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Abstract

Energy-based models are a simple yet powerful class of probabilistic models,
but their widespread adoption has been limited by the computational burden of
training them. We propose a novel loss function called Energy Discrepancy (ED)
which does not rely on the computation of scores or expensive Markov chain
Monte Carlo. We show that ED approaches the explicit score matching and neg-
ative log-likelihood loss under different limits, effectively interpolating between
both. Consequently, minimum ED estimation overcomes the problem of near-
sightedness encountered in score-based estimation methods, while also enjoying
theoretical guarantees. Through numerical experiments, we demonstrate that ED
learns low-dimensional data distributions faster and more accurately than explicit
score matching or contrastive divergence. For high-dimensional image data, we
describe how the manifold hypothesis puts limitations on our approach and demon-
strate the effectiveness of energy discrepancy by training the energy-based model
as a prior of a variational decoder model.

1 Introduction

Energy-based models (EBMs) are a class of parametric unnormalised probabilistic models of the
general form pepm o exp(—U) originally inspired by statistical physics. EBMs can be flexibly
modelled through a wide range of neural network functions which, in principle, permit the modelling
of any positive probability density. Through sampling and inference on the learned energy function,
the EBM can then be used as a generative model or in numerous other downstream tasks such as
improving robustness in classification or anomaly detection (Grathwohl et al., 2019).

Despite their flexibility, EBMs are limited in machine learning applications by the difficulty of
their training. The normalisation of EBMs, also known as partition function, is typically intractable
which makes standard techniques in estimation such as maximum likelihood estimation (MLE)
infeasible. For this reason EBMs are commonly trained with an approximate maximum likelihood
method called contrastive divergence (CD) (Hinton, 2002) which approximates the gradient of the log-
likelihood using short runs of a Markov chain Monte Carlo (MCMC) method. However, contrastive
divergence with short run MCMC leads to malformed estimators of the energy function (Nijkamp
et al., 2020a), even for relatively simple restricted Boltzmann-machines (Carreira-Perpifidn & Hinton,
2005). This can, in part, be attributed to the fact that contrastive divergence is not the gradient of
any fixed objective function (Sutskever & Tieleman, 2010), which severely limited the theoretical
understanding of CD and motivated various adjustments of the algorithm (Du et al., 2021; Yair &
Michaeli, 2021).

Score-based methods such as score matching (SM) (Hyvérinen & Dayan, 2005; Vincent, 2011;
Song et al., 2020a) and Kernel Stein Discrepancy (KSD) estimation (Liu et al., 2016; Chwialkowski
et al., 2016) are a family of competing approaches which offer tractable loss functions and are, by
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construction, independent of the normalising constant of the distribution. However, such methods
suffer from nearsightedness as they fail to resolve global features in the distribution without vast
amounts of data. In particular, both SM and KSD estimators are unable to capture the mixture weights
of two well-separated Gaussians (Song & Ermon, 2019; Zhang et al., 2022; Liu et al., 2023).

We propose a new loss functional for energy-based models called energy discrepancy (ED) which
compares the data distribution and the energy-based model via two contrasting energy contributions.
By definition, energy discrepancy only depends on the energy function and is independent of the
scores or MCMC samples from the energy-based model. In our theoretical section, we show that
this leads to a loss functional that can be defined on general measure spaces without Euclidean
structure and demonstrate its close connection to score matching and maximum likelihood estimation
in the Euclidean case. In our practical section, we focus on a simple implementation of energy
discrepancy on Euclidean space which requires less evaluations of the energy-based model than the
parameter update of contrastive divergence or score-matching. We demonstrate that the Euclidean
energy-discrepancy alleviates the problem of nearsightedness of score matching and approximates
maximum-likelihood estimation with better theoretical guarantees than contrastive divergence.

On high-dimensional image data, energy-based models face the additional challenge that under the
manifold hypothesis (Bengio et al., 2013), the data distribution is not a positive probability density
and does, strictly speaking, not permit a representation of the form of an energy-based model. Energy
discrepancy is particularly sensitive to data that lives on a manifold and requires the transformation of
the data distribution to a positive density. We approach this problem by training latent energy-based
priors (Pang et al., 2020) which employ a lower-dimensional latent representation in which the data
distribution is positive.

Our contributions are the following: 1) We present energy discrepancy, a new estimation loss for
the training of energy-based models that is independent of spatial gradients of the energy-function.
2) We show that, as a loss function, ED interpolates between the losses of score matching and
maximume-likelihood estimation and overcomes the nearsightedness of score-based methods. 3)
We identify the manifold hypothesis as an important challenge in the adoption of likelihood-based
training of EBMs and demonstrate the efficacy of ED on a latent variable energy-based model.

2 Training of Energy-Based Models

In the following, let pyata(X) be an unknown data distribution which we are trying to estimate
from independently distributed data {x‘} ~ pgata. Energy-based models (EBMs) are parametric
distributions of the form

po(x) ox exp(—Fy(x))
for which we want to find the scalar energy function Ejy such that py = pqata. Typically, energy-based
models are trained with contrastive divergence which estimates the gradient of the log-likelihood

Vo logpe(x) = Ep, () [VeLo(y)] — Eo(x) . )]
using Markov chain Monte Carlo (MCMC) methods to approximate the expectation for pg. For
computational efficiency, the Markov chain is only run for a small number of steps. As a result,
contrastive divergence does not learn the maximum-likelihood estimator and can produce malformed
estimates of the energy function (Nijkamp et al., 2020a).

Alternatively, the discrepancy between data distribution and energy-based model can be measured by
comparing their score functions Vy log pgata and Vy log pg which, by definition, are independent
of the normalising constant. The comparison of the scores is achieved with the Fisher divergence.
After applying an integration-by-parts and discarding constants with respect to 6, this leads to the
score-matching loss (Hyvirinen & Dayan, 2005)

1
SM(pdatas Eo) = Ep . x) | —DxEo(x) + §\|Ver(X)||2 : (@)

Pdata
As this only requires expectations with respect to pqata, the requirement that the data distribution
attains a density can be relaxed, yielding a loss function for pg which can be readily approximated.
Score-based methods are nearsighted as the score function only contributes local information to the
loss. In a mixture of well-separated distributions, the score matching loss decomposes into a sum of
objective functions that only see the local mode and are not capable of resolving the weights of the
mixture components (Song & Ermon, 2019; Zhang et al., 2022).
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3 Energy Discrepancies

o
S

To illustrate the idea behind the proposed objective func-
tion, we start by motivating energy discrepancy as an en-
hancement of explicit score matching. In the following,
we will denote the EBM as pepm x exp(—U), where U is
the energy function that is learned. The nearsightedness of
score matching arises due to the presence of large regions
of low probability which are separating the modes of the
data distribution. To increase the probability mass in these
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Loss (SM / MLE/ ED)
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regions, we perturb pgata and pepr, through a convolution 000
with a Gaussian kernel v, (y —x) o< exp(—|ly —x||?/2s), e, 0
1.€. Figure 1: Loss of energy discrepancy,
- _x x)dx, score matching, and maximum likeli-
Pe(y) / 7y JPaata (%) hood estimation on the task of estimating

the weight in a mixture of two Gaussians.
exp(—Us(y)) : = /’Ys (v = x) exp(=U(x))dx. For details, see Appendix D.1.

The resulting perturbed divergence SM(pgata, U) := SM(ps, Us) retains its unique optimum at
exp(—U*) & Pdata (Zhang et al., 2020) but alleviates the nearsightedness as the data distribution is
more spread out. The perturbation with ~4 simultaneously makes the two distributions more similar
which comes at a potential loss of discriminatory power. We mitigate this by integrating the score
matching objectives over s over an interval of noise-scales [0, ¢]. It turns out that this integral can be
evaluated as the difference of two contrasting energy-contributions:

t
/0 SM(ps, Us)ds = Epdata(x) [U(x)] — Epdata(x)E'Yt(xt_x) [Us(x¢)] - 3)

The proof is given in Appendix A.3. The contrasting expression on the right-hand is now independent
of the score and normalisation of the EBM. We argue that such constructed objective functions are
useful losses for energy-based modelling.

3.1 A contrastive approach to learning the energy

We lift the idea of learning the energy-based distribution through the contrast of two energy-
contributions to a general estimation loss called Energy Discrepancy. We will show that energy
discrepancy can be defined independent of an underlying perturbative process and is well-posed even
on non-Euclidean measure-spaces:

Definition 1 (Energy Discrepancy). Let paata be a positive density on a measure space (X, dx)'and
let q(y|x) be a conditional probability density. Define the contrastive potential induced by q as

Uy(y) i= o5 [ alylx) exp(~U(x))dx. @)
We define the energy discrepancy between pyata and U induced by q as
EDq (pdatm U) = Epdata(x) [U(X)] - Epdata(x)Eq(y\x) [Uq(y)] (5)

In this paper, we shall largely focus on the case where the data is Euclidean, i.e. X = R9, and the
base-distribution dx is the standard Lebesgue measure. However, this framework also admits X’
being discrete spaces like spaces of graphs, or continuous spaces with non-trivial base measures
dx such as the GAN-based prior suggested by Arbel et al. (2021). Specifically, the validity of our
approach is characterised by the following non-parametric estimation result:

Theorem 1. Lef pyata be a positive probability density on (X, dx). Under mild technical assumptions,
the energy discrepancy EDg is functionally convex in U and has a unique global minimiser U* =
arg min EDq (pdata7 U) with Pdata X exp(—U*).

The omitted assumption describes that the perturbation y ~ ¢(-|x) involves loss of information,
i.e., x can not be fully recovered from y for all y ~ ¢(y|x). The assumption that pgat, has full
support turns out to be crucial when scaling energy-discrepancy to high-dimensional data. The precise
technical assumptions and the proof of Theorem 1 are given in Appendix A.1.

'The integrals should be interpreted as measure integrals, i.e., if X is discrete, the integral will be a sum.
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3.2 Choices for the conditional distribution ¢

Def. 1 offers a wide range of possible choices for the perturbation distribution ¢. In Appendix B.3
we discuss a possible choice in the discrete space {0, 1}%. For the remainder of this paper, however,
we will focus on Euclidean data x € R? and hope that the generality of our result inspires future
work. Our requirements on ¢ are that simulating from the conditional distribution y ~ ¢(y|x) and
computing the convolution that defines U, are numerically tractable. On continuous spaces, a natural
candidate for q is the transition density of a diffusion process which arises as solution to a stochastic
differential equations of the form dx; = a(x;)dt¢ + dw; with drift a and standard Brownian motion
w; (see Dksendal, 2003). The conditional density ¢:(-|x) represents the probability density of the
perturbed particle x; that was initialised at xo = x. The resulting transition density then satisfies
both of our requirements by employing the Feynman-Kac formula as we line out in Appendix B.2.
Although this approach makes the choice of ¢ flexible, the following interpolation result stresses that
not much is lost when choosing a Gaussian transition density v; oc exp(—||x — y||?/2t):

Theorem 2. Let q; be the transition density of the diffusion process dx; = a(x;)dt + dwy, let
Pebm X exp(—U) be the energy-based distribution and p; the data-distribution convolved with qy.

