Exploration  0.2344+0.003  0.239+0.012  0.256+0.027  0.537+0.012
a=0.1 0.231£0.005 0.233+0.013  0.264+0.051  0.5224+0.024
a=0.3 0.2284+0.013  0.231+0.008  0.268+0.047  0.528+0.014
a=0.5 0.236+£0.004  0.2454+0.006  0.272+0.025  0.553+0.008
a=0.7 0.242+£0.012  0.2274+0.006  0.241+0.005  0.54340.021
a=1.0 0.236£0.002 0.2354+0.013  0.2664+0.006  0.537+0.005

From the results in Table|6| we see that the exploration module can indeed improve the performance
of BASS compared with the performance with no exploration. This also fits our initial argument
that the greedy algorithm alone can lead to sub-optimal performances of meta-model. By properly
choosing the « value, we will be able to achieve a good balance between exploitation and exploration,
as well as between the two exploration objectives. Here, setting « € [0.5,0.7] will be good enough
to achieve satisfactory performances. Meanwhile, we also note that even with no exploration, our
BASS still achieves good performances by directly learning the correlation between the adapted
meta-parameter and the generalization score, and refining the scheduling strategy based on the status
of the meta-model.

A.4 Running Time Comparison

In Figure [5| we include the running time comparison with baselines. We can see that BASS can
achieve significant improvement in terms of the running time, and can take as little as 50% of ATS’s
running time. The intuition is that our proposed BASS only needs one round of the optimization
process to update the meta-model and BASS. On the other hand, from Algorithm 1 of the ATS paper
[50], we see that ATS requires two optimization rounds for each meta-training iteration to (1) update
the scheduler with the temporal meta-model, and (2) update the actual meta-model respectively.
Based on the figure on the RHS, we also see that BASS can achieve a relatively good balance between
computational cost and performance.

Running time comparison with ATS

Running Time on Mini-ImageNet (5-shot)
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Figure 5: Running time results (including training both the scheduler and the meta-model). "D", "M"
and "C" refer to the "Drug", "Mini-ImageNet", "CIFAR-100" data sets respectively. BASS can take
as little as approximately 50% of ATS’s running time. On the RHS, we have the scatter plot in terms
of running time vs. performance on the Mini-ImageNet dataset.

A.5 Performances with Different Task Skewness Settings
In Table[7} we include the experiments with different levels of skewness. Here, we see that with less

skewness levels (the skewness level reduces from Setting 1 to Setting 3), the accuracy of BASS as
well as the baselines will continue to improve, while BASS still maintains decent performances.
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Uniform ATS BASS

0.375+0.009 0.382+0.007  0.408+0.008
0.4294+0.012  0.448+0.006 0.460+0.013
0.497+0.008 0.502+£0.010  0.539+0.009

Skewness Setting \ Algo.

Skewness Setting 1
Skewness Setting 2
Skewness Setting 3

Table 7: Results for different skewness levels on CIFAR-100 data set (5-shot). (1) Setting 1 is
the original setting in paper Subsec. 5.2. (2) For Setting 2, we assign 5 tasks with 8% sampling
probability, 5 tasks with 3%, and the rest of the tasks equally share the 45% probability. (3) For
Setting 3, we assign 5 tasks with 5%, 5 tasks with 2%, while the rest of the tasks equally share the
65% probability.

A.6 Performances with Different Batch Size

With Table 8] we include additional experiments with different batch sizes B, in comparison with the
ATS and the uniform sampling approach. Here, we see that with larger B values, the accuracy of
BASS as well as the baselines will generally improve.

B (batch size) \ Algo. Uniform ATS BASS
1 0.459+0.009 0.449+0.010 0.472+0.012
2 0.526+0.011 0.515+£0.015 0.55340.008
3 0.570+0.012  0.563+0.007 0.588+0.010
5 0.581+£0.005 0.571+£0.007 0.586+0.009

Table 8: Results for different B values (batch sizes) on CIFAR-100 data set (5-shot).

A.7 Performances with Different Embedding Approaches of Arm Contexts

In Table[9, we include additional experiments with different levels of average pooling, such that
after the average pooling, the dimensionality of the pooled vector representation will fall into
{20,100, 500}. We see that overly small dimensionality of the average-pooled vector representation
(e.g., 20) can lead to sub-optimal performance of the BASS framework. In addition, we see that
setting the dimensionality to 50 can generally lead to good enough performance.

100 500
| 0.541£0.008 0.553+0.008 0.55840.006 0.555+0.010

Dimensionality | 20 50

Accuracy

Table 9: With CIFAR-100 (5-shot), different dimensionality of the average-pooled vector representa-
tion (Remark 3) of the meta-parameters.

Here, we also include additional experimental results using MLP to map the original context into
the lower dimensional space instead of using our proposed average pooling (Remark 3). Results
are shown in Table @ Here, we use the one-layer MLP with the ReLU activation to embed the
original meta-parameters to the low-dimensional vector representations. We can see that the MLP-
based method can indeed lead to some performance improvement. But in general, the performance
difference between MLP-based embedding and the average-pooling vector representation is subtle.
We also note that the MLP-based mapping approach is more time consuming compared with the
average pooling approach, since we also need to train the additional embedding layer, which has a
considerable number of trainable parameters.

100 200
0.560£0.012  0.553£0.015

Dimensionality | Original avg-pooled (50) 50
0.553+0.008 0.558+0.013

Accuracy |

Table 10: With CIFAR-100 (5-shot), different dimensionality of the one-layer MLP(with ReL.U)-
embedded vector representation of the meta-parameters. "original avg-pooled (50)" refers to the
average-pooled vector representation (Remark 3) with dimensionality of 50.
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A.8 Additional Experiments on the '"'DomainNet' data set

In Table [E, we include additional experiments on the new "DomainNet" data set [36]. Within the
"real" domain, we filter 100 classes that have at least 600 images. In this way, with each class being a
task with 600 images, we will have a total of 100 tasks. Compared with image data sets in our paper
(Mini-ImageNet and CIFAR-100), we increase the image resolution of "DomainNet" by resizing
its images to 128 x 128 pixels. Following the settings in our paper, we divide tasks into 64 : 16 :
20 portions that correspond to the training set, validation set and the test set respectively. For the
few-shot settings, we formulate the problem to be 5-shot, 5-way / 7-way with uniform sampling
and ATS as baselines. With a higher image resolution of the "DomainNet" data set, BASS can still
maintain the good performance compared with the baselines.

Setting \ Algo. Uniform ATS BASS
S5-way 0.47540.002 0.483+0.006 0.5114+0.012
7-way 0.4114£0.005 0.372£0.009 0.435+0.008

Table 11: Results for the "DomainNet" data set (noise level 0.5, 5-shot settings).

B Appendix: Additional Discussion on the Necessity of Assumption

We would like to mention that in order to finish the convergence and generalization analysis for the
neural Contextual Bandit works (e.g., [S53| 12} 9])), the separateness assumption of the arm context is
the minimum requirement of the data set. This is because the training data needs to be non-degenerate
(i.e., every pairs of samples are distinct) to ensure that the neural network can consistently converge,
as indicated by Assumption 2.1 in [3]]. Therefore, our Assumption 5.1 regarding the arm separateness
aims to ensure that the BASS is able to adequately learn the underlying reward mapping function
with sufficient information. Comparing with the existing works, in the convergence analysis works
on meta-learning [46| 47]], they measure the arm separateness in terms of the minimum eigenvalue
Ao (with A\g > 0) of the Neural Tangent Kernel (NTK) [22] matrix, which is comparable with our
Euclidean separateness p. For existing neural bandit works, Assumption 5.1 in [9] is similar to our
separateness assumption. Meanwhile, Assumption 4.2 in [53] and Assumption 3.4 from [52] also
imply that no two arms are the same in terms of the minimum NTK matrix eigenvalue Ay > 0.

