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A Proof of Proposition 1

To facilitate the analysis, we make the following definition. For two real-valued sequences {an} and
{bn}, if limn→∞ 1/n log(an/bn) = 0, we call them logarithmically equivalent, denoted by an=̇bn.

We first analyze 1− P{I∗n = I∗}. Note that 1− P{I∗n = I∗} = P
{ ⋃

i ̸=I∗
n

(θi > θI∗
n
)

}
and we have

max
i ̸=I∗

n

P(θi > θI∗
n
) ≤ P

{ ⋃
i̸=I∗

n

(θi > θI∗
n
)

}
≤ (k − 1)max

i ̸=I∗
n

P(θi > θI∗
n
).

Then 1− P{I∗n = I∗}=̇maxi ̸=I∗
n
P(θi > θI∗

n
). In round n, θi − θI∗

n
follows N (µn,i − µn,I∗

n
, σ2

n,i +

σ2
n,I∗

n
). Let Φ(·) and ϕ(·) be the cumulative density function and probability density function of the

standard normal distribution, respectively. We have

P(θi > θI∗
n
) = 1− Φ

(
µn,I∗

n
− µn,i√

σ2
n,i + σ2

n,I∗
n

)
.

Let z =
µn,I∗n−µn,i√
σ2
n,i+σ2

n,I∗n

and z > 0. By the following property of the cumulative probability function of

the standard normal distribution
z

(z2 + 1)
< 1− Φ(z) <

1

z
ϕ(z)

and µn,I∗
n
− µn,i > 0, we have

P(θi > θI∗
n
)=̇ϕ

(
µn,i − µn,I∗

n√
σ2
n,i + σ2

n,I∗
n

)
=̇ exp

(
−
(µn,i − µn,I∗

n
)2

2(σ2
n,i + σ2

n,I∗
n
)

)
. (A.1)

Denote Tn,i as the number of samples for arm i before round t, i.e., Tt,i ≜
∑t−1

l=0 1{Il = i}. By (1)
in the main text, we have

σ2
n,i =

1

(σ2
i /Tn,i)−1 + σ−2

0,i

.
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Then

1− P{I∗n = I∗}=̇max
i̸=I∗

n

(
exp

(
−
(µn,i − µn,I∗

n
)2

2(σ2
n,i + σ2

t,I∗
n
)

))

=̇ exp

(
−nmin

i ̸=I∗
n

(µn,i − µn,I∗
n
)2

2(σ2
n,i + σ2

t,I∗
n
)

)
.

Hence

ΓKG = lim
n→∞

− 1

n
log(1− P{I∗n = I∗}) = min

i ̸=I∗

(µi − µI∗)2

2(σ2
i /wi + σ2

I∗/wI∗)
. (A.2)

Notice that the sampling rate wi of each arm i of the KG algorithm has been characterized in [1], with

w⟨1⟩

w⟨2⟩
=

σ⟨1⟩

σ⟨2⟩
and

w⟨i⟩

w⟨i′⟩
=

(µ⟨1⟩ − µ⟨i′⟩)/σ⟨i′⟩

(µ⟨1⟩ − µ⟨i⟩)/σ⟨i⟩
, i, i′ = 2, 3, . . . , k and i ̸= i′.

Together with
∑k

i=1 wi = 1, we have

w⟨1⟩ =

(
σ⟨2⟩

σ⟨1⟩

∑
i̸=1

1

c⟨i⟩
+ 1

)−1

(A.3)

and

w⟨i⟩ =

(
c⟨i⟩

(∑
i ̸=1

1

c⟨i⟩
+

σ⟨1⟩

σ⟨2⟩

))−1

, i = 2, 3, . . . , k. (A.4)

Plugging into (A.2),

ΓKG = min
i̸=1

(
(µ⟨i⟩ − µ⟨1⟩)

2

2((
∑

i̸=1 σ⟨2⟩/c⟨i⟩ + σ⟨1⟩)σ⟨1⟩ + c⟨i⟩σ
2
⟨i⟩(
∑

i ̸=1 1/c⟨i⟩ + σ⟨1⟩/σ⟨2⟩))

)
.

B Proof of Proposition 2

Similar to the proof of Proposition 1, we have

ΓTTEI = lim
n→∞

− 1

n
log(1− P{I∗n = I∗}) = min

i̸=I∗

(µi − µI∗)2

2(σ2
i /wi + σ2

I∗/wI∗)
.

Since for the TTEI algorithm,

(µi − µI∗)2

2(σ2
i /wi + σ2

I∗/wI∗)
=

(µi′ − µI∗)2

2(σ2
i′/wi′ + σ2

I∗/wI∗)
, ∀i ̸= i′ ̸= I∗,

we have

ΓTTEI =
(µi − µI∗)2

2(σ2
i /wi + σ2

I∗/wI∗)
∀i ̸= I∗.

According to (A.3), for the KG algorithm, w⟨1⟩ = (σ⟨2⟩/σ⟨1⟩
∑

i ̸=I∗ 1/c⟨i⟩+1)−1. Now by setting β
of the TTEI algorithm to the same value, the sampling rates of the best arm from these two algorithms
will be the same. According to Theorem 2 of [2], among algorithms allocating the same proportion
of the samples to the best arm, ΓTTEI of the TTEI algorithm is optimal, i.e., ΓKG ≤ ΓTTEI.

C Proof of Propositions 3, 4 and 5

Propositions 3, 4 and 5 give the expressions of iKGt,i, iKGϵ
t,i and iKGF

t,i. Below we introduce a
lemma first, which will be used in the proofs of the three propositions.
Lemma C.1. If arm i is sampled from N (µt,i, σ

2
i ) in round t, θi and θi′ follow N (µt,i, σ

2
t,i) and

N (µt,i′ , σ
2
t,i′) respectively. Then,

E[P(θi > θi′)] = exp

(
− (µt,i − µt,i′)

2

2(σ2
t+1,i + σ2

t,i′ + σ2
i (σ

2
t+1,i/σ

2
i )

2)

)
.
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Proof of Lemma C.1:
We know that θt,i follows N (µt,i, σ

2
i ). Then by (1) of the main text, we have

µt+1,i =


σ−2
t,i µt,i + σ−2

i θt,i

σ−2
t,i + σ−2

i

if It = i,

µt,i if It ̸= i,

and σ2
t+1,i =


1

σ−2
t,i + σ−2

i

if It = i,

σ2
t,i if It ̸= i.

Recall that

P(θi > θI∗
t
)=̇ exp

(
−
(µt,i − µt,I∗

t
)2

2(σ2
t,i + σ2

t,I∗
t
)

)
.