1. The energy discrepancy is given by a multi-noise scale score matching loss

t
1
Dy i ¥) = [ By e | ~800 () + 190 05[] s+ coms

2. Ifa=0, i.e. q; is the Gaussian transition density y;, the energy discrepancy converges to
the loss of maximum likelihood estimation a linear rate in time

1
|ED'yt (pdataa U) + ]Epdata(x) [logpebm(x)] - C(t)| S %Wg (pdata7pebm)

where c(t) is independent of U and W, denotes the Wasserstein distance.

Theorem 2 has two main messages: All diffusion-based energy discrepancies behave like a muli-noise
scale score matching loss independent of the drift a. In fact, we show in Appendix A.2 that for
a linear drift ax;, the induced energy discrepancy is always equivalent to the energy discrepancy
based on a Gaussian perturbation. Furthermore, estimation with a Gaussian-based energy discrepancy
approximates maximum likelihood estimation for large ¢, thus enjoying its attractive asymptotic
properties provided ED., (pdata, U) can be approximated with low variance. We demonstrate the
result in a mixture model in Figure 1 and Appendix D.1 and give a proof of above theorem in
Appendices A.3 and A 4.

Connection to Contrastive Divergence. Due to the generality of our result we can also make a
direct connection between energy discrepancy and contrastive divergence. To this end, suppose that
for 6 fixed, ¢ satisfies the detailed balance relation ¢(y|x) exp(—Ep(x)) = ¢(x|y) exp(—FEy(y)). In
this case, energy discrepancy becomes the loss function

EDy(Pdatas Eo) = Ep,.. ) o (%) — Ep.... 0 Eqylx) Eo(¥) (6)

which after taking gradients in 6 yields the contrastive divergence update®. See Appendix A.5 for
details. The non-parametric estimation result from Theorem 1 holds true for the contrastive objective
in (6). This means that each step of contrastive divergence optimises an objective function with
minimum at pyata == py. However the objective function is adjusted in each step of the algorithm.

4 Training EBMs with Energy Discrepancy

In sight of Theorem 2, we will discuss how to approximate ED from samples for Euclidean data
{x’}  R? and a Gaussian conditional distribution v (y — x) o exp(—|ly — x||?/2t). First, the
outer expectations on the right-hand of (5) can be computed as plug-in estimators by simulating the
Gaussian perturbation x} = x* + v/t£ for & ~ N(0,I) and averaging {U(x*)} and {U;(x})}. The
critical step is then finding a low-variance estimate of the contrasting potential U, itself.

The implicit dependence of g on 6 is ignored when taking the gradient. Notice that CD is not the gradient of
any fixed objective function (Sutskever & Tieleman, 2010).
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Due to the symmetry of the Gaussian transition density, we ‘ e oo
can interpret y; as the law of a Gaussian random variable \ —wsoo
with mean x} and variance ¢, i.e. the conditioned random \

variable x} + v/t€'|x! for & ~ N(0,1) has the density
v¢(xi — x). Hence, we can write Uy as the expectation

Ui(x}) = —log By, (¢n[exp(—U(x} + V&) [x})]
for¢=1,2,..., N. The conditioning expresses that we ool L—
keep x! fixed when taking the expectation with respect =2 0
to &. Ttis then possible to calculate the expectation by  Figure 2: Estimated energy functions for
sampling &7 ~ N(0,I) and calculating the mean as Gaussian data with various choices of
for the outer expectations. However, we find that this . Increasing w leads to flatter energy-
approximation is not sufficient as it is biased due to the landscapes, and training becomes unsta-
logarithm and prone to numerical instabilities because ble if w = 0. For details, see Appen-
of missing bounds on the value of U;(x}). To stabilise dices B.1 and D.2.
training, we augment the Monte Carlo estimate of Uy (x})
by an additional term w/M exp(—U (x*)) which we call w-stabilisation. This results in the following
approximation of the contrastive potential:

N
wn

w=10
— w=14.0

g
=}

g
=}

estimated energy
=
o

e
n

o 1 2 3

M
i w i 1 i 1.7 1.7
i)~ —log | gresp(-UG<))+ 37 3 ep(-Ubci+vig™)) | €% ~ N0,
]:

The w-stabilisation provides a deterministic upper bound for the approximate contrastive potential in
(4) and reduces the variance of the estimation. We illustrate the effect of the stabilisation in Figures 2
and 21 and discuss our reasoning in more details in Appendix B.1. The full loss is now formed for
U := Eq with €' ~ N(0,1), £ ~ N(0,T) and tunable hyperparameters ¢, M, w as

N M
1 w 1 ) ) ) .
Lonrw(®) = 57 D 1og | 37 + 57 D exp(Bo(x') — Ep(x' + VIg' + Vig"?))
i=1 j=1

The loss is evaluated using the numerically stabilised logsumexp function. The justification of the
approximation is given by the following theorem:

Theorem 3. Assume that x — exp(—FEy(x)) is uniformly bounded. Then, for every ¢ > 0 there
exist N and M (N) such that |Ly () w(0) — ED, (pdata, Eo)| < € almost surely.

We give the proof in Appendix B.1. This result forms the basis for proofs of asymptotic consistency
of our estimators. We leave this for future work.

4.1 Training EBMs under the manifold hypothesis

LeCun (2022) suggest that maximum-likelihood-based training of energy-based models leads to the
formation of undesirable canyon shaped energy-functions. Indeed, energy discrepancy yields an
energy with low values on the data-support and rapidly diverging values outside of it when being used
on high-dimensional data, directly. Such learned energies fail to represent the distribution between
data-points and are not suitable for inference or image generation. We attribute this phenomenon to
the manifold hypothesis, which states that the data concentrates in the vicinity of a low-dimensional
manifold (Bengio et al., 2013). In this case, the data distribution is not a positive density and can
not be written as an energy-based model as log pqat. is not well-defined. Additionally, Gaussian
perturbations of a data point X := x + £ are orthogonal to the data manifold with high-probability
and the negative samples in the contrastive term are not informative.

To resolve this problem, we will work with a lower-dimensional latent representation of the data
distribution in which positivity can be ensured. We follow Pang et al. (2020) and define a variational
decoder network p, (x|z) and an energy-based tilting of a Gaussian prior pg(z) = exp(—FEjy(z))po(z)
on latent space, resulting in the so-called latent energy-based prior models (LEBMs) py g(x) o
| ps(x|2)pe(z)dz. To obtain the latent representation of the data we sample from the posterior
Dg,0(2|x) x py(x|z) exp(—FEy(z))po(z) using a Langevin sampler. For the training, the contrastive
divergence algorithm is replaced with energy discrepancy (for details see appendix C). LEBMs
provide an interesting benchmark to compare energy discrepancy with contrastive divergence in high
dimensions. However, other ways to tackle the manifold problem are elements of ongoing research.
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Figure 3: Comparison of energy discrepancy, score matching and contrastive divergence on density
estimation. The 1st and 2nd rows are the estimated density and synthesised samples, respectively.

5 Empirical Studies

To support our theoretical discussion, we evaluate the performance of energy discrepancy on low-
dimensional datasets as well as for the training of latent EBMs on high-dimensional image datasets.
In our discussion, we emphasise the comparison with contrastive divergence and score matching as
the dominant methodologies in EBM training.

5.1 Density Estimation

We first demonstrate the effectiveness of energy discrepancy

(ED) on several 2-dimensional distributions. Figure 3 dis- —
plays the estimated unnormalised densities as well as sam- ] M
ples that were synthesised with Langevin dynamics for energy —
discrepancy, score matching (SM) and contrastive divergence
(CD). More experimental results and details are given in Ap-
pendix D.3. Our results confirm the aforementioned nearsight-
edness of score matching which does not learn the uniform
weight distribution of the Gaussian mixture. For CD, it can be 0 0 2k sk 4ok 5ok
seen that CD consistently produces flattened energy landscapes perations

which can be attributed to the short-run MCMC (Nijkamp et al.,
2020a, see) not having converged. Consequently, the synthe-
sised samples of energies learned with CD can lie outside of the data-support. In contrast, ED is able
to model multi-modal distributions faithfully and learns sharp edges in the data support as in the
chessboard data set. We quantify our results in Figure 4 which shows the mean squared error of the
estimated log-density of 25-Gaussians over the number of training iterations. The partition function
is estimated using importance sampling log Z ~logsumexp(—E(x;)—10g pdata (X;)) —log N, where
x; is sampled from the data distribution pqat.(x) and N =5, 000. It shows that ED outperforms SM
and CD with faster convergence, lower mean square error, and better stability.

~ w IS «

MSE of log-density

-

o

Figure 4: Density estimation accu-
racy in the 25-Gaussians dataset.

5.2 Image Modelling

In this experiment, our methods are evaluated by training a latent EBM on three
image datasets: SVHN (Netzer et al., 2011), CIFAR-10 (Krizhevsky et al.,
2009), and CelebA (Liu et al., 2015). The effectiveness of energy discrepancy
is diagnosed through image generation, image reconstruction from their latent
respresentation, and the faithfulness of the learned latent representation. The
model architectures, training details, and the choices of hyper-parameters can
be found in Appendix C.3.

Image Generation and Reconstruction. We benchmark latent EBM priors
trained with energy discrepancy (ED-LEBM) and score matching (SM-LEBM)
against various baselines for latent variable models which are included in
Table 1. Note that the original work on latent EBMs (Pang et al., 2020) uses
contrastive divergence (CD-LEBM) (see appendix C for details). If the model
is well-trained, the EBM prior will match the posterior, resulting in realistic 1
generated samples and faithful reconstructions. The reconstruction error is g gure 5: Image re-
measured via the mean square error while the image generation is measured o 0o ol e
with the FID (Heusel et al., 2017) which are both reported in Table 1. We on CelebA 64 x 64.
observe that ED can improve the contrastive divergence benchmark on SVHN
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Figure 6: Generated examples by the ED-LEBM trained on SVHN, CIFAR-10, and CelebA.

Table 1: Comparison of MSE({) and FID({) on the SVHN, CIFAR-10, and CelebA datasets.

SVHN CIFAR-10 CelebA
MSE FID MSE FID MSE FID

VAE (Kingma & Welling, 2013) 0.019  46.78  0.057 106.37  0.021 65.75

2s-VAE (Dai & Wipf, 2019) 0.019 4281 0.056 72.90 0.021 44.40
RAE (Ghosh et al., 2019) 0.014  40.02  0.027 74.16 0.018 40.95
SRI (Nijkamp et al., 2020b) 0.018 4486  0.020 - 61.03

SRI (L=5) (Nijkamp et al., 2020b) ~ 0.011 35.32 - - 0.015 4795
CD-LEBM (Pang et al., 2020) 0.008  29.44  0.020 70.15 0.013 37.87
SM-LEBM 0.010 3444  0.026 77.82 0.014 4121

ED-LEBM (ours) 0.006 28.10 0.023 73.58 0.009  36.73

and CelebA while the results on CIFAR-10 could not be improved. However, we emphasise that
ED only requires M (here, M = 16) evaluations of the energy function per data point which is
significantly less than CD and SM that both require the calculation of a high-dimensional spatial
gradient. Besides the quantitative metrics, we present qualitative results of the generated samples in
Figure 6. It can be seen that our model generates diverse high-quality images. The qualitative results
of the reconstruction are shown in Figure 5, for which we use the test set of CelebA 64 x 64. The right
column shows the original image x to be reconstructed. The left column shows the reconstruction
based on the initialized latent variable zg ~ po(z), and the middle column displays the reconstructed
image of z;, ~ p(z|x) which is sampled via Langevin dynamics. One can see that our model can
successfully reconstruct the test images, verifying the validity of the latent prior learned with energy
discrepancy. In addition, we showcase the scalability of our approach by applying it successfully to
high-resolution images (CelebA 128 x 128). More results can be found in Appendix D.4.