C Appendix: Limitation

One potential limitation of BASS is that its improvement over baselines may not be significant
when dealing with noise-free settings and non-skewed task distributions (Table|5). Meanwhile, the
non-adaptive FOCAL-LOSS [29] tends to achieve a similar performance comparing with the adaptive
method ATS [50], while enjoying an advantage in terms of the computational cost. In practical terms,
although BASS can generally achieve the decent performance and enjoys a smaller computational
cost than ATS, the practitioner still needs to consider whether their task distribution is noisy or skewed
in order to strike a good balance between the computational resource needed and the meta-model
performance, as BASS can achieve a more significant advantage over baselines given the noisy or
skewed task distribution.

D Appendix: Theoretical Analysis

In this section, we present the proof for Theorem 5.2| Here, instead of directly going for the batch
setting where we adopt training task batch €2, for each iteration k € [K] (|| = |Q}| = B), we first
introduce the results of the single-task setting (Subsec. [D.1), i.e., || = [Q25| = 1. Then, the results
will be extended to the batch settings as in Subsec. [D.2] Recall that for the meta-model, we first
consider it to be a L r-layer fully-connected (FC) network (of width m z for the theoretical analysis
(lines 237-239). In particular, we follow the settings in [3]] for the Gaussian initialization of weight
matrices. For the weight matrix elements in meta-model’s first (L — 1) layers, we draw each of
them from the Gaussian distribution (0, 2/m x). Then, for the weight matrix elements of the last
layer (L -th layer), we draw each of them from the Gaussian distribution A/(0,1).
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D.1 Single-task settings

For the brevity of notation, we denote the scheduler output f(G(Kfl)[EJ];B(k*l))
Hixd s oY) 4 f2([Vefi(xi.i); Ve fi(xi o)l; ng_l))7 which corresponds to the definition in

Eq. l_ In this case, 7 (K) = {71, ..., Tk } refer to the chosen tasks and 7*(K) = {7T7*, ..., T}
are the optimal ones. Based on the problem definition, we will have

Riingle(K) = ETp(7),2~Dr {/3 (2 Z(T, @(K)))} —Erp()e~Dr {C(w;I (7, @““*))}

= E7p(T)e~Dr [ﬁ(w;I(T, ®(K_1)[TK]))] —Erp(7),2~Dr [ﬁ(w;f(Tv Q(K_l)’*m?]))]
~ W(OK[T7]) ~ (@K [Ty

RO 7)) = Fixici 0 ) + Fixie: 8% Y) = Flxe; 061
+ f(xg: 05 7Y) — n(©@F Y [TK])

< WOV T2]) = i 0% ) + Fixi: 85 — f@F D77 00

+ flxx .g(K—l))_h( (K— 1)[ T))
— W(O@E D)) — O V718" ) @716 ) - @) 0K )
+ H(OF I (Tic) 0 Y) — <e<K V[Ti))
< |h(@E D7) — FO@F D7 [771:8" ) + | (@K D718 V) — p@ V7] 0K Y))
I
+ [£(@F D [Tie); 05 1) — (@K [Ty ])|

where the first inequality is due to the arm pulling mechanism, i.e., f(©@ X~V [Tz];05D) <

FOED[T]:0571). Here, f(~;é(K71)) is defined as the "shadow" bandit model that are

trained on optimal tasks {77*, 75, ..., T;#_; } and the corresponding meta-model parameters. Here,

denote x = — ek [TK] € RP? as the arm context given the arm 7x and the meta-model parameter
O 1 similarly, we have X5 = k-1 [T#] € RP being the arm context given the arm 7% and
the meta-model parameter @E-1x Thus, for the term I on the RHS, we have
Io= 100" ) = @ V(TR 0
= £ (70" — (@ DTl 00
+ 1@V (T3]0 D) — f(@K D [7ye]; 0KV
) = F(OF DT )
+ [F(O©F T 0 — p(@F VT 0%,
Then, inserting the inequality will lead to

-1

< |f@F D778 Y

R(K) < [h(@F V7)) — FOxae; 0% + | f(xie: 07 ) = (@02 [752))]

I Iy
+ O D70 ) — @D g 0K )
I3
+ /(@7 6D — (@ V(TR )]

Iy

Here, the terms I1, I refer to the approximation error for the two bandit models (our possessed

model f(-;8%~Y) and the pseudo model f(-; é(K_l))). Then, the third term I3 bounds the output

difference when given the same input eUK—1)x [Tk]| to two separate bandit models, and the final
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term I refers to the difference of the meta-model parameters when adapted to the same task with two
individual sets of parameters. Here, the terms I;, I> can be bounded by Lemma|D.1| Corollary|D.2|
Then, the point is to bound the difference term I, when given different inputs to the bandit model.

D.1.1 Bounding error terms and assembling the regret bound

[Bounding term I3] For error term I3, it focuses on bounding the output difference between two
bandit models f(-; 0 " 1)) f(-; 61 given the same input @ K1) *[T;], and we have

(K iy

= [F@F V7 [T1:0" ) — f( @V [T} 0V = | £ (xi: 07
U

< (X0 ) = Al 05

I3.1

1 (Va5 06 Taix 505 ) = o IV 6): T k105 ).

) — [ 0]

I3.2

With the defined 7, applying Lemma|D.11|as well as Corollary|D.12| we will have

KIL310g%(m) K3L K*L210g"/%(m)
I3 < <1+0(p1/3ml/6)) 'O(p\/ﬁ log(m))+0< A3 m1/6 )

Then, for term I3 5, we have

(K 1)

13-2=f2([Vaf1(x§e*) Vo /i(x%")]; 02 ) f([vafl(xK) Vo fi(x§)); 05" 1)>|
< 18IV Vors k05 ) = (160G Yok 08 )]
# 112V 06 ) Tohck 05~ = fo( 90 (x5 TRk 057 1.

Here, for the first term on the RHS, we apply Lemma [D.11|as well as Corollary D.12|to bound.