Then

E[P(θi > θi′)] = E

[
exp

(
− (µt+1,i − µt,i′)

2

2(σ2
t+1,i + σ2

t,i′)

)]

=
1√
2πσi

∫ ∞

−∞
exp

(
−
(
σ−2
t,i µt,i+σ−2

i θt,i

σ−2
t+1,i

− µt,i′)
2

2(σ2
t+1,i + σ2

t,i′)

)
exp

(
− (θt,i − µt,i′)

2

2σ2
i

)
dθt,i

=̇ exp

(
− (µt,i − µt,i′)

2

2(σ2
t+1,i + σ2

t,i′ + σ2
i (σ

2
t+1,i/σ

2
i )

2)

)
.

Proof of Proposition 3:
For the best arm identification problem, if i ̸= I∗t ,

iKGt,i = E[vn(T (St, i, θt,i))− vn(St)]

=1−
∑

i′ ̸=i ̸=I∗
t

exp

(
−
(µt,i′ − µt,I∗

t
)2

2(σ2
t,i′ + σ2

t,I∗
t
)

)
− exp

(
−

(µt,i − µt,I∗
t
)2

2(σ2
t+1,i + σ2

t,I∗
t
+ σ2

i (σ
2
t+1,i/σ

2
i )

2)

)

−

(
1−

∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
)2

2(σ2
t,i′ + σ2

t,I∗
t
)

))

=exp

(
−
(µt,i − µt,I∗

t
)2

2(σ2
t,i + σ2

t,I∗
t
)

)
− exp

(
−

(µt,i − µt,I∗
t
)2

2(σ2
t+1,i + σ2

t,I∗
t
+ σ2

i (σ
2
t+1,i/σ

2
i )

2)

)
.

If i = I∗t ,

iKGt,i = E[vn(T (St, i, θt,i))− vn(St)]

=1−
∑
i′ ̸=I∗

t

exp

(
−

(µt,i′ − µt,I∗
t
)2

2(σ2
t,i′ + σ2

t+1,I∗
t
+ σ2

I∗
t
(σ2

t+1,I∗
t
/σ2

I∗
t
)2)

)
−

(
1−

∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
)2

2(σ2
t,i′ + σ2

t,I∗
t
)

))

=
∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
)2

2(σ2
t,i′ + σ2

t,I∗
t
)

)
−
∑
i′ ̸=I∗

t

exp

(
−

(µt,i′ − µt,I∗
t
)2

2(σ2
t,i′ + σ2

t+1,I∗
t
+ σ2

I∗
t
(σ2

t+1,I∗
t
/σ2

I∗
t
)2)

)
.

Proof of Proposition 4:
We explore the expression of E[vn(Sn)] in the ϵ-good arm identification problem first. We know that

E[vn(Sn)] = 1−
∑
i∈Gϵ

n

P(θi < max
i′∈A

θi′ − ϵ)−
∑

i∈A\Gϵ
n

P(θi > max
i′∈A

θi′ − ϵ).

Note that in round n, θi − θI∗
n
+ ϵ follows N (µn,i − µn,I∗

n
+ ϵ, σ2

n,i + σ2
n,I∗

n
). Similarly as in the

proof of Proposition 1, we can know that if i ∈ Gϵ
n

P(θi < max
i′∈A

θi′ − ϵ)=̇ exp

(
−
(µn,i − µn,I∗

n
+ ϵ)2

2(σ2
n,i + σ2

n,I∗
n
)

)
,
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and if i ∈ A \Gϵ
n

P(θi > max
i′∈A

θi′ − ϵ)=̇ exp

(
−
(µn,i − µn,I∗

n
+ ϵ)2

2(σ2
n,i + σ2

n,I∗
n
)

)
.

Then

E[vn(Sn)] = 1−
∑
i ̸=I∗

n

exp

(
−
(µn,i − µn,I∗

n
+ ϵ)2

2(σ2
n,i + σ2

n,I∗
n
)

)
.

For the ϵ-good arm identification problem, if i ̸= I∗t ,

iKGϵ
t,i = E[vn(T (St, i, θt,i))− vn(St)]

=1−
∑

i′ ̸=i̸=I∗
t

exp

(
−
(µt,i′ − µt,I∗

t
+ ϵ)2

2(σ2
t,i′ + σ2

t,I∗
t
)

)
− exp

(
−

(µt,i − µt,I∗
t
+ ϵ)2

2(σ2
t+1,i + σ2

t,I∗
t
+ σ2

i (σ
2
t+1,i/σ

2
i )

2)

)

−

(
1−

∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
+ ϵ)2

2(σ2
t,i′ + σ2

t,I∗
t
)

))

=exp

(
−
(µt,i − µt,I∗

t
+ ϵ)2

2(σ2
t,i + σ2

t,I∗
t
)

)
− exp

(
−

(µt,i − µt,I∗
t
+ ϵ)2

2(σ2
t+1,i + σ2

t,I∗
t
+ σ2

i (σ
2
t+1,i/σ

2
i )

2)

)
.

If i = I∗t ,

iKGϵ
t,i = E[vn(T (St, i, θt,i))− vn(St)]

=1−
∑
i′ ̸=I∗

t

exp

(
−

(µt,i′ − µt,I∗
t
+ ϵ)2

2(σ2
t,i′ + σ2

t+1,I∗
t
+ σ2

I∗
t
(σ2

t+1,I∗
t
/σ2

I∗
t
)2)

)
−

(
1−

∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
+ ϵ)2

2(σ2
t,i′ + σ2

t,I∗
t
)

))

=
∑
i′ ̸=I∗

t

exp

(
−
(µt,i′ − µt,I∗

t
+ ϵ)2

2(σ2
t,i′ + σ2

t,I∗
t
)

)
−
∑
i′ ̸=I∗

t

exp

(
−

(µt,i′ − µt,I∗
t
+ ϵ)2

2(σ2
t,i′ + σ2

t+1,I∗
t
+ σ2

I∗
t
(σ2

t+1,I∗
t
/σ2

I∗
t
)2)

)
.

Proof of Proposition 5:
We explore the expression of E[vn(Sn)] in the feasible arm identification problem first. We know that

E[vn(Sn)] = 1−
∑
i∈S1

n

m∑
j=1

P(θij > γj)−
∑
i∈S2

n

∏
j∈E2

t,i

P(θij ≤ γj).

Note that in round n, θij − γj follows N (µn,i − γj , σ
2
n,ij). Similarly as in the proof of Proposition

1, we can know that if i ∈ S1
n and measure j ∈ {1, 2, . . . ,m},

P(θij > γj)=̇ exp

(
− (γj − µn,ij)

2

2σ2
n,ij

)
,

and if i ∈ S2
n and measure j ∈ E2

n,i,

P(θij ≤ γj)=̇ exp

(
− (γj − µn,ij)

2

2σ2
n,ij

)
.

Then

E[vn(Sn)] = 1−
∑
i∈S1

n

m∑
j=1

exp

(
− (γj − µn,ij)

2

2σ2
n,ij

)
−
∑
i∈S2

n

exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2σ2
n,ij

)
.