Image Interpolation and Manipulation. We use a latent-variable to model the effective low-
dimensional structure in the data set. To probe how well the latent space describes the geometry and
meaning of the data-manifold we analyse the structure of the latent space through interpolation and
attribute manipulation. For the interpolation between two samples we linearly interpolate between
their latent representations which were sampled from the posterior distribution. The results in Figure 7
demonstrate that the latent space has learned the data-manifold well and almost all intermediate
samples appear as realistic faces. Further results are given in Figures 16 and 17. In addition, we can
utilize the labels in the CelebA dataset to modify the attributes of an image through the manipulation
technique proposed in (Kingma & Dhariwal, 2018). Specifically, each image in the dataset is
associated with a binary label that indicates the presence or absence of attributes such as smiling,
male, eyeglasses. For each manipulated attribute, we compute the average latent vectors zos of
images with and z,,.; of images without the attribute in the training set. Then, we use the difference
Zpos — Zneg a8 the direction for manipulating the attribute of an image. The results presented in
Figures 8 and 19 confirm the meaningfulness of the latent space learned by energy discrepancy.

5.3 Anomaly Detection

In a well-learned energy-based model, the likelihood should be higher for in-distribution examples
and lower for out-of-distribution examples (Grathwohl et al., 2019). Based on this principle, we
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Figure 7: Image interpolation results on CelebA 64 x 64. The first and last columns show the observed
images, while the middle columns display the interpolation results using the inferred latent vectors.
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Figure 8: Attribute manipulation by interpolating the latent variable along an attribute vector. The
middle image corresponds to the original image, and each subfigure represents a different attribute.

Table 2: Comparison of AUPRC(?) for unsupervised anomaly detection on MNIST dataset.
Heldout Digit 1 4 5 7 9

VAE (Kingma & Welling, 2013) 0.063 0.337 0.325 0.148 0.104
ABP (Han et al., 2017) 0.095 £ 0.03 0.138 £0.04 0.147+£0.03 0.138£0.02 0.102 £ 0.03
MEG (Kumar et al., 2019) 0.281+0.04 0.401 £0.06 0.402 £ 0.06 0.290 £0.04 0.342+0.03
BiGAN-o (Zenati et al., 2018) 0.287 £0.02 0.443 £0.03 0.514 £ 0.03 0.347 £ 0.02 0.307 £ 0.03
CD-LEBM (Pang et al., 2020) 0.336 £0.01 0.630 +0.02 0.619 +0.01 0.463 £0.01 0.413 £0.01
SM-LEBM 0.285 £ 0.01 0.663 £0.01 0.610+0.01 0.471£0.01 0.422+£0.01

ED-LEBM (ours) 0.342 + 0.01 0.740 £ 0.01 0.708 = 0.01 0.501 £+ 0.02 0.444 £+ 0.01

conduct anomaly detection experiments to compare our method with other baselines. Specifically,
given a test sample x, we first sample z form the posterior py(z|x) by Langevin dynamics, and then
compute the unnormalized log-density py(x,z) as the decision function. Following the protocol
in (Zenati et al., 2018), we designate each digit class in the MNIST dataset as an anomaly and
leave the rest as normal. The area under the precision-recall curve (AUPRC) is used to evaluate
different methods. As shown in Table 2, our model consistently outperforms the baseline methods,
demonstrating the advantages of training latent EBMs with energy discrepancy.

6 Related Work

Training Energy-based models. While energy-based models have been around for some time
(Hinton, 2002), the training of energy-based models remains challenging. For a summary on existing
methods for the training of energy-based models see Song & Kingma (2021) and LeCun et al.
(2006). Contrastive divergence is still the most used option for training energy-based models. Recent
extensions have improved the scalability of the basic algorithm, making it possible to train EBMs
on high-dimensional data (Nijkamp et al., 2019; Du & Mordatch, 2019). Despite these advances, it
has been noted that contrastive divergence is not the gradient of any fixed loss-function (Sutskever &
Tieleman, 2010) and can yield energy functions whose associated distribution does not adequately
reflect the data (Nijkamp et al., 2020a). This has motivated improvements to the standard methodology
(Du et al., 2021) by approximating overlooked entropy terms or by improving the convergence of
MCMC sampling with diffusion recovery likelihood (Gao et al., 2020).

Score-based methods (Hyvérinen & Dayan, 2005; Vincent, 2011; Song et al., 2020a) are typically
implemented by directly learning the score function instead of the energy function. Song & Ermon
(2019); Song et al. (2020b) point out the importance to introduce multiple noise levels at which the
score is learned. Li et al. (2019) adopt the strategy to learn an energy-based model using multi-scale
denoising score matching.
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We learn a latent EBM prior (Pang et al., 2020) on high-dimensional data to address situations where
the data lives on a lower dimensional submanifold. This methodology has been improved with
a multi-stage approach (Xiao & Han, 2022) with score-independent noise contrastive estimation
(Gutmann & Hyvirinen, 2010).

Related loss functions. Energy discrepancies can be derived from KL-contraction divergences
(Lyu, 2011) which we also discuss briefly in Appendix A.6. To the best of our knowledge, no
practical implementations that make training of energy-based models with KL-contractions a viable
approach have been suggested prior to our work. Gao et al. (2020) technically optimise the same
loss as us but train the EBM with contrastive divergence. Energy discrepancy also shares similarities
with other contrastive loss functions in machine learning. The w-stabilised energy-discrepancy
loss with w, M = 1 is equivalent to conditional noise contrastive estimation (Ceylan & Gutmann,
2018) with Gaussian noise. For M > 1, the stabilised ED loss shares great structural similarity to
certain contrastive learning losses such as InfoNCE (van den Oord et al., 2018). We hope that such
observations can lead to interpretations of the w-stabilisation.

Theoretical connections between likelihood and score-based functionals. The connection between
likelihood methods and score-based methods is related to the de Burjin identity (Stam, 1959; Lyu,
2009) which explains that score matching appears frequently as the limit of EBM training methods.
We generalise the identity significantly. Similar connections have been mentioned and exploited by
Song et al. (2021) to choose a weighting scheme for a combination of score matching losses.

Generative modelling for manifold-valued data. The manifold hypothesis was, for example,
described in Bengio et al. (2013). Prior work to us shows how score-based generative models detect
this manifold (Pidstrigach, 2022) and give reasons why CD is more robust to this issue than contrastive
methods (Yair & Michaeli, 2021). In part, this explains the success of diffusion models (Ho et al.,
2020) which project a latent space of the same dimension as data on the data manifold. Arbel et al.
(2021) learn an energy-based model as a tilt of a GAN-based prior that models the data-manifold. We
believe that a combination of above results with energy discrepancy could enable training EBMs with
energy discrepancy on data space.

7 Discussion and Outlook

We demonstrate that energy discrepancy provides a new tool for fast training of energy-based models
without the need to compute scores. We show for Euclidean data that ED interpolates between score
matching and maximum likelihood estimation, thus alleviating problems of nearsightedness of score
matching without annealing strategies. Based on our theoretical analysis, we show that training
EBMs using energy discrepancy yields more accurate energy functions for two-dimensional data than
explicit score matching and contrastive divergence. In this task, it is robust to the hyperparameters
used, making energy discrepancy a useful tool for energy-based modelling with little tuning required.
We then establish that energy discrepancy achieves comparable results to contrastive divergence at a
lower computational cost when learning a lower-dimensional energy-based prior for high-dimensional
data. This shows that energy discrepancy is not limited to toy data sets.

Limitations: Energy-based models make the assumption that the data-distribution has a positive
density which is violated for most high-dimensional data sets due to the manifold hypothesis.
Compared to contrastive divergence or diffusion-based strategies, energy discrepancy is especially
sensitive to such singularities in the data set. Currently, this limits energy discrepancy to settings in
which a low-dimensional representation can be learned efficiently and accurately.

Outlook: This work can be extended in various ways. Firstly, we want to explore other choices for
the conditional distribution q. In particular, the effect of different types of noise such as Laplace
noise or anisotropic Gaussian noise are open questions. Furthermore, energy discrepancy can be
a well-suited objective function for discrete data for appropriately chosen perturbations. Secondly,
we believe that improvements to our methodology can be made by learning the energy function of
image-data on pixel space directly, as in this case U-Net architectures (Ronneberger et al., 2015; Song
& Ermon, 2019) can be used in the modelling. However, this requires further work in learning the
data-manifold during training so that early saturation can be prevented. Finally, the partial differential
equations arising in Euclidean energy discrepancies promise exciting insights into the connections
between energy-based learning, stochastic differential equations, and optimal control which we want
to investigate further.
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A Abstract Proofs and Derivations

A.1 Proof of the Non-Parametric Estimation Theorem 1

In this subsection we give a formal proof for the uniqueness of minima of EDy(pqata, U) as a
functional in the energy function U. We first reiterate the theorem as stated in the paper:

Theorem 1. Lef pyata be a positive probability density on (X, dx). Under mild technical assumptions,
the energy discrepancy EDg is functionally convex in U and has a unique global minimiser U* =
arg min ED (paata, U) With Pdata X exp(—U™*).

For this theorem we need to make mild additional assumptions on the conditional distribution g
and on the optimisation domain to guarantee uniqueness. Firstly, we require the energy-based
distribution to be normalisable which implies that exp(—U) € L'(X,dx). For the existence and
uniqueness of minimisers we have to constrain the space of energy functions since ED (pdata, U) =
EDg(pdata, U + ¢) for any constant ¢ € R. Hence, we restrict the optimisation domain to functions
U that satisfy minge x U(x) = 0. The sufficient condition for ¢ is that x can not be fully recovered
fromy ~ ¢(y|x) even if pgata(x) is known, i.e., for every x € X and y ~ ¢(y|x), Var(z|y) > 0.
Such a perturbation may also be deterministic. For image data, for example, y can be defined as a
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maxed-pooled version of the image which always takes information from the image. We summarise
these assumptions as follows:

Assumption 1. For everyy € X, we define the recovery probability density

q(y|2)Pdata(2)
fq Y|Z pdata( /)dz/ '

pdata( |y)

Furthermore, we define the optimisation domain

G:= {U : X = R such that exp(—U) € L' (X,dx), U € L'(pgata), and minU(zx) = 0}

XEX

We then make the following assumptions on q and U :
1. Foreveryx € X andy ~ q(-|x) it holds that Var,, . (,y)(2z) > 0.
2. There exists a U* € G such that exp(—U™*) X Pdata

Under Assumption 1, ED(pdata, U) has a unique global minimiser U* = — log pgata + ¢ in G. We
prove this by computing the first and second variation of ED,. Note that G may not be a vector space
in general since in some cases 0 ¢ G. We will omit this technical issue in this discussion. We start
from the following lemmata and then complete the proof of Theorem 1 in Corollary 1.