Then, for the second term, with Gaussian initialization of weight matrices, for the over-parameterized
FC network f with Lipschitz-smooth activation functions (e.g., Sigmoid), we can have |f(x) —
f@), [IVf(x) = Vf(x)| <& |lx — | due to its Lipschitz continuity / smoothness property
[46, 17]. Meanwhile, we also have the Lipschitz continuity property for over-parameterized FC
network f’ with ReLU activation [3]], such that | f'(x) — f'(x’)] < & - ||z — 2’||. By the Gaussian
initialization of BASS’s weight matrices and the properties of over-parameterized neural networks
(3146, [17], we have £;, = max{¢, &'} < (’)(ch ) being the Lipschitz constant for our fi, fo, where
ce > 1is a small constant. Applying the conclusion above, we will have

\f2<[ng1(X§;*); Véfﬂx??)]ﬂf”) N f2<[Vef1(x§é*); Vefl(x%*)];0§K1)>’

< & [[Vahi (i) Vah OGR) —én- [veﬁ(x}**)- Vo [i(xE]|
<& ||Vafilxx) — Ve filxi) Ve filx%) — Vafilxk)

< K L*1og” %(m)
<& p1/3m1/6

where the last inequality is by Theorem 5 in [3] and the proof of Lemma |[D.11. With the above
results, it will give us

KL310g®%(m) ))(’)( K3L log(m)) + O(K4L2 10g11/6(m)> €K L log®/ (m)

Is < <1 +0O( pL/3m1/6 pv/m pA/3m1/6 pL/3m1/6
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[Bounding term I,] On the other hand, applying the analogous procedure for term I, denoting
X = OFTV*[Tx] and xj = @~V [T;] for the brevity of notation, we can have

Iy = |f(©F D (Ti);007Y) — f(@ V[T 0D
< g0 TR - O VT,

T4

n f2<[Vef1(x§é*); Vefl(x}lé*)];GéKl)> - fz([Vefl(XK )i Vo)) 95K1>)|.

Iy
where x 7", x%" respectively represents the support set and query set for task 7;: and the meta-

parameters © =" Similar notation also applies to X7 = ek-b [77]. And the inequality is
due to the fact that ReL.U networks are naturally Lipschitz continuous w.r.t. some coefficient £;, when
they are wide enough [3], as we have discussed above.

[Bounding term /, ;] Based on the meta-optimization procedure (inner-loop optimization + outer-
loop optimization), we have

Iy =& - |@F D 1] — @KV [Tl

| (@“*** - vecw%*;@&?”*)) - (@““” - Vel (DE" e&?)) e

where @&;”’* is the task-specific parameter of 7; after adapting on O =1 with inner-loop

optimization, and the G)g‘(]) is the similar parameter after adapting on ©5 =Y Here, we simplify

the formula by representing the gradient derivation (inner-loop + outer-loop) with the mapping
H : T x © — RP, which leads to

l@ =T — @V TE]||2

iy (@““)v* - Ve L(D': @&;’”*)) - (@““) - VeL(D": @&;”)) e
_ (@K1 _ @Dy . (H(Tg, @Ue) H(T;;,e““”)) e
— (O = @) - (H(Ty O 17) - 1Ty, 01

. (H(T;;_h O D) _ (T, @<“>>) e

< D0 |HTE OV — (T, @)

ke[K]
Recall that the past arms, including the actual chosen arms {71, 72, ..., Tk } as well as the opti-
mal ones {77*, 75", ..., T;} are all from the candidate pool where each candidate arm is drawn

i.i.d. from the task distribution (7). Therefore, denoting the bound as ||H (7;:, @K1 —

H(TE, G)(K*l))Hg < S1(K), we can have the upper bound as I, 1 <7y - £ K - S1(K).

Then, for the term Sy (K), by definition we have || H (7,5, @K ~D*) — H(T;z, @K~V < ) (K),
applying mean-reduction for the sample loss will further leads to

| H (T, @5 1) mez -1y = ||v@£<Dze*;®“>’*> ~ VeL(DE 02
=llmge Y. Vel(x;0%)") - 3" Vel(z: 0

q,* q,*

|DK|w€Dq* |D e
Z IVeL(z;0") — Ve L(x: 0|,
wEDq*

This inequality essentially bound the gradient difference when given the same input task 7, w.r.t.
different sets of model parameters. Based on the conclusion from Lemma 9 of [46] and Lemma
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B.3 of [10]], we have | Ve, f(2; Ok)|lF, |Vo,L(x; Ok)|r < O(/mr),Vl € [Lr] for any set of
parameters within the sphere ® x € B(©g,w) where @y is the center and w is the corresponding
radius (which is a small value). With a total of L layers for the meta-model and each layer of m x

hidden units, this will give us ||Ve L(x; @(J)’*)HQ, IVe L(x; ®(J))||2 < (9(\/ mzLy) (Lemma
D.15). And this makes S1(K) < O(v/mzL). Since we have 11,1, < O(-L — ), summarizing the
results above, the upper bound can then be derived.

[Bounding term I, 5] Next, we proceed to bound I o, which will be

Iz =|f2 ([Vefl(Xié*); Vefl(Xg(’*)];egK_l)> — f2 ([stl(Xié*); Vof1(x§(’*)];0gK_l)>|

<01V s (X ): Voo (xk H[WhuK>%h( M
<& ||Vefilxy) — Vefi(x +é-|[Vailx¥) = Ve fi(x%)|],

<& HXK - X%, +&7- HXK - X% ||2

where the inequalities are due to the Lipschitz continuity / smoothness properties of over-
parameterized FC networks as we discussed above. Here, we notice that the second term on the RHS
can be bounded by directly applying the proving procedure of term /4 ;. Then, for the first term on
the RHS, we can following a similar procedure as for I, 1, by

Ixi = x|, = ||Z(7, @F=D=) — (T, @),
— ||<@<K—1>v* —me Y v@qp;:;@gg%*)) (@(K Ve Y Vel D}*,@“’))H
el jel]
= ||(@(K_2)’* - Q(K_Q))) 711 Z Vel D;* 1 9%) 1 Z Vel Di(* 1 9%)71)
el el
—(m- Y VeL(Dy0P) —m - > VeL(Dy ;07|
el Jel]
Y Ver Dy 00 —m - Y. VeL(Dy 09|
ke[K] je[J] J€EJ]

<O(m -KJmgLy)

where the last inequality is due to Lemma |D.15]and by iterating through K meta-training iterations.
Summing up the results above, we will have Iy 5 < O(12€2 - Ky/mxzLz)+ O(mé2 - KJVmzLyr).

[Summing up the results] Then, combining all the results, we would have

E2KJL
Rsingle(K) <0 <\/ ‘|’ + (14 271)4/2log(—+ 5 )) +O( L\/m— ) + Ym
where
K3L L2K4 11/6
71=2+O<pmlogm>+(’)<p4/3ml/ﬁlog (m))

K L*log®%(m) K3L K4L?log"/%(m)\ | &LKL*log™°(m)
Ym = <1 +O( o1/3m1/6 )) O(P\/ﬁ log(m)) + O( pA/3m1/6 > pl/3m1/6

Note that the majority of the terms above can be cancelled to O(1) with proper networks width m
indicated in Theorem 5.2] With increasingly large network width m, these terms will also become
diminutive enough to achieve our regret bound in the main body.

D.2 Extending the result to the batch settings (Proof of Theorem [5.2)

With the results and conclusions from Subsection|D.1] we proceed to provide the proof of Theo-
rem[5.2 under the batch settings. Recall that in our original problem formulation and Algorithm|[T} we
are expected to select a batch of B arms in each meta-training iteration, denoted by {€2. }rc|x]. Note
(k)

that each of the candidate arms from €2 are drawn i.i.d. from the task distribution P (7). Meantime,
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we will have the corresponding optimal arm batches, denoted by {€2}; } .c[x7, Which minimizes the
loss objective in Eq. [5] Recall that we update the meta-model parameters W1th

om — gk _,, . V@( Z £ ]”’95611))) — k-1 _ 772 Z V@( kl,@é%)
T i1€Q T i€EQ

where @,(:i) is the task-specific parameter for 7, ; after the inner-loop optimization for J steps.