4



For the feasible arm identification problem,

iKGF
t,i = E[vn(T (St, i, θt,i))− vn(St)]

=1−
∑

i′ ̸=i∈S1
t

m∑
j=1

exp

(
− (γj − µt,i′j)

2

2σ2
t,i′j

)
−

∑
i′ ̸=i∈S2

t

exp

(
−
∑

j∈E2
t,i′

(γj − µt,i′j)
2

2σ2
t,i′j

)

−
m∑
j=1

exp

(
− (γj − µt,ij)

2

2(σ2
t+1,ij + σ2

ij(σ
2
t+1,ij/σ

2
ij)

2)
1{i ∈ S1

t }

)
− exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2(σ2
t+1,ij + σ2

ij(σ
2
t+1,ij/σ

2
ij)

2)
1{i ∈ S2

t }

)

−

(
1−

∑
i∈S1

t

m∑
j=1

exp

(
− (γj − µt,ij)

2

2σ2
t,ij

)
−
∑
i∈S2

t

exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2σ2
t,ij

))

=

m∑
j=1

(
exp

(
− (γj − µt,ij)

2

2σ2
t,ij

1{i ∈ S1
t }

)
− exp

(
− (γj − µt,ij)

2

2(σ2
t+1,ij + σ2

ij(σ
2
t+1,ij/σ

2
ij)

2)
1{i ∈ S1

t }

))

+ exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2σ2
t,ij

1{i ∈ S2
t }

)
− exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2(σ2
t+1,ij + σ2

ij(σ
2
t+1,ij/σ

2
ij)

2)
1{i ∈ S2

t }

)
.

D Proof of Theorem 1

Our proof of Theorem 1 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG algorithm.

We first show the consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n
goes to infinity. Since

iKGt,i =


exp

(
−

(µt,i − µt,I∗t
)2

2(σ2
i /Tt,i + σ2

I∗t
/Tt,I∗t

)

)
− exp

(
−

(µt,i − µt,I∗t
)2

2((Tt,i + 2)σ2
i /(Tt,i + 1)2 + σ2

I∗t
/Tt,I∗t

)

)
, if i ̸= I∗t ,

∑
i′ ̸=I∗t

exp

(
−

(µt,i′ − µt,I∗t
)2

2(σ2
i′/Tt,i′ + σ2

I∗t
/Tt,I∗t

)

)
−
∑
i′ ̸=I∗t

exp

(
−

(µt,i′ − µt,I∗t
)2

2(σ2
i′/Tt,i′ + (Tt,I∗t

+ 2)σ2
I∗t
/(Tt,I∗t

+ 1)2)

)
, if i = I∗t ,

(D.1)
it is obvious that iKGt,i > 0 for t > 0. To prove the consistency, we define a set V ≜ {i ∈ A :∑

l≥0 1{Il = i} < ∞}. It suffices to prove that V = ∅, and then the claim is straightforward based
on the Strong Law of Large Numbers. For any δ1 > 0 and arm i /∈ V , there exists N1 such that when
n > N1, |µn,i − µi| < δ1, because arms not in V will be infinitely pulled. Since the exp(·) is a
continuous function and σ2

i /Tt,i − σ2
i (Tt,i + 2)/(Tt,i + 1)2 = σ2

i /((Tt,i + 1)2Tt,i) → 0 holds for
arm i /∈ V , then for any δ2 > 0, there exists N2 such that when n > N2, iKGt,i < δ2.

Arms i′ ∈ V are pulled for only a finite number of rounds. Then maxi′∈V Tt,i′ exists and we have
σ2
i′/((Tt,i′ +1)2Tt,i′) > mini′ ̸=I∗

t
σ2
i′/maxi′∈V (Tt,i′ +2)/(Tt,i′ +1)2. According to the continuity

of the function exp(·), there exists δ3 > 0 such that iKGt,i′ > δ3. Since δ2 is arbitrary, let δ2 < δ3,
and then iKGt,i′ >iKGt,i holds, which implies It ∈ V . As the total number of rounds tend to infinity,
V will become an empty set eventually. In other words, all the arms will be pulled infinitely and
I∗n = I∗ = ⟨1⟩ holds with probability 1.

We next analyze the sampling rate of each arm by the iKG algorithm. Let δ4 = 2δ2 > 0, we know that
when n is large, iKGn,i < δ2 = δ4/2 for all i ∈ A. Then |iKGn,i−iKGn,i′ | <iKGn,i+iKGn,i′ <

5



δ4/2 + δ4/2 = δ4, where i ̸= i′. For any i, i′ ∈ A and i ̸= i′ ̸= ⟨1⟩,
|iKGn,i − iKGn,i′ |

=

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩)
2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i′ − µn,⟨1⟩)
2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)

+ exp

(
−

(µn,i′ − µn,⟨1⟩)
2

2((Tn,i′ + 2)σ2
i′/(Tn,i′ + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i − µn,⟨1⟩)
2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣
≤2

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩)
2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i′ − µn,⟨1⟩)
2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣
=2

∣∣∣∣∣ exp
(
−n

(µn,i − µn,⟨1⟩)
2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)

)
− exp

(
−n

(µn,i′ − µn,⟨1⟩)
2

2(σ2
i′/wi′ + σ2

⟨1⟩/w⟨1⟩)

)∣∣∣∣∣,
where wi = Tn,i/n is the sampling rate of arm i. For any δ5 = δ21 > 0, we have |iKGn,i− iKGn,i′ | <
δ4 if and only if ∣∣∣∣∣ (µi − µ⟨1⟩)

2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
−

(µi′ − µ⟨1⟩)
2

2(σ2
i′/wi′ + σ2

⟨1⟩/w⟨1⟩)

∣∣∣∣∣ < δ5 (D.2)

by the continuity of the function exp(·) and |µn,i − µi| < δ1. For arms i ̸= ⟨1⟩,
|iKGn,i − iKGn,⟨1⟩|

=

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩)
2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
−
∑
i′ ̸=1

exp

(
−

(µn,i′ − µn,⟨1⟩)
2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)

+
∑

i′ ̸=⟨1⟩

exp

(
−

(µn,i′ − µn,⟨1⟩)
2

2(σ2
i′/Tn,i′ + (Tn,⟨1⟩ + 2)σ2

⟨1⟩/(Tn,⟨1⟩ + 1)2)

)
− exp

(
−

(µn,i − µn,⟨1⟩)
2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣.
Notice that (Tn,i+2)σ2

i /(Tn,i+1)2 = σ2
i /(Tn,i+1/(Tn,i+2)). When n is large enough, 1/(Tn,i+2)

is sufficiently small according to the consistency of the algorithm. Then

lim
n→∞

exp

(
−

(µn,i − µn,⟨1⟩)
2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i − µn,⟨1⟩)
2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)

=

∂

(
exp

(
− (µn,i−µn,⟨1⟩)

2

2(σ2
i /Tn,i+σ2

⟨1⟩/Tn,⟨1⟩)

))
∂Tn,i

=

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

.