Lemma 1. Let h € G be arbitrary. The first variation of ED, is given by

d

&EDq(pdataa U+ ¢h) =Eppa(x) [h(x)] — Epioa ) Eaty ) Epe (2ly) [h(z)] (7
e=0
Z) ex U(z

where pu (2ly) = TS T

Proof. We define the short-hand notation U, := U + €h. The energy discrepancy at U, reads

EDq(pdatas Ue) = Epypa ) [Ue(X)] + Epyr (0 Eqy %) [log / q(y|z) exp(—Ue(z))dz

For the first functional derivative, we only need to calculate

d q(y|2)h exp( Uc2) , _
alog/ (y|z) exp(=U. fq vIa) exp(—U.(z ’))dz’dz =—Epy (zy)[P(2)]. (8)

Plugging this expression into ED(pdata, Ue) and setting € = 0 yields the first variation of ED,. [

Lemma 2. The second variation of F is given by

2

@EDq (pdata7 U + Eh)

= Ep a0 Eq(y1x) VaTpy (a)y) [1(2)]-
e=0

Proof. For the second order term, we have based on equation 8 and the quotient rule for derivatives:

S o [ alyia) exp(-U, )iz

_ Jalylz) exp(Ue(2)) h*(2) dz [ q(ylz') exp(~U.(z'))dz’
([alylz) exp( U.(2'))dz')”
_ Ja(y|z) exp(Uc(2))h(z)dz [ q(y|2z') exp(~Uc(2'))h(2')dz’
(f alyl) exp(~U(2))dz")"
=Epy_(aly)[1%(2)] — Epy_(aly,0) [M(2)]> = Var,,,_(zjy)[h(2)].

We obtain the desired result by interchanging the outer expectations with the derivatives in e. O

15



584

585

586

587
588
589

590

591
592

593

594
595
596
597
598
599
600

601
602

603
604

605
606
607

608

Corollary 1. Let ¢ = mingex (— 10g paata(X)). For U* = —log(paata) — ¢ € G it holds that

d
CED, (paatas U* +€h)| =0
de 1 0
2
@EDq(pdam, U* +¢€h) >0 for all h,
e=0

Furthermore, U* is the unique global minimiser of ED¢(paata, -) in G.

Proof. By definition, the variance is non-negative, i.e. for every h € G:
2

d2

Consequently, the energy discrepancy is convex and an extremal point of ED (pgata, -) is a global
minimiser. We are left to show that the minimiser is obtained at U* and unique. First of all, we have
for U*:

—ED (pdam, U+ Eh) = Vaer(z|y) [h(z)] >0.

e=0

q(y|z) exp( *(z))

E,. . (z Sh(z)d
pu* ( \Y) fq y|Z eXp U*(Z'))d (z) Z
a(y|z) pdata( )

h(z)dz.

fq ylz pdata )dzl (Z) §
By applying the outer expectations we obtain
q(y|2)paata(2)
Ep e () Eq(y 1) Epg (aly) [ //pdata q(ylx)dx Talyl2) pd:a )dz’h(z) dy dz

- / / 4(y[%)Paaa(2)h(z) dy dz
= Epdata(z) [h(Z)L

where we used that the marginal distributions [ paata(x)g(y|x)dx cancel out and the conditional
probability density integrates to one. This implies

=Epa(2)[1(2)] = Epyia(z) [1(2)] = 0.
e=0

d *
&ED(I (pdata7 U + Eh)

for all h € G. We now show that
d2
de2
Assume that the second variation was zero. Since the perturbed data distribution [ pgata(x)gq(y|x)dx

is positive, the second variation at U* is zero if and only if the conditional variance
Var,, . (zly)[M(z)] = 0. Since U* + eh € G, the function h can not be constant. By definition of the
conditional variance, 1(z) must then be a deterministic function of y ~ [ ¢(y|X)pdata(x)dx. Since
h was arbitrary, there exists a measurable map g such that z = g(y) and Vary,, .. (zjy)[2] = 0 which
is a contradiction to Assumption 1. Consequently, U* is the unique global minimiser of ED, which
completes the statement in Theorem 1. O

ED (pdata? U + Eh) = ]Epdata(x)EQ(y|x)Varpdata(zly) [h(z)] > 0 .

e=0

A.2 Equivalence of Energy Discrepancy for Brownian Motion and Ornstein-Uhlenbeck
Processes

In this subsection we show that an energy discrepancy based on an Ornstein-Uhlenbeck process is
equivalent to the energy discrepancy based on a time-changed Brownian motion.

Proposition 1. Let q; be the transition density for the Ornstein-Uhlenbeck process dx; = ax;dt +
V/Bdw with standard Brownian motion wy, and let v;(y|x) o exp(— ||y —x||?/2t) be the Gaussian
transition density of Brownian motion. Then,

EDqt (pdata7 U) = ED'YU2_ “ (pdatav U) —aot

where 0, (t) = %(e%t — 1) and oo (t) = /Pt
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Proof. At time t, the Ornstein-Uhlenbeck process has distribution

xi £ %o+ 0a()E, €~ N(0,T) ©)
with o, (t) = %(62(’“‘/ — 1) and 0¢(t) = +/Bt. The Ornstein-Uhlenbeck process is variance
exploding for a > 0 and variance preserving for a < 0. Based on (9). the transition density of x; is
given as

_ly = eo‘tXHQ)

2 (ylx) = WQXP ( 202 (1)

Hence, we obtain via the change of variables &' := (y — e**x)/04(t) ~ N (0, 1) for the contrastive
potential

U(y)

—log / q(y|x) exp(—=U(x))dx

= _ log/yl(g’) exp (—U (e7*(y — 0a(1)€))) d¢’ — at.

We now evaluate the contrastive potential at the forward process y = x; which yields
Ui(x¢) = — 1og/71 (&) exp (U (e=*(e™xg + 04 (t)€ — 0a(t)€))) d&’ — at
= —log [ (€)exp (U (x0 + 006 — 7-a(t)€)) A€~ at
= —10g/%3a(t) (Waia(t) - X) exp(—U(x)dx — at

where we used that e=* 0, (t) = 0_,/(t) in the second equality and the change of variables x =
Wo2 (5 —§ " in the third equality. Hence, the energy discrepancy for the Ornstein-Uhlenbeck process

is equivalent to the energy discrepancy for Brownian motion with time parameter

B

0 -alt) = |/ o= (1 — e201)

O

Notice that for the variance-exploding process with a > 0 the contrasting particles have a finite
t—o0 B
% %
achieved for the variance preserving process with o < 0 and for the critical case of Brownian motion
with o = 0.

horizon since o_ (t) < oo. Hence, the maximum-likelihood limit in Theorem 2 is only

A.3 Interpolation between Score-Matching and Maximum-Likelihood Estimation

We first prove the result as stated in the Gaussian case. We then show how the result can be generalised
to arbitrary diffusions by using Ito calculus.

Gaussian case Denote the Gaussian density as

Ty — %) = — eXP<—|y_X”2>~
\/27rtd 2t

and define the convolved distributions p; := 7 * Pgata and exp(—U;) := ¢ x exp(=U).

Proposition 2. The energy discrepancy is the multi noise-scale score-matching loss

K 1
ED(ason0) = [ Buge | -A0x0) + 5IVOGx)P] ds
0
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Proof. 1t is known that , is the solution of the heat equation:

1
Oy —x) = §Ay%(y —X).

Consequently, both, p; and exp(—U,) satisfy the heat-equation because the integral commutes with
the differential operators. Based on the heat-equation we can derive the following non-linear partial
differential equation for the contrastive potential Uy:

B0 Uy) — /@%(y ~ x)e-Udx
1
= §/Ay%(y —x)e” "™ dx
1 _
= iAye Ui(y)
1 _
=5y (W Uuy)) e )
1 1 _
= (SIS - 58,0 ) )

Since eVt = —e~Ut9,U,, we get after cancellation of the exponentials:

1 1
0:Ui(y) = §AyUt(Y) - §||VyUt(Y)H2

The integral notation of the contrastive term in energy discrepancy takes the form

Epiaea (0 Ere (v - [Ue(¥)] = / U(y)pe(y)dy -

We now take a derivative of the energy discrepancy and find

ED., (pasta, U) = — 0, / Us(y)pe(y)dy
. / (OU(y)) pely)dy / Us(y)epi(y)dy
- [@ueNnay - [Ui)58m)y

- [@U)pay - [ 505 i)y

where we used integration by parts twice in the final equation to shift the differential operator from p;
to U;. Now, plugging in the differential equation for U; we find

1 1 1
0D, (e 0) = [ (=58,005) + FIV U = 5A,0(3) ) vy

1
~ B0 By | ~A5Ui3) + 51V, Ui

Finally, we obtain energy discrepancy by integrating above expression:

t
ED'Yt (pdataa U) = / asE])’ys (pdatw U)dS
0

t
1
~ [ BB [~A U3 + 31T, TR ds
This gives the desired integral representation in Proposition 2. O

Proposition 3. Let ~y; be the Gaussian transition density and pepm x exp(—U) the energy-based
distribution. The energy discrepancy converges to a cross entropy loss at a linear rate in time

1
‘ED% (pdataa U) + IEpdam(x) [logpebm(x)} - C(t)‘ < %Wg (pdataapebm)
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where c(t) is a renormalising constant independent of U.

For the proof we employ the following lemma of Yihong Wu which was given in Raginsky & Sason
(2013).

Lemma 3. Let v, be the Gaussian transition density of a standard Brownian motion. Let j,v be
probability distributions and denote i := v¢xp and vy := vy xv. The following information-transport
inequality holds:

1
KL(pt || v) < Ewé)(u’ v)

Proof. Let 7 be a probability density of (x,x’) with marginal distributions x(x) and v(x’) (also
called a coupling in optimal transport). We have

/ KL(7(- — %) || %( = x'))m(,x')dxdx’ — KLt || )

_ /KL(%(Y —x)m(x,x’) H ly = x)m(x,x')
1 (y) vi(y)
Hence, we find by rearranging the inequality

KLGu | 1) £ [ KLOu(- =30 | 30l = %), x e
The right hand side is the Kullback-Leibler divergence between Gaussians, so

KLOu( =) | 3 =) = o lx = X

Since the coupling was arbitrary, we can minimise over all couplings 7 of p and v which results in
the Wasserstein-distance

. 1
KL(u¢ || ) < min /KL(%(' —x) | 7e(- = x))m(x, x)dxdx’ = —W35(u,v)
mell(p,v) 2t

)i (y)dy >0

where I1(u, v) denotes the set of all joint distributions with marginals y and v. O
The proof of Proposition 3 then follows:

Proof. Let [t = pdata and v = pebm, denote the convolved distributions as py gata and Py ebm. Notice
that for any x,y € R?