Analogously, for the notation brevity and the sake of analysis, we denote f(© =1 [Q]; O(k_l)) =

f(xr ngfl)) + fo <[ng1(xi); Vo fi(xi); 0(2k1)) where we have x! := © %~V [Qx] being

the meta-parameters adapted to batch of tasks €25, and the batch-specific parameter is defined as
Xj = |917K‘ ZTk . [@;‘]g ]. Then, the regret under the batch setting can be denoted by

R(K) = Rbatch(K) = ETN’P(T),ENDT |:,C(:I¢,I(T, Q(K))):| — ETN’P(T).,-%NDT |:,C(CB,I(T, Q(K)’*)):|

— Eropr)anpy | L@ LT, 0K VO] - Brp(ramn, | L@ IT.00 D 05))

(O[5 ]) — (O V[ay))

(O [05]) — (OO0 ) + (O (0556
+ (@K [a]: 0% ) — h©K V),

and after applying properties of the arm pulling mechanism, it is equivalent to
(K-1)
)

h
h (K—1) (K—1)

) — f(OFI[Q]; 0K 1)

R(K) < (@D [ ]) — f(@F =[5 ];6
+f(@(K 1),% Q% }'O(K 1))*]5(9(K71)’*[Q*K];é
+ fOF V050 ) - (e Va0 )
+ f(O@F Vg0 ) — f(@F VK] 07Y) + f(O@F TV [k]; 0% — (@ VK]

(K-1)
)

(K-1)

< (WO V(05]) — F(OFD(0;:0" V) 4 |F(@U V[ : 0" ) - f@F D [05:6" 7))
Is A
+[FOF 105,67 — O[5 0|+ [F(©F V[0 0 ) — F@F D[N )
Ir T
+ [F(©F V[ 0% Y) — n(©F V()]
Iy

where the average value of estimated benefit scores for individual tasks T ; € Q is represented

as O VIOk]) = g - L can FOVMTieal) = @y - Loy ean (O = me
VgE(D;J{’i; G(KJ)Z), oK 71)), and the inequality is due to the pulling mechanism of BASS. Here,
I, Iy individually correspond to I7, I in the single-task setting and can be bounded by Lemma D.3|

Corollary |D.4] Term I can be upper bounded by I3 + I from the single-task setting above. Then,
for the rest terms Ig, I, we proceed to bound them separately.

D.2.1 Bounding error terms and assembling the regret bound

We begin with the term g, and then proceed to Ig. For the chosen batch of tasks 2 in the round K,

. _ _ J K-1
wewilave /() = 3 (6% Ve (i S, e, LD 1 OF)): 01
In this case, the average value of estimation sampling probabilities for tasks Tk ; € Q is

F@SVak) = (@ Vk]) + fo(0F VK]

i X [ HOE T 60 ) 4 (Vi ()i Tohik i)

|QK‘ Tr,i€EQK
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[Bounding the f; output difference] Next, let us first proceed to bound the output difference with
respect to the exploitation module f;, where we can transform this term into

AOFDL]) - f1(© (Kfl)[QK])

—fl( —772 V®(|Q ‘ Z ﬁDgﬁ’@gg)z)) B(K 1)
Ti,i€EQK
1 J K1
- |QK| T z:fz h (G)(k i " V@['( KJ;G(I(’;);HE ))
K,; €K
1 _ 1 J) K-1
:|Q | Z <f1(@(k 1)—772'V@(‘Q | Z ‘CD(IZ(NG(Kz)) ( ))
K Tk, ;E€EQK Tk, €QK

— 1(©F — - Vo L(DY ;;0); 0(1K_1)))~
Then, applying the Lipschitz continuity property will lead to
AOFV[ak]) - 1" Vk])

n2- & 1 5 ;
S S Nelg Lk 0) - Ver(Dh 0l
K Tr,i€EQK K Tk,;€EQK

Here, by the definition of the outer-loop optimization of first-order meta-learning, we will have an
alternative form the inequality, denoted by

f(OFV[k]) - ﬁ(@(“”mm) <
”gff ' ( > Hi Z Ve (L(D% ;;0)) ~ v@,qugi;@gQQM)

Tk, i€EQK JEQK

For the term in the parentheses on the RHS, substituting the backward operation with the H (-, -)
mapping function, we have

J J
S | > Vel(L(D% ;i OF))) = VeLl(D ;O]
Tk, i€QK TK JEQK
. ‘] . (
:TZ > Vel(c(Dk :0%)) ‘QK| Z VeoL(DY ;0
Ki€EQK 7}(76(2;( GEQK
1 7 7
<‘Q| > > | IVoL(Df ;;©%) = Vo L(DY ;0]
Tk, i€Qx Tk,; EQK
“ o XX (T 0% H (T 00 ),
Tk, €QKx Ti, ;EQK
< Qx| - S1(K).

with || = B. Therefore, the f; part of error term I3 could be bounded by f1(® % ~V[Q]) —
FLOEFVOK]) <y - €L - B - S1(K). where the upper bound S;(K) < O(v/mzLy) can be
found in the procedure bounding term I ;.

[Bounding the f> output difference] Then, with x - = oK1 [Qk], we proceed to bound the
output difference with respect to the exploration module, which is represented by

F2(0%V[k]) - f2(0" D [Qk])

= /2 ([vefl(XK) Vefl(XK)} G(K_l)) - Z fz([vofl(XfK,j); Vefl(Xg(,j)hegK_l))

Ti,; €EQK

9kl Z (f (Vo 1(xio): Vohi(xi): 2 1)) F2([Vofi(xi;): VoSi(x ;)l; 05"~ 1))>

Qx|
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By adopting the Lipschitz continuity property of fa, we will have
(0" V[Qk]) — (0% V]

< ‘£L| - > IVefi(xi)s Vefixdk) = (Vo fi(xic;): Vofilxk)l,
K Tr,;€EQK
< éL| = Y IVefilxi) = Ve filxic ), + Ve filxk) = Vo fixk )l
K TK,J‘EQK
£ s .
<& T il + Ik~
Tr,;€EQK
2 .
= §|LQK77|2 > ||V@(|QK‘ S LD ;0) — Ver Dy ;00
Tk, ;E€EQK Tr,i€QK
&7 R
+ ' Ix = X 4
|QK‘ TK;GQK J 112
<77.£2B,S(K)+f%'771, Z [ 1 Z o) _ 1 Z (J)H
> 1/2 L 1 |QK| |QK| K,i |Q ‘ 2
Tk, ;€EQK T, i €EQK EQK

where the last inequality is by applying the conclusion when bounding the output d1fference w.r.t. the
exploitation module f;. Then, for the second term on the RHS,

1 1
Y I, 2 Ommy X elksgg 3 el-efl

‘ Ti,i€EQK

Tk JEQK Ti,i€EQK GEQK Tk, i€EQK
N eK”—-gjv@aDgﬁeQm—weK*—-gjv@aDkﬁegyﬂb
TKJEQK Tk, i €EQK TE[T] TE[J]
|QK| > D 1D Vel DO ~ D VeLl(Di ;05
Tk, ;€K Tk,i€Qx TE[J] TE[J]

< |Qk[J - O(VmrLF)

where the last inequality is due to Lemma [D.15. Summing up all the results above will give us
the upper bound for f, output difference fo(®@ %V [Qx]) — f(O@EV[Qk]) < O(n, - 2B
vVmrLr +m - BJ-vmrLr).