Since |iKGn,i − iKGn,⟨1⟩| < δ4 for i ̸= ⟨1⟩, given δ6 > 0, we have

1−δ6 <

∣∣∣∣∣ ∑
i ̸=⟨1⟩

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂w⟨1⟩

/∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

∣∣∣∣∣ < 1+δ6.

By (D.2), we have

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

=

∂

(
exp

(
−n

(µn,i′−µn,⟨1⟩)
2

2(σ2
i′/wi′+σ2

⟨1⟩/w⟨1⟩)

))
∂wi′

.

Then

1−δ6 <
∑
i̸=⟨1⟩

∣∣∣∣∣
∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂w⟨1⟩

/∂

(
exp

(
−n

(µn,i−µn,⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

∣∣∣∣∣ < 1+δ6.
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Hence ∣∣∣∣∣w
2
⟨1⟩

σ2
⟨1⟩

−
∑
i ̸=⟨1⟩

w2
i

σ2
i

∣∣∣∣∣ < δ6.

Since δ6 can be arbitarily small,
w2

⟨1⟩
σ2
⟨1⟩

→
∑

i ̸=⟨1⟩
w2

i

σ2
i

.

We have shown that

1− P{I∗n = ⟨1⟩}=̇ exp

(
−n min

i ̸=⟨1⟩

(µn,i − µn,⟨1⟩)
2

2(σ2
i n/Tn,i + σ2

⟨1⟩n/Tn,⟨1⟩)

)
.

Then

ΓiKG = lim
n→∞

− 1

n
log(1− P{I∗n = ⟨1⟩}) = min

i ̸=⟨1⟩

(µi − µ⟨1⟩)
2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
. (D.3)

By (D.2),

ΓiKG =
(µi − µ⟨1⟩)

2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
, ∀i ̸= ⟨1⟩, (D.4)

where wi in (D.3) and (D.4) is the solution of (8) in the main text.

Next, we will show that for any BAI algorithms, limn→∞ − 1
n log(1 − P{I∗n = ⟨1⟩}) ≤ ΓiKG. Let

W ≜ {w = (w1, . . . , wk) :
∑k

i=1 wi = 1 and wi ≥ 0,∀i ∈ A} be set of the feasible sampling rates
of the k arms. The proof of this claim is divided into two stages. First, suppose that w⟨1⟩ = α is

fixed for some 0 < α < 1. We will show that maxw∈W,w⟨1⟩=α mini̸=⟨1⟩
(µi−µ⟨1⟩)

2

2(σ2
i /wi+σ2

⟨1⟩/α)
is achieved

when∑
i ̸=⟨1⟩

wi = 1− α, and
(µi − µ⟨1⟩)

2

2(σ2
i /wi + σ2

⟨1⟩/α)
=

(µi′ − µ⟨1⟩)
2

2(σ2
i′/wi′ + σ2

⟨1⟩/α)
, i ̸= i′ ̸= ⟨1⟩. (D.5)

In other words, in this stage, we will prove the first and third equations in (8) of the main text. We
prove it by contradiction. Suppose there exists a policy with sampling rates w′ = (w′

1, w
′
2, . . . , w

′
k)

of the k arms such that mini ̸=⟨1⟩
(µi−µ⟨1⟩)

2

2(σ2
i /w

′
i+σ2

⟨1⟩/α)
= maxw∈W,w⟨1⟩=α mini ̸=⟨1⟩

(µi−µ⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/α)
.

Since the solution of (D.5) is unique, there exists an arm i′ satisfying (µi′−µ⟨1⟩)
2

2(σ2
i′/w

′
i′+σ2

⟨1⟩/α)
>

mini̸=⟨1⟩
(µi−µ⟨1⟩)

2

2(σ2
i /w

′
i+σ2

⟨1⟩/α)
. We consider a new policy. There exists δ7 > 0 such that w̃i′ = w′

i′ −δ7 ∈
(0, 1) and w̃i = w′

i + δ7/(k − 2) ∈ (0, 1) for i ̸= i′ ̸= ⟨1⟩. Then

min
i ̸=⟨1⟩

(µi − µ⟨1⟩)
2

2(σ2
i /w̃i + σ2

⟨1⟩/α)
> min

i ̸=⟨1⟩

(µi − µ⟨1⟩)
2

2(σ2
i /w

′
i + σ2

⟨1⟩/α)
= max

w∈W,w⟨1⟩=α
min
i̸=⟨1⟩

(µi − µ⟨1⟩)
2

2(σ2
i /wi + σ2

⟨1⟩/α)
,

which yields a contradiction. Therefore, the first and third equations in (8) of the main text hold.

In the second stage, we will prove the second equation in (8) of the main text. Consider the following
optimization problem

max
α∈(0,1)

z

s.t.
(µi − µ⟨1⟩)

2

2(σ2
i /wi + σ2

⟨1⟩/α)
=

(µi′ − µ⟨1⟩)
2

2(σ2
i′/wi′ + σ2

⟨1⟩/α)
i, i′ ̸= ⟨1⟩ and i ̸= i′,

(µi − µ⟨1⟩)
2

2(σ2
i /wi + σ2

⟨1⟩/α)
≥ z, i ̸= ⟨1⟩,∑

i ̸=⟨1⟩

wi = 1− α.

(D.6)

The Lagrangian function of (D.6) is

L(α, λi) = z +
∑
i ̸=⟨1⟩

λi(
(µi − µ⟨1⟩)

2

2(σ2
i /wi + σ2

⟨1⟩/α)
− z) + λ1(

∑
i ̸=⟨1⟩

wi − 1 + α),
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where λi’s are the Lagrange multipliers. By the KKT conditions, we have

λi∂(
(µi−µ⟨1⟩)

2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂wi+λ1 = 0 for all i ̸= ⟨1⟩ and

∑
i ̸=⟨1⟩ λi∂(

(µi−µ⟨1⟩)
2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂w⟨1⟩+λ1 =

0. Then

∑
i ̸=⟨1⟩

∂(
(µi−µ⟨1⟩)

2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂w⟨1⟩

∂(
(µi−µ⟨1⟩)2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂wi

= 1,

i.e.,
w2

⟨1⟩
σ2
⟨1⟩

=
∑

i̸=⟨1⟩
w2

i

σ2
i

.

Remark: The conditions in (8) of the main text coincide with the optimality conditions developed in
[3] using the OCBA method under normal sampling distributions.

E Proof of Theorem 2

Our proof of Theorem 2 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG-ϵ algorithm.