Dt,ebm (y)
log———F= =U(x) — Uy
gl 8 = U() = Uy)
since both models have the same normalising constant. We then have for arbitrary x

KL(pLdata || pt,ebm) = / (10gpt,data(Y) - logpt7ebm(y))pt7data(y)dy

/ <log Dt,data(y) — log Probm(y) _ log pcbm(x)) Pt data(y)dy
Pebm (X)

- / (log Pr.data(y) + Un(y) — U(x)) pr.aata(y)dy — 10g pesum (x)

= c(t) + / Ut(¥)pt.data(y)dy — U(x) — 10g pebm (X)

with U independent entropy term c(t) := E,,, .. (y)[108 Pt data(y)]. Since x was chosen arbitrarily,
we can integrate with respect to pgata(x) and find

0 < KL(pt,data || pt,ebm)

= C(t) +/Ut(y)pt,data(y)dy_/U(X)pdata(x) _/logpebm(x)pdata(x)

1
= C(t) - ED% (pdataa U) - IEpdam(x) UOg Pebm (X)] < %Wg (pdataapebm)
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A.4 Representing ED as multi-scale SM for general Diffusion Processes

We now prove the connection between energy discrepancy and multi-noise scale score matching in a
general context. For all following results we will assume that x; is some stochastic diffusion process
which satisfies the SDE dx; = a(x;)dt 4 b(x;)dw, and assume that Xg ~ Pqata- Let ¢; denote the
associated transition probability density. To make the exposition cleaner we write U; := Uy,.

The main idea will be the following observation:

Proposition 4. The diffusion-based energy discrepancy is given by the expectation of the Ito integral

EDy, (pasta, U) = —E { /0 t dU.s(xs)}

Proof. The stochastic integral with respect to the differential dU,(x) is defined to satisfy the
following generalisation of the fundamental theorem of calculus:

Ui(x:) = Up(x0) +/0 dUs(xs)

We obtain the desired result by taking expectations on both sides. O

Notice that the law of the random variable x is fixed by the initial distribution of the diffusion
X0 ~ Pdata- These distributions are implied when taking the expectation. We will now explore this
connection further. For this we make some basic assumptions which allow us to connect stochastic
differential equations with partial differential equations.

Assumption 2. Consider the stochastic differential equation dx; = a(x;)dt + b(x;)dwy for drift
a:R?— RYand b : R — RE. Further, define the diffusion matrix ¥(x) = b(x)b(x)T € R4, We
make the following assumptions:

1. There exists a j1 > 0 such that for all £, x € R? (£, %(x)€) > pl|€]?

2. Y and a are bounded and uniformly Lipschitz-continuous in X on every compact subset of
Rd
3. X is uniformly Holder-continuous in x

Theorem 4 (Fokker-Planck equation). Under Assumption 2, x; has a transition density function
given by

P(x; € Alxg =x) = / q:(y|x)dy .
A
Furthermore, q; satisfies the Fokker-Planck partial differential equation

d
Oy, | ~ay)alyx) + 3 D0y, (S alyk) (10)

Jj=1

Orqt(ylx) =

-

Il
-

qo(ylx) = 0(y —x)

For a reference, see (Friedman, 2012, Theorem 5.4)

The Fokker-Planck equation yields the following important differential equation for the contrastive
potential Uy:

Proposition 5. Consider the stochastic differential equation dx; = a(x;)dt + b(x;)dw, for drift
a:RY— RYand b : RY — R¥, and diffusion matrix $(x) = b(x)b(x)T € R4 that satisfies
assumptions 2. Let q; be the associated transition density and define the contrastive potential
Ui(y) := —log [ q:(y|x) exp(—U(x))dx. Furthermore, we define the scalar field

d

d
1
c(a, E)(y) = Z Iy, a;i(y) — by 26Yia)’j i
j=1

i=1
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and the linear operator

0 0?
Z al + Z 25y] E” 8 Ewm .

Then, the contrastive potential satisfies the non-linear partial differential equation

AUL(y) = L(a, D)Uily) + 07 (VU + ela, 2)(y)

Proof. We commute the linear operator of the Fokker-Planck equation to see that e~ Ut satisfies the
Fokker-Planck equation in Theorem 4, too, i.e.

d

e Ui(y) — Z@ —as(y)e VW) 4 %Zaw (Eij(y)e—m(w)

j=1
Vo) — o~Ux)

We now expand the term corresponding to the drift term:

d d
Za : (—ai(Y)e—Ut(y)) = Z(—ayiai(y) + a;(y)dy, Us(y)) Ut

i=1
Similarly, we treat the diffusion term:
d

_ 1
2 Z Oy, Dy, ( ii(¥)e Ut(y)) =52 (aYianzij(y) + i (¥) 0y, Ut(y) 0y, Ue(y)
,j=1 i,5=1
— 20,545 ()0y, Uily) — Zij )0y, 0y, Un(y) ) e~ )
Finally, the time derivative simply becomes d;e~Vt(™) = —9,U,(y)e~V+(¥). We can now collect all

terms independent of U and identify

d d
1
y) = Z dy, ai(y) — 2 Z 8Yi6}’j Xij (¥)

=1 j=1
as well as the linear operator term
d d
0 1 0 0?
= —ai7— + = 20y 8ij— +Xij ——
; "y, +2”Z—1< gy J3Y¢3Yj>

Finally, we have

k
Z ZU 6 Ut Z szl )a ( )6)’1

i,j=1 i,j=11=1

kod
=3 ) (05,30, Uu(y))* = 1" (y)VUi(y)I?

=1 1i=1

~

This gives us the partial differential equation
1
—0WUn(y)e ") = (—E(Ch E)Ui(y) + §||bT(y)VUt(Y)H2 - ¢(a, Z)(y)) e U¥)

Cancelling all exponentials from both sides of the equation yields the desired result. O

Theorem 5. The energy discrepancy takes the form of a generalised multi-noise scale score matching
loss:

EDy, (paata, U) = / Za 5 (x0)0, U (x,)) + f||bT(xS)VU (x,)|2ds | + const.

1,7=1
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Proof. For this proof we return to the stochastic process U, (x) from Proposition 4. By Ito’s formula,
Us(x;) satisfies the stochastic differential equation

d d
1
dUs(xs) = | 9:Us(xs) + g a;(%5)0x, Us(xs) + 3 E Yij(¥)0x, 0%, U(xs) | ds
i=1 ij=1

+ )Y 0 Us ()b (%) dw!,

i=1 =1

Under the additional integrability condition that E fg 16T (x5)VUs(x4)|?ds < oo, the stochastic
integral with respect to Brownian motion dw has expectation zero. Furthermore, we can replace
0sUs(x5) with our previously obtained non-linear partial differential equation

DL (%) = L(a, D)Us ) + 5 17 (20 VU (x5)| + el 9) x2).

Due to opposing signs, the drift a cancels, i.e.

d d
1

£la DU 00s) + 3 1) Uslo) + 5 Z: 315 ()9, O, U (35)

d

0 52

— igz:l (ayj Eij(y)ﬁiyi + X5 (y)axzﬁx]) Us(xs)

d
= Z 6"] (Zijain(Xs))

ij=1

Consequently, we obtain the final energy discrepancy expression using Proposition 4

t
EDy, (Pdata, U) = —E {/ dUS(XS)}
0

t d
_ / 3 o, (Zij(xs)ain(xs))—%HbT(xs)VUs(xs)Hst + const.
0

i,j=1

with U-independent constant fot c¢(a, ) (xs)ds. This completes the proof. O

As a corollary we obtain the proof of the first statement in Theorem 2: Assume that ¢, is de-
fined through the stochastic differential equation dx; = a(x;)dt + dwy. In this case, X = I and

SOy, (34 (x5)0x,U(x5)) = AU(xs). Consequently, we obtain from Theorem 5 the score

i,j=17Xj
matching representation of ED,, in Theorem 2. In the special case that ¥ = bb” is independent of x
we obtain an integrated sliced score-matching loss.

A.5 Connections of Energy Discrepancy with Contrastive Divergence
The contrastive divergence update can be derived from an energy discrepancy when, for Ey fixed, ¢
satisfies the detailed balance relation

q(y[x) exp(—Ep(x)) = q(x|y) exp(—Ep(y)) -

To see this, we calculate the contrastive potential induced by ¢: We have

~1og. [ a(ylx) expl(~Eo(o))dx = ~1og [ a(xly) expl(~Eo(y))dx = Eo(y).
Consequently, the energy discrepancy induced by ¢ is given by

EDq (pdatav EF)) - Epdata(x) [EQ (X)] - Epdata(x)Eq(y\x) [EG (Y)] .
Updating 6 based on a sample approximation of this loss leads to the contrastive divergence update

N N
1 i 1 i % i
Aoy D VoBolx') = 3 D VoFaly') ¥~ alix)

Three things are important to notice:
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1. Implicitly, the distribution ¢ depends on Ejy and needs to adjusted in each step of the
algorithm

2. For fixed ¢, ED(pdata, Eo) satisfies Theorem 1. This means that each step of contrastive
divergence optimises a loss with minimiser E; = —log pgata + c. However, ¢ needs to
be adjusted in each step as otherwise the contrastive potential is not given by the energy
function Ej itself.

3. This result highlights the importance to use Metropolis-Hastings adjusted Langevin-samplers
to implement CD to ensure that the implied ¢ distribution satisfies the detailed balance
relation. This matches the observations found by Yair & Michaeli (2021).

A.6 Derivation of Energy Discrepancy from KL Contractions

A Kullback-Leibler contraction is the divergence function KL(pdata || Pebm) — KL(QPdata || @Pebm)
(Lyu, 2011) for the convolution operator Qp(y) = [ ¢(y|x)p(x)dx. The linearity of the convolution
operator retains the normalisation of the measure, i.e. for the energy-based distribution pey,,, we have

1 .
QPebm = Z—U/q(y|x) exp(=U(x) with Zy = /exp(—U(x))dx.
The KL divergences then become with U, := —log Q exp(—U (x))

KL(paata || Pebm) = Epyoa(x) 108 Pdata (X)] + Ep..x) [U ()] + log Zy
KL(Qpaata || QPebm) = EQpyaa(y) 108 QPaata(¥)] + EQpuaay) [Ua(¥)] +1og Zu

Since the normalisation cancels when subtracting the two terms we find

KL(pdata || pebm) - KL(deata || Qpebm) = EDq(pdataa U) +c

where c is a constant that contains the U-independent entropies of pgata and Qpgata-

B Aspects of Training EBMs with Energy Discrepancy

B.1 Conceptual Understanding of the w-Stabilisation

The critical step for using energy discrepancy in practice is a stable approximation of the contrastive
potential. For the Gaussian-based energy discrepancy, we can write the contrastive potential as
Ui(y) = —logE[exp(—U(y + V/t¢'))] with & ~ N(0,I) and y € R?. A naive approximation of
the expectation with a Monte-Carlo estimator, however, is biased because of Jensen’s inequality, i.e.
for &', ¢ ~ N(0,I) we have

M

Ui(y) = —logE [exp(~Ul(y + V¢'))] < —E |log % > exp(=U(y + Vig"))

j=1
Our first observation is that the appearing bias can be quantified to leading order. For this, define

vi(y) = Elexp(—U(y + v¢'))] and Ty(y) = & Zjvil exp(—U(y + Vt€7)). We use the
Taylor-expansion of log(1 + u) ~ u — 1/2u? + h.o.t. which gives

(y) - Ut(Y))]

Elog(y) — logvi(y) = E {log (1 + 2 ") (11)