[Similar procedure for term /5] Analogously, we can apply the same derivation for the error term
Ig, which leads to

Is = f(O@F D05 ); 0 )

A(K—1)
f <@(k 1), _772v® |Q I Z L Dq*,(")(‘]))) 01 )
Tix €%

1 1) % K—1
“ @ 3 f1<®(k D+ Ve L(DL:©); 8 )>.
Tix €23

(K-1) (K-1)

> IR ()

Following a similar procedure as that of term Ig will give us a similar bound as
D)ok 1 m(K=1) N (K-1)
Is = fOF V@50 ) — f(O@FTI 60 )
<Oy -&iB-VmzrLyr + BJ -\/mzLrn).

where the learning rate 77,72 < (’)( ) is a small value. Then, the upper bounds for error terms
Ig, Is are given as desired.

[Assembling the results] Then, combining all the results, we would have
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where

K3L L’K* 11/6
71:2+O<pmlogm)+(9<p4/3ml/ﬁlog (m))

K3 10g5/6(m) K3L K4I2 logll/ﬁ(m) §L KL 10g5/6(m)
Y = <1 +O( 31/ ))O(pm log(m)) + 0( PA7Bm1/6 ) /3176

Similarly, with proper networks width m as in Theorem 5.2] the majority of the terms above can
be cancelled to O(1). With increasingly large network width m under the over-parameterization
settings, 1, 7V, Will also become diminutive.

D.3 Performance Guarantee for the Exploitation and Exploration Modules

In this subsection, we would like to give the performance guarantee for the proposed BASS framework,
and the corresponding performance bound can be applied to derive an upper bound for the error terms
1, I for the single-task settings and I5, I9 under the batch settings. Up to meta-training iteration
k € [K] (before updating the meta-parameters and BASS), we denote all the past records received as
‘Pr—1. Before presenting the main lemmas, we first introduce the following operator. Inspired by [3],
with two arbitrary vectors X, x such that ||x||2 < 1, ||x|l2 = 1, we have the following operator

. X X
¢(X7X):($7§?c) (11)
as the concatenation of the two vectors %, X and one constant ¢, where ¢ = /3 — ( ”%2 )2 > 1.

And this operator transforms the transformed vector into unit norm, ||¢(X, Xx)||2 = 1. The idea of
this operator is to make the gradients Vg f1(+; 01) of the exploitation model, which is the input of
the exploration model f5(+; 83), comply with the normalization requirement and the separateness
assumption (Assumption [5.1). For the sake of analysis, we will adopt this operation in the following
proof. Note that this operator is just one possible solution, and our results could be easily generalized
to other forms of input gradients under the unit-length and separateness assumption. Similar ideas
are also applied in previous works [9]. We begin to bound the single-task settings with the following
lemma.

Lemma D.1. For the constants ¢}, > 0,0 < p < O(1) and & € (0,1), given the past records
Pr.—1, we suppose m., n1, 12 satisfy the conditions in Theorem [z and randomly draw the parameter
{Hgk), ng)} ~ {5@, 5;7)}T€[k]. Consider the past records Pj_1 up to round k are generated by
a fixed policy when witness the candidate arms {Ql(;—si re[k)- Then, with probability at least 1 — &
given an arm-reward pair (T, 7,7, 7), we have

Vo fi (XZ;)J Vo f1 (Xi;)}
c;L

E7 inP(T) {|f2 <¢( 7XZV;)§9(21€_1)) - (rT - fl(XZ’g;o(lk_l)))| |Qfa’§3<,7’k_1]

1 3L k
< (\/E+ 7T+ 2log(5)>

where

k3L L2k* 1
— /6
712+O<p —~ 10gm> +O(p4/3m1/6 log (m))

Proof. The proof of this lemma is inspired by Lemma C.1 from [9]. First, we can derive the output
upper bound

Ve fi(x; ;); Vo fi(x] ;)] _ _
2 <¢( ST X0y 1)) - (T"'fl(XZz?ggk 1)))‘
g
Ve fi(x; ;)% Vo fi(x] ;)] _ _
< (o 08 ) | 001
<14 2v
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by triangle inequality and applying the generalization result of FC networks (Lemma |D.5) on
f1(561), f2(; 02).
[ efl(Xk") vefl(X A)]

For the brevity of notation, we use V f1 (7} ;) to denote ¢( T i?) and apply

(Xx,Tr) as (x! .= Ty, 7) for the following proof. Define the difference sequence as

f2<Vf1( +); 0 (T 1)> < - filx,; 01 0" 1))>H
f2<Vf1( T.7):05 ”) - (r — filx,: 05 ”))‘

Since the past rewards and the received arm-reward pairs (x,,7,) are generated by the same reward
mapping function, we have the expectation

E[VV|F] =JE[fz (Vfl(ﬁ,z)%9571)> - ( ~h0c61 1))> H

-E{E(Vfﬂzﬁxag”)—-Qy—jﬂerY”OMF4::O

where F; denotes the filtration given the past records P, up to round 7 € [k]. This also gives the

vl = {

fact that VT(l) is a martingale difference sequence. Then, after applying the martingale difference

sequence over [k], we have
fo (Vf1(TT;);0§T_”) - ( — hilx, 0y ”))H

P X v S|
TE[k] Te[k]

I2 (Vf1 7 oY > - <Tr - fl(XT;egT_l))> '

Then, by applying the Azuma-Hoeffding inequality, it leads to

iy
PHZV}U = STEVO] > (1+27) 210gk(1/6)} <6
TE[k]

T€[k]
Te[k]

Since the expectation of V(l) is zero, with the probability at least 1 — § and an existing set of

parameters 03 s.t. ||@2 — 0(0) <o ( T log m) the above inequality implies

1 2log(1/6
b3 < 1T
TEk

(VAT 508 ) = (1o = R0t )|

f2 (Vfl 2); 0y~ 1)> - (Tk — filx, 07 U)) H

En’iwp(T)E{e(k—l)’e(k—l)} |:
<z Z
TEK]

2 (m(t;); 057 ) = (e~ Aers6l™) |+ (14 2 2ELD)

: - )| 2 STog(1/5)
(% T;C] fz(Vfl 7):6 > < — fi(x,: 01 )>’+ m+(1+27l) -
< ey 2 (700:) - (= o) [+ S w0y
26 2log(1/9)
& \/:*er(lJr?%)\/T.
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where the first equality is due to the sampling of candidate tasks and the model parameters. Here,
the upper bound (i) is derived by applying the conclusions of Lemma [D.6| and Lemma |D.10,
and the inequality (ii) is derived by adopting Lemma |Dj6| while defining the empirical loss to be

3 relh] ‘f 2 (Vf (T2 92) - (TT — filxs 0§Tl))> ’ < &,. Finally, applying the union bound

would give the aforementioned results.
O

Here, analogous to the trained parameters, we consider the shadow parameters as {G(k) * B(k 1~

{917)’ éT)’*}TE[k]. Similarly, each pair {5@’ 7)7 } is separately trained on past received

rewards of the optimal arm(s) {77/ i+ } /e[, 7, .. eq: and past exploration scores of the optimal arm(s)

Tl

{er i« }rrefr), 7.0 eq; With Je-iteration GD, starting from the random initialization {050), 0&0) }.