We first show consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n goes
to infinity. Since

iKGϵ
t,i =


exp

(
−

(µt,i − µt,I∗t
+ ϵ)2

2(σ2
i /Tt,i + σ2

I∗t
/Tt,I∗t

)

)
− exp

(
−

(µt,i − µt,I∗t
+ ϵ)2

2((Tt,i + 2)σ2
i /(Tt,i + 1)2 + σ2

I∗t
/Tt,I∗t

)
, if i ̸= I∗t ,

∑
i′ ̸=I∗t

exp

(
−

(µt,i′ − µt,I∗t
+ ϵ)2

2(σ2
i′/Tt,i′ + σ2

I∗t
/Tt,I∗t

)

)
−
∑
i′ ̸=I∗t

exp

(
−

(µt,i′ − µt,I∗t
+ ϵ)2

2(σ2
i′/Tt,i′ + (Tt,I∗t

+ 2)σ2
I∗t
/(Tt,I∗t

+ 1)2

)
, if i = I∗t ,

(E.1)
it is obvious that iKGϵ

t,i > 0 for t > 0. To prove the consistency, it suffices to prove that V = ∅, and
then the claim is straightforward based on the Strong Law of Large Numbers. For any δ8 > 0 and
arm i /∈ V , there exists N3 such that when n > N3, |µn,i − µi| < δ8, because arms not in V will be
infinitely pulled. Since the exp(·) is a continuous function and σ2

i /Tt,i − σ2
i (Tt,i +2)/(Tt,i +1)2 =

σ2
i /((Tt,i + 1)2Tt,i) → 0 holds for arm i /∈ V , then for any δ9 > 0, there exists N4 such that when

n > N4, iKGϵ
t,i < δ9.

Arms i′ ∈ V are pulled for only a finite number of rounds. Then maxi′∈V Tt,i′ exists and we have
σ2
i′/((Tt,i′ +1)2Tt,i′) > mini′ ̸=I∗

t
σ2
i′/maxi′∈V (Tt,i′ +2)/(Tt,i′ +1)2. According to the continuity

of the function exp(·), there exists δ10 > 0 such that iKGϵ
t,i′ > δ10. Since δ9 is arbitrary, let δ9 < δ10,

and then iKGϵ
t,i′ >iKGϵ

t,i holds, which implies It ∈ V . As the total number of rounds tend to infinity,
V will become an empty set eventually. In other words, all the arms will be pulled infinitely and
I∗n = I∗ = ⟨1⟩ holds with probability 1.

We next analyze the sampling rate each arm by the iKG-ϵ algorithm. Let δ11 = 2δ9 > 0, we know that
when n is large, iKGϵ

n,i < δ9 = δ11/2 holds for i ∈ A. Then |iKGϵ
n,i−iKGϵ

n,i′ | <iKGϵ
n,i+iKGϵ

n,i′ <

δ11/2 + δ11/2 = δ11, where i ̸= i′. For any i, i′ ∈ A and i ̸= i′ ̸= ⟨1⟩,

|iKGϵ
n,i − iKGϵ

n,i′ |

=

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i′ − µn,⟨1⟩ + ϵ)2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)

+ exp

(
−

(µn,i′ − µn,⟨1⟩ + ϵ)2

2((Tn,i′ + 2)σ2
i′/(Tn,i′ + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣
≤2

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i′ − µn,⟨1⟩ + ϵ)2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣
=2

∣∣∣∣∣ exp
(
−n

(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)

)
− exp

(
−n

(µn,i′ − µn,⟨1⟩ + ϵ)2

2(σ2
i′/wi′ + σ2

⟨1⟩/w⟨1⟩)

)∣∣∣∣∣,
8



where wi = Tn,i/n is the sampling rate of arm i. For any δ12 = δ28 > 0, we have |iKGϵ
n,i−iKGϵ

n,i′ | <
δ11 if and only if ∣∣∣∣∣ (µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
−

(µi′ − µ⟨1⟩ + ϵ)2

2(σ2
i′/wi′ + σ2

⟨1⟩/w⟨1⟩)

∣∣∣∣∣ < δ12 (E.2)

by the continuity of the function exp(·) and |µn,i − µi| < δ8. For arms i ̸= ⟨1⟩,

|iKGϵ
n,i − iKGϵ

n,⟨1⟩|

=

∣∣∣∣∣ exp
(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
−
∑

i′ ̸=⟨1⟩

exp

(
−

(µn,i′ − µn,⟨1⟩ + ϵ)2

2(σ2
i′/Tn,i′ + σ2

⟨1⟩/Tn,⟨1⟩)

)

+
∑

i′ ̸=⟨1⟩

exp

(
−

(µn,i′ − µn,⟨1⟩ + ϵ)2

2(σ2
i′/Tn,i′ + (Tn,⟨1⟩ + 2)σ2

⟨1⟩/(Tn,⟨1⟩ + 1)2)

)
− exp

(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)∣∣∣∣∣.
Notice that (Tn,i+2)σ2

i /(Tn,i+1)2 = σ2
i /(Tn,i+1/(Tn,i+2)). When n is large enough, 1/(Tn,i+2)

is sufficiently small according to the consistency of the algorithm. Then

lim
n→∞

exp

(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
i /Tn,i + σ2

⟨1⟩/Tn,⟨1⟩)

)
− exp

(
−

(µn,i − µn,⟨1⟩ + ϵ)2

2((Tn,i + 2)σ2
i /(Tn,i + 1)2 + σ2

⟨1⟩/Tn,⟨1⟩)

)

=

∂

(
exp

(
− (µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /Tn,i+σ2

⟨1⟩/Tn,⟨1⟩)

))
∂Tn,i

=

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

.

Since |iKGϵ
n,i − iKGϵ

n,⟨1⟩| < δ11 for i ̸= ⟨1⟩, given δ13 > 0, we have

1−δ13 <

∣∣∣∣∣ ∑
i ̸=⟨1⟩

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂w⟨1⟩

/∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

∣∣∣∣∣ < 1+δ13.

By (E.2), we have

∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

=

∂

(
exp

(
−n

(µn,i′−µn,⟨1⟩+ϵ)2

2(σ2
i′/wi′+σ2

⟨1⟩/w⟨1⟩)

))
∂wi′

.

Then

1−δ13 <
∑
i ̸=⟨1⟩

∣∣∣∣∣
∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂w⟨1⟩

/∂

(
exp

(
−n

(µn,i−µn,⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/w⟨1⟩)

))
∂wi

∣∣∣∣∣ < 1+δ13.

Hence ∣∣∣∣∣w
2
⟨1⟩

σ2
⟨1⟩

−
∑
i ̸=⟨1⟩

w2
i

σ2
i

∣∣∣∣∣ < δ13.

Since δ13 can be arbitarily small,
w2

⟨1⟩
σ2
⟨1⟩

→
∑

i̸=⟨1⟩
w2

i

σ2
i

.

We know that

1− P{Gϵ
n = Gϵ} =P

{ ⋃
i∈Gϵ

n

(θi < θ⟨1⟩ − ϵ) ∪
⋃

i∈A\Gϵ
n

(θi > θ⟨1⟩ − ϵ)

}
,
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and

max(max
i∈Gϵ

n

P(θi < θ⟨1⟩ − ϵ), max
i∈A\Gϵ

n

P(θi > θ⟨1⟩ − ϵ))

≤P
{ ⋃

i∈Gϵ
n

(θi < θ⟨1⟩ − ϵ) ∪
⋃

i∈A\Gϵ
n

(θi > θ⟨1⟩ − ϵ)

}
≤kmax(max

i∈Gϵ
n

P(θi < θ⟨1⟩ − ϵ), max
i∈A\Gϵ

n

P(θi > θ⟨1⟩ − ϵ)).