~ 1 (Ve (y) — Ut(}’))2
1 /
= iV [PV + VA + ot

The linear term in the Taylor-expansion does not contribute because E[0;(y)] = v¢(y). In the final

equation we used that Var(9;(y)) = Var[exp(—U (y + v/t£’))]/M because all £’/ are independent.
The Taylor expansion shows that the dominating contribution to the bias is the variance of the
approximated convolution integral.
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Our second observation is that this occurring bias can become infinite for malformed energy functions.
For this reason, the optimiser may start to increase the bias instead of minimising our target loss. To
illustrate how a high-variance estimator of the contrastive potential can be divergent, consider the
energy function

0 forx<0
Ulx) = {bx forx >0 °

The energy function does not strictly adhere to our conditions that the energy based model should be
normalisable. Our argument still holds when exp(—U) is changed to be normalisable. In theory, the
contrastive potential at 0 is upper bounded because

U(0) < — lim logE [exp(~U(vg")| = ~log (¢’ < 0) = ~log(1/2)

because exp(—U(x)) converges to an indicator function on {x < 0} as b — oo. The Monte Carlo
estimator of the contrastive potential, on the other hand, has upper bound

M
U:(0) = —log % Zexp(*U(\/fE’j)) < min[U(VEE"),..., U(VE™M)] +log(M)

which can be seen by applying standard inequalities for the logsumexp function®. Hence, as long as
there exists a j such that &7 <0, the estimated contrastive potential does not diverge. If, however,
&7 > 0forevery j =1,..., M, then

U,(0) > min[U(VE™N), ..., (VEEM)] = bv/Emin[¢?, ..., €M) 222 o0

Consequently, the approximate contrastive potential may attain diverging values at discontinuities in
the energy function. Indeed, this phenomenon is observed for w = 0 in Figure 2. Here, the learned
energy becomes discontinuous at the edge of the support and the energy discrepancy loss diverges
during training. In low dimensions, this problem can be alleviated by using variance reduction
techniques such as antithetic variables or by using large enough values of M during the training. The
stabilising effect of M is observed in our ablation studies in Figure 21. In high-dimensional settings,
however, such variance reduction techniques are infeasible.

The idea of the w-stabilisation is that the value of the energy at non-perturbed data points U (xg) is
guaranteed to stay controlled since it is minimised in the optimisation of ED. Hence, the diverging
contrasting potential can be controlled by including U(x() in the summation in the logsumexp
operation which acts as a soft-min over all contrasting energy contributions. Indeed, this augmentation
provides a deterministic upper bound to the approximated contrastive potential:

. 1 M ,
Up(x1) = —log | ~= exp(—U(x0)) + — > exp(—U(x; + vVg"))
t t O, Me p 0 M;ep t

<min[U(x; + V€, ..., U(x; + Vt&'™), U(x) — log(w)] + log(M)

Additionally, the w-stabilisation introduces a negative bias to the approximated contrastive potential.
Hence, if tuned correctly, it counteracts the bias introduced by the Jensen-gap of the logarithm.

To gain additional intuition on the effect of w, notice that by the same bounds as before,
U(xg) — ﬁt,w(xt) < min [U(xo) —U(xy + \/Zé’l), oL U(x) = Ulxy + VitE™), log(w)

for every data point x. This tells us that, roughly speaking, a perturbed data point with U (xg) —
U(x: + v/t€') > log(w) should have a small contribution to the loss and the optimisation converges
if the data distribution is learned or when the bound is violated at all perturbed data points. Thus,
log(w) describes a weak notion of a margin between positive and negative energy contributions.
Consequently, large values for w € (0, 1) tend to lead to flatter learned energies, while smaller values
lead to steeper learned energies. This intuition is confirmed by Figures 2 and 21.

31t holds that min(u1, u2,...,unm) — log(M) < —LSE(—u1, —u2, ..., —unm) < min(ui, u2,...,unm)
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Asymptotic consistency of sample approximation of ED We give a proof for Theorem 3 which
states that our approximation of energy discrepancy is justified. To make the exposition easier to
understand, we first show how the energy discrepancy is transformed into a conditional expectation.
Recall the probabilistic representation of the contrastive potential Section 4. Using Fy(x) =
log(exp(Ep(x))) we obtain the following rewritten form of energy discrepancy:

ED., (Pastas E0) = Epyora 0 E0(3)] + Eparry 0B (y—) |08 By e [exp(—Eoly + VE Iy | |
= Epgaia0 [E0 ()] + Epgoa 60 B 0) [10% B @) [GXP(—Ee(X + Vg + ﬁé’)lx,éﬂ
= K)o 0By 8) {1og(exp(E9(x))) +1ogE,, (¢ [exp(—Eg(x + Vi€ + \/igl)|x, 5”

= Epaa 0B g) {10% (Em(&/) {GXP(Ee(X) — Bp(x + VIE + Vg Ix, E} )}

The conditioning means that the expectation is not taken with respect to y or x and £ in the inner
expectation. The conditioning is important to understand how the law of large numbers is to be
applied. We now come to the proof that our approximation is consistent with the definition of energy
discrepancy:

Theorem 3. Assume that x — exp(—FEy(x)) is uniformly bounded. Then, for every € > 0 there
exist N and M (N) such that ’ﬂt,M(N),w (0) — ED+, (pdata, Ee)’ < € almost surely.

Proof. First, consider independent random variables X ~ pdata, & ~ N(0,I), and €7 "~ LN (0,1).
Using the triangle inequality, we can upper bound the difference |ED., (pdata, Eo) — Lt m,w(0)| by
upper bounding the following two terms, individually:

ED'Yt (pdata; EO Z logE [GXP(EO( ) Ee(Xi + \/7551 + \/iélj) ’ Xi7 51:|

+ % Z logE [eXp(Eg(Xi) — Bo(x' + Vt& + Vt€") ‘ x', 51} — Lt nw(0)

The first term can be bounded by a sequence £y —== 0 due to the normal strong law of large numbers.
The second term can be estimated by applying the following conditional version of the strong law of
large numbers (Majerek et al., 2005, Theorem 4.2):

x€|

Next, we have that the deterministic sequence w/M — 0. Thus, adding the regularistion w/M
does not change the limit in M. Furthermore, since the logarithm is continuous, the limit also holds
after applying the logarithm. Finally, the estimate translates to the sum by another application of the
triangle inequality. We define

Aeg(x, &, &) == exp(Ey(x) — Eg(x + V€ + V1g'))

Foreachi =1,2,..., N there exists a sequence €; p 2%, 0 such that

M
3§§jwp@%@a—Exx+¢%+v%%)iﬁﬂ{wﬁEam—ﬁmX+¢%+v%v

N
‘Jif ZlogE [Aeg(xi,ﬁi,ﬁl) xi,éi] — Lt v0(0)

i=1

uMz

MEp@,éf)

xi,ﬁz} log— ZA@@ JELE )

1
< N E gim <max(e1 n,- - ENM) -
i=1

Hence, for each ¢ > 0 there exists an N € N and an M(N) € N such that |[ED.,, (pdata, Eo) —
Ly v (n),w(0)] < € almost surely.
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B.2 Approximation of Energy Discrepancy based on general Ito Diffusions

Energy discrepancies are useful objectives for energy-based modelling when the contrastive potential
can be approximated easily and stabily. In most cases this requires us to write the contrastive
potential as an expectation which can be computed using Monte Carlo methods. We show how such
a probabilistic representation can be achieved for a much larger class of stochastic processes via
application of the Feynman-Kac formula. We first highlight the difficulty. Consider the integral
J F(¥)a:(¥|x)pdata(x)dxdy. Since the expectation is taken in y, the integral can be represented as
an expectation of the forward process associated with ¢, i.e.

/ F(¥)ae(y|x)paata(x)dxdy = Epy,, o) [f (x0)] = 5 Z /(i)
where x! are simulated processes initialised at x§, = X’ ~ pgata. Next, consider the integral

v(t,y) = /qt(y\x)g(x)dx.

This integral is more difficult to approximate because the function g is evaluated at the starting point
of the diffusion x; but weighted by it’s transition probability density. To compute such integrals
without sampling from g we use the Feynman-Kac formula, see e.g. @ksendal (2003):

Theorem 6 (Feynman-Kac). Let g € C3(R?) and ¢ € C(R?). Assume that v € CH2(Rsq, R?) is
bounded on K x R with K compact and satisfies
o(t,y) = Av(t,y) + c(y)v(t,y) forallt >0,y € R?
v(0,y) = g(y) forally € R? .

Then, v has the probabilistic representation

olt.y) =5, o ([ t c(y.)ds ) (v

where (y:)i>o is a diffusion process with infinitesimal generator A.

(12)

We will establish that v(¢,y) satisfies a partial differential equation of the above form which yields a
probabilistic representation of the contrastive potential. We know that v(¢,y) satisfies the Fokker-
Planck equation (10). By applying the product rule to each term in the Fokker-Planck equation we
find

a(y)

d d
Opu(t,y) Z —a;(y) + Zayjzij(y) Oy, + 5 Zzz] Oy, v(t,y)

d
+ %Z@@Z Z@ a;(y) | v(t,y)

ij=1
o(y)
v(0,y) =9(y) -
By comparing with Theorem 6, we identify the infinitesimal generator
d d

0 1 0?
A=Y a4y Y o)
; Oy, 244 Oy, Oy
=1 v i=1j=1 K J

Hence we associate the forward diffusion process dx; = a(x;)dt + b(x;)dw; with it’s backwards
process with infinitesimal generator A

dy; = a(y)dt + b(y,)dw;

26



838
839

840
841

842
843
844
845

847
848
849
850
851

852

853
854
855
856
857
858
859

860
861
862

863

864
865

866

867
868
869
870
871
872
873

with X(y) = b(y)bT (y). This yields the probabilistic representation of v(¢,y) in terms of the
backward process y;:

u(t,y) = /Qt(}"x)g(x)dx =Ey [exp </Ot C(YS)dS) Q(Yt):|

Hence, we also obtain a probabilistic representation for the contrastive potential by choosing ¢g(x) :=
exp(—U(x)). This finally gives

Ui(y) = —logEy [exp </Ot c(ys)ds — U(yt)ﬂ '

Unlike the contrasting term in contrastive divergence, this expression can indeed be calculated by
simulating stochastic processes that are entirely independent of U. For this we simulate from the
forward process starting at x which yields x;, where the tilde denotes that this simulation may not be
exact. We then simulate M copies of the reverse process and keep all values at intermediate steps, i.e.

(y{o = Xy, y{l, oo s ¥i.—) forj=1,..., M. Finally we evaluate the contrastive potential as
1 M K . .
Ui(x¢) =~ —log i Z exp ((Z c(yi,)(te — tk1)> — U(jf{))
j=1 k=1

The simulation method for the stochastic process and for the integration fot ¢(ys)ds may be altered
in this approximation. At this stage, it is unclear what practical implications the weighting term
fg ¢(ys)ds has. Notice that the process y: is initialised at the final simulated position of the forward
process x;. Furthermore, the bias correction with the w-stabilisation or an alternative method should
still be relevant for stable training of energy-based models.