Corollary D.2. For the constants 0 < p < O(1/L) and 51 € (0,1), given the past records Py_1,

we suppose m,n, J satisfy the conditions in Theorem and randomly draw the parameters
{Hgk)’*, 0ék)’*} {057)7 T) *}re[k] For the optimal arm T, ;- € QF . consider its union set
with the the collection ofpast optimal arms Pji_; U {Tg i+, T i+ } are generated by a fixed policy

when witness the candidate arms {Qt(‘;;(}re[k], with P}_, being the collection chosen by this policy.
Then, with probability at least 1 — §, we have

Vofi(xy"): Vefilxi” oy, k1) )
Er op(r) [|f2(¢<[ L0 TR0 ot A0 ol Py

(\ﬁ+ +(14+m) 2log(/§)>+rk

where 1 ;= is the corresponding reward generated by the mapping function given an arm X, ;«, and

kL3 10g® % (m) KL k5 L2 1og™ /% (m)
Ty = (1 +O(7p1/3m1/6 )) 'O(pm log(m)) +O<p4/3m1/6 )

Proof. This corollary is the direct application of Lemma|D.1|by following a similar proof procedure.
First, suppose the shadow models f;(-; 82), f2(+; 82) are trained on the alternative trajectory P;_;.
Analogous to the proof of Lemma[D.I] we can define the following martingale difference sequence
with regard to the previous records P;_; up to round 7 € [t] as

fz(Vfl( )05 )—(ri—fl(xi;eY_”’*))H
—\fo (Vflm,i*);eé“”’*) - (r — hx; e ))’

Since the records in set P;;_; are sharing the same reward mapping function, we have the expectation

fz(w 1*>;0§T‘”’*>(r* Al 070" ))H
||V ) < (1 nior 0 )1 <o

where I¥ denotes the filtration given the past records P;_ ;. The mean value of VT(l)’*

time steps will be

I P

TE[k] TEk]

3P

T€[k]

VT(l),* _ |:

]E[V(l)’ | ™) = {

across different

fz(vfl( );057‘”’*) - ( — Al 07 >>H

fz(Vfl z*)§9(27_1)’*> - <7” *fl(Xﬂ@(T b )>‘
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with the expectation of zero. Afterwards, applying the Azuma-Hoeffding inequality, with a constant
§ € (0,1), it leads to

1 1 21og(1/9)

P|= v 2 NT RV > (142 = <6

& VOt L Y B 2 (2 2R <
TEK] TEk]

To bound the output difference between the shadow model f (+; 0§k_1)’*), fa(ss 0ék_1)’*) and the

model we trained based on received records fi (- 05’“71)), fa( ngfl)), we apply the conclusion

from Lemma [D.11] which leads to that given arbitrary input vectors x, x’, we have

[l 037 = i@ 0, o050 — falas 05 <
kL310g® ®(m) k3L E*L21og™/%(m)
Finally, combining all the results will finish the proof.

O

We will also be able to have the performance guarantee under the batch settings. Recall that given
a batch of chosen tasks 2, C Qt(il)(,
tasks being © X~V [Q], which we consider as the input for the fi(-; 61) model, where the tasks
within each collection are sampled from the task distribution. Thus, chosen task batches from different
iterations are also independent from each other. Intuitively, we can also define the corresponding

reward for arm batch Qy as rp, = h(@*~Y[Q]). Then, we bound the batch settings with the
following lemma and corollary.

Lemma D.3. For the constants c;, > 0, p € (0, O(1)) and & € (0,1), given the past records
Pr— 1, we suppose m, 11, N2 satisfy the conditions in Theorem |_2 and randomly draw the parameter

{9 (k)} {0, (T) 0(27)}76[“ Consider the past records Py,_1 up to round k are generated by
a ﬁxed policy when witness the candidate arms {ka}Te[k Then, with probability at least 1 — §
given the pair of chosen arm batch and the reward (Q, ry;) in round k, we have

\% Y
E7, .~P(T) [Ifz (¢([ efl(xki,L Bfl(xk 1) 08 U) < ~ flxg 68 >| ’Qt(a@apkl}

T (vaE + v a2

k € [K], we have the meta-parameters adapted to this batch of

where

KL LR
71=2+(9(pmlogm>+(’)(p4/3ml/ﬁlog (m))

Proof. The proof of this lemma is analogous to the proof of Lemma |D.1| First, we can derive the
output upper bound

£ <¢([Vof1(xki/ Lvefl( )]7X%)§ eékn) B (Tk A ngl))>’

< ‘f2 (¢ VGfl(Xk)/LVGfl( )]7xz);0gk1)>‘
Cq

+ fl(xZ;HY“))‘ +1

by triangle inequality and applying the generalization result of FC networks (Lemma [D.5) on
f1(5;01), fa(+; 02), where ¢, > 0 is a positive number to scale the concatenated gradient vector.

[Vos1 (xi Z¢ Yol10)] 34y and apply (xg, %)

as (x{., ) for the following proof. Define the difference sequence as

V) =E [fZ(Vfl( ;05 1)> ( — filx.; 07 1))>H
fz(w ;05 “)—<r7—f1<x7;0§”)))\-
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Since the past rewards and the received arm batch-reward pairs (x,, 7, ) are generated by the same
reward mapping function, we have the expectation

f2<vf1( ;05 1)) - (Tr—fl(XT;eng)OH
~&||f2(VA@:65) = (1 - A6 ) 7] 0.

where F. denotes the filtration given the past records P, up to round 7 € [k]. This also gives the
fact that VT(Q) is a martingale difference sequence. Then, after applying the martingale difference

sequence over [k], we have
()00

1 1
- PR =% > E {
TEk]
f <Vf1 )05 ”) ( 6 ”))‘

TE[k]
By the Azuma-Hoeffding inequality, it leads to P[i ZTE[M 7AS. %ETE[M E[VT(2)} > (1+

B[vi|F,) =E |

7%2

TEK]

271) 21%(,1/5) < 4. As we have discussed, the tasks within each collection are sampled from the

task distribution, which makes chosen task batches from different iterations {2y, k € [K] are also
independent from each other. Since the expectation of VT(2) is zero, with the probability at least

1 — 4 and an existing set of parameters 05 s.t. |[@2 — 0%0) |I<0 (% log m), the above inequality

implies

2log(1/9)
k7

f2(Vf1( ); 05 l)> ( — hix: 6% D))H
R (950057 ) = (- e )|

1
= 2 V< (1+2m)
T€[k]

ETk,wP(T)E{eg’“*”,e;"'*“} {

>l

TEk]
Sf 2 f2<Vf1 S U) ( — Ai(x:0 1)))‘+(1+2%) 21%(1/5)
Te[k

IN

>3
TEk]

fa (Vfl(Qr)%"z) - (TT - fl(xT;O(f”))‘ + 52% + (1 +271) 21%(1/6)

—~
=

i)

= % > |f <Vf1(QT);92> - (TT - fl(XT;agT_l))> ‘2 + jQL—k + (1 42m) 7210%51/6)

TE[k]

2
s f2+—+(1+2m)

V2k

where the first equality is due to the sampling of candidate tasks and the model parameters. Here,
the upper bound (i) is derived by applying the conclusions of Lemma |[D.6| and Lemma [D.10,
and the inequality (ii) is derived by adopting Lemma |D_g| while defining the empirical loss to be

% Zre[k] fo <Vf1 (2,); 02> — ( — f1(x,; O(T 1))> ‘ < &,. Finally, applying the union bound

would give the aforementioned results.