Then

1− P{Gϵ
n = Gϵ}=̇ exp

(
−
(µn,i − µn,⟨1⟩ + ϵ)2

2(σ2
n,i + σ2

n,⟨1⟩)

)
.

We have

Γϵ = lim
n→∞

− 1

n
log(1− P{Gϵ

n = Gϵ}) = min
i ̸=⟨1⟩

(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
. (E.3)

By (E.2),

Γϵ =
(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/w⟨1⟩)
, ∀i ̸= ⟨1⟩, (E.4)

where wi in (E.3) and (E.4) is the solution of (12) in the main text.

Next, we will show that for any ϵ-good arm identification algorithms, limn→∞ − 1
n log(1− P{Gϵ

n =

Gϵ}) ≤ Γϵ. Let W ≜ {w = (w1, . . . , wk) :
∑k

i=1 wi = 1 and wi ≥ 0,∀i ∈ A} be set of the feasi-
ble sampling rates of the k arms. The proof of this claim is divided into two stages. First, suppose that

w⟨1⟩ = α is fixed for some 0 < α < 1. We will show that maxw∈W,w⟨1⟩=α mini ̸=⟨1⟩
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)

is achieved when∑
i ̸=⟨1⟩

wi = 1− α, and
(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/α)
=

(µi′ − µ⟨1⟩ + ϵ)2

2(σ2
i′/wi′ + σ2

⟨1⟩/α)
, i ̸= i′ ̸= ⟨1⟩. (E.5)

In other words, in this stage, we will prove the first and third equations in (12) of the main text. We
prove it by contradiction. Suppose there exists a policy with sampling rates w′ = (w′

1, w
′
2, . . . , w

′
k)

of the k arms such that mini ̸=⟨1⟩
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /w

′
i+σ2

⟨1⟩/α)
= maxw∈W,w⟨1⟩=α mini ̸=⟨1⟩

(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)
.

Since the solution of (E.5) is unique, there exists an arm i′ satisfying (µi′−µ⟨1⟩+ϵ)2

2(σ2
i′/w

′
i′+σ2

⟨1⟩/α)
>

mini ̸=⟨1⟩
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /w

′
i+σ2

⟨1⟩/α)
. We consider a new policy. There exists δ14 > 0 such that w̃i′ =

w′
i′ − δ14 ∈ (0, 1) and w̃i = w′

i + δ14/(k − 2) ∈ (0, 1) for i ̸= i′ ̸= ⟨1⟩. Then

min
i ̸=⟨1⟩

(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /w̃i + σ2

⟨1⟩/α)
> min

i ̸=⟨1⟩

(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /w

′
i + σ2

⟨1⟩/α)
= max

w∈W,w⟨1⟩=α
min
i̸=⟨1⟩

(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/α)
,

which yields a contradiction. Therefore, the first and third equations in (12) of the main text hold.

In the second stage, we will prove the second equation in (12) of the main text. Consider the following
optimization problem

max
α∈(0,1)

z

s.t.
(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/α)
=

(µi′ − µ⟨1⟩ + ϵ)2

2(σ2
i′/wi′ + σ2

⟨1⟩/α)
, i, i′ ̸= ⟨1⟩ and i ̸= i′,

(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/α)
≥ z, i ̸= ⟨1⟩,∑

i ̸=⟨1⟩

wi = 1− α.

(E.6)
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The Lagrangian function of (E.6) is

L(α, λi) = z +
∑
i ̸=⟨1⟩

λi(
(µi − µ⟨1⟩ + ϵ)2

2(σ2
i /wi + σ2

⟨1⟩/α)
− z) + λ1(

∑
i ̸=⟨1⟩

wi − 1 + α),

where λi’s are the Lagrange multipliers. By the KKT conditions, we have

λi∂(
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂wi+λ1 = 0 for all i ̸= ⟨1⟩ and

∑
i ̸=⟨1⟩ λi∂(

(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂w⟨1⟩+λ1 =

0. Then

∑
i ̸=⟨1⟩

∂(
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂w⟨1⟩

∂(
(µi−µ⟨1⟩+ϵ)2

2(σ2
i /wi+σ2

⟨1⟩/α)
)/∂wi

= 1,

i.e.,
w2

⟨1⟩
σ2
⟨1⟩

=
∑

i̸=⟨1⟩
w2

i

σ2
i

.

F Proof of Theorem 3

Our proof of Theorem 3 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG-F algorithm.

We first show consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n goes
to infinity. Since

iKGF
t,i =

m∑
j=1

(
exp

(
− (γj − µt,ij)

2

2σ2
ij/Tt,i

1{i ∈ S1
t }

)
− exp

(
− (γj − µt,ij)

2

2(Tt,i + 2)σ2
ij/(Tt,i + 1)2

1{i ∈ S1
t }

))

+ exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2σ2
ij/Tt,i

1{i ∈ S2
t }

)
− exp

(
−
∑

j∈E2
t,i

(γj − µt,ij)
2

2(Tt,i + 2)σ2
ij/(Tt,i + 1)2

1{i ∈ S2
t }

)
.

(F.1)

It is obvious that iKGF
t,i > 0 for t > 0. To prove the consistency, it suffices to prove that V = ∅ and

then the claim is straightforward based on the Strong Law of Large Numbers. For any δ15 > 0 and
i /∈ V , there exists N5 such that when n > N5, |µn,i − µi| < δ15, because arms not in V will be
infinitely pulled. Since the exp(·) is a continuous function and σ2

i /Tt,i − σ2
i (Tt,i +2)/(Tt,i +1)2 =

σ2
i /((Tt,i + 1)2Tt,i) → 0 holds for arm i /∈ V , then for any δ16 > 0, there exists N6 such that when

n > N6, iKGF
t,i < δ16.

Arms i′ ∈ V are pulled for only a finite number of rounds. Then maxi′∈V Tt,i′ exists and we have
σ2
i′/((Tt,i′ + 1)2Tt,i′) > mini′∈A σ2

i′/maxi′∈V (Tt,i′ + 2)/(Tt,i′ + 1)2. According to the continuity
of the function exp(·), there exists δ17 > 0 such that iKGF

t,i′ > δ17. Since δ16 is arbitrary, let
δ16 < δ17 and then iKGF

t,i′ >iKGF
t,i holds, which implies It ∈ V . As the total number of rounds

tend to infinity, V will become an empty set eventually. In other words, all the arms will be pulled
infinitely.