B.3 Energy Discrepancy on the Discrete Space {0, 1}¢

Energy discrepancies are, in principle, well-defined on discrete spaces. To illustrate this point, we
describe the energy-discrepancy loss for {0, 1}¢ valued data such as images with binary pixel values,
in which case the discrete energy-discrepancy is straight forward to implement. We will replace the
Gaussian transition density with a Bernoulli distribution. For ¢ € (0, 1), let £ ~ Bernoulli(¢)?. Then
the transition y = x + £ mod(2) is symmetric and induces a symmetric transition density ¢(y — x).
Because of the symmetry, the energy discrepancy can be implemented in the same way as in the
continuous case, i.e.

N M

1 w 1 i i 1ij

L(0) := N z:l i + log i Z:lexp (Eg(xi) — Ep(x" + &' + &7 mod(2)))
i= Jj=

Since the manifold hypothesis is true in a similar way for discrete image data, we conclude that

additional tools need to be used in the optimisation and leave numerical experiments for the discrete

case for future work.

C Latent Space Energy-Based Prior Models

In this section, we first briefly review the latent space energy-based prior models (LEBMs) and its
variants: CD-LEBM, SM-LEBM, and ED-LEBM. We then proceed to the experimental details.

C.1 A Brief Review of LEBMs

Latent space energy-based prior models (Pang et al., 2020) seek to model latent variable models
Ps,0(X) = [ py(x|2)pe(z)dz with an EBM prior pg(z) = w, where po(z) is a base
distribution which we choose as standard Gaussian (Pang et al., 2020). LEBMs often perform better
than latent variable models with a fixed Gaussian prior like VAEs since the EBM prior is more
informative and expressive (Pang et al., 2020, Appendix C). However, training LEBMs is more
expensive compared to latent variable models with fixed Gaussian prior because of the cost of training
for energy-based models. This motivates to explore various training strategies for EBMs such as
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contrastive divergence, score matching, and the proposed energy discrepancy, where we find that
energy discrepancy is the most efficient in terms of computational complexity.

The parameter update for the LEBM can be derived from maximum-likelihood estimation of py g (x).
Using the identity E,,, ; (41x)[Vi,010g pg,0(2]x)] =0, the gradient of the log-likelihood of a data point
x is given by

V.0logpso(x)=Ey, 4(2ix)[Ve.010804.6(2, %) =E,, ,(21x)[Ve log pg(x|2) + Vg log pe(z)].

The posterior py g(z|x) prescribes the latent representation of the data point x. Consequently, in
each parameter update, samples are generated from the posterior distribution pg ¢(z|x) via running
Langevin dynamics and are treated as data on latent space. The generator is then updated via

Ve logpeo(x) = Ep, o (alx) [Ve logpe(x[2)], .

Similarly, the maximum-likelihood update for the EBM parameters 6 is given by Vg log pe ¢(x) =
E,, 4 (zlx)[Va log pg(z)]. As with any EBM, this gradient can not be used, directly, since this would
require a tractable normalisation constant Zy. To make this update tractable, we replace the gradient
of the log-likelihood with contrastive divergence, score matching, and energy discrepancy as lined
out below.

CD-LEBM (Pang et al., 2020). The contrastive divergence update is obtained as per usual by
expressing the gradient of the log likelihood in terms of the energy function

Vologpg.e(x) =Ep, aix)[Velogpe(z)] = Epy2)[VeEe(2)] — Ep, 4zx) [VeEe(2)].

Therefore, the EBM prior can be learned by minimizing

Lcp (0 ZEe (z',) (22), 2% ~pgo(zlx'), 2° ~ po(2). (13)

Note that optimizing CD-LEBM is computationally expensive, as training the EBM prior requires
simulating Langevin dynamics to sample z from py ¢(z|x) to generate positive samples and pg(z) to
generate negative samples.

SM-LEBM. The second solution is to minimize the Fisher divergence between the posterior and
prior, which has the following form

1
§]Ep¢,s(ZIx) [[|Vz1ogpe(z) — Vs logpqg,@(z\x) ||§]

This is equivalent to score matching (Hyvirinen & Dayan, 2005) when pg ¢(z|x) is treated as
parameter independent data distribution. We refer to this approach as score-matching LEBM, in
which the EBM prior is learned by minimising
1 a1

Lsm(0) := N Zl §||VZ log pe(z') — V,logp(z'|x)||3, 2° ~ pg.o(z]x"). (14)
where the parameters of py ¢(z|x) are suppressed in the update. Note that score matching generally
requires computing the Hessian of the log density as in but in score-matching LEBM, we have
V. log p(z|x) = V,log p(x|z) + Vz log p(z).

ED-LEBM. Finally, the EBM prior can be learned by minimising the energy discrepancy between
the posterior and the EBM prior with Ey(z):= FEy(z) — log po(z), which can be estimated as follows

Lo (0 Zlog 7+Mzexp (Bola')— Eo(z' + Vi€ +V/€")) (15)

with z’ ~ p,, ¢(z|x"). Note that energy discrepancy does not require simulating MCMC sampling on
the EBM prior and calculating the score of the log density, which is computationally friendly for
large-scale training. It is critical to include the base distribution py(z) in the energy function Fy. We
summarize the training process of the EBM prior using CD-, SM-, and ED-LEBM in Algorithms 1,
2, and 3, with the training procedure of LEBM given in Algorithm 4.
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Algorithm 1 CD-LEBM Algorithm 2 SM-LEBM Algorithm 3 ED-LEBM

1: sample from posterior and prior 1: sample from posterior 1: sample from posterior
z+ ~ p(z]x); z_~ po(z) z ~ p(z|x) z ~ p(z|x)
2: evaluate the energy difference  2: evaluate the score difference 2: evaluate the energy difference
dg < Eg(z+) — Eo(z-) do+V,log pe(z) —Vilog fz|x)  dge LS M o Eo(m)-BolzV/EeVic?)
. N M £j=1
3: Update parameter 6 using (13)  3: Update parameter ¢ using (14)  3: Update parameter 0 using (15)
0 < 0 —1eVeds 0« 6—nsVoslldoll3 0 + 0—noVo log(w/M+dy)

Figure 9: The training procedure for the EBM prior. We use one training sample only to illustrate.

Algorithm 4 Learning latent space energy-based prior models

1: repeat ‘
2:  Sample training data points {x Y, ~ pdata(x) _ _
3: For each x*, sample the corresponding latent variable z* ~ pg,o (_z|x’) via
Ziy1 = 2 + 5 V2108 ps o (z[X") + Vewr,  wi ~N(0,1),25 ~ po(z)
4:  Update parameter ¢ by maximizing log-likelihood
¢ &+ 106V L, logps(z'[x’)
5:  Update parameter « by running Algorithms 1, 2, or 3
0« 0 —n9VoLcp, sm, oren(0)
6: until convergence of parameters (¢, 6)

C.2 Langevin Sampling, Reconstruction, and Generation

To sample from the EBM prior py(z) and posterior py ¢(z|x) we employ a standard unadjusted
Langevin sampling routine, i.e. we repeat for k = 0,1,..., K

, €
Ziy1 =72 + §vz log p(z) + Vewy, wi ~N(0,T)

where zg ~ po(z) and the distribution p(z) is replaced by the prior or posterior densities, respectively.

The generator is modelled as the Gaussian py(x|z) = N'(114(2),0°I). In reconstruction of x, we
sample from the posterior zx ~ pg o(z|x) and compute the reconstruction as X = 14(2zx). In data
generation, we sample from the EBM prior zge,, ~ pg(2z) and compute the generated synthetic data
point as Xgen = f4¢(Zgen )-

C.3 Experimental Details of LEBMs

Datasets. We use the following datasets in image modelling: SVHN (Netzer et al., 2011), CIFAR-
10 (Krizhevsky et al., 2009), and CelebA (Liu et al., 2015). SVHN is of resolution 32 x 32, and
containts 73, 257 training images and 26, 032 test images. CIFAR-10 consists of 50, 000 training
images and 10, 000 test images with a resolution of 32 x 32. For CelebA, which contains 162, 770
training images and 19, 962 test images, we follow the pre-processing step in (Pang et al., 2020),
taking 40, 000 examples of CelebA as training data and resizing it to 64 x 64. In anomaly detection,
we follow the setting in (Zenati et al., 2018) and the dataset can be found in their published code®.

Model Architectures. We adopt the same network architecture used in CD-LEBM (Pang et al.,
2020), with the details depicted in Table 3, where convT(n) indicates a transposed convolutional
operation with n output channels. We use Leaky ReL.U as activation functions and the slope is set to
be 0.2 and 0.1 in the generator and EBM prior, respectively.

Details of Training and Inference. Here, we provide a detailed description of the hyperparameters
setup for ED-LEBM. Following (Pang et al., 2020), we utilise Xavier normal (Glorot & Bengio, 2010)
to initialise the parameters. For the posterior sampling during training, we use the Langevin sampler
with step size of 0.1 and run it for 20 steps for SVHN and CelebA, and 40 steps on CIFAR-10. We
sett = 0.25, M = 16, w = 1 throughout the experiments. The proposed models are trained for 200
epochs using the Adam optimizer (Kingma & Ba, 2014) with a fixed learning 0.0001 for the generator

*https://github.com/houssamzenati/Efficient-GAN-Anomaly-Detection
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Table 3: Model architectures of LEBMs on various datasets.

(a) Generator for SVHN 32 x 32, ngf = 64 (b) Generator for CIFAR-10 32 x 32, ngf = 128
Layers In-Out Size  Stride Layers In-Out Size  Stride
Input: x 1x1x100 - Input: x 1x1x128 -
4x4 convT(ngf x 8), LReLU 4x4x(ngf x 8) 1 8x8 convT(ngf x 8), LReLU 8x8x(ngf x 8) 1
4x4 convT(ngf x 4), LReLU  8x8x(ngf x 4) 2 4x4 convT(ngf x 4), LReLU 16x16x(ngf x4) 2
4x4 convT(ngf x 2), LReLU 16x16x(ngfx2) 2 4x4 convT(ngf x 2), LReLU 32x32x(ngfx2) 2
4x4 convT(3), Tanh 32x32x3 2 3x3 convT(3), Tanh 32x32x3 1
(c) Generator for CelebA 64 x 64, ngf = 128 (d) Generator for MNIST 28 x 28, ngf = 16
Layers In-Out Size  Stride Layers In-Out Size  Stride
Input: x 1x1x100 - Input: x 16 -
4x4 convT(ngf x 8), LReLU 4x4x(ngf x 8) 1 4x4 convT(ngf x 8), LReLU 4x4x(ngf x 8) 1
4x4 convT(ngf x 4), LReLU 8x8x(ngf x 4) 2 3x3 convT(ngf x 4), LReLU 7x7x(ngf x 4) 2
4x4 convT(ngf x 2), LReLU 16x16x(ngf x2) 2 4x4 convT(ngf x 2), LReLU 14x14x(ngf x2) 2
4x4 convT(ngf x 1), LReLU 32x32x(ngfx 1) 2 4x4 convT(1), Tanh 28x28x1 2
4x4 convT(3), Tanh 64x64x3 2
(d) EBM prior
Layers In-Out Size
Input: z 16/100/128
Linear, LReLU 200
Linear, LReLU 200
Linear 1

and 0.00005 for the EBM prior. We choose the largest batch size from {128, 256,512} such that
it can be trained on a single NVIDIA-GeForce-RTX-2080-Ti GPU. In test time, we observed that
slightly increasing the number of Langevin sampler steps can improve reconstruction performance.
Therefore, we choose 100 steps with a step size of 0.1 for posterior sampling. Based on the insights
gained from the MCMC diagnostic presented in Figure 18, we choose 500 steps with a step size of
0.2 to ensure convergence of the Langevin dynamics when sampling from the EBM prior.