21og(1/9)
—

O
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Analogously, we consider the shadow parameters as {6\, 051 ~ {0, 0 T)’*}T6 where

each pair {5?)7 (T) } is separately trained on past received rewards of the optimal arm(s)

{rT/)i*}T/e[Tm—T,MGQZ and past exploration scores of the optimal arm(s) {e;s i }r¢[r T Tor 1 €90

with Jg-iteration GD starting from the random initialization {0(10), 050) }.

Corollary D.4. For the constants p € (0, (’)(%)) and 51 € (0,1), given the past records Pj_1,
we suppose m,n1,J satisfy the conditions in Theorem and randomly draw the parameters

{ng)’*, 0§k)’*} ~ {557) T) *}re (5] For the optimal arm batch Q, C QF . consider its union
set with the the collection of past optimal arms P} _, U{Q},r}} are generated by a fixed policy when

witness the candidate arms {Qt(;;(}TG[k], with Pj;_, being the collection chosen by this policy. Then,
with probability at least 1 — 0, we have

Vofi(xy"); Vefilxi” oy k1) )
Er ur(r) [|f2(¢<[ oL TR0 04 ) = (= £k 08 ) ol P

(\ﬁ+ +(14+m) 2log(§)>+rk

where 1 i« is the correspondmg reward generated by the mapping function given an arm x , ;-, and

: / 5 11/
Ty = (1 1 o log(m) G(m))> O yogmy) + 0(’“ L log 6(m)>.

pL/3m1/6 p/m p3/3m1/6

This corollary is a directly application of Lemma|D.3|and can be obtained with a similar proof as in
Corollary

D.4 Ancillary Lemmas

Applying Py_; as the training data, we have the following properties for the over-parameterized FC
network f(-; 0) after GD.

Lemma D.5. For the constants p € (0,0(1)) and &, € (0,1), given the past records Py_1 up to
time step k, we suppose m,ny, J1 satisfy the conditions in T heorem [5.2] Then, with probability at
least 1 — 0, given a sample label pair (x, 1), we have

[f(z;0%)| <y =2+0 ﬂlogm +0 ﬂlogn/ﬁ(m)
; = p/m pA/3m1/6 :

Proof. The LHS of the inequality could be written as
[f(@;0)] <|f(x0) - f(x;0) = (Voo f(;07),0 — 6]
+1£(@;6) + (Voo f(@;6)),6 — ).

Here, we could bound the first term on the RHS with Lemma|D.7} Applying Lemma [D.8|on the
second term, and recalling ||@ — 6©) ||, < w, would give

| (@:0)] < 24 (Vg /(20210 — 02+
OW'2L%\/mlog(m)) - 6 — 6|
<24 0(L) -0 8z + O(L*/mlog(m))(|6 — 82)%.
Then, applying the conclusion of Lemma|D.6|would lead to

ol

3

N . k ogm 2 m logim k3 ogm
f(@:0)| <2+ O(L) O(pﬁlg )+<9<L Tog >>(0<pﬁ1g >)

KL LR
:2+(’)( logm)—FO(Wlog (m)) =7.

pvm
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Lemma D.6 (Theorem 1 from [3]). Forany0 <& <1,0<p < O(%) Given the past records
Pr_1, suppose m, 11, J satisfy the conditions in Theorem [5.2| then with probability at least 1 — 4,
we could have

1. L(0) < & after J iterations of GD.

2. Forany j € [J],

Y — 9| <0 (% logm).

In particular, Lemma above provides the convergence guarantee for f(-; @) after certain rounds
of GD training on the past records Py_ .

Lemma D.7 (Lemma 4.1 in [10]). Assume a constant w  such that
O(m=312L=3?[log(TnL?/5))>/?) < w < O(L Sllogm|=3/?) and n training samples.
With randomly initialized 0%, for parameters 6,6’ satisfying |0 — 67|, (|6 — 0V || < w, we have

F(2:0) — F(236) — (Vor f(:6)),0 — 8')] < O3 12\ /m]log(m)) |6 — 6
with the probability at least 1 — 0.

Lemma D.8. Assume m,ny,J satisfy the conditions in Theorem @and 0 is randomly initialized.
Then, with probability at least 1 — & and given an arm ||x||2 = 1, we have

L |f(z;09) <2,
2. Voo f(2;09)||]s < O(L).

Proof. The conclusion (1) is a direct application of Lemma 7.1 in [3]. Suppose the parameters of the
L-layer FC network are @ = {01, ...,0}. For conclusion (2), applying Lemma 7.3 in [3], for each
layer 0; € {01, ...,60L}, we have

Ve, f(2;0)|]2 = |(0LDr—1 - Di110141) - (Di310151 - D161) - 7|2 = O(VL).

where D is the diagonal matrix corresponding to the activation function. Then, we could have the
conclusion that

Voo F(;:0 )2 = | [[Ve, f(a;6)|3 = O(L).
le[L]

O

Lemma D.9 (Theorem 5 in [3])). Assume m,ny,J satisfy the conditions in Theorem and 6
being randomly initialized. Then, with probability at least 1 — §, and for all parameter 0 such that

16 — 09|y < w, we have

IVof(x:0) = Vo f(a;0)]|2 < O(w'/*L?/log(m))
Lemma D.10. Assume m,n; satisfy the condition in Theorem[5.2] For notation brevity, suppose the
training sample-label pairs are {x,, 7+ } ;e With the probability at least 1 — 6, we have

3LV2k

T.O(T) —r | < T.O(k) —r.
Z%ﬂm, >r|_§%ﬂm7 ) = el + =5

Te[k

Proof. With the notation from Lemma 4.3 in [10]], set R = w, v=R2 ande = \/L%. Then,

considering the loss function to be £(0) := >_ | f(%+;6) — r-| would complete the proof. [
Lemma D.11. Consider a randomly initialized L-layer ReLU fully-connected network f(-;60q). For
any0 < & < 1,0 < p < O(2). Let there be two sets of training samples Py, P}, with the unit-length

and the p-separateness assumption, and let @ be the trained parameter on Py, while @' is the trained
parameter on Py.. Suppose the conditions in Theorem are satisfied. Then, with probability at
least 1 — 9, we have

f@ﬁ%ﬂwyﬂ<o+0(

kL310g”/%(m k3L k*L210g' % (m
1/3 1(6 )) -O( log(m)) + O 4/3 16( )
p1/3m1/ o/m A3/

when given a new sample € R,
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Proof. First, based on the conclusion from Theorem 1 from [3] and regarding the ¢ samples, the
trained the parameters satisfy [|@ — q|2, |0 — 6o[l2 < O(% log(m)) = w where 6 is the
randomly initialized parameter. Then, we could have

Vo f(x;:0)ll2 < [[Ve, f(x;00)|2 + Vo f(x;0) — Ve, f(z;60)]]2
kL31log® ®(m
< (1r o) o)

w.r.t. the conclusion from Theorem 1 and Theorem 5 of [3]]. Then, regarding the Lemma 4.1 from
[10], we would have

|f(:0) — f(x:60') — (Vo f(2:0'),0 — 8')| < O(w'*L?\/mlog(m)) - |6 — 6'2.
Therefore, the our target could be reformed as
|f(;0) — f(2;0")] < Vo f(;0")2]|0 — 6'||2 + O(w'/>L*\/mog(m)) - |6 — 6’|

kL31og®/ % (m)