We next analyze the sampling rate each arm by the iKG-F algorithm. Let δ18 = 2δ16 >
0, we know that when n is large, iKGF

n,i < δ16 = δ18/2 holds for i ∈ A. Then
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|iKGF
n,i−iKGF

n,i′ | <iKGF
n,i+iKGF

n,i′ < δ18/2 + δ18/2 = δ18, where i ̸= i′. For any i, i′ ∈ A,

|iKGF
n,i − iKGF

n,i′ |

=

∣∣∣∣∣
m∑
j=1

exp

(
− (γj − µn,ij)

2

2σ2
ij/Tn,i

1{i ∈ S1
n}

)
−

m∑
j=1

exp

(
− (γj − µn,i′j)

2

2σ2
i′j/Tn,i′

1{i′ ∈ S1
n}

)

+ exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2σ2
ij/Tn,i

1{i ∈ S2
n}

)
− exp

(
−
∑

j∈E2
n,i′

(γj − µn,i′j)
2

2σ2
i′j/Tn,i′

1{i′ ∈ S2
n}

)

+ exp

(
− (γj − µn,i′j)

2

2(Tn,i′ + 2)σ2
i′j/(Tn,i′ + 1)2

1{i′ ∈ S1
n}

)
− exp

(
− (γj − µn,ij)

2

2(Tn,i + 2)σ2
ij/(Tn,i + 1)2

1{i ∈ S1
n}

)

+ exp

(
−
∑

j∈E2
n,i′

(γj − µn,i′j)
2

2(Tn,i′ + 2)σ2
i′j/(Tn,i′ + 1)2

1{i′ ∈ S2
n}

)
− exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2(Tn,i + 2)σ2
ij/(Tn,i + 1)2

1{i ∈ S2
n}

)∣∣∣∣∣
≤2

∣∣∣∣∣
m∑
j=1

exp

(
− (γj − µn,ij)

2

2σ2
ij/Tn,i

1{i ∈ S1
n}

)
−

m∑
j=1

exp

(
− (γj − µn,i′j)

2

2σ2
i′j/Tn,i′

1{i′ ∈ S1
n}

)

+ exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2σ2
ij/Tn,i

1{i ∈ S2
n}

)
− exp

(
−
∑

j∈E2
n,i′

(γj − µn,i′j)
2

2σ2
i′j/Tn,i′

1{i′ ∈ S2
n}

)∣∣∣∣∣
≤2

∣∣∣∣∣m max
j∈E1

n,i

exp

(
− (γj − µn,ij)

2

2σ2
ij/Tn,i

1{i ∈ S1
n}

)
−m max

j∈E1
n,i

exp

(
− (γj − µn,i′j)

2

2σ2
i′j/Tn,i′

1{i′ ∈ S1
n}

)

+ exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2σ2
ij/Tn,i

1{i ∈ S2
n}

)
− exp

(
−
∑

j∈E2
n,i′

(γj − µn,i′j)
2

2σ2
i′j/Tn,i′

1{i′ ∈ S2
n}

)∣∣∣∣∣
=2

∣∣∣∣∣m exp

(
−wi min

j∈E1
n,i

(γj − µn,ij)
2

2σ2
ij

1{i ∈ S1
n}

)
−m exp

(
−wi′ min

j∈E1
n,i

(γj − µn,i′j)
2

2σ2
i′j

1{i′ ∈ S1
n}

)

+ exp

(
−wi

∑
j∈E2

n,i

(γj − µn,ij)
2

2σ2
ij

1{i ∈ S2
n}

)
− exp

(
−wi′

∑
j∈E2

n,i′

(γj − µn,i′j)
2

2σ2
i′j

1{i′ ∈ S2
n}

)∣∣∣∣∣,
where wi = Tn,i/n is the sampling rate of arm i. We have shown that |µn,i − µi| < δ15 for
any δ15 > 0 and i = 1, 2, . . . , k. We can find a sufficiently large positive integer n′ such that
when n > n′, S1

n = S1, S2
n = S2, E1

n,i = E1
i and E2

n,i = E2
i , where i = 1, 2, . . . , k and

j = 1, 2, . . . ,m. Note that S1
n ∩ S2

2 = ∅ and S1 ∩ S2 = ∅. If i ∈ S1
n = S1, |iKGF

n,i −

iKGF
n,i′ | ≤ 2m

∣∣∣ exp(−wi minj∈E1
n,i

(γj−µn,ij)
2

2σ2
ij

}

)
− exp

(
−wi′ minj∈E1

n,i′

(γj−µn,i′j)
2

2σ2
i′j

)∣∣∣ ≤

2m
∣∣∣ exp(−wi minj∈E1

i

(γj−µij−δ15)
2

2σ2
ij

}

)
−exp

(
−wi′ minj∈E1

i′

(γj−µi′j+δ15)
2

2σ2
i′j

)∣∣∣. We have shown

that |iKGF
n,i − iKGF

n,i′ | < δ18. Hence
∣∣∣wi min

j∈E1
i

(γj−µij)
2

2σ2
ij

− wi′ min
j∈E1

i′

(γj−µi′j)
2

2σ2
i′j

∣∣∣ < δ19 for any

δ19 = δ215 > 0 by the continuity of the function exp(·). We can get similar result when i ∈ S2
n = S2.

Hence, |iKGF
n,i − iKGF

n,i′ | < δ18 if and only if∣∣∣∣∣wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}

− wi′ min
j∈E1

i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S1}+ wi′

∑
j∈E2

i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S2}

∣∣∣∣∣ < δ19

(F.2)

12



by the continuity of the function exp(·) and |µn,i − µi| < δ15.

We have known that

1− P{S1
n = S1} =P

{ ⋃
i∈S1

n

( m⋃
j=1

(θij > γj)

)
∪
⋃
i∈S2

n

( m⋂
j=1

(θij ≤ γj)

)}
.

We have

max

(
max
i∈S1

n

P
( m⋃

j=1

(θij > γj)

)
,max
i∈S2

n

P
( m⋂

j=1

(θij ≤ γj)

))

≤P
{ ⋃

i∈S1
n

( m⋃
j=1

(θij > γj)

)
∪
⋃
i∈S2

n

( m⋂
j=1

(θij ≤ γj)

)}

≤kmax

(
max
i∈S1

n

P
( m⋃

j=1

(θij > γj)

)
,max
i∈S2

n

P
( m⋂

j=1

(θij ≤ γj)

))
.

Then

1− P{S1
n = S1}=̇max

(
max
i∈S1

n

P
( m⋃

j=1

(θij > γj)

)
,max
i∈S2

n

P
( m⋂

j=1

(θij ≤ γj)

))
.

For arm i ∈ S1
n,

max
j∈E1

n,i

P(θij > γj) ≤ P
( m⋃

j=1

(θij > γj)

)
≤ m max

j∈E1
n,i

P(θij > γj).

For arm i ∈ S2
n,

P
( m⋂

j=1

(θij ≤ γj)

)
→ P

( ⋂
j∈E2

n,i

(θij ≤ γj)

)
,

because limn→∞ P
( ⋂

j∈E1
n,i

(θij ≤ γj)

)
→ 1. Hence

1−P{S1
n = S1}=̇ exp

(
−min

i∈S1
n

(γj − µn,ij)
2

2σ2
ij/Tn,i

1{i ∈ S1
n}+exp

(
−
∑

j∈E2
n,i

(γj − µn,ij)
2

2σ2
ij/Tn,i

1{i ∈ S2
n}

)
.