Evaluation Metrics. In image modelling, we use FID and MSE to quantitatively evaluate the
quality of the generated samples and reconstructed images. On all datasets the FID is computed based
on 50, 000 samples and the MSE is computed on the test set. Following (Zenati et al., 2018; Pang
et al., 2020), we report the performance using AUPRC in anomaly detection and results are averaged
over last 10 epochs to account for variance.

D Additional Experimental Results

D.1 Experimental Setup for Figure 1 (Healing the nearsightedness of score-matching)

A major problem of score-based methods is their nearsight- + ©wes

edness, which refers to their inability to capture global | N M= 64

properties of a distribution with disjoint supports such as T MeE

the mixture weights of two well-separated modes (Zhang - *

et al., 2022). In sight of Theorem 2, energy discrepancy : t

should alleviate this problem as it implicitly compares the ;o N

scores of both distributions at multiple noise-scales. Fol-

lowing Zhang et al. (2022), we investigate this by comput-  10-s£=22= »

ing energy discrepancy as a function of the mixture weight " t 0

p for the mixture of two Gaussians g; := N (—5,1) and Figure 10: Study of the influence of ¢

g2:=N(5,1). ie. and M on estimating mixing weights.
pp(x) = pg1(z) + (1 = p)ga().

where the true data has the mixture weight p = 0.2. We compare energy discrepancy

Li m=32,w=1(p) ~ ED(pp=0.2,logp,) with the objective of maximum likelihood estimation
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90 MLE(p) := E,,_, ,(2)[—logp, ()] and the score matching objective which here is given by the

et Fisher divergence SM(p) := 3B, _,,(x)[[|Va10g pp=0.2(2) — Vap,()|[3]. The losses as functions
962 of p are shown in Figure 1. We find that energy discrepancy is convex as a function of the mixture
963 weight and approximates the negative log-likelihood as ¢ increases. Consequently, energy discrepancy
964 can capture the mixture weight well for sufficiently large values of ¢. SM, on the other hand, is a
965 constant function and is blind to the value of the mixture weight.

g6 To further investigate the impact of ¢ and M on the efficiency of energy discrepancy, we minimise
967 the energy discrepancy loss £; p=32 w=1(p) as a function of the scalar parameter p for various
968 choices of M and ¢t. We compute the mean-square error of 50 independent estimated mixture weights
969 for choice of ¢t and M. As shown in Figure 10, the estimation performance approaches that of the
970 maximum likelihood estimator as ¢ increases, which verifies the statement in Theorem 2. Moreover,
971  if the number of samples M used to estimate the contrastive potential is increased, the estimation
972 performance can be further increased towards the mean-square error of the maximume-likelihood
973 estimator.

974 D.2 Experimental Setup for Figure 2 (Understanding the w-stablisation)

975 'To probe our interpretation of the w-stablisation, we train a neural-network to learn the energy
o76 function using 4,096 data points of a one-dimensional standard Gaussian paaga () o< exp(—22/2).
977 The neural network uses an input layer, a hidden linear layer of width two R? — R?, and a scalar
o978 output layer R? — R with a Sigmoid Linear Unit activation between the layers. This neural network
979 has sufficient capacity to model the Gaussian data as well as degenerate energy functions that
980 illustrate potential pitfalls of energy discrepancy for w = 0. The energy discrepancy is set up with
981 hyperparameters M = 4,¢ =1, and w € {0,0.05,0.25,2.} and is trained for 50 epochs with Adam.
982 Our results are shown in Figure 2 which confirms the relevance of the w-stablisation to obtain a stable
983 optimisation of energy discrepancy. We remark here that the degenerate case w = 0 is not strictly
984 reproducible. Different types of lacking smoothness of the energy-function at the edge of the support
985 lead to diverging loss values. We chose a result that illustrates the best the theoretical exposition
986 of the w-stablisation in Appendix B.1 and refer to Figure 11 to reflect other malformed estimated
energies as well as an example of a diverging loss history.
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Figure 11: Potential outcomes for the estimated energy and loss history when ED does not converge
withw =0

987

9ss D.3 Additional Density Estimation Results

989 Here, we provide additional details and results on the density estimation experiments.

990 Details of Training and Inference. Our choice for the energy-net for density estimation is a 4-layer
991 feed-forward neural network with 128 hidden units and softplus activation function. In the context
992 of energy discrepancy, we selectt = 1, M = 4, and w = 1 as hyperparameters. For the contrastive
993 divergence approach, we utilise CD-1, in which the gradient of the log-likelihood in Equation (1)
994 is estimated by employing a Langevin sampler with a single step and a step size of 0.1. For score
995 matching, we train EBMs using the explicit score matching in (2), where the Laplacian of the score is
996  explicitly computed. We train the model using the Adam optimizer with a learning rate of 0.001 and
997 iterations of 50, 000. After training, synthesised samples are drawn by simulating Langevin dynamics
998 with 100 steps and a step size of 0.1.

©

999 Additional Experimental Results. The additional results depicted in Figure 12 demonstrate the
1000 strong performance of energy discrepancy on various toy datasets, consistently yielding accurate
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Figure 14: Generated images on CelebA 128 x 128.

1001 energy landscapes. In contrast, contrastive divergence consistently produces flattened energy land-
1002 scapes. Despite the success of score matching in these toy examples, score matching struggles to
1003 effectively learn distributions with disjoint support which can be seen in the results in Figure 3.

1004 Comparison with Denoising Score

Estimated
density

o
82
e
£2
1]
e

1005 Matching We further compare en- ED: Vt=10.0 ED: Vt=1.0 ED: V=01 ED: /=0.05 ED: Vt=0.01
1007 matching (DSM) (Vincent, 2011).

1008 Specifically, we set w = 1, M = 4

1009 and experiment with various ¢. As DSM: V£=10.0  _ DSM: Vt=1.0 DSM: VF=0.1 _ _DSM: /E=0.05_ _DSM: Vf=0.01
1010 shown in Figure 13, DSM fails to

1012 or too small. This is because DSM is

1013 a biased estimator which is optimised

1014 for pg- (y) = [ V(Y —X)Pdata(x)dx. Figure 13: Comparing energy discrepancy (ED) with denois-
1015 In contrast, energy discrepancy is ing score matching (DSM) with different noise scales.

1017 energy discrepancy considers all noise

1018 scales up to ¢ simultaneously and has an unique optimum pg» (X) = paawa (X). However, in the case
1019 that ¢ is large and M is small, estimation with energy discrepancy deteriorates due to high variance
1020 of the estimated loss function. This provides an explanation for the superior performance of energy

1006 ergy discrepancy with denoising score .. ] E E ! ﬂ
L] I.

1011 work when the noise scale is too large

1016 more robust to the choice of ¢ since

1021 discrepancy at v/ = 1 compared to v/ = 10. Further ablation studies are presented in Figure 20.
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D.4 Additional Image Modelling Results

Additional Image Generation and Reconstruction Results. Figures 14 and 15 show additional
examples of image generation on CelebA 128 x 128 and image reconstruction on CelebA 64 x 64.
The images are computed through the sampling process outlined in Appendix C.2.

Additional Image Interpolation and Manipulation Results. Figures 16, 17 and 19 show additional
results of image interpolation and manipulation on CelebA 64 x 64. Note that there are two types
of interpolations: posterior interpolation and prior interpolation. For posterior interpolation, we
consider two real images x; and xo from the dataset and perform linear interpolation among their
corresponding latent variables z, ~ pg ¢(z|x1) and z2 ~ pg ¢(z|x2). For prior interpolation, we
apply linear interpolation between z; ~ pg(z) and zo ~ py(z).

Long-run MCMC Diagnostics. Figure 18 depicts several convergence diagnostics for long-run
MCMC on the EBM prior, where we simulate Langevin dynamics with a large number of steps
(2,000). Firstly, the energy profiles converge at approximately 250 steps, as demonstrated in Fig-
ure 18a, and the quality of the synthesized samples improves as the number of steps increases.
Secondly, we compute the Gelman-Rubin statistic R (Gelman & Rubin, 1992) using 64 chains. The
histograms of R over 5,000 x 64 chains are shown in Figure 18b, with a mean of 1.08 < 1.20, indicat-
ing that the Langevin dynamics have approximately converged. Thirdly, we present auto-correlation
results in Figure 18c using 5,000 chains, where the mean is depicted as a line and the standard
deviation as bands. The auto-correlation decreases to zero within 200 steps, which is consistent with
the Gelman-Rubin statistic that assesses convergence across multiple chains.

D.5 Qualitative Results on the Effect of ¢, M, and w

The hyperparameters ¢, M, w play important roles in energy discrepancy. Here, we provide some
qualitative results to understand their effects. According to Theorem 2, ¢ controls the nearsight-
edness of energy discrepancy. For small ¢, energy discrepancy behaves like score matching

%ED% (Pdata,U) = % fot SM(ps, Us)ds = SM(pdata, U) and is expected to be unable to resolve
local mixture weights. This assertion can be confirmed by qualitative results depicted in Figure 20,
which show that when ¢ = 0.0025, energy discrepancy fails to identify the weights of components in
the 25-Gaussians and pinwheel datasets. For large ¢, energy discrepancy inherits favourable properties
of the maximum likelihood estimator. While large values of ¢ consequently mitigate problems of
nearsightedness, it is worth noting that energy discrepancy may encounter issues with high variance
when t become excessively large. In such situations, it is necessary to consider increasing the value
of M to reduce the variance.

We also investigate the effect of w in Figure 21. As pointed out by the analysis in Appendix B.1,
w serves as a stabilises training of energy based models with energy discrepancy. Based on our
experimental observations, when w = 0 and M is small (e.g., M < 128 in the 25-Gaussians dataset
and M < 32 in the pinwheel dataset), energy discrepancy exhibits rapid divergence within 100
optimisation steps and fails to converge in the end. If, however, w is increased, e.g. to 1, energy
discrepancy shows stable convergence even with M = 1. This property is highly appealing as it
significantly reduces the computational complexity. Additionally, we find in Figure 2 that larger
w tends to result in a flatter estimated energy landscapes which aligns with our intuition gained in
Appendix B.1.
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Figure 15: Qualitative results of reconstruction on test images. Left: real image from the dataset.
Right: reconstructed images by sampling from the posterior.
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Figure 18: Diagnostics for the mixing of MCMC chains with 2, 000 steps on CelebA 64 x 64. Top:
Trajectory in the data space. Bottom: (a) Energy profile over time; (b) Histograms of Gelman-Rubin
statistic of multiple chains; (c) Auto-correlation of a single chain over time lags.
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Figure 20: Density estimation on 25-Gausssians and pinwheel with different ¢, M and w = 1.
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Figure 21: Density estimation 25-Gausssians and pinwheel with different w, M and ¢ = 1.
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