< (1+ ot

)) -O(L) - w+ (’)(w4/3L2 mlog(m))

Substituting the w with its value would complete the proof.
O

Corollary D.12. Following a similar settings as in Lemma|[D.I1, consider a randomly initialized
L-layer fully-connected network f(-;0¢) with Sigmoid activation. Forany 0 < & < 1,0 < p <
(’)(%) Let there be two sets of training samples Py, P, with the unit-length and the p-separateness
assumption, and let O be the trained parameter on Py, while @' is the trained parameter on P;..
Suppose the conditions in Theorem 5.2 are satisfied. Then, with probability at least 1 — 6, we have

) kL?log” kL k*L?log'/®
i) flas6) < (14 0L TE I ) 0 Etogm)) + 0 FEZE )

when given a new sample © € R,

Proof. This corollary is an intuitive extension of Lemma |[D.11. Since the result from Theorem 1
of [3]] also applies to Lipschitz-smooth (i.e., Sigmoid) activation functions, combining the proof of
Lemma|D.11|and the result from Lemma 7 in [46] will give the conclusion.

O
D.5 Regret Bound for Uniform Sampling

Lemma D.13 (Regret Bound for the Uniform Sampling Approach). When applying the uniform
sampling as in most meta-learning frameworks, we denote the corresponding sampled task series as

Qu(K). We will have Ry, (K) = Erup() a~py [E(ac; (T, 0 — L (a; (T, (a(K)’*))] . where

2 < w,

('-),(LK ) refer to the meta-parameters trained with uniform sampling. With ||©%) — @)
we have the regret bound for the uniform sampling as

Fulk) = E7pir)an | (@ T(T, O0) — £(a: (7,010

L
< VmrLr-w+ OWY?L3/mzlog(mzr)) + O( m—]:)
F
KABLEP L
Smin{O(KL]:—l— v \/Og(m}—)—&-\/}-), 1}

1/6 m
mx F

Proof. Here, for the simplicity of notation, we denote ® = Z(7T, ©®), and neglect the expectation
terms. Note that the difference between adapted meta-parameters and the original meta-parameters is
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small enough and can be well-bounded. We will then have

Ry(K) = Erp(r) o~y | L@ (T, 08)) — L(z; (T, ©F)))

~ = (K) = ()

— £(®,")-£®"")

where the two sets of meta-parameters are trained with uniformly sampled tasks and the optimal tasks,

and © is used to denote the adapted meta-parameters Z (7, @) for simplicity. With any convex loss
function (e.g., Ly loss or cross-entropy loss) under the over-parameterization settings, we will have
the generalization loss being almost convex w.r.t. the meta-parameters as in Lemma [D.14, which
leads to

=~ = (K) ~ ~ ~(K)
L£L®, )-L(O ) <(VgL(®,
( ~(K)  ~(K)x*
< [V L(®, )28} — 6" ||, + ¢
( *
V6L, )20 — @)%y 41y - O(/mrLyr) + ¢
()

L VimrLy -+ O L Toglmz) + 0y £2)

(K).x (K) = (K)x

),0, —© ) +e

IN

(i) KAB3L3 flog(mr) Lr
< O(KL]-‘ + /6 + m)
mr F
11/3
G F e Z 5@ <minlo( KL +K4/3Lf/ vieg(mz) | [z
w < F m}:/ﬁ mr )’

where € = O(w*3L3-\/mzlog(mz)) > 0, and @) — @), < w. Here, the first in-
equality is due to Lemma |D.14 and the convexity of the loss function. The third inequality is
due to the upper bound for meta-model gradients (Lemma D.15). The (i) is due to Lemma
D.16 and sufficiently small learning rate 7; < (’)(m ). Based on Lemma [D.15, we will have
Ve L(x; @I‘(])’ M2, Ve L(x; @%))Hg < O(vmxLx). Since we have 11,12 < O(%), start-
ing from randomly initialized 0O, the parameter shift caused by GD can be upper bounded by
[0 —eM)|, <w=0(K -/ #—J;) The implication (iii) is because the loss function £(:;-)
has the value range [0, 1]. O
Here, we notice that the RHS of the regret bound in Lemma|D.13 has two terms. Although the second
term can be reduced to O(1) with sufficiently large meta-model width mz > O(Poly(K, L, p~1)),

the first term tends to grow along with more iterations K and the larger meta-model width m . The

reason is that the radius for the parameter shift during meta-training w can be as large as O(\/TT)

which means that it cannot cancel out the effects of gradient norms, which have the order of O(,/mx).
In this case, we will not able to include a m z term to the denominator to scale down the regret with
mr, and make the upper bound narrower than 1.

Lemma D.14. Given an arbitrary sample x and its label, let Z(@) = L(x;O). Suppose mx,n1, 12
satisfy the conditions in Theorem|£2. With probability at least 1 — O(KL%) - exp[ Q(mrw?PLF))
over randomness of ©©), for all k € [K], and ©, 0’ satisfying |© — O], < w and |©" —
O, <wwithw < O(L7%[log mx)~3/2), it holds uniformly that

L(O)—L(O) < (VeLl(©),0 —0)+e¢
with e = O(w*/3L%\/logmz)) being a small constant.

proof. This proof follows an analogous approach as the proof of Lemma 4.2 in [10]]. Let V ]:E (@)
be the derivative of £ with respective to F(x; ©). Then, it holds that [V z£(©")| < O(1) based on
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Lemma Then, by convexity of L, we have

L£(©)—L(®)
2 VLE(O) - (F(a:©) - F(x:©))

V@) (VoF(x:©),0 —6)

— |V£L(®)] - |F(2;0') - F(x;0) — (VF(;0),0' - 0)
> (VoL(©),0' - ©) — |V£L(O)|F(x;0) - F(x;0) - (VF(z;0),0 - 6)|
iii)

> (VoLl(©),0 —8) — O(w3L3\/mrlog(mr))
> (VeLl(©),0 —0)—«

o

where (i) is due to the convexity of the loss function £, (ii) is an application of triangle inequality,
and (iii) is the application of and Lemma|D.16. Finally, denoting € = O(w*/3L-\/mz logmz) will
complete the proof.

O

Lemma D.15. Suppose mx, 1,12 satisfy the conditions in Theorem[5.2] With probability at least

1—O(KLy)-exp(—Q(mzw?3Lx)) over the random initialization, © satisfying @ —0© ||, < w

with w < O(L;-g/2

[log mx]|~?), it holds uniformly that
[VeF(x;©)[l2 < O(vVmrLF),
IVeL(x;©)|2 < O(vVmzLy).
Proof. This lemma is a direct application of Lemma 9 of [46]] and Lemma B.2, B.3 of [[10].
O

Lemma D.16. Suppose mr,n1,n2 satisfy the conditions in Theorem With probability at
least 1 — O(KLgz) - exp(—Q(mzw?/2Lx)), forall t € [T),i € [k], ©,0 (or ©,0" ) satisfying

@ — 0V, |0 -0, < wwithw < (’)(L}g/z[logm}-]_3), it holds uniformly that
F(2:0) — F(: @) — (Vor F(2;0'), — @) < 0P L2 /mzlog(im7))|© — &

Proof. The proof for this lemma directly follows the proof of Lemma 4.1 in [[10] and Lemma 7 in
[46]. O
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