We have

ΓF = lim
n→∞

− 1

n
log(1−P{S1

n = S1}) = min
i∈A

wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}.

(F.3)
By (F.2),

ΓF = wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}, ∀i ∈ A, (F.4)

where wi in (F.3) and (F.4) is the solution of (16) in the main text.

Next, we will show that for any feasible arm identification algorithms, limn→∞ − 1
n log(1− P{S1

n =

S1}) ≤ ΓF. Let W ≜ {w = (w1, . . . , wk) :
∑k

i=1 wi = 1 and wi ≥ 0,∀i ∈ A} be set of the
feasible sampling rates of the k arms. We prove it by contradiction. Suppose there exists a policy
with sampling rates w′ = (w′

1, w
′
2, . . . , w

′
k) of the k arms such that

w′
i min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ w′
i

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}

= max
w∈W

min
i∈A

wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}.
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We will show that maxw∈W mini∈A wi min
j∈E1

i

(γj−µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj−µij)
2

2σ2
ij

1{i ∈ S2}

is achieved when

wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}

= wi′ min
j∈E1

i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S1}+ wi′

∑
j∈E2

i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S2}, i ̸= i′.

(F.5)

Since the solution of (F.5) is unique, there exists an arm i′ satisfying

w′
i′ min

j∈E1
i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S1}+ w′
i′

∑
j∈E2

i′

(γj − µi′j)
2

2σ2
i′j

1{i′ ∈ S2}

≥min
i∈A

w′
i min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ w′
i

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}.

We consider a new policy. There exists δ20 > 0 such that w̃i′ = w′
i′ − δ20 ∈ (0, 1) and w̃i =

w′
i + δ20/(k − 2) ∈ (0, 1) for i ̸= i′. Then

min
i∈A

w̃i min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ w̃i

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}

>min
i∈A

w′
i min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ w′
i

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2}

= max
w∈W

min
i∈A

wi min
j∈E1

i

(γj − µij)
2

2σ2
ij

1{i ∈ S1}+ wi

∑
j∈E2

i

(γj − µij)
2

2σ2
ij

1{i ∈ S2},

which yields a contradiction. Therefore, the equations in (16) of the main text hold.

G Additional Numerical Results

In this section, we provide additional numerical results for the experiments conducted in Section 5
of the main text. Figures 1(a)-7(a) show how the probabilities of false selection of the compared
algorithms change with the sample sizes for the best arm identification problem, and Figures 1(b)-7(b)
show the sampling rates of the algorithms on some selected arms. It can be observed in Figures
1(a)-7(a) that the proposed iKG algorithm performs the best, followed by TTEI, KG, EI and the equal
allocation. On the log scale, the probability of false selection (PFS) values of the iKG algorithm
demonstrate linear patterns, indicating the potentially exponential convergence rates. For both EI and
KG, the rates of the posterior convergence are not optimal, which might influence their empirical
performances. The equal allocation performs the worst in general. In Figures 1(b)-7(b), we can see
that TTEI always allocates half samples to the best arm when β = 0.5, EI allocates too many samples
to the best arm while KG allocates too few samples to the best arm.

Figures 8(a)-14(a) show how the probabilities of false selection of the compared algorithms change
with the sample sizes for the ϵ-good arm identification, and Figures 8(b)-14(b) show the sampling
rates of the algorithms on some selected arms. It can be observed in Figures 8(a)-14(a) the proposed
iKG-ϵ algorithm performs the best and demonstrates a linear pattern on the log scale. (ST)2 and APT
are inferior, and the equal allocation performs the worst. In Figures 8(b)-14(b), we can see that APT
allocates too few samples to the best arm and too many samples to the arms near the threshold. ST2

allocates too few samples to the best arm, which influences the accuracy of the threshold.

Figures 15(a)-21(a) show how the probabilities of false selection of the compared algorithms change
with the sample sizes for the feasible arm identification, and Figures 15(b)-21(b) show the sampling
rates of the algorithms on some selected arms. The results in Figures 15(a)-21(a) are similar to
those in Figures 1(a)-14(a). The proposed iKG-F algorithm has the best performance, followed by
the compared MD-UCBE, equal allocation and MD-SAR. In Figures 15(b)-21(b), we can see that
MD-UCBE and MD-SAR allocate too many samples to the arms near the constraint limits.
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(a) (b)

Figure 1: PFS and sampling rates of selected arms for the best arm identification (Example 1)

(a) (b)

Figure 2: PFS and sampling rates of selected arms for the best arm identification (Example 2)

(a) (b)

Figure 3: PFS and sampling rates of selected arms for the best arm identification (Example 3)

(a) (b)

Figure 4: PFS and sampling rates of selected arms for the best arm identification (Dose-Finding Problem)
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(a) (b)

Figure 5: PFS and sampling rates of selected arms for the best arm identification (Drug Selection Problem)

(a) (b)

Figure 6: PFS and sampling rates of selected arms for the best arm identification (Caption 853)

(a) (b)

Figure 7: PFS and sampling rates of selected arms for the best arm identification (Caption 854)
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(a) (b)

Figure 8: PFS and sampling rates of selected arms for the ϵ-good arm identification (Example 1)

(a) (b)

Figure 9: PFS and sampling rates of selected arms for the ϵ-good arm identification (Example 2)

(a) (b)

Figure 10: PFS and sampling rates of selected arms for the ϵ-good arm identification (Example 3)

(a) (b)

Figure 11: PFS and sampling rates of selected arms for the ϵ-good arm identification (Dose-Finding Problem)
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(a) (b)

Figure 12: PFS and sampling rates of selected arms for the ϵ-good arm identification (Drug Selection Problem)

(a) (b)

Figure 13: PFS and sampling rates of selected arms for the ϵ-good arm identification (Caption 853)

(a) (b)

Figure 14: PFS and sampling rates of selected arms for the ϵ-good arm identification (Caption 854)
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(a) (b)

Figure 15: PFS and sampling rates of selected arms for the feasible arm identification (Example 1)

(a) (b)

Figure 16: PFS and sampling rates of selected arms for the feasible arm identification (Example 2)

(a) (b)

Figure 17: PFS and sampling rates of selected arms for the feasible arm identification (Example 3)

(a) (b)

Figure 18: PFS and sampling rates of selected arms for the feasible arm identification (Dose-Finding Problem)
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(a) (b)

Figure 19: PFS and sampling rates of selected arms for the feasible arm identification (Drug Selection Problem)

(a) (b)

Figure 20: PFS and sampling rates of selected arms for the feasible arm identification (Caption 853)

(a) (b)

Figure 21: PFS and sampling rates of selected arms for the feasible arm identification (Caption 854)
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